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Thou seest not in the creation of All-
merciful any imperfection.
Return thy gaze; seest thou any fissure?
Then return thy gaze again, and again and thy
gaze comes back to thee dazzled, aweary
Koran, The Kingdom LXVII.
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Preface

Preface for the Third Edition
The main aim in producing the third edition is to bring the book up to

date and as such many chapters have been thoroughly revised. In particu-
lar the chapters on Heavy Flavors (Chap. 8), Neutrino Physics (Chap. 12),
Electroweak Unification (Chap. 13), Weak Decays of Heavy Flavors (Chap.
15), Particle Mixing and CP -violation (Chap. 16), Grand Unification, Su-
persymmetry and Strings (Chap. 17) and Cosmology and Astroparticle
Physics (Chap. 18) have gone through major revision with the addition
of some new material. To make the book self-contained, appendix A has
been extended. An important feature of the 3rd edition is the addition of
a substantial number of new problems.

A number of typographical errors have been corrected and a number of
figures have been streamlined, using Jaxodraw software.

We wish to express our deep sense of appreciation to Dr. Maqbool
Ahmed and Mansoor-ur-Rehman for critically reading Chap. 18 on Cos-
mology and Astroparticle Physics, making many useful suggestions. We
wish to express our deep thank to Aqeel Ahmed (our graduate student) for
doing an excellent job in typing, drawing figures and carefully reading some
of the chapters; without his help it was difficult to put the manuscript in the
final form. Thanks are also due to Ishtiaq Ahmed, Jamil Aslam, M. Junaid,
Ali Paracha and Abdur Rehman for assistance in typing the manuscript.

Finally we wish to acknowledge the permission granted by Particle Data
Group for reproducing figures indicated in the text which are duely referred.
One of us (F) would like to acknowledge the support of Higher Education
Commission (HEC), Islamabad.

Fayyazuddin
Riazuddin
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viii Preface

Preface for the Second Edition
Our aim in producing this new edition is to bring the book up to date

and as such many chapters have been throughly revised. In particular,
the chapters on Neutrino Physics, Partcle Mixing and CP–Violation and
Weak Decays of Heavy Flavors have been mostly rewritten incorporating
new material and new data. The heavy quark effective field theory has been
included and a brief introductory section on supersymmetry and strings has
been added. We wish to thank Ansar Fayyazuddin for writing this section.

A number of typographical errors have been corrected. Another change
is that we have adopted a metric and notation for gamma matrices com-
monly used.1

Finally we wish to thank Mr. Amjad Hussain Gilani and Dr. Muham-
mad Nisar who did an excellent job in typing the manuscript; without their
help it was difficult to put the manuscript in final shape.

Fayyazuddin
Riazuddin
Jan. 21, 2000

1See for example, J. D. Bjorken and S.D. Drell, Relativistic Quantum Mechanics,
McGraw-Hill Book Co., New York (1965).



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

Preface ix

Preface for the First Edition
Particle physics has been one of the frontiers of science since J. J.

Thompson’s discovery of the electron about one hundred years ago. Since
then physicists have been concerned with (i) attempts to discover the ul-
timate constituents of matter, (ii) the fundamental forces through which
the fundamental constituents interact, and (iii) seeking a unification of the
fundamental forces.

At the present level of experimental resolution, the smallest units of mat-
ter appear to be leptons and quarks, which are spin 1/2 fermions. Hadrons
(particles which feel the strong force) are composed of quarks. The evidence
for this comes from the observed spectrum and static properties of hadrons
and from high energy lepton-hadron scattering experiments involving large
momentum transfers, which “prove” the actual existence of quarks within
hadrons. As originally formulated, the quark model needed three flavors of
quarks, up (u), down (d) and strangeness (s) not just u and d. The discov-
eries of the tau leptons and more flavors [charm (c) and bottom (b)] were
to some extent welcomed and to some extent appeared to be there for no
apparent reason since elementary building blocks of an atom are just u and
d quarks and electrons. A charm quark was predicted to exist to remove
all phenomenological obstacles to a proper and an elegant gauge theory of
weak interaction. Without it, nonexistence of strangeness-changing neutral
current posed a puzzle. This also restored the quark-lepton symmetry: for
each pair of leptons of charges 0 and −1 there is a quark pair of charges 2/3
and −1/3. The existence of τ -leptons and discovery of the b quark (charge
−1/3) demand the existence of another quark (charge 2/3), called the top
quark, to again restore the quark-lepton symmetry. Indeed, six quark fla-
vors have been proposed to incorporate violation of CP invariance in weak
interaction.

Quarks also have a hidden three valued degree of freedom known as
color: each quark flavor comes in three colors. The antisymmetry of three-
quark wave function of a baryon [e.g. proton] is attributed to color degree
of freedom. The three number of colors also manifest themselves in π0

decay and in the annihilation of lepton-antilepton into hadrons. We have
encountered the following types of charges: gravitational, namely, mass,
electric, flavor and color. The fundamental forces through which elemen-
tary fermions interact are then simply the forces of attraction or repulsion
between these charges. The unification of forces is then sought by search-
ing for a single entity of which the various charges are components in the
sense that they can be transformed into one and another. In other words,
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they form generators of a gauge group G which is taken to be local so that
a definite form of interaction between vector fields (which must exist and
belong to the adjoint representation of G) and elementary fermions (which
belong to the fundamental or trivial representation of G) is generated with
a universal coupling constant. In this respect non-Abelian gauge field the-
ories [Yang-Mills type] have played a major role. Here the field itself is a
carrier of “charge” so that there are direct interactions between the field
quanta.

Let us first discuss the strong quark interactions. The local gauge group
is SUC(3) generated by three color charges, the field quanta are eight mass-
less spin 1 color carrying gluons. The theory of quark interactions arising
from the exchange of gluons is called quantum chromodynamics (QCD).
The most striking physical properties of QCD are (i) the concept of a “run-
ning coupling constant αs(q2)”, depending on the amount of momentum
transfer q2. It goes to zero for high q2 leading to asymptotic freedom and
becomes large for low q2, (ii) confinement of quarks and gluons in a hadron
so that only color singlets can be produced and observed. Only the prop-
erty (i) has a rigorous theoretical basis while the property (ii) finds support
from hadron spectroscopy and lattice gauge simulations.

Weak and electromagnetic interactions result from a gauge group acting
upon flavors. It is SUL(2)×U(1) and is spontaneously broken rather than
exact as was SUC(3).

The electroweak theory, together with the quark hypothesis and QCD,
form the basis for the so called “Standard Model” of elementary parti-
cles. There have been many quantitative confirmations of the predictions
of the standard model: existence of neutral weak current mediated by Z0,
discovery of weak vector bosons W±, Z0 at the predicated masses, preci-
sion determinations of electroweak parameters and coupling constants (e.g.
sin2 θW which comes out to be the same in all experiments) leading to
one loop verification of the theory and providing constraints on the top
quark and Higgs masses. Similarly there have been tests of QCD, verify-
ing the running of the coupling constant αs(q2), q2-dependence of structure
functions in deep-inelastic lepton-nucleon scattering. Other evidences come
from hadron spectroscopy and from high energy processes in which gluons
play an essential role.

In spite of the above successes, many questions remain: replication
of families and how many quarks and leptons are there? QCD does not
throw any light on how many quark flavors there should be? Origin of
fermion masses, which appear as free parameters since Higgs couplings with
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fermions contain as many arbitrary coupling constants as there are masses,
is another unanswered question. Origin of CP violation at more funda-
mental level, rigorous basis of confinement and hadronization of quarks are
other questions which await answers. Top quark and Higgs boson are still
to be discovered.

Symmetry principles have played an important part in our understand-
ing of particle physics. Thus Chapters 2-6 discuss global symmetries and
flavor or classifications symmetries like SU(2) and SU(3) and quark model.
Chapter 5 provides the necessary group theory and consequences of flavor
SU(3). Chapters 2-6 together with Chapters 9, 10 and 11 on neutrino,
weak interactions, properties of weak hadronic currents and chiral symme-
try comprise mainly what is called old particle physics but include some new
topics like neutrino oscillations and solar neutrino problem. These Chap-
ters are included to provide necessary background to new particle physics,
comprising mainly the standard model as defined above. The rest of the
book is devoted to the standard model and the topics mentioned in paras
2-7 of the preface. Recently there has been an interface of particle physics
with cosmology, providing not only an understanding of the history of very
early universe but also shedding some light on questions such as dark mat-
ter and open or closed universe. Chapter 16 of the book is devoted to this
interface.

Particle physics forms an essential part of physics curriculum. This book
can be used as a text book, but it may also be useful for people working
in the field. The book is so designed as to form one semester course for
senior undergraduates (with suitable selection of the material) and one
semester course for graduate students. Formal quantum field theory is not
used; only a knowledge of non-relativistic quantum mechanics is required
for some parts of the book. But for the remaining parts, the knowledge of
relativistic quantum mechanics is essential. The familiarity with quantum
field theory is an advantage and for this purpose two Appendicess which
summarize the Feynman rules and renormalization group techniques, are
added.

Initial incentive for this book came from the lectures which we have
given at various places: Quaid-e-Azam University, Islamabad, Daresbury
Nuclear Physics Laboratory (R), the University of Iowa (R), King Fahd
University of Petroleum and Minerals, Dhahran (R) and King Abdulaziz
University, Jeddah (F).

We have not prepared a bibliography of the original papers underlying
the developments discussed in the book. Remedy for this can be found in
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the recent review articles and books listed at the end of each Chapter.
We wish to express our deep sense of appreciation to Dr. Ahmed Ali for

critically reading the manuscript, for making many useful suggestions and
for his help to update the data. We also wish to express our deep thanks
to a colleague Mr. El hassan El aaud and a graduate student Mr. F. M.
Al-Shamali [of one of us (R)], who drew diagrams and in general assisted
in producing the final manuscript. In addition, the typing help provided by
Mr. Mohammad Junaid at Research Institute of King Fahd University of
Petroleum and Minerals was indispensable in getting the job done. Finally
we wish to acknowledge the support of King Fahd University of Petroleum
and Minerals for this project under Project No. PH/Particle/123.

We also take this opportunity to express our deep sense of gratitude
to Prof. Abdus Salam, who first introduced us to this subject and for his
encouragement throughout our work in this field.

Fayyazuddin
Riazuddin
March 4, 1992
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Chapter 1

Introduction

1.1 Fundamental Forces

Particle physics is concerned with the fundamental constituents of matter
and the fundamental “forces” through which the fundamental constituents
interact among themselves.

Until about 1932, only four particles, namely the proton (p), the neutron
(n), the electron (e) and the neutrino (ν) were regarded as the ultimate
constituents of matter. Of these four particles, two, the proton and the
electron are electrically charged. The other two are electrically neutral.
The neutron and proton form atomic nuclei, the electron and nucleus form
atoms while the neutrino comes out in radioactivity, i.e. the neutron decays
into a proton, an electron and a neutrino. Each of these particles, called
a fermion, spins and exists in two spin (or polarization) states called left-
handed (i.e. appears to be spinning clockwise as viewed by an observer
that it is approaching) and right-handed (i.e. spinning anti-clockwise) spin
states. One may add a fifth particle, the photon to this list. The photon
is a quantum of electromagnetic field. It is a boson and carries spin 1,
is electrically neutral and has zero mass, due to which it has only two
spin directions or it has only transverse polarization. It is a mediator of
electromagnetic force. A general feature of quantum field theory is that each
particle has its own antiparticle with opposite charge and magnetic moment,
but with same mass and spin. Accordingly we have four antiparticles viz.,
the antiproton (p), the positron (e+), the antineutron (n) and antineutrino
(ν).

The four particles experience four types of forces:

1
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under the terms of the Creative Commons Attribution-NonCommercial 4.0 International License (CC BY-NC 4.0).
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1.1.1 The Gravitational Force

This is the force of attraction between two particles and is proportional to
their masses and inversely proportional to the square of distance between
them. It controls the motion of planets and galaxies and also governs the
law of falling bodies. It is a long distance force. It determines the overall
structure of the Universe.

Its strength is characterized by the Newton’s constant GN = 1.3×10−54

(GeV/m)−1. The gravitational energy between two protons of mass ∼
(1GeV/c2) at r = 10−15m is given by Newton’s law

V = GN

m2
p

r
≈ 10−39 GeV = 10−30 eV. (1.1)

Hence on microscopic scale, the gravitational energy is negligibly small
as compared with electromagnetic energy. We note that

GN

�c
≈ 6.71 × 10−39

(
GeV
c2

)−2

(1.2)

and √
�c

GN
≈ 1019 GeV

c2
= MP (1.3a)

Planck length =
c�

MP c2
≈ 2 × 10−33 cm (1.3b)

where MP is called the Planck mass with the associated Planck length. It
is clear from Eqs. (1.3) that gravitational interaction becomes significant
at Planck mass or Planck length. Assuming that this interaction is of the
same order as the electromagnetic interaction (see below) (α = e2

M/�c =
1/137, e2

M = e2/4πε0) at Planck mass MP , we conclude that the effective
gravitational interaction at 1 GeV is given by

αGN
≈ (1GeV)2

M2
P

α ≈ 10−38α ≈ 10−40. (1.4)

In particle physics, the gravitational interaction may be neglected at the
present available energies.

1.1.2 The Weak Nuclear Force

It is responsible for radioactivity, e.g.

n → p + e− + ν̄e

O14 → N14 + e+ + νe
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The latter process has half life of 71.4 sec. From the half life we can
determine its strength which is given by the Fermi coupling constant [see
Chap. 2]

GF

(�c)3
≈ 10−5 GeV−2 (1.5)

We note that
(�c)3/2

√
GF

= 300 GeV (1.6a)

(�c)

√
GF

(�c)3
� 0.7 × 10−16 cm (1.6b)

Eq. (1.6a) gives the energy scale at which the weak interaction becomes
significant i.e. of the same order as the electromagnetic interaction. At an
energy scale of 1 GeV,

αW =
(1GeV)2

(300GeV)2
α ≈ 10−5α. (1.7)

It is clear from Eq. (1.6b) that weak force is a short range force effective
over a distance of order of 10−16 cm.

1.1.3 The Electromagnetic Force

It acts between two electrically charged particles e.g. a negatively charged
electron and a positively charged proton attract each other with a force
which is proportional to their electric charges and inversely proportional
to the square of distance between them. But according to the concept of
electromagnetic field introduced by Faraday and Maxwell, the presence of
a charged particle produces an electric field and when moving it produces
a magnetic field. This field manifests itself in a force between charged
particles. It is responsible for the binding of atoms. The interatomic and
intermolecular force are all electrical in nature and mainly governs all known
phenomena on earth, including life. This force also manifests itself through
electromagnetic radiation in the form of light, radio waves and X-rays.

The electromagnetic force is a long range force and its strength is de-
termined by the dimensionless number α = 1

137 . This is because the elec-
tromagnetic potential energy in MKS units is given by

V = − e2

4πε0

1
r

= −(
e2

4πε0
)

1
�c

�c

r

= −α
�c

r
(1.8)
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where

α =
1

4πε0
(
e2

�c
) =

1
137

(1.9)

and is called the fine structure constant.
The potential energy between an electron and a proton at a distance

r = 10−10 m [dimensions of an atom] is given by V = −14 eV.
In quantum mechanics, the binding energy between electron and proton

due to electromagnetic interaction is given by Bohr’s formula

|E1| =
1
2
α2(µc2)

where µ is the reduced mass of the system. For hydrogen atom µ ≈ me =
0.51MeV

c2 , which gives |E1| ≈14 eV.
For a proton (p) and antiproton (p̄) hypothetical atom (µ � mp

2 �
1000 me) the binding energy provided by the electromagnetic potential is∣∣Epp̄

1

∣∣ � 14 keV.

1.1.4 The Strong Nuclear Force

The strong nuclear force is responsible for the binding of protons and neu-
trons in a nucleus. We have seen that the electromagnetic binding energy
for the pp̄ atom is of the order of 14 keV, but the binding energy of deuteron
(bound n-p system) is about 2 MeV. Thus the strong nuclear force is about
100 times the electromagnetic force. It is a short range force effective over
the nuclear dimension of the order of 10−13 cm.

1.2 Relative Strength of Four Fundamental Forces

We conclude from the above discussion that the relative strengths of the
four forces are in the order of

10−40 : 10−7 : 10−2 : 1 (1.10)

The experimental results on the scattering of electron on nuclei can be
explained by invoking electromagnetic interaction only. In fact the scatter-
ing of γ-rays on proton at low energy is given by the Thomson formula:

σγ =
8π

3
α2

(
1

mp

)2

� 4πα2

(
1

mp

)2

� 10−31cm2. (1.11)

The neutrino participates in weak interactions only as reflected by the ex-
treme smallness of the scattering cross-section of neutrino on proton, viz.
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ν̄ep → e+n, which is given by σW � 10−43cm2. Comparing the above cross-
sections with the one for nucleon-nucleon scattering, which is of the order
σN � 10−24cm2, we see that the electron and neutrino do not experience
strong interaction. Thus we can divide matter into two broad classes: lep-
tons, e.g. νe, e and hadrons, e.g. p, n.

1.3 Range of the Three Basic Forces

We now briefly and qualitatively discuss the ranges of the three basic forces.
Due to quantum fluctuations, an electron can emit a photon and reabsorb
it. Electromagnetic force is mediated by the exchange of photon as depicted
in Fig. 1.1.

Fig. 1.1 Electromagnetic force mediated by a photon.

Such a photon can exist only for a time

∆t ∼ �
∆E

=
1
ω

(1.12a)

where ∆E is the energy of the photon. Since the unobserved photon exists
for a time < 1

ω , it can travel at most

R =
c

ω
. (1.12b)

Now ω can be arbitrarily small and therefore R can be arbitrarily large,
i.e. the distance over which a photon can transport electromagnetic force
is arbitrarily large, i.e. electromagnetic force has infinite range. This is
expected from the Coulomb potential e2

M/r.

If we assume that weak interaction is mediated by a vector boson W

in analogy with electromagnetic interaction (Fig. 1.2), then since weak
interaction is of short range, W must be massive.
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Fig. 1.2 Weak interaction mediated by a vector boson W .

The maximum distance to which the virtual W-boson is allowed to travel
by the uncertainty relation is

RW ≈ �c

mW c2
(1.13a)

The W boson has been found experimentally in 1983 with a mass mW ≈ 80
GeV/c2 as predicted by Salam and Weinberg when they unified weak and
electromagnetic interactions (see Sec. 1.6). Equation (1.13a) then gives the
range of the weak interaction as

RW ≈ 197 × 10−13 MeV - cm
80 × 103 MeV

≈ 2 × 10−16 cm. (1.13b)

Fig. 1.3 Strong nuclear force mediated by a particle of mass mh.

If the strong nuclear force is mediated by a particle of mass mh, as
shown in Fig. 1.3, then its range is given by

Rh ≈ �c

mh c2
(1.14)

Since nuclear force has a range of 10−13 cm, mh ≈ 100 MeV/c2. Yukawa
in 1935, predicted the existence of pion by a similar argument. A particle
of this mass was discovered in 1938, but it turned out that it was not the
Yukawa particle, the pion; it did not interact strongly with matter and
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therefore is not responsible for strong nucleon force. It was actually the
muon, while the pion was discovered in 1947 in the decay

π− → µ− + νµ,

where νµ is the neutrino corresponding to muon. The mass of mπ was found
to be 140 MeV/c2. Thus

Rh ≈ 1.4 × 10−13cm ≈
√

2f, (1.15)

where f is called the Fermi and is equal to 10−13 cm.

1.4 Classification of Matter

The electron and neutrino are just two members of a family called leptons
(leptons do not experience strong nuclear force) of which six are presently
known to exist, listed below in the table. Similarly, the neutron and pro-
ton are members of much larger family called hadrons (hadrons experience
strong nuclear force). Hadrons exist in two classes, baryons and mesons;
the former carry half integral spin and a quantum number called baryon
number while the latter carry zero or integral spin and no baryon number.

Leptons Mass[12] Electric Life Time[12]
Charge

νe, e− mνe
< 2 eV 0, −1 νe Stable

me ≈ 0.51 MeV τe > 4.6 × 1026 yrs
νµ, µ− mνµ

< 0.19 MeV 0, −1 νµ Stable
mµ ≈ 105.6 MeV τµ = 2.197 × 10−6 s

ντ , τ− mντ
< 18.2 MeV 0, −1 ντ Stable

mτ ≈ 1777 MeV ττ = 290.6 × 10−15 s

It was found experimentally that the proton or the neutron has a struc-
ture; they are not the elementary constituents of matter. The mass spec-
trum, production and decay characteristics of hadrons can be understood
in a much simpler picture if one assumes that the baryons are made up
of three constituents called quarks and mesons are made up of quark and
antiquark.

The quark carries fractional charges 2/3 or 1/3. They have spin one half
and carry different flavors to distinguish them. At present six flavors, called
up, down, charm, strange, top and bottom, are known to exist. They are
listed in the table below. Quarks play the same role in hadron spectroscopy
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as neutrons and protons in nuclear spectroscopy and electrons and nuclei
in atomic spectroscopy.

Quark type Electric charge Mass [effective mass or
(Flavor) constituent mass in a hadron]
(u, d) (2/3, −1/3) 0.33 GeV
(c, s) (2/3, −1/3) (1.5 GeV, 0.5 GeV)
(t, b) (2/3, −1/3) (172 GeV, 4.5 GeV)

Masses of u, d, s are so-called “constituent”which are effective masses
in a hadron; they are not directly measurable but are theoretical estimates.
To sum up, according to present view, the six quarks and six leptons form
the fundamental constituents of matter.

There are three generations of matter as depicted in the two tables
above. The first generation is relevant for the visible universe and the life
on earth as the proton (uud), neutron (udd) are composite of up and down
quarks. The second and third generations do exist and are produced either
in laboratory or in cosmic rays by a collision of particles of first generation.

The table below summarizes the known elementary interactions exhib-
ited by different elementary fermions.

Interactions Relativistic length Leptons νi,li Quarks ui,di

Strong 1 Y
Electromagnetic 10−2 N,Y Y
Weak 10−5 Y,Y Y
Gravitational 10−40 Y,Y Y

The first generation of quarks u and d form an isodoublet, i.e. they are
assigned isospin I = 1/2 and I3 = ±1/2, [that is why they are called up
and down quarks]. The second and third generation of quarks are assigned
new quantum numbers as follows: s-quark, strangeness S = −1, c-quark,
charm, C = +1, b-quark, bottomness B = −1, t-quark, topness T = +1.
The second and third generation of quarks account for the strange hadrons,
charmed hadrons and B-hadrons created in the laboratory in high energy
collisions between hadrons of first generation. They are always created in
pair, so that final state has S = 0, C = 0, B = 0 and T = 0 that is to
say these quantum numbers are conserved in electromagnetic and strong
interactions.

In high energy atomic collisions, we can split an atom into its
constituents-atomic nucleus and electrons. In high energy nucleus - nu-
cleus collisions, we can split a nucleus into its constituents viz. neutrons
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and protons. But in high energy hadron-hadron collisions, a hadron is not
split into its constituents viz., quarks. A hadron-hadron collision results not
into free quarks but into hadrons. This leads us to the hypothesis of quark
confinement, i.e. quarks are always confined in a hadron. The quark-quark
force, which keeps the quarks confined in a hadron, is a fundamental strong
force on the same level as electromagnetic and weak nuclear forces which
are the other two fundamental forces in nature. Its strength is characterized
by a dimensionless coupling constant αs = g2

s/4π ≈ 0.5 at present energies.
It is actually energy dependent. The strong nuclear force between pro-
tons and neutrons should then be a complicated interaction derivable from
this basic quark-quark force. As for example, the fundamental force for an
atomic system is electromagnetic force, the interatomic and intermolecular
forces are derivable from the basic electromagnetic force.

1.5 Strong Color Charges

We have seen that the quarks form hadrons; the baryons and mesons in the
ground state are composites of (qqq)L=0 and (qq̄)L=0. Quarks and (anti-
quarks) are spin 1/2 fermions. Now q and q̄ spins may be combined to
form a total spin S, which is 0 or 1. Total spin for qqq system is 3/2 or
1/2. Further as q and q̄ have opposite intrinsic parities, the parity of the
qq̄ system is P = (−1)(−1)L = −1 for the ground state. Thus we have for
the ground states [see Chap. 6]:

Mesons Baryons
(qq̄)L=0 (qqq)L=0

S = 0, 1 S = 1/2, 3/2
JP = 0−, 1− JP = 1/2+, 3/2+

Some examples are listed in Table 1.1.

Table 1.1 Some examples of mesons and baryons

Mesons Baryons

π, ρ p, ∆

π+ =
(
ud̄

)
1√
2

(↑↓ − ↓↑) p (S = 1/2, SZ = 1/2)
= (uud) (↑↑↓)

ρ+ (S = 1, SZ = 0) :(
ud̄

)
1√
2

(↑↓ + ↓↑)
ρ+ (S = 1, SZ = 1) :(

ud̄
)
(↑↑)

∆++ (S = 3/2, SZ = 3/2)
= (uuu) (↑↑↑)
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There is a difficulty with the above picture; consider, for example the
state, |∆++ (SZ = 3/2)〉 ∼

∣∣u↑u↑u↑〉 . This state is symmetric in quark fla-
vor and spin indices (↑). The space part of the wave function is also sym-
metric (L = 0). Thus, the above state being totally symmetric violates the
Pauli principle for fermions. Therefore, another degree of freedom (called
color) must be introduced to distinguish the otherwise identical quarks:
each quark flavor carries three different strong color charges, red(r), yel-
low(y) and blue(b), i.e.

q = qa a = r, y, b

Leptons do not carry color and that is why they do not take part in strong
interactions. Including the color, we write, e.g.

∣∣∆++ (SZ = 3/2)
〉

=
1√
6

∑
εabc

∣∣∣u↑
au↑

bu
↑
c

〉
,

so that the wave function is now antisymmetric in color indices and satisfies
the Pauli principle. Other examples, as far as quark content is concerned,
are

|p〉 =
1√
6

∑
εabc |uaubdc〉 ,

∣∣π+
〉

=
1√
3

∑
a

∣∣uad̄a

〉
,

i.e. these states are color singlets. In fact, all known hadrons are color
singlets. Thus, the color quantum number is hidden. This is the postulate
of color confinement mentioned earlier and explains the non-existence of
free quark (q) or such systems as (qq), (qq̄q) and (qqqq). Actually nature
has also assigned a more fundamental role to color charges as we briefly
discuss below.

1.6 Fundamental Role of “Charges” in the Unification of
Forces

First thing to note is that the electromagnetic and the strong nuclear forces
are each characterized by a dimensionless coupling constant and thus to
achieve unification there has to be a “hidden” dimensionless coupling con-
stant associated with the weak nuclear force which is related to the “ob-
served” Fermi coupling constant by a mass scale. That this is so will be
clear shortly. Secondly we know that the electromagnetic force is a gauge
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force describable in terms of electric charge and the current associated with
it. This force is mediated by electromagnetic radiation field whose quanta
are spin 1 photons. This is generalized: All fundamental forces are gauge
forces describable in terms of “charges” and their currents as summarized
in Table 1.2.

Note that the coupling constants α, α2, αs in Table 1.2 are dimensionless
but they are energy dependent due to quantum effects, a fact which is used
in the unification of the forces. Note also that Q3 is not identical with
Qem; thus the unification of electromagnetic and weak nuclear forces needs
another charge, call it QB with an associated mediator, call it B, which
does not change flavor like photon:

α′ =
g′2

4π

Then the photon γ associated with the electric charge Qem is a linear
combination of the mediators B and W3 bosons, associated with the charges
QB and Q3 respectively,

γ = sin θW W3 + cos θW B, (1.16a)

while the second orthogonal combination

Z = cos θW W3 − sin θW B, (1.16b)

is associated with a new charge QZ . Z is the mediator of a new interaction,
called neutral weak interaction. The weak mixing angle θW is a fundamental
parameter of the theory and in terms of it

QZ = Q3 − sin2 θW Qem. (1.17)

The weak color charges QW , QW̄ and QB generate the local group
SUL(2) × U(1) where the subscript L on the weak isospin group SU(2) in-
dicates that we deal with chiral fermions that is to say that the left-handed
fermions [i.e. those which appear to be spinning clockwise as viewed by an
observer that they are approaching] are doublets under SUL(2) [required
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Table 1.2

Force Charges
Mediators of
force: Spin 1
gauge particles

Coupling
between

basic fermions
and mediators

Electro-
magnetic

Qem Photon (γ)

α = e2

4π

Weak
Nuclear

QW , QW̄

[QW , QW̄ ]
= Q3

�= Qem

W+, W−, W 0

W±change
flavor as

shown in the
next column

α2 =
g2
2

4π

Strong
3 color
charges

8 color
carrying

gluons: Gab

a, b
= 1, 2, 3

αs =
g2

s
4π

by parity violation in weak interactions] while the right-handed fermions
(spinning anticlockwise) are singlets as indicated below:

(
νe

e−

)

L

(
u

d

)

L

eR uR dR

I3L

(
1
2 , − 1

2

) (
1
2 , − 1

2

)
YW −1 −1/3 −2 4/3 −2/3
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We have [I3L is the same as Q3 and 1
2YW is identical with QB ]

Qem = I3L +
1
2
YW , (1.18a)

giving
1
e2

=
1
g2
2

+
1

g′2
, (1.18b)

so that we have the unification conditions

sin2 θW =
e2

g2
2

, cos2 θW =
e2

g′2
. (1.18c)

Unlike photon, which is massless, the weak vector bosons W+, W− and Z0

must be massive since we know that weak interactions are of short range.
This is achieved by spontaneous symmetry breaking (SSB)[see Chap. 13].
For this purpose it is necessary to introduce a self-interacting complex scalar
field

φ =
(

φ+

φ0

)
,

which is a doublet under SUL(2) and has YW = 1. This is the so-called
Higgs field which also interacts with the chiral fermions introduced earlier
as well as with gauge vector bosons, W±, W3 and B. The scalar field φ

develops a non-zero vacuum expectation value:

〈φ〉 = 〈0 |φ| 0〉 =

(
0
v√
2

)
,

thereby breaking the gauge symmetry of the ground state |0〉. This amounts
to rewriting

φ =

(
φ+

φ1+iφ2√
2

+ v√
2

)

where φ+ and hermitian fields φ1 and φ2 have zero vacuum expectation
values. In contrast to the gauge invariant vertices shown in Table 1.1 [which
are not affected by SSB], one starts with manifestly gauge invariant vertices
involving φ and other fields and then translate them to physical amplitudes
after SSB as pictorially shown below [the dotted lines ending in X denotes
〈φ〉 = v/

√
2]:

Because of mixing between W0 and B, these are not physical particles,
the physical particles γ and Z are defined in Eq. (1.16). This requires diag-
onalization of the mass matrix for W0 −B sector, which on diagonalization
gives

mA = 0, mZ =
mW

cos θW
, (1.19a)
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where from the above picture

mW =
1
2
g2v. (1.19b)

Further we note from the above picture that the mass of a fermion of flavor
f and that of Higgs particle H are respectively given by

mf =
hfv√

2
, mH =

√
2v2λ. (1.19c)
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What has happened is that φ± and φ2 have provided the longitudinal de-
grees of freedom to W± and Z which have eaten them up while becoming
massive. The remaining electrically neutral scalar field is called the Higgs
field and its quantum is called the Higgs particle which we have denoted
by H in the above picture. We note from Eq. (1.19a) that

sin2 θW = 1 − m2
W

m2
Z

(1.20a)

The directly observed Fermi coupling constant in weak nuclear processes
at low energies (i.e. � mW ) is given by [cf. Eq. (1.18c)]

GF√
2

=
g2
2

8m2
W

=
e2

8m2
W sin2 θW

, (1.20b)

or

mW =
[

πα√
2GF sin2 θW

]1/2

, (1.20c)

where α = e2

4π = 1
137 is the fine structure constant and GF is the Fermi

constant (≈ 10−5 GeV−2).
The main predictions of the electroweak unification are

(i) existence of a new type of neutral weak interaction mediated by Z0,
(ii) weak vector bosons W, Z whose masses are predicted by the relations

(1.20c) and (1.20a), once sin2 θW is determined, α and GF being known,
(iii) existence of the Higgs particle with mass mH =

√
2v2λ, which is arbi-

trary since λ is not fixed.

The first prediction was verified more than 30 years ago and the phe-
nomenology of neutral weak interaction gives

sin2 θW ≈ 0.23.

One can now use this result to predict mW and mZ through the relations
(1.20) to get

mW ≈ 80 GeV, mZ ≈ 92 GeV

in agreement with their experimental values. The standard model is in very
good shape experimentally. The third prediction is not yet tested and the
present lower bound on mH from Higgs searches at LEP is

mH > 114 GeV.
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We also note that the electroweak unification energy scale is given by

λF ≡ v = 2
mW

g2

=
(√

2GF

)−1/2

≈ 250 GeV. (1.21)

We will briefly discuss the unification of the other two forces with the
electroweak force after discussing the origin of the strong force between the
two quarks below.

1.7 Strong Quark-Quark Force

We have already remarked:

(i) each quark flavor carries 3 colors.
(ii) only color singlets (colorless states) exist as free particles.

Strong color charges are the sources of the strong force between two quarks
just as the electric charge is the source of electromagnetic interaction be-
tween two electrically charged particles. The analogy is carried further in
Table 1.3.

The binding energy provided by one gluon exchange potential of the
form mentioned above cannot be sufficient to confine the quarks in a hadron
since as one can ionize an atom to knock out an electron, similarly a quark
could be separated from a hadron if sufficient energy is supplied. Thus V g,
the one gluon exchange potential, can at best provide binding for quarks
at short distances and cannot explain their confinement, i.e. impossibility
of separating a quark from a hadron. The hope here is that the self in-
teraction of color carrying gluons may give rise to long distance behavior
of the potential in QCD completely different from that in QED, where the
electrically neutral photon has no self interaction. One hopes that the long
range potential in QCD would increase with the distance so that the quarks
would be confined in a hadron. Phenomenologically, a potential of form

Vij(r) = V g
ij(r) + V c(r), (1.22a)

where

V g
ij(r) = −ks

αs

r
+ · · · , (1.22b)
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Table 1.3

Electromagnetic Force Between Strong Color Force Between
2 Electrically Charged Particles 2 Quarks

We deal with electrically neutral atoms. We deal with color singlet systems
i.e. hadrons.

Mediator of the electromagnetic force Mediators are eight massless spin 1
is electrically neutral massless spin 1 color carrying gauge vector bosons,
photon, the quantum of called gluons.
the electromagnetic field.
Exchange of photon gives the electric Exchange of gluons gives the color
potential: electric potential:

V e
ij = e2

4π

QiQj

r
, r = |ri − rj | V qq̄

ij = − 4
3
αs

1
r
, αs =

g2
s

4π
,

For an electron and proton for q̄q color singlet system (mesons)
while for qqq color singlet system
(baryons).

Vij = −α
r

, α = e2

4π
V qq

ij = − 2
3
αs

1
r

This attractive potential is Note the very important fact that in
responsible for the binding both cases, we get an attractive
of atoms. potential. Without color, V qq

ij would

have been repulsive.
The theory here is called quantum The theory here is called quantum
electrodynamics (QED). chromodynamics (QCD).
Due to quantum (radiative) corrections, Due to quantum (radiative) corrections,

α
(√

q2
)

increases with increasing αs

(√
q2

)
decreases with increasing q2

momentum transfer q2, [this is brought about by the self
for example interaction of gluons (cf. Table 1.2)],

for example

α (me) ≈ 1
137

, αs (mτ ) ≈ 0.35,

α (mW ) ≈ 1
128

αs (mΥ � 10 GeV) ≈ 0.16,

αs (mZ) ≈ 0.125.
That the effective coupling constant
decreases at short distances is called
the asymptotic freedom property of QCD.

(... denotes spin dependent terms, (see Chap. 7) and ks = 4/3(qq̄),
2/3(qqq)) is the single gluon exchange potential while V c(r) is the con-
fining potential (independent of the quark flavor), has been used in hadron
spectroscopy with quite good success. Lattice gauge theories suggest

V c(r) = Kr, (1.22c)
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with K ≈ 0.25 (GeV)2, obtained from the quarkonium spectroscopy. This
gives the confining potential. Note that as r increases V c(r) increases
and as such it requires an infinite energy to release the quarks from a
hadron. However quarks can be produced for example, in electron-positron
annihilation

e+e− → γ → qq̄

In this process, the photon emitted from the electron-positron pair lifts the
quark and antiquark pair from the vacuum. The qq̄ pair in a very short
time hadronize themselves into hadrons. In the process of hadronization,
the foot print is left by quarks which provide us information about them.

To sum up the most striking physical properties of QCD are asymptotic
freedom and confinement of quarks and gluons. The quark hypothesis, the
electroweak theory and QCD form the basis for the “Standard Model” of
elementary particles to which most of the book is devoted while Chap. 18
is concerned with the interface of cosmology with particle physics.

We now briefly discuss the attempts to unify the other two forces with
the electroweak force.

1.8 Grand Unification

The three strong color charges introduced earlier generate the gauge group
SUC(3) while that of the electroweak interaction is SUL(2) × U(1). Thus
the standard model involves

SUC(3) × SUL(2) × U(1)
αs α2 α′

where the associated coupling constants αs, α2 and α′ are very different at
the present energies. But these coupling constants are energy dependent
due to quantum radiative corrections. Grand unification is an attempt to
find a bigger group G:

G ⊃ SUC(3) × SUL(2) × U(1)

such that at some energy scale q2 = m2
X ,

αs(m2
X) = α2(m2

X) = α′(m2
X)

= αG. (1.23)

This merging of coupling at high energy in principle is possible because of
the logarithmic dependence of coupling constants with energy scale as cal-
culated in quantum theory (renormalization group analysis, see Appendix
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B) and the fact that the two of the three coupling constants, namely, α′ and
α2 are related at

√
q2 = mW through the electroweak unification conditions

given in Eq. (1.18c). As will be discussed in Chap. 17, the relation (1.23)
holds at

√
q2 = mX ≈ 1015 GeV or less, which gives the grand unification

(GUT) scale. In other words, the GUT breaking scale is almost 14 orders
of magnitude of SU(2) ⊗ U(1) breaking scale. In a way it is good because
such a large scale suppresses proton decay, though we now know that it
does not work for simple SU(5). The reason is that with the modern values
of the couplings, they do not merge at a single scale. They do merge for
supersymmetric version of SU(5) (see Chap. 17).

In spite of this GUT scale have some attractive features:

(i) quark-lepton unification
(ii) relationships between quark and lepton masses
(iii) quantization of electric charge, for a simple group it is a consequence of

the charge operator being a generator of the group and traceless. So for
example, sum of charges in a multiplet containing quarks and leptons
= 0, thus giving some relation between quark and lepton charges.

But they still leave arbitrariness in Higgs sector needed to give masses
to lepto-quarks and W±, Z vector bosons, do not explain number of gen-
erations, do not explain fermions mass hierarchy typified by mt/mu ≈ 105

and the gauge hierarchy problem mW /mX ≈ 10−12 in a natural way. These
mass hierarchies are more naturally accommodated in supersymmetry (see
Chap. 17).

1.9 Units and Notation

We shall use the natural units:

� = c = 1

We note that

[�] = ML2T = 6.582 × 10−22MeV-s

[c] = LT−1 = 3 × 1010cm/s

[�c] = 197 × 10−13MeV-cm
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If � = c = 1, then

v =
c2p

E
=

p (MeV/c)

E
(
MeV/c2

) (in units of c)

If we take, M = 1 GeV

L ∼ 1
GeV

=
�c

1000 MeV
≈ 2 × 10−14 cm

T ∼ 1
GeV

=
�

1000 MeV
≈ 6.58 × 10−25 s

1 MeV = 1.6 × 10−6erg = 1.6 × 10−13J

1 gm = 5.61 × 1023GeV

1 GeV = 103MeV

We will denote the position by a 4-vector x (µ = 0, 1, 2, 3) :

xµ = (ct,x) = (t,x); contravariant vector

xµ = (ct,−x) = (t,−x) = gµνxν covariant vector

x2 = xµxµ = t2 − x2

∂µ =
∂

∂xµ
=

(
∂

∂t
,∇

)

∂µ =
∂

∂xµ
=

(
∂

∂t
,−∇

)

∂µ∂µ =
(

∂2

∂t2
,−∇2

)
= �2

with gµν = 0, µ �= ν, g00 = 1, g11 = g22 = g33 = −1. On the light cone

x2 = 0, i.e. t2 − x2 = 0.

The energy E and momentum p are represented by a 4-vector p:

pµ = (E/c,p) = (E,p),

p2 = pµpµ = p2
0 − p2 = E2 − p2.

For a particle on the mass shell

E2 = p2 + m2,

i.e.

p2 = pµpµ = m2.

The scalar product

p.q = pµqµ = EpEq − p.q.
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1.10 Problems

(1) Show that the gravitational potential energy for a body of 1 kg on the
surface of the earth is 6.250×107 J= 3.90×1026 eV. Force of attraction
F = V

r = 9.8 N, g = 9.8 ms−2. Take mass of earth M = 5.974 × 1024

kg. Mean equatorial radius of earth is 6.378 × 106m.
(2) Newton’s gravitational constant

GN = 6.67 × 10−11 (kg)−1 m3s−2

=
(
6.67 × 10−11

) (
kgm2s−2

)
m (kg)−2

Show that in GeV:

GN = 1.35 × 10−54 (GeV/m)
(
GeV/c2

)−2

.
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Chapter 2

Scattering and Particle Interaction

2.1 Introduction

Most of the information about the properties of particles and their interac-
tions are extracted from the experiments involving scattering of particles.
High energy projectiles (electrons, protons, photons and pions) are used to
probe the structure of matter at short distances. For high energy parti-
cles, the theory of special relativity becomes relevant. As such the Lorentz
invariance is assumed in any process involving particles. The transition
reaction amplitude is a function of Lorentz invariant variables. We first
briefly review of the Lorentz transformation.

In relativity theory, space and time are treated on equal footing and as
such we deal with four vectors in four (1+3)-dimensional space:

xµ = (x0, xi) = (ct,x), contravariant vector

xµ = (x0, xi) = (ct,−x), covariant vector

Correspondingly

∂µ =
∂

∂xµ
=

(
1
c

∂

∂t
,∇

)

∂µ =
∂

∂xµ
=

(
1
c

∂

∂t
,−∇

)

We introduce metric tensor gµν

gµν = diag(1,−1,−1,−1) = gµν , g00 = 1, gij = −δij

which can be used to lower and raise the indices

xµ = gµνxν , xµ = gµνxν

The Lorentz transformation

x′µ = Λµ
νxν (2.1)
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leaves the length of vector x

x2 = xµxµ = c2t2 − x2

invariant so that

xµgµνxν = x′αgαβx′β

= Λα
µxµΛβ

νxνgαβ

giving

gµν = Λα
µgαβΛβ

ν (2.2)

In matrix form the Lorentz transformation is

x′ = Λx, x = ΛT x′ (2.3)

and the metric

g =
(
ΛT

)
µα

gαβ (Λ)βν

= ΛT gΛ (2.4)

Λ is a 4×4 matrix. It has two sub-matrices, that is, Lorentz transformation
has two subgroups

Λ =
(

Λ(v) 0
0 1

)
, Λ =

(
1 0
0 ΛR

)
(2.5)

where

Λ(v) =




cosh ζ − sinh ζ 0
− sinh ζ cosh ζ 0

0 0 1


 (2.6)

corresponds to the Lorentz velocity transformation. Noting that cosh2 ζ −
sinh2 ζ = 1 and putting cosh ζ = γ, sinh ζ = γ v

c with γ = 1√
1−v2/c2

, we

have the usual Lorentz transformation (v = (v, 0, 0))

x′0 = γ
(
x0 − vx

c

)
= γ

(
x0 − v · x

c

)

x′1 = γ
(
x1 − v

c
x0

)
= x1 + (γ − 1)

v · x
v2

v − γ
v
c

(2.7)

x′2 = x2

x′3 = x3

connecting two inertial frames when one frame moves with velocity v in
x-direction relative to the other. The matrix

ΛR =




cos ω sinω 0
− sinω cos ω 0

0 0 1


 (2.8)
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gives the rotation in three dimensions along the x3 axis

x′0 = x0

x′1 = cos ω x1 + sinω x2

x′2 = − sinω x1 + cos ω x2 (2.9)

x′3 = x3

It is easy to see that a generalization of the Lorentz velocity transformation
when v is not restricted to the x1-direction is

x′0 = γ
[
x0 − v · x

c

]

x′ = x + (γ − 1)
v · x
v2

v − γ
v
c
x0 (2.10)

giving [vj = −vj ]

Λ0
0 = γ, Λi

0 = −γ

c
vi, Λ0

j = γ
vj

c
, Λi

j = δi
j − (γ − 1)

vivj

v2
(2.11)

In relativistic mechanics, energy and momentum are treated on equal
footing just like the space and time. Accordingly we introduce energy-
momentum 4-vector :

pµ =
(
p0,p

)
= (E/c,p)

pµ = (p0,−p) = (E/c,−p)

so that

p2 = pµpµ = E2/c2 − p2 = m2c2 (2.12)

where the particle is on the mass shell.
In terms of γ = 1√

(1−v2/c2)
, the above relation is identically satisfied

with

E = γmc2, p = γmv

so that

v/c =
cp
E

(2.13)

Thus in analogy with space-time transformation

p′ = p +
[
(γ − 1)v

v · p
v2

− γv
E

c2

]

E′ = γ [E − v · p] (2.14)
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where the primed quantities are in the frame moving with velocity v relative
to the one in which E and p are measured. It is convenient to write the
vector p in terms of its longitudinal and transverse components

p =
(
p‖,p⊥

)

p′
‖ = γ

[
p‖ −

v
c2

E
]

p′⊥ = p⊥ (2.15)

E′ = γ
[
E − v · p‖

]

From now on, we will put c = 1.

2.2 Kinematics of a Scattering Process

Consider a typical 2-body scattering process

a + b → c + d.

We denote the four momenta of particles a, b, c and d by pa, pb, pc, pd

respectively. Energy momentum conservation gives:

Fig. 2.1 Two-body scattering: a + b → c + d

pa + pb = pc + pd (2.16a)

or in the component form

pa + pb = pc + pd (2.16b)

Ea + Eb = Ec + Ed (2.16c)
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We assume Lorentz invariance in any process involving particles. The
reaction transition amplitude is a function of scalars (i.e. Lorentz invari-
ants) formed out of the four vectors pa, pb, pc and pd. The invariants are

s = (pa + pb)2 = (pc + pd)2 (2.17a)

t = (pa − pc)2 = (pd − pb)2 (2.17b)

u = (pa − pd)2 = (pc − pb)2. (2.17c)
But only two of the three scalars are independent:

s + t + u = 3p2
a + p2

b + p2
c + p2

d + 2pa · (pb − pc − pd) (2.18)

= m2
a + m2

b + m2
c + m2

d·
In an actual scattering experiment, we have a projectile (let it be a) and

a target (b), which is stationary in the laboratory frame. Thus

Fig. 2.2 Two-body scattering in the laboratory frame.

pa ≡
(
EL

a ,pL
a

)
= (νL,pL)

pb ≡ (mb, 0) (2.19)

pc ≡
(
EL

c ,pL
c

)
, pd ≡

(
EL

d ,pL
d

)
·

Hence in the laboratory frame:
s = (pa + pb)2

= m2
a + m2

b + 2mbνL, (2.20a)

t = (pa − pc)2

= m2
a + m2

c − 2νLEL
c + 2 |pL|

∣∣pL
c

∣∣ cos θL· (2.20b)
or

νL =
s − m2

a − m2
b

2mb
=

pa · pb

mb
(2.21a)

p2
L = −p2

a + ν2
L = −m2

a + ν2
L (2.21b)

|pL| =

√
λ (s, m2

a, m2
b)

2mb
, (2.21c)
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where

λ (x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz. (2.22)

Theoretically, it is convenient to consider a scattering process in the
center-of-mass (c.m.) frame. In this frame:

Fig. 2.3 Two-body scattering in the center-of-mass frame.

pa ≡ (Ea,p) , pb ≡ (Eb,−p) ,

pc ≡ (Ec,p′) , pd ≡ (Ed,−p′) . (2.23)

Thus we have

s = (pa + pb)2 = (pc + pd)2

= (Ea + Eb)2 = (Ec + Ed)2 ≡ E2
cm (2.24a)

t = m2
a + m2

c − 2EaEc + 2 |p| |p′| cos θ

= m2
b + m2

d − 2EbEd + 2 |p| |p′| cos θ· (2.24b)

Now

s = E2
a + E2

b + 2EaEb (2.25)

=
(
p2 + m2

a

)
+

(
p2 + m2

b

)
+ 2

√
(p2 + m2

a)
√

(p2 + m2
b).

Solving Eq. (2.25), we get

|p| =

√
λ (s, m2

a, m2
b)

2
√

s
. (2.26a)

Similarly by considering, s = (Ec + Ed)2, we get

|p′| =

√
λ (s, m2

c , m2
d)

2
√

s
. (2.26b)
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We also note that

Ea =
s + m2

a − m2
b

2
√

s
, Eb =

s + m2
b − m2

a

2
√

s

Ec =
s + m2

c − m2
d

2
√

s
, Ed =

s + m2
d − m2

c

2
√

s
. (2.27)

For the elastic scattering

c ≡ a, d ≡ b

and

|p| = |p′| , Ec = Ea, Ed = Eb

t = −2p2 (1 − cos θ) = −4p2 sin2 θ

2
. (2.28)

Thus −t is just the square of momentum transfer.
Finally one can derive a relation between the scattering angles θ and

θL using Lorentz transformation. Let us take pL and p along z-axis. The
c.m. frame is moving relative to the laboratory frame with a velocity:

v =
pL

νL + mb
. (2.29)

Lorentz transformation gives

pL
c cos θL = γ [p′ cos θ + vEc]

pL
c sin θL = p′ sin θ (2.30)

EL
c = γ [Ec + vp′ cos θ] .

Hence, we get

tan θL =
p′ sin θ

γ [p′ cos θ + vEc]
, (2.31a)

where

γ =
1√

1 − v2
=

νL + mb

Ecm
. (2.31b)

Equation (2.31b) follows from the relations:

pL = γ [p + vEa] , νL = γ [Ea + vp] , mb = γ [Eb − vp] . (2.32)

Another variable which is useful for scattering process, particularly for in-
clusive reactions, is rapidity. We define the longitudinal rapidity y :

y = tanh−1 p‖

E
=

1
2

ln
E + p‖

E − p‖
(2.33)
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Now using Eqs. (2.15)

E′ ± p′‖ = γ (1 ∓ v/c)
(
E ± cp‖

)

one gets

y′ = y − 1
2

ln
1 + v/c

1 − v/c

and

dy′ = dy

i.e. the shape of rapidity distribution is invariant. It may be noted that by
choosing some direction, e.g. beam direction for the z-axis, one can write
the energy and momentum of the particle as

E = mT cosh y, pz ≡ p‖ = mT sinh y, pT = (px, py)

where mT is called the transverse mass and is given by

E2 − p2
‖ = m2

T

which follows from cosh2 y − sinh2 y = 1
Now

E2 − p2
‖ = E2 − (p2 − p2

T ) = m2 + p2
T

so that

E2
T = p2

T + m2 = m2
T

Thus from Eq. (2.33),

y = ln
E + p‖

mT

The rapidity η is defined as

η = − ln(tan
θ

2
)

where θ is the scattering angle in the c.m. frame. For high energy scattering
(E ≈ |p|):

y =
1
2

ln
E + pz

E − pz
=

1
2

ln
E + |p| cos θ

E − |p| cos θ

≈ 1
2

ln
(

cos2 θ/2
sin2 θ/2

)
= − ln (tan θ/2) = η

The scattering cross section is

E
d3σ

d3p
= E

d3σ

dpxdpydpz
= E

d3σ

pT dpT dφdpz
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As

dpz = mT cosh y dy

= E dy

and averaging over φ,

E
d3σ

d3p
=

d2σ

πdyd(p2
T )

i.e. E d3σ
d3p is an invariant quantity.

2.3 Interaction Picture

In quantum mechanics, the transition rate from initial state |i〉 to final state
|f〉 is given by

W = 2π | 〈f | HI |i〉 |2 ρf (Ef ) , (2.34)

where HI is the interaction Hamiltonian viz.

H = H0 + HI . (2.35)

The above formula is obtained when HI is treated as small in first order
perturbation theory and |i〉 and |f〉 are eigenstates of H0. ρf (Ef ) is the
density of final states, i.e. ρf (Ef )dEf = number of final states with energies
between Ef and Ef + dEf .

In order to define the transition rate in general, it is convenient to go
to interaction picture, which we define below:
The Schrödinger equation is given by

i
d

dt
|Ψ (t)〉S = H |Ψ (t)〉S . (2.36)

We now go to interaction picture by a unitary transformation

|Ψ (t)〉I = eiH0t |Ψ (t)〉S . (2.37)

Then, using Eq. (2.36), we have

i
d

dt
|Ψ (t)〉I = −H0 |Ψ (t)〉I + eiH0tHe−iH0t |Ψ (t)〉I . (2.38)

Now using (2.35)

HI
0 (t) = eiH0tH0e

−iH0t = H0 (2.39a)

HI
I (t) = eiH0tHe−iH0t = H0 + HI

I (t) , (2.39b)
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where

HI
I (t) = eiH0tHIe

−iH0t. (2.39c)

Hence we have from Eq. (2.38) [From now on, we will drop the superscript
I from HI

I (t), it will be understood.]

i
d

dt
|Ψ (t)〉I = HI (t) |Ψ (t)〉I . (2.40)

Thus an operator Â in Schrödinger picture is related to operator ÂI (t)
in interaction picture by a unitary transformation

ÂI (t) = eiH0t Â e−iH0t (2.41a)

and

i
d ÂI (t)

dt
=

[
ÂI (t) , H0

]
. (2.41b)

2.4 Scattering Matrix (S-Matrix)

From the general principles of quantum mechanics, the probability of find-
ing the system in state |b〉, when the system is in state |Ψ (t)〉I , is given by
|Cb(t)|2 where

Cb(t) = 〈b |Ψ (t)〉I . (2.42)

Assume that |Ψ (t)〉I is generated from |Ψ (t0)〉I by a linear operator
U(t, t0):

|Ψ (t)〉I = U(t, t0) |Ψ (t0)〉I (2.43a)

U(t0, t0) = 1. (2.43b)

Substituting Eq. (2.43a) in Eq. (2.40), we get

i
∂U (t, t0)

dt
|Ψ (t0)〉I = HI(t)U(t, t0) |Ψ (t0)〉I (2.44a)

so that we obtain

i
∂U (t, t0)

dt
= HI(t)U(t, t0). (2.44b)

We note that U(t, t0) depends only on the structure of the physical system
and not on the particular choice of the initial state |Ψ (t0)〉I . Thus

|Ψ (t)〉I = U(t, t0) |Ψ (t0)〉I
= U(t, t′) |Ψ (t′)〉I
= U(t, t′) U(t′, t0) |Ψ (t0)〉I (2.45)
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Therefore,

U(t, t′) U(t′, t0) = U(t, t0) (2.46a)

I = U(t0, t0) = U(t0, t)U(t, t0) (2.46b)

U(t0, t) = U−1(t, t0) (2.46c)

Thus, the operator U satisfies the group properties.
The formal solution of differential Eq. (2.44a) is given by

U(t, t0) = 1 − i

∫ t

t0

HI(t1)U(t1, t0)dt1. (2.47)

This integral equation can be solved by iteration method, i.e.

U(t, t0) = 1 − i

∫ t

t0

dt1HI(t1)
[
1 − i

∫ t1

t0

dt2HI(t2)U(t2, t0)
]

= 1 − i

∫ t

t0

dt1HI(t1) + (−i)2
∫ t

t0

dt1HI(t1)
∫ t1

t0

dt2HI(t2)

+ · · · (2.48)

Eq. (2.48) is the basis of perturbation theory.
Now at t = t0 → −∞, the system is known to be in an eigenstate |a〉

of H0. Hence the probability amplitude for transition to an eigenstate |b〉
of H0 is given by

Cb(t) = 〈b |Ψ (t)〉I
= lim

t0→−∞
〈b|U(t, t0) |Ψ (t0)〉I

= lim
t0→−∞

〈b|U(t, t0)eiH0t0 |Ψ (t0)〉S . (2.49)

Now for t0 → −∞,

|Ψ (t0)〉S = |a, t0〉 = |a〉 e−iEat0 . (2.50)

Hence from Eq. (2.49), we get

Cb(t) = 〈b|U(t, −∞) |a〉 . (2.51)

Our purpose is to calculate Cb(t) for large t (since for t → ∞, the system
is an eigenstate of H0), i.e.

lim
t→∞

Cb(t) = lim
t→∞

〈b|U(t, −∞) |a〉 = 〈b|U(∞, −∞) |a〉 . (2.52)

The operator

S = U(∞, −∞) (2.53)
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with matrix elements

Sba = 〈b|U(∞, −∞) |a〉 = 〈b|S |a〉 (2.54)

is called the S-matrix.
An important property of S-matrix is that it is a unitary operator. This

follows from the conservation of probability:
∑

b

|Cb(∞)|2 = 1 (2.55)

or
∑

b

〈b|S |a〉 〈b|S |a〉∗ = 1

∑
b

〈a|S† |b〉 〈b|S |a〉 = 1. (2.56)

Hence

〈a|S†S |a〉 = 1,

i.e.

S†S = 1 (2.57)

Therefore, S is a unitary operator. It is convenient to introduce “in” and
“out”states [see also Appendix A]. Assume that before time t1 and after
time t2, H = H0 and perturbation acts only during the time interval
t1 < t < t2. Then the “in” state

|a〉in = |a, t1 → −∞〉 (2.58a)

Similarly the “out” state is

|a〉out = |a, t2 → ∞〉 (2.58b)

The operator S provides the link between the description of the system
before t1(t1 → −∞) and after t2 (t2 → ∞). Thus

|a〉in = S|a〉out

so that

Sba =out 〈b|a〉in (2.58)

where a and b indicate quantum numbers necessary to specify the initial
and final states or in more transparent notation

Sfi =out 〈f |i〉in (2.59)
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Now using Eq. (2.48)

S = U(∞,−∞) = 1 − i

∫ +∞

−∞
dt1HI(t1)

+(−i)2
∫ +∞

−∞
dt1

∫ t1

−∞
dt2HI(t1)HI(t2) + · · ·(2.60)

By interchanging the variables of integration t1 → t2, we can write the
second term as

(−i)2
∫ +∞

−∞
dt2

∫ t2

−∞
dt1HI(t2)HI(t1)

It can be shown1 that this term is equally well described as

(−i)2
∫ +∞

−∞
dt1

∫ ∞

t1

dt2HI(t2)HI(t1)

Using this identity we can write S(2) as

S(2) = (−i)2
1
2!

∫ +∞

−∞
dt1

∫ +∞

−∞
dt2T [HI(t1)HI(t2)] (2.61)

where the time ordered product

T [HI(t1)HI(t2)]

= HI(t1)HI(t2) t2 < t1 (2.62)

= HI(t2)HI(t1) t2 > t1

In terms of the Hamiltonian density HI(x)

HI(t) =
∫

d3xHI(x)

so that

S(2) =
(−i)2

2!

∫
d4x1

∫
d4x2T [HI(x1)HI(x2)]

A generalization of this is

S(n) =
(−i)n

n!

∫
d4x1

∫
d4x2 · · ·

∫
d4xnT [HI(x1)HI(x2) · · ·HI(xn)]

(2.63)
Up to the first order in perturbation

Sfi = δfi − i

∫
d4x 〈f |HI(x)| i〉 (2.64)

1See J.J. Sakurai, Advanced Quantum Mechanics, Addison-Wesley (1973) p.186.
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Using the translational invariance, which is generated by momentum oper-
ator one can write

HI(x) = eip·xHI(0)e−ip·x

∫
d4x 〈f |HI(x)| i〉 =

∫
d4xei(pf−pi)·x 〈f |HI | i〉

= (2π)4 δ4 (pf − pi) 〈f |HI | i〉 (2.65)

where HI = HI(0) and δ-function ensures energy-momentum conservation.
This suggests that it would be convenient to introduce an operator T, called
T (transition) matrix with the element Tfi so that

Sfi = δfi + i(2π)4Tfi (2.66)

In the first order of perturbation

Tfi = −〈f |HI | i〉 (2.67)

Then, using Eqs. (2.37) and (2.38), the transition probability for large
t from a state |i〉 to state |f〉 for i �= f is given by

P = lim
t→∞

|Cf (t)|2 = |〈f |S |i〉|2 =
∑

(2π)8 δ4 (pf − pi) δ4 (0) |Tfi|2 .

(2.68)
Now

δ4 (p) =
1

(2π)4

∫
e−ipµxµd4x

δ4 (0) =
1

(2π)4
(Volume) t =

V t

(2π)4
. (2.69)

Therefore, the transition rate per unit macroscopic volume is given by

Wfi =
P

V t
= (2π)4

∑
δ4 (pf − pi) |Tfi|2 . (2.70)

To carry out sum over final states, we need to know the density of final
states ρf (Ef ).

2.5 Phase Space

Consider a single particle in one dimension confined in the region 0 ≤ x ≤ L.
The normalized eigenstate of momentum operator p̂ is given by

up (x) =
1√
L

eipx. (2.71)
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The boundary condition that up (x) is periodic in the range L gives

p =
(

2π

L

)
n. (2.72)

Thus
dn

dE
=

(
L

2π

)
dp

dE
= ρ (E) , (2.73)

i.e. the number of states within the interval E and E + dE is given by
dn = ρ(E)dE. In three dimensions, we have

ρ (E) =
dn

dE
=

(
L

2π

)3
d

dE

∫
d3p =

(
L

2π

)3

p2 dp

dE

∫
dΩ. (2.74)

The generalization to the n particles in final state gives:

n =

[(
L

2π

)3
]n−1 ∫

d3p′1 d3p′2 · · · d3p′n−1. (2.75)

Since

pi = pf = p′
1 + p′

2 + · · · + p′
n, (2.76)

only (n − 1) momenta are independent. With the normalization L = 2π,
we can rewrite from Eq. (2.75)

n =
∫

δ3 [pi − (p′
1 + p′

2 + · · · + p′
n)] d3p′1 d3p′2 · · · d3p′n. (2.77)

Thus we can write

ρf (E) =
∫

δ [E − (E′
1 + E′

2 + · · · + E′
n)]

× δ3 [pi − (p′
1 + p′

2 + · · · + p′
n)]

× d3p′1 d3p′2 · · · d3p′n. (2.78)

Hence the transition rate [cf. Eqs. (2.70) and (2.78)]

Wf = (2π)4
∫

d3p′1 d3p′2 · · · d3p′n

×
∑

final spins

|Tfi|2 δ4 (p′1 + p′2 + · · · + p′n − pi) , (2.79)

where bar (–) denotes the average over initial spins if initial particles are
unpolarized, otherwise we have to use the density matrix if initial particles
are polarized.
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Remarks:
(1) In the first order perturbation theory

Tfi = −〈f |HI |i〉 · (2.80)

(2) The normalization of states is

〈p′ |p〉 =
∫

d3x 〈p′ |x〉 〈x |p〉 (2.81)

=
1

(2π)3

∫
e−i(p′−p)·xd3x = δ (p′−p) .

The phase space
∫

d3p is not Lorentz invariant. Thus we consider the
Lorentz invariant phase space

∫
d4p′ δ

(
p′2 − m2

)
θ (p′0)

=
∫

d3p′
∫

dp′0
1

2p′0
[δ (p′0 − E′) + δ (p′0 + E′)] θ (p′0)

=
∫

d3p′

2E′ . (2.82)

Now we write

|p〉 =
∫

d3p′ |p′〉 〈p′ |p〉

=
∫

d3p′

2E′ |p′〉 [2E′ 〈p′ |p〉]

=
∫

d3p′

2E′

√
4 p0 p′0 〈p′ |p〉 |p′〉 . (2.83)

It is clear from Eq. (2.82), that 〈p′|T |p〉 is not Lorentz invariant, but√
p0 p′0 〈p′|T |p〉 is. Thus in general we write

Tfi = N ′Ffi, (2.84)

where N ′ is a multiple of factors like 1/Er. In fact it is convenient to take

N ′ =

(∏
r

mr

(2π)3 Er

∏
s

1
(2π)3 2Es

)1/2

, (2.85)

if there are r fermions and s bosons such that

r + s = n + m, N ′ =

[
1

(2π)3/2

]n+m

N, (2.86)
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m and n being the number of initial and final particles respectively. Hence
finally the transition rate is

Wf =
(2π)4

(2π)3m

∫
d3p′1

(2π)3
d3p′2

(2π)3
· · · d3p′n

(2π)3

× N2δ4 (p′1 + p′2 + · · · + p′n − pi)
∑

final spins

|Ffi|2 . (2.87)

In the first order perturbation theory
[

1

(2π)3/2

]n+m ∏
r

(
mr

Er

)1/2 ∏
s

(
1

2Es

)1/2

Ffi = −〈f |HI |i〉 . (2.88)

For example for s = 0, r = 4 (i.e. four fermions process)

1
(2π)6

(
ma mb mc md

Ea Eb Ec Ed

)1/2

Ffi = −〈f |HI |i〉 . (2.89)

Here ma, mb, mc and md are the masses of four particles a, b, c and d

involved in a scattering or a decay process.

2.6 Examples

2.6.1 Two-body Scattering

Consider the scattering process

a + b → c + d,

where a and c are bosons e.g. pions and b and d are fermions, e.g. nucleons.
The scattering cross section is given by

dσ =
dW

(Flux)in

, (2.90)

where (Flux)in is the incident flux defined as

(Flux)in = ρ1ρ2vin =
vin

(2π)6
· (2.91)

vin =
∣∣∣∣
pa

Ea
− pb

Eb

∣∣∣∣ . (2.92)

We calculate the scattering cross section in the c.m. frame. In this
frame:

pa = −pb = pab = p, pc = −pd = pcd = p′ (2.93a)

Ecm = Ea + Eb = Ec + Ed. (2.93b)
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vin = |p| Ecm

EaEb
. (2.94)

Now from Eq. (2.87)

dW =
(2π)4

(2π)6

∫
d3pc

(2π)3
d3pd

(2π)3

(
mbmd

4EbEdEcEa

)
δ4 (pc + pd − pa − pb)

∑
spin

|Ffi|2 .

(2.95)
We can write

δ4 (pc + pd − pa − pb) = δ3 (pc + pd − pa − pb) δ (Ec + Ed − Ea − Eb) .

(2.96)
The integration over d3pd in Eq. (2.95) can be removed by the three-
dimensional δ-function. Writing

d3pc = |p′|2 d |p′| dΩ′, (2.97)

Eq. (2.95) gives

dW =
mbmd

4EbEa

1
(2π)8

∫
|p′|2 d |p′| dΩ′δ

(
Ecm −

√
p′2 + m2

c −
√

p′2 + m2
d

)

1√
p′2 + m2

c

1√
p′2 + m2

d

∑
spins

|Ffi|2 . (2.98)

Now using the formula∫
dx δ [E − Y (x)] F (x) =

[
F (x)

1
Y ′ (x)

]

E=Y (x)

, (2.99)

we have from Eqs. (2.90) and (2.98)

dσ =
dW (2π)6

vin

=
1

64π2

|p′|
|p|

1
E2

cm

|M |2 dΩ′, (2.100)

where

|M |2 =




4mbmd

∑
spins

|Ffi|2 , if particles a,c bosons and b, d fermions.

16mambmcmd

∑
spins

|Ffi|2 , if all particles are fermions
∑

spins

|Ffi|2 , if all particles are bosons

(2.101)

In the c.m. frame,

dt ≡ −dQ2

= −|p| |p′|
π

dΩ′
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dσ

dQ2
=

1
E2

cm

1
|p|2

|M |2

64π
(2.102)

In the Lab frame we note from Eqs. (2.29), (2.31b) and (2.32)

p = γ(pL − vνL)

=
γpLmb

νL + mb
=

pLmb

Ecm

so in the Lab frame
dσ

dQ2
=

1
m2

b

1
|pL|2

|M |2

64π

From Eq. (2.20b),

dQ2 =
1
π
|pL| |p′

L| dΩL

one gets

dσ

dΩL
=

1
m2

b

|p′
L|

|pL|
|M |2

64π2
. (2.103)

2.6.2 Three-body Decay

2.6.2.1 Three-body Phase Space

Consider a three-body decay

a → b + c + d

m → m1 + m2 + m3

k = p1 + p2 + p3.

The decay rate [cf. Eq. (2.87)] is given by [ρin = 1
(2π)3

]

dΓ =
dW

ρin

= (2π)4
∫

d3p1

(2π)3

∫
d3p2

(2π)3

∫
d3p3

(2π)3

(
mm1m2m3

E E1E2E3

)

× δ3 (p1 + p2 + p3 − k) δ (E1 + E2 + E3 − E) |M |2 , (2.104)

where for definiteness, we have taken all the particles to be fermions.
We evaluate Eq. (2.104) in the rest frame of particle m. In this frame

k = 0 and E = m. Hence we have

p1 + p2 + p3 = 0

E1 + E2 + E3 = m. (2.105)
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From Eq. (2.104), removing the integration over d3p3 due to three-
dimensional δ-function, we get

dΓ =
4π

(2π)5
(m1m2m3)

∫
p2
1dp1 p2

2dp2 dΩ12
1

E1E2E3

× δ

[
E1 + E2 +

√
(p1 + p2)

2 + m2
3 − m

]
|M |2 . (2.106)

After performing the angular integration over Ω12, we obtain

dΓ =
2 (2π)2

(2π)5
m1m2m3

∫
|p1| |p2|E1E2 dE1 dE2

E1E2E3

E3

|p1| |p2|
∣∣M ∣∣2

=
2m1m2m3

(2π)3

∫
dE1 dE2

∣∣M ∣∣2 , (2.107)

where
∣∣M ∣∣2 is the value |M |2 after the angular integration has been per-

formed. In order to evaluate the integral in Eq. (2.107), it is convenient to
define the invariants:

s12 = (k − p3)
2 = (p1 + p2)

2

s13 = (k − p2)
2 = (p1 + p3)

2

s23 = (k − p1)
2 = (p2 + p3)

2
. (2.108)

In the rest frame of particle m, we have

s12 = m2 + m2
3 − 2mE3

s13 = m2 + m2
2 − 2mE2

s23 = m2 + m2
1 − 2mE1 (2.109)

s12 + s13 + s23 = m2 + m2
1 + m2

2 + m2
3. (2.110)

On the other hand, in the c.m. frame of particles 1 and 2, we put

p1 = −p2 = p and p3 = q. (2.111)

In this frame, we denote the energies of particles 1, 2 and 3, by ω1, ω2, ω3

respectively. Thus in this frame

s13 = (ω1 + ω3)
2 − (p + q)2 = m2

1 + m2
3 − 2p.q+2ω1ω3

s23 = (ω2 + ω3)
2 − (p − q)2 = m2

2 + m2
3 + 2p.q+2ω2ω3

s12 = (ω1 + ω2)
2
. (2.112)

For fixed s12, the range of s23 is determined by letting q to be parallel or
antiparallel to p. Thus

(s23)
max
min = (ω2 + ω3)

2 −
[√

ω2
3 − m2

3 ∓
√

ω2
2 − m2

2

]2

. (2.113)
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We also note that one can express ω1, ω2 and ω3 in terms of s12.

ω1 =
s12 + m2

1 − m2
2

2
√

s12

ω2 =
s12 − m2

1 + m2
2

2
√

s12

ω3 =
m2 − m2

3 − s12

2
√

s12
. (2.114)

In terms of the invariants s13 and s23, Eq. (2.107) can be written as

dΓ =
2m1m2m3

(2π)3 (4m2)

∫
ds23 ds12

∣∣M ∣∣2 . (2.115)

The scatter plot in s23 and s12 is called a Dalitz plot (Fig. 2.4). If∣∣M ∣∣2 is a constant, we have uniform distribution of events. Non-uniform

distribution of events over Dalitz plot will indicate a structure in
∣∣M ∣∣2 and

would provide an important information about the dynamics underlying
the process concerned.

Fig. 2.4 Dalitz plot for a three body final state [ref. 6].

2.6.2.2 β-decay

A → B + e− + νe, p = pB + pe + pν
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e.g.

O14 → N14 + e+ + νe.

We obtain from Eq. (2.104)

dΓ =
(4π)2

(2π)5

∫
p2

edpe p2
νdpν dΩeν δ (EB + Ee + Eν − mA)

× mA mB me mν

mA EB Ee Eν
|M |2 , (2.116)

where

pν dpν = Eν dEν . (2.117)

It is a very good approximation to neglect the recoil of the particle B,
so that pB ≈ 0 and EB = mB . For this case, the δ-function removes the
integration over dEν and we get

dΓ =
(4π)2

(2π)5
p2

e dpe dΩeν (mA − mB − Ee)

×
(
(mA − mB − Ee)

2 − m2
ν

)1/2
(

me mν

Ee Eν
|M |2

)
. (2.118)

Let us write

Emax = Ee + Eν ≈ mA − mB . (2.119)

Then one gets

dΓ =
(4π)2

(2π)5
p2

e dpe (Emax − Ee)
(
(Emax − Ee)

2 − m2
ν

)1/2

×
(

me mν

Ee Eν
|M |2

)
dΩeν . (2.120)

In the first order perturbation theory,

|M |2 = (2π)12
∑
spin

|〈f |HW |i〉|2 Ee Eν

me mν
. (2.121)

If the expression
∑
spin

|〈f |HW |i〉|2 is averaged over angles between electron

and neutrino, dΓ can be integrated over dΩeν and we obtain

dΓ =
(4π)2

(2π)5
p2

e dpe (Emax − Ee)

×
(
(Emax − Ee)

2 − m2
ν

)1/2

(2π)12
∑
spin

|〈f |HW |i〉|. (2.122)
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Let us make the simplest assumption that the averaged expression is inde-
pendent of electron energy Ee. In this case

1
p2

e

(
dΓ
dpe

)
∝ (Emax − Ee)

[
(Emax − Ee)

2 − m2
ν

]1/2

. (2.123)

If we neglect the mass of the neutrino, then

K ≡
(

dΓ
p2

e dpe

)1/2

∝ (Emax − Ee) . (2.124)

From Eq. (2.124), we see that plot of
(
dΓ/p2

e dpe

)1/2 versus Ee should be a
straight line. This is called Fermi or Kurie plot. Figure 2.5 shows that it is
indeed a straight line. Therefore, the assumption that the matrix elements
〈f |HW |i〉 are independent of energy is correct.

Fig. 2.5 Fermi or Kurie plot.

From Eq. (2.123), we get

Γβ =
1

2π3

[
(2π)12 |〈f |HW |i〉|

2
] ∫ pmax

e

0

(Emax − Ee)
2
p2

e dpe

=
1

2π3
m5

e

[
(2π)12 |〈f |HW |i〉|

2
]
f (ρ0) , (2.125)

where

f (ρ0) =
∫ ρ0

0

ρ2

(√
ρ2
0 + 1 −

√
ρ2 + 1

)2

dρ (2.126)

ρ =
pe

me
, ρ0 =

pmax
e

me
.

This does not take into account Coulomb corrections due to Coulomb
force which the electron experiences with the nucleus of charge Ze once
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it has left the nucleus. This can be taken into account in the integral
f (ρ0) and the formula (2.126) remains valid. The lifetime for β-decay
τβ = 1/Γβ , but it is the half life t1/2 = τβ(ln 2) which is experimentally
measured, while f is computed. ft1/2 is called the ft value. It is assumed
that HW is universal, i.e. the same for all decays and this assumption is
supported by experiments. ft values for β-decay vary from about 103 to
1023 seconds. This variation is due to the phase space available in the final
state characterized by Emax and hence by f (ρ0). Other cause of variation is
due to the nuclear wave functions that enter into the calculation of matrix
elements 〈f |HW |i〉. Without the universality of HW , an understanding
of weak interaction would be hopeless. Some characteristic ft values are
shown in Table 2.1.

We now consider the transition O14 → N14 so that we do not have
complications due to spin. Nuclei may be described by highly localized
wave functions described by 1

(2π)3/2 Ui(r) and 1
(2π)3/2 Uf (r) which vanish for

r > 10−13 cm. Electron and neutrino can be described by plane waves as
they carry large momenta. We take that HW responsible for β-transitions
is characterized by a parameter GF which determines its strength. Thus

|〈f |HW |i〉|2 = G2
F

∣∣∣∣∣
1

(2π)6

∫
U∗

f (r) Ui(r) eipe.r eipν .rd3r

∣∣∣∣∣
2

. (2.127)

Since pe/h ∼ 1011 cm−1, r ≈ 10−13 cm, it is a good approximation to
replace the exponential in the integration by 1. This is called the allowed
approximation. Thus one gets from Eq. (2.128)

(2π)12 |〈f |HW |i〉|2 = G2
F . (2.128)

Hence we obtain from Eq. (2.126)

Γβ =
G2

F m5
e

2π3
f (ρ0)

=
1
τβ

=
ln 2
t1/2

(2.129a)

or

G2
F =

(
2π3 ln 2

)
ft

1
m5

e

(2.129b)

or

(
GF m2

N

)2
=

(
2π3 ln 2

)
ft

(
mN

me

)5 1
mN

. (2.129c)
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Using 1
mN

≈ (0.7) 10−24 sec and ft = 3100 sec we get

GF m2
N ≈ 1.5 × 10−5 (2.130)

to be compared with its present accurate determination

GF = 1.166 × 10−5 GeV2.

We rewrite Eq. (2.130b) in a more transparent form

f t1/2 =
2π3(ln 2)
|MF |2

[
(�c)3

GF

]2 1
(mec2)4

(
�

mec2

)
(2.131)

where MF is called Fermi matrix element. We note that f t1/2 is constant.
With

GF

(�c)3
= 1.166 × 10−5 GeV−2 (2.132)

one gets

f t1/2 =
5972
|MF |2

sec (2.133)

In β-decay, isobars are involved, i.e. it is a transition with ∆I3 = ±1. In
particular for

O14 → N14 :
[
JP = 0+, I = 1, I3 = 0, 1

]

MF =
〈
ψf : 0+; 1, 0 |I−|ψi = 0+, 1, 1

〉
(2.134)

=
√

2.

Also in the Fermi transition, ∆J = 0. Thus for the decay O14 − N14

f t1/2 = 2986 sec (2.135)

to be compared with the experimental value 3100 sec; a discrepancy of
only 1%. In view of the simplification used, it is in good agreement with
the experimental value. However, the decay He6 → Li6 is forbidden in the
Fermi theory as it involves a transition ∆J = ±1, whereas in Fermi theory,
the selection rule is ∆J = 0.

But the decay 2He6 → 3Li6 + e− + ν̄e does occur. Gamow and Teller,
then introduced an additional matrix element

MGT = CA 〈ψf |σ|ψi〉 ⇒
∫

U∗
f 〈χf |σ|χi〉Ui d3x (2.136)
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which allows the selection rule ∆J = 0,±1. Summing over the spins and
taking the average for the initial spin s

|MGT |2 =
1
2

∑
i

∑
f

〈χf |σ|χi〉 · 〈χf |σ|χi〉∗

=
1
2

∑
i

∑
f

〈χi |σ|χf 〉 · 〈χf |σ|χi〉

=
3
2

∑
i

〈
χi

∣∣σ2
∣∣ χi

〉
= 3 (2.137)

where we have used σ2 = 3 and there is no interference term as Tr(σ) = 0.

Hence we replace |MF |2 in Eq. (2.131) given by

|M |2 = g2
V |MF |2 + g2

A |MGT |2

where gV = 1 and gA = 1.261. The results are summarized in Table 2.1.

Table 2.1
t1/2 Tmax

e |MF |2 |MGT |2 f t1/2(s)

n → p 1
2

+ → 1
2

+
10.6 min 0.7821 1 3 1100

He6 →6 Li 0− → 1− 0.813 s 3.50 0 3 810

O14 →14 N 0+ → 0+ 71.4 s 1.812 2 0 3100

H3 → He3 1
2
→ 1

2
12.33 Yr 0.0186 1 3 1131

Finally we note from Eq. (2.124) that a non-vanishing neutrino mass
reveals itself as a downward deviation from a straight Kurie plot as the
energy approaches its nominal (mν = 0) kinematically allowed maximum
Tmax

e . We can write Eq. (2.124):
(

dΓ
dTe

)
∝ T 3/2

e

(Te + 2me)
3/2

Te + 2me
(Tmax

e − Te)
[
(Tmax

e − Te)
2 − m2

ν

]1/2

,

(2.138)
where

Te = Ee − me =
√

p2
e + m2

e − me. (2.139)

We note that the effect of mν is near Te = Tmax
e , otherwise (Tmax

e −Te)2 �
m2

ν . If we put

Te

Tmax
e

= x, xe =
me

Tmax
e

, (2.140)

then

Γν=0 ∝ (Tmax
e )5

∫ 1

0

x3/2 (1 − x)2
(x + 2xe)

3/2

(x + xe)
dx. (2.141)
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Hence it follows from Eqs. (2.138) and (2.141), that if mν �= 0, then the
fraction of events G (mν) which will be absent at the end point is given by

G (mν) =
1
Γ

∫ T max
e

T max
e −mν

(
dΓ
dTe

)

mν=0

dTe

∝ (Tmax
e )2 m3

ν

(Tmax
e )5

= g

(
mν

Tmax
e

)3

, (2.142)

where g is some constant. Hence it follows from Eq. (2.142), that in order to
have G (mν) as large as possible, Tmax

e has to be as small as possible. Thus
we see from Table 2.1, that tritium (H3) is most suitable to determine the
mass mν of neutrino experimentally, since electrons from this decay have
very low end-point energy (18.6 keV).

The distortion at the extreme end of the Kurie plot due to mν �= 0 is
shown in Fig. 2.6. Thus in order to determine mν one has to look for such
a distortion, but note that the deviation is in fact quite small. Moreover,
the fraction of the events in the energy range of 18.5 keV ≤ Ee ≤ 18.6 keV
is only 3 × 10−7. The experiment is hence quite difficult and even then
it would be extremely difficult to determine mν better than 2 eV by this
method. We shall come back to this point in Chap. 12.

Fig. 2.6 The distortion at the extreme end of the Kurie plot due to mν �= 0.
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2.7 Electromagnetic Interaction

A monochromatic electromagnetic wave is composed of N monoenergetic
photons, each having energy and momentum, E = �ω and p = �k. The
electromagnetic field is described by a vector potential A with polarization
vector ε. Electromagnetic waves are transverse waves so that k · ε = 0 and
thus have two independent states of polarization. We can conveniently de-
scribe it as left-circularly or right-circularly polarized photon or we can say
that a photon has two helicity states ±1. Such a photon can be described
by a polarization vector

ε± =
1√
2

(∓1, −i, 0) , ε0 = 0, (2.143)

where we have taken the propagation vector k along z-axis.
The spin 1 matrices S are given by

(Si)jk = −iεijk· (2.144)

Writing them explicitly, we have

S1 = Sx =




0 0 0
0 0 −i

0 i 0




S2 = Sy =




0 0 i

0 0 0
−i 0 0




S3 = Sz =




0 −i 0
i 0 0
0 0 0


 (2.145)

If we write ε+ and ε− as column matrices

ε+ =
1√
2




−1
−i

0


 , ε− =

1√
2




1
−i

0


 , (2.146)

it is easy to see that they are eigenstates of Sz with eigenvalues ±1 respec-
tively. We also note that

ε∗+ · ε+ = 1 = ε∗− · ε−
ε∗+ · ε− = 0 = ε∗− · ε+ (2.147)

ε∗λ · ελ = δλλ′ , λ, λ′ = ±1. (2.148)
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For a real photon, if we sum over polarizations (spin), we have
∑

λ=±1

ε
∗

iλεjλ = δij − kikj

k2
. (2.149)

In quantum field theory, electromagnetic force between two electrons (or
any charged particles) is assumed to be mediated by photons, the quanta of
electromagnetic field. The simplest case is the exchange of a single photon
as shown in Fig. 2.7.

The Coulomb potential between two charged particles is e2/4πr in ra-
tionalized Gaussian units. This is the Fourier transform of an amplitude
M(q) corresponding to the diagram shown in Fig. 2.7. Thus we write

Fig. 2.7 Electron-electron scattering through exchange of a photon.

e2

4πr
=

1
(2π)3

∫ ∞

−∞
eiq.rM (q) d3q. (2.150)

In order to find M(q), we note that
∫ ∞

−∞

eiq.r

q2
d3q = 2π

∫ ∞

0

∫ π

0

ei|q|r cos θ 1
q2

|q|2 d |q| sin θ dθ

=
4π

r

∫ ∞

0

sin |q| r
|q|

d |q|

=
4π

r

∫ ∞

0

sinx

x
dx=

4π

r

π

2
=

2π2

r
. (2.151)

Hence we have

M (q) =
e2

q2
· (2.152)

This gives the matrix elements of the above diagram (Fig. 2.7) in mo-
mentum space in non-relativistic limit. A relativistic generalization of this
is

〈T 〉 = −〈M〉 =
e2

(2π)6

√
m1 m2 m′

1 m′
2

E1 E2 E′
1 E′

2

〈Jµ〉1 〈Jµ〉2
q2

, (2.153)
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i.e.

F =
gµν 〈Jµ〉1 〈Jν〉2

q2
, (2.154)

where 〈Jµ〉 is the expectation value of the electromagnetic current. gµν/q2

is called the Feynman propagator of the photon. Jµ is given by

Jµ = e ψ γµ ψ,

so that in free particle approximation

〈Jµ〉i = eu (p′
i) γµu (pi) , i = 1, 2. (2.155)

Thus

T =
1
q2

u (p′
2) eγµu (p2) u (p′

1) eγµu (p1)

× 1
(2π)6

m2

√
E1 E2 E′

1 E′
2

. (2.156)

In the non-relativistic limit p2

m ≈ 0, p′2

m ≈ 0, E1 = E2 = E′
1 = E′

2 ≈ m,

u (p) γ0u (p) ≈ 1, u (p) γu (p) ≈ 0,

q2 = (p′1 − p1)
2 = (E′

1 − E1)
2 − 4p2 ≈ −4p2,

and q2 → −q2 so that we have from Eq. (2.153)

−T = M (q) =
e2

q2
. (2.157)

2.8 Weak Interaction

If weak nuclear force is mediated by exchange of some particle, then this
particle must have a finite mass, since weak nuclear force is a short range
force. We assume that mediator of this force is a vector particle of finite
mass. It, therefore, has three directions of polarization or it is a spin 1
particle with Mz = ±1, 0. These spin states can be expressed as

ε± =
1√
2

(∓1, −i, 0) , ε0
± = 0

ε0 =
(

0, 0,
q0

mW

)
, ε0

0 =
|q|
mW

. (2.158)

In this representation

q = (q0, 0, 0, |q|) , q2 = m2
W (2.159)
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so that

q · ε = 0. (2.160)

It is easy to see that ε±, ε0 are eigenstates of Sz with eigenvalues ±1, 0
respectively. For a spin 1 particle on the mass-shell

∑
λ=±1,0

εµ
λεσ

λ = εµ∗

+ εσ
+ + εµ

−εσ∗

− + εµ
0εσ∗

0 = −gµσ +
qµ qσ

m2
W

. (2.161)

In order to estimate the strength of weak interaction, we evaluate the
matrix elements of the scattering process

νe + e− → νe + e−

as given by the diagram in Fig. 2.8. In analogy with Eq. (2.154), the

Fig. 2.8 Neutrino-electron scattering through exchange of vector boson.

scattering amplitude F is given by [the propagator 1/
(
q2

)
is replaced by

1/
(
q2 − m2

W

)
as W-boson is massive]

F =

〈
JWµ

〉
1

〈
JW

µ

〉
2

(q2 − m2
W )

(2.162a)

Now in contrast to electron, neutrino is a two-component object and its
wave function is (1 − γ5)u(p). Thus in analogy with Eq. (2.155)

〈
JWµ

〉
i
= gW u(p′

i) γµ (1 − γ5) u(pi), i = 1, 2, (2.162b)

where gW is the strength of weak interaction just as e is the strength of the
electromagnetic interaction. Thus for q2 << m2

W

F = − g2
W

m2
W

[u(p′
2) γµ (1 − γ5) u(p2)] [u(p′

1) γµ (1 − γ5) u(p1)] (2.162c)

= − g2
W

m2
W

(AµBµ)
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Using Eq. (A.48), we get

|F |2 =
g4

W

m4
W

∑
spin

AµBµA∗νB∗
ν (2.163)

=
g4

W

m4
W

1
memν

[
p′µ2 pν

2 + p′ν2 pµ
2 − p2 · p′2gµν + iεµνρσ p2ρ p′2σ

]

× 2
memν

[
p′1µ p1ν + p′1ν p1µ − p1 · p′1gµν + iεµναβ pα

1 p′β1

]

=
g4

W

m4
W

2
m2

em
2
ν

(
s − m2

e − m2
ν

)2
, (2.164)

where
s = (p1 + p2)

2 = (p′1 + p′2)
2 = E2

cm. (2.165)
From Eqs. (2.103) and (2.164), we get

σ =
2g4

W

πm4
W

1
s

(
s − m2

e − m2
ν

)2
. (2.166)

If we neglect the lepton masses (viz for s � m2
e), then we have

σ =
(

g2
W

4π

)2 (
8

m4
W

)
4πs. (2.167)

Now GF /
√

2 = g2
W /m2

W so that

σ = G2
F

s

π
. (2.168)

Taking σ ≈ 10−38 cm2 at s = (1 GeV)2, we get(
10−38

4 × 10−28

)
π GeV−4 = G2

F

GF ≈ 10−5 GeV−2 (2.169)
to be compared with Eq. (2.130). This shows the universality of the weak
interaction since GF is the same as obtained from the β-decay or from the
scattering of neutrinos on leptons.

In unified electroweak theory [see Chap. 13]
gW sin θW =

e

2
√

2
, (2.170)

where sin θW is a parameter of the theory. Experimentally, sin2 θW ≈ 1/4,
thus we get

GF√
2

=
e2

8m2
W sin2 θW

= 4π
α

8m2
W sin2 θW

(2.171)

or

mW =
[

πα√
2

(
sin2 θW GF

)−1
]1/2

. (2.172)

Using sin2 θW ≈ 1/4, and Eq. (2.172), we get
mW ≈ 80 GeV. (2.173)
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2.9 Hadronic Cross-section

Consider the N − N scattering through the pion exchange. In particular
consider the diagram (Fig. 2.9).

Fig. 2.9 Nucleon-nucleon scattering through pion exchange.

Neglecting the spin of the nucleon

F ≈ g2
s

1
q2 − m2

π

, q2 = (p′1 − p1)
2
. (2.174)

From Eqs. (2.103) and (2.174), we get

dσ

dΩ
= g4

s

1
(q2 − m2

π)2
m4

N

1
4π2

|p′|
|p|

1
E2

cm

. (2.175)

For elastic scattering |p′| = |p|, so that

σ =
g4

s

4π2

m4
N

m4
π

1
s

∫ π

0

2π sin θdθ[
1 + 2 |p|2

m4
π

(1 − cos θ)
]2

=
(

g2
s

4π

)2 (
mN

mπ

)2 (
4π

m2
π

) (
4m2

N

s

)
1

1 + s−4m2
N

m2
π

. (2.176)

Now

s = 4m2
N

(
1 +

EK
L

2mN

)
, (2.177)

where EK
L is the incident kinetic energy of the nucleon. Now 1

m2
π

≈ 2 ×
(
10−13

)2 cm2,
(

mN

mπ

)2

≈ 50, thus

σ =
(

g2
s

4π

)2 (
1.3 × 10−23cm2

) 1[
1 + 14 EK

L

mN

] . (2.178)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

56 Scattering and Particle Interaction

For EK
L � mπ

14 ≈ 10 MeV,

σ =
(

g2
s

4π

)2 (
1.3 × 10−23cm2

)
. (2.179)

Experimentally σ ≈ 5 × 10−23cm2, therefore,

g2
s

4π
≈ 1 − 2. (2.180)

2.10 Problems

(1) Show that for the scattering

e− e+ → γ → π+ (k1) π− (k2)

the differential and total cross sections are given by (s � m2
e):

dσ

dΩ
=

α2

s
|F (s)|2

(
s
4 − m2

π

)3/2

s3/2

(
1 − cos2 θ

)

σ =
8π

3s
α2 |F (s)|2

(
s
4 − m2

π

)3/2

s3/2

where s = q2 = (k1 + k2)2 and F (s) is the electromagnetic form factor
of the pion, defined by 〈0|Jem

µ |π+(k1)π−(k2)〉 = F (s)(k1 + k2)µ.
Hint: See Appendix A.

(2) Consider the decay

ω → π+π−π0.

Discuss the Dalitz plot for this decay.
Hint: From Lorentz invariance, the decay amplitude

Fλ ∼ ελµνρ pµ
1 pν

2 pρ
3,

where p1, p2 and p3 are four momenta of pions.
(3) Consider a process in which one proton is at rest and the other collides

with it, as a result of collision a particle of rest mass M is produced,
in addition to the two protons.

p + p → M + p + p.

(a) Find the minimum energy the moving proton must have in order to
make this reaction possible.

(b) What would be the corresponding energy if both the protons are
moving.
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(4) (a) A K-meson decay into a muon and a neutrino

K− → µ−ν̄e

Find the energy and velocity of µ−. Using the above result show
that whether the reaction

ν̄µ + p → µ+ + n

is allowed energetically.

mK = 494
MeV
c2

, mµ = 106
MeV
c2

(b) In c.m frame

s = (Ecm
a + Ecm

b )2 = E2
cm

pa = (Ea, p), pb = (Eb,−p)

In the lab-frame

pa = (EL, pL)

pb = (mb, 0)

Show that in the limit EL > ma, mb

Ecm =
√

2mbEL

(5) Consider the decay

W− → µ− + ν̄µ

mW ≈ 80.4 GeV/c2
, mµ ≈ 106 MeV/c2

τ = γτ0, τ0 = 2.2 × 10−6 s

What distance µ− travels, before its decays?
(6) To explore a structure of size of linear dimension d, we need a beam

of particles of de Broglie wavelength λ ≤ d. What is the momentum of
beam particles required for d = 0.01 fm?

(7) For the decay

a → b + c,

show that the decay width is given by

Γ =
1

32π2

|p|
m2

a

∫
|M |2 dΩ

Γ =
1
8π

|p|
m2

a

|M |2 ,
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if |M |2 is independent of angles and |p| is the momentum in the rest
frame of particle a and

|M |2 =




∑
spin

|Ffi|2 , if all particles are bosons.

(4mbmc)
∑
spin

|Ffi|2 if particles b and c are fermions.

(4mamb)
∑
spin

|Ffi|2 if particles a and b are fermions.

(8) Consider the process

e−(p1) + e+(p2) = q̄(k1) + q(k2) + g(k3)

Define s = (p1 + p2)
2 = q2 , q = p1 + p2 = k1 + k2 + k3

xi =
2ki · q

q2

Show that the phase space integral is
∫

d3k1d
3k2d

3k3

(2π)9
1

2E1

1
2E2

1
2E3

(2π)4 δ4 (q − k1 − k2 − k3)

=
q2

128π3

∫
dx1

∫
dx2.
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Chapter 3

Space-Time Symmetries

3.1 Introduction

Symmetries have played an important role in the progress of physics. There
is a close connection between a symmetry and a conservation law. This is
stated in the form of Noether’s theorem. This can be illustrated by a simple
example. Consider a single particle of mass m moving in a time independent
potential V (xi). Such a system is described by the action integral

I =
∫ t2

t1

dtL(xi, t) (3.1)

where the Lagrangian

L(xi, t) =
1
2
m

(
dxi

dt

)2

− V (xi). (3.2)

Let us subject this system to a small change : xi(t) → xi(t) + δxi(t) then

I → I + δI =
∫ t2

t1

dt

[
1
2
m

d(xi + δxi)
dt

− V (xi + δxi)
]

To the order δ(xi)

V (xi + δxi) = V (xi) + δxi ∂V

∂xi
(3.3)

and

d(xi + δxi)
dt

d(xi + δxi)
dt

=
(

dxi

dt

)2

+ 2
dxi

dt

d

dt
(δxi)

=
(

dxi

dt

)2

+ 2
[

d

dt

(
δxi dxi

dt

)
− δxi

(
d2xi

dt2

)]

(3.4)
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Thus

δI =
∫ t2

t1

dtδxi

[
−m

d2xi

dt2
− ∂V (xi)

∂xi

]
+ m

∫ t2

t1

d

dt

(
δxi dxi

dt

)
(3.5)

The second integral is known as the surface term and can be eliminated if we
assume that the variations to the path vanish at the end points δxi(t1) =
0 = δxi(t2). Then we get the classical equation of motion as a result of
extermization of I:

m
d2xi

dt2
= −∂V (xi)

∂xi

3.1.1 Rotation and SO(3) Group

To establish the connection between symmetry of the action and existence
of conserved quantities, assume that V (xi) is a function of length x2 = xixi

only and consider rotation of coordinates

x′i = Rijxj (3.6)

which leaves the length of a vector x invariant

x′ix′i = RikxkRijxj = xixi

RikRij = δkj (3.7)

For an infinitesimal rotation

Rij = δij + εij (3.8)

εij = −εji (3.9)

xi = εijxj (3.10)

Thus I is manifestly invariant under rotation since it depends on the length.
Thus δI = 0 but now one cannot put surface integral equal to zero since
the boundary condition δxi(t1) = 0 = δxi(t2) will destroy the rotational
invariance. So the invariance of I, together with equation of motion gives

0 =
∫ t2

t1

dt
d

dt

(
δxim

dxi

dt

)
= δxim

dxi

dt
|t2t1 (3.11)

But

δxi = εijxj (3.12)

so that

δxi

(
m

dxi

dt

)
= εijxj

(
m

dxi

dt

)

=
1
2
εijLij (3.13)
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Lij = m

(
xi dxj

dt
− xj

dxi

dt

)
(3.14)

where Lij are components of angular momentum and from Eq. (3.11)

Lij(t1) = Lij(t2) (3.15)

i.e. Lij are conserved. Thus the conservation of angular momentum is
a consequence of the rotational invariance of the action. The same thing
holds in Quantum Mechanics where Lij are operators. They generate SO(3)
group which have just three generators corresponding to three independent
parameters εij . One can easily identify these generators [� = 1] as

Lij = i

(
xi ∂

∂xj
− xj ∂

∂xi

)
(3.16)

because of the identity

δxi =
i

2
εjkLjkxi =

i2

2
εjk

(
xj ∂

∂xk
− xk ∂

∂xj

)
xi

= −1
2
εjk

(
xjδik − xkδij

)

= −1
2

(
εjixj − εikxk

)

= εijxj (3.17)

It is easy to see that Lij satisfy the commutation relation
[
Lij , Lmn

]
= i

[
δinLjm − δjnLim + i ↔ j

]
(3.18)

which forms the Lie algebra of SO(3). The most general representation of
the generators of SO(3) is given by

J ij = Lij + Sij (3.19)

where the hermitian Sij satisfies the same commutation relation as Lij and
commute with them and refer to internal degree of freedom. For spin-1

2

particle,

Sij =
1
2
σij =

1
2
εijkσk (3.20)

where σ’s are Pauli matrices. Consider

Lij = εijkLk (3.21)

J12 = J3 = L3 +
1
2
σ3 (3.22)

[
J i, Jj

]
= iεijkJk (3.23)
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In Quantum Mechanics a transformation is associated with unitary operator
U, which corresponding to the rotation

x′i = xi + εijxj (3.24)

is

UR = 1 − i

2
εijJ ij (3.25)

which on exponentiation becomes

UR = e−
i
2 εijJij

= e−iω·J (3.26)

where

εij = εijkωk (3.27)

3.1.2 Translation

For space-time translation

x′µ = xµ + aµ (3.28)

or

δxµ = x′µ − xµ = εµ (3.29)

and

Pµ = −i∂µ = −i
∂

∂xµ
(3.30)

is corresponding generator since

δxµ = iεν(−i∂ν)xµ = ενδµ
ν = εµ (3.31)

By Noether’s theorem, the invariance of action under translation gives con-
servation of Pµ, i.e. energy momentum.

The corresponding unitary operator is

UT = 1 − iεµPµ (3.32)

which on exponentiation gives

UT = e−iεµPµ (3.33)

The above discussion can be extended to Lorentz group.
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3.1.3 Lorentz Group

As discussed in Sec. 2.1, a Lorentz transformation is

x′µ = Λµ
νxν (3.34)

gµν = Λα
µgαβΛβ

γ (3.35)

An infinitesimal Lorentz transformation can be written as

x′µ = δµ
ν + gµαεανxν (3.36)

so that

Λµ
ν = δµ

ν + gµαεαν (3.37)

and the above condition (3.35) gives

εµν = −ενµ (3.38)

Corresponding to six parameters εµν , the Lorentz group has six generators

Lµν = i (xµ∂ν − xν∂µ) , Lµν = i (xµ∂ν − xν∂µ) (3.39)

since in terms of these we have the identity

δxλ = x′λ − xλ =
i2

2
εµν (xµ∂ν − xν∂µ) xλ

= −1
2
εµν

(
xµgνλ − xνgµλ

)

= gλµεµνxν (3.40)

It is easy to check that Lµν ’s satisfies the commutation relations

[Lµν , Lρσ] = i {gµρLνσ − gνσLµρ + µ ↔ ν} (3.41)

which form Lie algebra of the Lorentz group. The most general represen-
tations of the generators of this group that obey the above commutation
relations are given by

Mµν = Lµν + Sµν (3.42)

where the hermitian Sµν satisfies the same commutation relation as Lµν

and commute with them so that

[Mµν , Mρσ] = i [gµρMνσ − gνσMµρ + µ ↔ ν] (3.43)

For a Dirac spin 1
2 field

Sµν =
1
2
Σµν =

i

2
[γµ, γν ] , (3.44)
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since this is the only combination of γ-matrices which have six indepen-
dent components and is antisymmetric in µ, ν. The unitary transformation
corresponding to the infinitesimal Lorentz transformation is

UΛ = 1 +
i

2
εµνMµν (3.45)

which on exponentiation is
UΛ = e

i
2 εµνMµν

(3.46)
Just as the Lorentz transformation has two subgroups as discussed in Sec.
2.1, the six generators of the Lorentz group spilt into three generators M ij

which belong to SO(3)
M ij = −εijkJk = εijkJk (3.47)

where ε123 = 1, ε123 = −1, εoijk = ε ijk

[
J i, Jj

]
= iεijkJk (3.48)

satisfying the commutation relations of SO(3). The other three generators
Ki = M0i give the Lorentz boosts with commutation relations[

Jj , Kl
]

= iεjlmKm (3.49)[
Ki, Kj

]
= −

[
M0i, Moj

]

= −ig00M ij = −iεijkJk (3.50)
Note that the minus sign in the last equation which is manifestation of the
non-compactness of the Lorentz group. Note also K’s are antihermitian. It
is useful to introduce hermitian combination

M i =
1
2

(
J i + iKi

)
(3.51)

N i =
1
2

(
J i − iKi

)
(3.52)

which satisfy [
M i, M j

]
= iεijkMk (3.53)[

N i, N j
]

= iεijkNk (3.54)[
N i, M j

]
= 0 (3.55)

This algebra is identical to the Lie algebra of SUM (2)⊗ SUN (2) with the
Casimir operator

M2 = M iM i (3.56)

N2 = N iN i (3.57)[
M2, M i

]
= 0 =

[
N2, N i

]
(3.58)

Thus in analogy with angular momentum, one can use the eigenvalues
of M2, M3, N2, N3 to label the irreducible representations of the Lorentz
group, but this is beyond the scope of this book.
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3.2 Invariance Principle

We now formulate an invariance principle in a general way. Consider a
transition from an initial state |i〉 to a final state |f〉 . This transition is
described by a matrix element 〈f |S |i〉 . The invariance means:

〈f |S |i〉 = 〈fu|S |iu〉 = 〈f |U†SU |i〉 (3.59)

or

S = U†SU (3.60a)

or

[S, U ] = 0. (3.60b)

Here

|iu〉 = U |i〉
|fu〉 = U |f〉 (3.61)

are the transformed states. We see that the invariance under unitary trans-
formation means that S-matrix commutes with it. Since S-matrix is related
to the Hamiltonian of the system, it follows that [H,U ] = 0.

We consider two cases when U is continuous and discrete, as discussed
below.

3.2.1 U Continuous

U can be built out of infinitesimal transformations. Thus we need to con-
sider an infinitesimal transformation:

U = 1 − i ε F̂ , (3.62)

where F̂ is a hermitian operator. F̂ can often be identified with an observ-
able of the system, for example, the energy-momentum Pµ or the angular
momentum J . F̂ is called the generator of the transformation represented
by U. From Eq. (3.60b), we get[

S, F̂
]

= 0. (3.63)

This means that F̂ is conserved. To see this, let |i〉 and |f〉 be eigenstates
of F̂ :

F̂ |i〉 = Fi |i〉

F̂ |f〉 = Ff |f〉 . (3.64)
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From Eq. (3.63), we have

〈f |
[
S, F̂

]
|i〉 = 0 (3.65a)

or

(Fi − Ff ) 〈f |S |i〉 = 0. (3.65b)

Hence, we get

Fi = Ff if 〈f |S |i〉 �= 0, (3.66)

i.e. F̂ is conserved (eigenvalue of F̂ is conserved) in the transition |i〉 to |f〉.
F̂ is then said to be a constant of motion. We have already discussed some
of the common transformations and their generators in Sec. 3.1. Invariance
under these transformations means that the corresponding generators are
conserved. There is no evidence that space-time symmetries are violated by
the fundamental laws of nature. The translation and rotational symmetries
implies that space is homogeneous and isotropic.

3.2.2 U is Discrete (e.g. Space Reflection)

U2 = 1. (3.67a)

Eigenvalues of U are

U ′ = ±1. (3.67b)

Thus U is both unitary and hermitian. U can be regarded as an observable.

3.3 Parity

Consider a transformation corresponding to space reflection:

x → x′ = −x. (3.68)

The corresponding unitary operator is denoted by P̂ , which acts on a wave
function gives

P̂ Ψ (x, t) = Ψ (−x, t) . (3.69)

Now

P̂ 2 = 1, (3.70)

so that P̂ has two eigenvalues ±1. If[
S, P̂

]
= 0 or

[
H, P̂

]
= 0 (3.71)
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then we say that parity is conserved. P̂ does not commute with all types of
H. In particular, the weak interaction Hamiltonian HW does not commute
with P̂ : [

HW , P̂
]
�= 0 (3.72)

i.e. parity is not conserved in weak processes.
Under parity operator P̂

x → −x, p → −p (3.73)
but the orbital angular momentum

L = x × p → L, (3.74a)
so that

J → J, σ → σ. (3.74b)
Such vectors are called axial vectors. Also under parity, the scalars trans-
form as:

x · p → x · p (3.75a)

(p1 ×p2) · p3→ − (p1 ×p2) · p3 (3.75b)

J · p → − J · p. (3.75c)
The scalars which change sign under parity are called pseudoscalars. All
the three quantities are rotational invariant, but the last two have different
behavior under P̂ .

A particle when it is in an orbital angular momentum state l has an
orbital parity associated with it. In polar co-ordinates x ≡ (r, θ, φ), so that
x → −x implies

r → r, θ → π − θ, φ → π + φ. (3.76)
Now we can write the wave function of a particle as

Ψ(x) = R(r)Ylm(θ, φ) (3.77a)

Ylm(θ, φ) = (−1)m

[
(2l + 1) (l − m)!

4π (l + m)!

]1/2

Pm
l (cos θ) eimφ.

(3.77b)
Under space inversion

Pm
l (cos θ) → Pm

l (− cos θ) = (−1)l+mPm
l (cos θ) (3.78a)

eimφ → eim(φ+π) = (−1)meimφ, (3.78b)
so that

Ylm(θ, φ) → (−1)l Ylm(θ, φ). (3.78c)
We see that the orbital parity of a particle in an angular momentum state
l is (−1)l.
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3.4 Intrinsic Parity

As far as orbital parity is concerned, it is independent of the species of
particles and depends only on orbital angular momentum state of system
of particles. When creation or annihilation of particles takes place, we
have to assign an intrinsic parity to each particle. Consider, for example,
a photon, the quantum of electromagnetic field represented by a vector
potential :

A (x) = ε f (x) , (3.79)

where ε is the polarization vector and f(x) is a scalar function. Now the
interaction of a charged particle with electromagnetic field is introduced by
the gauge invariant substitution:

p → p−e A (x) . (3.80)

Since x and p change sign under P̂ , it follows that

A (x) → −A (−x) (3.81a)

i.e.

P̂ A (x) P̂−1 = −A (−x) . (3.81b)

This means that under parity

ε → −ε. (3.82)

The behavior of the polarization vector ε characterizes what we call the
intrinsic parity of a photon. Thus we say that intrinsic parity of a photon
is odd. Similarly for any particle a represented by a state vector |a,p〉 ,

P̂ |a,p〉 = ηP
a |a,−p〉 , (3.83)

where ηP
a is called the intrinsic parity of particle a. Note that ηP

a = ±1.
We now show that the conservation of parity leads to multiplicative con-
servation law. Consider a reaction

a + b → c + d. (3.84)

We can write the initial state

|i〉 = |a〉 |b〉 | relative motion 〉 . (3.85)

Here |a〉 and |b〉 describe the internal states of a and b, while the third
factor describes their relative motion. This state can be described by a
wave function R(r) Ylm(θ, φ). Since, we assume that parity is conserved in
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the reaction (3.84), it follows that the states |i〉 and |f〉 are eigenstates of
P̂ , with eigenvalues ηP

i and ηP
f respectively. Now

ηP
i = ηP

a ηP
b (−1)l (3.86a)

ηP
f = ηP

c ηP
d (−1)l′

, (3.86b)

where ηP
a , ηP

b , ηP
c , and ηP

d are intrinsic parities of a, b, c and d respectively
and (−1)l and (−1)l′ are their orbital parities in the initial and final states.

Parity conservation for the reaction (3.84) gives

ηP
i = ηP

f (3.87a)

or

ηP
a ηP

b (−1)l = ηP
c ηP

d (−1)l′ (3.87b)

i.e. parity is conserved as a multiplicative quantum number.
However, the law of parity conservation is not universal, in particular it

does not hold for weak interactions. Then it follows from Eq. (3.72) that
it is not possible to find simultaneous eigenstates of HW and P̂ . Thus if
parity is not conserved, the energy eigenstates | Ψ 〉 are not expected to be
eigenstates of parity. In this case, we can write

|Ψ〉 = |Ψregular〉 + y |Ψirregular〉 , (3.88)

where |Ψregular〉 and |Ψirregular〉 have opposite parities. y is called the parity
mixing amplitude and is a measure of the degree of parity non-conservation.
Parity violation is maximum if |y|2 = 1. Several experiments involving
hadrons show that in hadronic interactions

| y |2 < 10−13.

Experiments involving atomic transitions show that parity is conserved to
a high degree in electromagnetic interaction and that | y |2 < 10−14. For
weak interactions, the parity violation is maximum viz |y|2 = 1. It follows
that in order to determine the intrinsic parity of a particle, one cannot
use weak interactions. Only by considering reactions involving hadronic
or electromagnetic interactions, one can determine the intrinsic parity of a
particle. Even then the intrinsic parity cannot be fixed uniquely and we
have to use a convention viz the intrinsic parity of a proton is +1, i.e.

η (proton) = +1. (3.89)

Since proton and neutron form an isospin doublet, we also take

η (neutron) = +1. (3.90)
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3.4.1 Intrinsic Parity of Pion

We shall assume that the spin of pion is zero (we shall show later, how it
comes out to be zero). Consider first the decay π0 → 2γ. Here we have two
polarization vectors ε1 and ε2 corresponding to two γ-rays, whose momenta
we take as k1 and k2, such that (gauge invariance) k1 · ε1 = 0, k2 · ε2 = 0.

We also note that ε1 · ε2 = 0. Now only the momentum k = k1 − k2 is
independent as K = k1 +k2 = 0 in the rest frame of π0. It is clear that the
only invariant which we can form is k · (ε1 × ε2), which is a pseudoscalar,
showing that intrinsic parity of π0 is −1.

Consider the capture of π− at rest by deuteron. The dominant processes
are

π− + d → n + n (3.91)

→ n + n + γ.

Parity conservation for the first reaction gives
ηπ ηd (−1)l = ηn ηn (−1)l′ = (−1)l′

, (3.92)
where l is the relative orbital angular momentum of π−d and l′ is that of
two neutrons. There is evidence that π− is captured in l = 0 orbital state.
Thus from Eq. (3.92), we get

ηπ ηd = (−1)l′
. (3.93)

The deuteron is a bound state of a proton and neutron and has spin 1.
The relative angular momentum of the two nucleons in deuteron is pre-
dominantly zero. Thus deuteron is a predominantly 3S1 state, i.e. for a
deuteron JP = 1+. It follows that the total angular momentum of the
initial state is J = 1. Conservation of angular momentum gives Jfinal = 1.
The spin S of the two neutron system is either 0 or 1. Thus for J = 1, we
have two possibilities: Triplet spin state (S = 1): l′ = 2, 1, 0, i.e. the final
state is 3D1 or 3P1 or 3S1. For the singlet spin state (S = 0): l′ = 1 and the
final state is 1P1. Now the Pauli exclusion principle requires that the final
state must be antisymmetric. Since the triplet spin state is symmetric, the
orbital state must be antisymmetric, i.e. l′ = 1 and allowed final state is
3P1. For the spin singlet state, since it is antisymmetric, l′ should be even.
Thus 1P1 state is not allowed by the Pauli exclusion principle. Hence we
have the result that the final state must be 3P1 so that from Eq. (3.93), we
get

ηπ− = (−1)l′ = −1 (3.94)
since ηd = +1. Thus for a pion JP = 0− and it is called a pseudoscalar
particle.
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3.5 Parity Constraints on S-Matrix for Hadronic Reactions

3.5.1 Scattering of Spin 0 Particles on Spin 1
2

Particles

Consider two-body elastic scattering of a spin 0 particle on a spin 1
2 particle

a + b → c + d

p1 (p2, σ) p′
1 (p′

2, σ)

In the center-of-mass frame

p1 = − p2 = pi

p′
1 = − p′

2 = pf . (3.95)

For the elastic scattering |pi| = |pf | = |p| = p. The initial and final states
can be labeled as |i〉 = |pi, σ〉 , |f〉 = |pf , σ〉. Under parity

P̂ |i〉 = ηp
i |−pi, σ〉 , P̂ |f〉 = ηp

f |−pf , σ〉 . (3.96)

The transition matrix elements

〈pf , σ|T |pi, σ〉 = 〈pf , σ| P̂ †P̂ T P̂ †P̂ |pi, σ〉

= ηp
fηp

i 〈−pf , σ| P̂ T P̂ † |−pi, σ〉 . (3.97)

Now invariance under P̂ implies

P̂ T P̂ † = T. (3.98)

Because of elastic scattering

ηp
i = ηp

f . (3.99)

Therefore, we have from Eqs. (3.97), (3.98) and (3.99)

〈−pf , σ|T |−pi, σ〉 = 〈pf , σ|T |pi, σ〉 . (3.100)

If we assume rotational invariance, then 〈 T 〉 can depend only on the
rotational invariant quantities p, pf · pi, σ · pi, σ · pf , σ · (pi × pf ) .

We need not consider σ2 or higher powers of it, because σ2 = 3 and
( σ · a)(σ · b) = a · b + iσ · (a × b). Thus these quantities can be reduced
to either a constant or σ. In other words, assuming rotational invariance
only, we can write in spin space

〈pf , σ|T |pi, σ〉 = [A (p, θ) + A1 (p, θ) σ.pi + A2 (p, θ) σ.pf +B (p, θ) σ. (pi × pf )] .
(3.101)

This is a 2×2 matrix in spin space. It is understood that the above matrix
elements are to be taken between spin wave functions χ†

f and χi for the final
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and initial states. Thus using rotational invariance alone, we have 22 = 4
independent amplitudes. If in addition we assume invariance under parity,
then Eqs. (3.100) and (3.101) imply A1 = 0 = A2. Therefore, invariance
under rotation and space-inversion gives

〈pf , σ|T |pi, σ〉 = χ†
f [A (p, θ) + B (p, θ)σ. (pi × pf )]χi. (3.102)

This is an example which shows how a symmetry principle restricts the
form of a transition matrix.

3.5.2 Decay of a Spin 0+ Particle into Three Spinless Par-

ticles Each Having Odd Parity

Consider the decay

A → P1 + P2 + P3

where all the particles have spin 0. Consider the decay in the rest frame of
particle A. We have

0 = p1 + p2 + p3, (3.103)

where p1, p2 and p3 are momenta of particles P1, P2 and P3 respectively.
The transition matrix elements for the decay is given by

M (p1, p2, p3) = 〈 P1 (p1) P2 (p2) P3 (p3)|T | A (0) 〉 . (3.104)

Under parity

P̂ | A (0) 〉 = | A (0) 〉

P̂ |Pi (pi) 〉 = − |Pi (−pi) 〉 , i = 1, 2, 3. (3.105)

Now

M (p1, p2, p3) = 〈 P1 (p1) P2 (p2) P3 (p3)| P̂ †P̂ T P̂ †P̂ | A (0) 〉

= (−1)3 〈 P1 (−p1) P2 (−p2) P3 (−p3)| P̂ T P̂ † | A(0) 〉 .

(3.106)

If parity is conserved

P̂ T P̂ † = T (3.107)

and we have from Eqs. (3.106) and (3.107)

M (p1, p2, p3) = −M (−p1, −p2, −p3) . (3.108)

Because of the rotational invariance, M can be a function of rotational
invariant quantities p1 · p2, p2 · p3, p3 · p1 and p1 · (p2 × p3). But the



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

3.6. Time Reversal 73

last invariant is zero, since p3 = − (p1 + p2). Hence the rotational and
space-inversion invariance implies

M (p1 · p2, p2 · p3, p3 · p1) = −M (p1 · p2, p2 · p3, p3 · p1)

or

M = 0.

Thus we have the result that the decay of a spinless particle with even parity
to three pseudoscalar particles is forbidden if we assume invariance under
space-inversion. On the other hand, decay of a spinless particle with odd
parity to three pseudoscalar particles will be allowed under space-inversion
invariance.

3.6 Time Reversal

Under time reversal

t → −t, x → x. (3.109a)

Therefore,

p → −p, L → −L, σ → − σ. (3.109b)

Let Π denote the operation which transforms quantum mechanical states
and operators under the above transformation, i.e. under t → −t. First
we show that Π cannot be a unitary operator. Under Π, the commutation
relation

[q̂i, p̂j ] = i�δij → −i�δij , (3.110)

is not invariant. Hence the transformation generated by Π cannot be uni-
tary. But we want the above commutation relation to be invariant under Π.
A way out of this difficulty is as follows: All c-numbers are simultaneously
transformed into their complex conjugates. Such a transformation is called
antiunitary. Then under Π,

q̂i → Π q̂i Π−1 = q̂i, p̂j → Π p̂j Π−1 = −p̂j (3.111)

i → −i

and the commutation relation (3.110) remains invariant. Also, we note that

Π J Π−1 = −J (3.112)
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and the commutation relation

[Ji, Jj ] = iεijk Jk (3.113)

is preserved.
If H0 and V are invariant under time reversal, then

Π H0 Π−1 = H0

Π Hint Π−1 = Hint. (3.114)

Now [cf. Eqs. (2.60) and (2.61)], under time reversal we have to follow the
rule , i → −i and as such

ΠSΠ−1 = S†

ΠTΠ−1 = T †

Now referring to Eq. (2.58)

Π|a〉in = Π|a, t0 → −∞〉
= |at, t0 → ∞〉
= |at〉out.

Invariance under time reversal implies

〈f |T | i〉 = 〈f |Π−1Π T Π−1Π | i〉

=
〈
f t

∣∣ T † ∣∣ it
〉∗

=
〈
it

∣∣ T
∣∣ f t

〉
. (3.115)

From time reversal invariance, we derive some important results:

3.6.1 Unitarity

Consider the weak decay B → f. The decay amplitude is

Af =out 〈f |H|B〉

Time reversal invariance gives

Af =in

〈
f t |H|Bt

〉∗

=out

〈
f t

∣∣S†H
∣∣ Bt

〉∗
(3.116)

The superscript t on states represents that we have to reverse momenta
and spins. If we use the fact that spins are to be summed and final states
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are to be integrated and work in the rest frame of B, then we can remove
superscript t and Eq. (3.116) gives

A∗
f =

∑
n

out

〈
f

∣∣S†∣∣ n
〉
out out

〈n |H|B〉 (3.117)

A∗
f =

∑
n

S∗
nfAn

=
∑

n

(
δnf − iT ∗

nf

)
An (3.118)

A∗
f = Af − i

∑
n

T ∗
nfAn (3.119)

A∗
f − Af = −i

∑
n

T ∗
nfAn (3.120)

�Af =
1
2

∑
n

T ∗
nfAn (3.121)

where Tnf denotes the scattering amplitude for f − n scattering.

3.6.2 Reciprocity Relation

Let us specify the initial and final states as
| i 〉 = | α, pi, mi〉
| f 〉 = | β, pf , mf 〉 . (3.122)

Then ∣∣ it
〉

= | α, −pi, −mi〉∣∣ f t
〉

= | β, −pf , −mf 〉 . (3.123)
where mi and mf denote the z-component of spin and α and β denote the
all other quantum numbers which may be necessary to specify the states.

Therefore, Eq. (3.115) gives
〈β, pf , mf |T | α, pi, mi〉 = 〈 α, −pi, −mi|T | β, −pf , −mf 〉 .

(3.124)
This expresses the equality of two scattering processes obtained by revers-
ing the momenta and spin-components and interchanging the initial and
final states. This is known as reciprocity relation and is a consequence of
invariance under time reversal. Since Π is not a unitary operator, there-
fore, it does not have observable eigenvalues. The states cannot be labeled
by such eigenvalues. Therefore, invariance under Π cannot be tested by
searching for time-parity forbidden decays. It can be tested by using the
relation of the form given in Eq. (3.124). No violation of time reversal has
been found in hadronic and electromagnetic interactions.
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3.7 Applications

3.7.1 Detailed Balance Principle

3.7.1.1 Determination of Spin of the Pion

If we assume invariance under time reversal, we get Eq. (3.124). In addi-
tion, if we assume parity conservation, we have from Eq. (3.124).

〈β, pf , mf |T |α, pi, mi〉 = 〈 α, −pi, −mi| P̂ †T P̂ |β, −pf , −mf 〉
= 〈α, pi, −mi|T |β, pf , −mf 〉 . (3.125)

If the spins are summed, then we can write
∑
spin

|〈β, pf , mf |T |α, pi, mi〉|2 =
∑
spin

|〈α, pi, mi|T |β, pf , mf 〉|2 .

(3.126)
This is called the “semi detailed balance principle”. We now apply the
above result to two-body scattering

a + b → c + d, e.g. p + p → π+ + d.

Then we get [cf. Eq. (2.100)]

d σ

dΩ
(a + b → c + d) =

1
16π2

m2
N

E2
cm

pcd

pab

1
(2sa + 1) (2sb + 1)

∑
spin

|Fab→cd|2

(3.127)
and

d σ

dΩ
(c + d → a + b) =

1
16π2

m2
N

E2
cm

pab

pcd

1
(2sc + 1) (2sd + 1)

∑
spin

|Fcd→ab|2 .

(3.128)

But Eq. (3.126) gives
∑
spin

|Fab→cd|2 =
∑
spin

|Fcd→ab|2 . (3.129)

Hence we have
d σ

dΩ
(a + b → c + d) =

(2sc + 1) (2sd + 1)
(2sa + 1) (2sb + 1)

p2
cd

p2
ab

dσ

dΩ
(c + d → a + b) .

(3.130)

This is known as the principle of detailed balance. We now apply the above
result to the reaction

p + p → π+ + d.
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Then from Eq. (3.130), we get

d σ

dΩ
(
p + p → π+ + d

)
=

3 (2sπ + 1)
4

p2
π

p2
p

dσ

dΩ
(
π+ + d → p + p

)
, (3.131)

where we have used the result that the proton spin sp = 1
2 and that the

deuteron spin sd = 1. For the total cross sections, we get

σ
(
p + p → π+ + d

)
=

3
4

(2sπ + 1)
p2

π

p2
p

σ
(
π+ + d → p + p

)
. (3.132)

From the experimentally measured cross sections, we find sπ = 0, i.e. the
spin of the pion is zero.

3.8 Unitarity Constraints

So far, assuming rotational invariance, we have discussed the constraints on
the T -matrix imposed by space reflection and time reversal invariance. In
this section, we discuss the constraints on the T -matrix due to the unitarity
of the S-matrix.

Unitarity of the S-matrix gives

S S† = 1 (3.133a)

or

〈j |S S† |i〉 = 〈j |i〉 = δji, (3.133b)

where |i〉 and |j〉 are initial and final states. Introduce a complete set of
states |k〉,

∑
k

〈j |S |k〉 〈k |S† |i〉 = δji (3.134a)

or
∑

k

〈j|
[
1 + i (2π)4 δ4 (Pj − Pk) T

]
|k〉 〈k|

[
1 − i (2π)4 δ4 (Pk − Pi) T †

]
|i〉

= δji, (3.134b)

which gives

− i (2π)4
∑

k

[
δki δ4 (Pj − Pk)Tjk − δjkδ4 (Pk − Pi)

(
T †

ki

)]

= (2π)8
∑

k

δ4 (Pj − Pi) 〈j |T |k〉 〈k|T † |i〉 δ4 (Pi − Pk) (3.135a)
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or

−i
[
Tji − T ∗

ij

]
= (2π)4

∑
k

〈j |T |k〉 〈k|T † |i〉 δ4 (Pi − Pk) . (3.135b)

In Eq. (3.135b),
∑
k

means integration over momenta and sum over other

quantum numbers. Only those states will contribute which are allowed by
energy-momentum conservation implied by the δ-function in Eq. (3.135b).
For forward elastic scattering and no spin flip, i = j and we get

2�Tii = (2π)4
∑

k

〈i |T | k〉 〈k |T † | i〉 δ4 (Pk − Pi) . (3.136)

For two-body scattering viz

a + b → 1 + 2 + · · ·
the right-hand side of Eq. (3.136) is the transition rate Wi [cf. Eq. (2.99)],
where Wi(i = a + b) is given by

Wi = σi (Flux)in = σi
1

(2π)6
|p|Ecm

Ea Eb
. (3.137)

Expressing the T-matrix, in terms of the amplitude F , we have

Tii =

[
1

(2π)3/2

]4

N Fii, (3.138a)

where

N =




ma mb

EaEb
, a and b both fermions

mb

2EaEb
, a boson, b fermion

1
4EaEb

, a and b both bosons
(3.138b)

Hence, we have from Eq. (3.136):

2n�Fii = Ecm |p| σab =
1
2

√
λ (s, m2

a, m2
b) σab, (3.139)

where Fii is the forward elastic scattering amplitude, σi = σab is the total
cross section for the reaction a + b → 1 + 2 + · · · and

n =




mamb
mb

2
1
4

(3.140)

depending upon the nature of particles a and b. Equation (3.139) is known
as the optical theorem. As a simple example, consider a and b to be spinless
particles. Then we can express

Fij (s, θ) = 8π s1/2
∞∑

L=0

(2L + 1)Fij ,L (s) PL (cos θ)

≡ 8π s1/2 fij (s, θ) . (3.141)
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If we put fii (s, 0) = f(0) we have from Eqs. (3.139), (3.140), and (3.141)

�f (0) =
|p|
4π

σab (3.142)

the usual form of optical theorem in potential scattering.

3.8.1 Two-Particle Partial Wave Unitarity

Assume that for each channel k, three or more particles states can be ne-
glected. We work in the center-of-mass frame, with initial state i = a + b,
so that pa = pb = p. We take p along z-axis. Two-body Lorentz invariant
phase space is given by

nk (2π)4
∫

d3 p1k

(4π)3 E1k

d3 p2k

(2π)3 E2k

δ4 ( p1k + p2k − Pi) . (3.143)

In the center-of-mass frame, p1k = −p2k = pk, where

pk = |pk| =

√
λ (s, m2

1k, m2
2k)

s1/2
(3.144)

nk =




1
4 , both bosons
m2k

2 , 1st particle boson, 2nd one fermion
m1k m2k, both fermions

(3.145)

Then working out the integral (3.143), we get

nk
1

4π2

pk

s1/2
dΩ′, (3.146)

where Ω′ ≡ (θ′, φ′) is the solid angle between p and pk. Ω ≡ (θ, φ) is the
solid angle between p and p1j where p1j is the momentum of first particle
in the state j. Ω′′ ≡ (θ′′, φ′′) is the solid angle between pk and p1j . For the
two-particle states in channel k, the unitarity relation (3.135b) becomes,
on using Eq. (3.146)

−i
[
Fji (Ω) − F ∗

ij (−Ω)
]

=
∑

k

nk pk

4π2 s1/2

∫
Fjk (Ω′′) F ∗

ik (−Ω′) dΩ′.

(3.147)
We use the general relation (3.147) for two-particle unitarity for three im-
portant cases:
Case (i): Collision between spinless particles. In this case i, j, and k are
simply channel indices. For this case, we can expand Fij (θ) in terms of
the Legendre polynomials of cos θ [this is a consequence of rotational in-
variance; there can be no dependence on the magnetic quantum number m
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and hence no dependence on φ]. This expansion is given in Eq. (3.141).
Similarly Fik (Ω′) is independent of φ′ for spinless particles and can be ex-
panded in terms of PL (cos θ′). Likewise Fjk (Ω′′) can be expanded in terms
of PL (cos θ′′). Hence, we have from Eq. (3.147)

− i8π s1/2
∑
L

(
Fji, L (s) − F ∗

ij, L (s)
)
(2L + 1) PL (cos θ)

=
1
4

∑
k

pk

4π2 s1/2
64π2 s

×
∑
L′′

∑
L′

(2L′′ + 1) (2L′ + 1) Fjk, L′′ (s) F ∗
ik, L′ (s)

×
∫

PL′′ (cos θ′′) PL′ (cos θ′) sin θ′ dθ′ dφ′. (3.148)

In order to evaluate the integral on the right-hand side of Eq. (3.148), we
use the following formulae:

PL (cos θ′′) =
4π

(2L + 1)

∑
M

Y ∗
LM (θ, 0) YLM (θ′, φ′) (3.149a)

∫ 2π

0

PL (cos θ′′) dφ′ =
4π

(2L + 1)

∑
M

2π∫

0

Y ∗
LM (θ, 0) YLM (θ′, φ′) dφ′

=
8π2

4π
PL (cos θ) PL (cos θ′) (3.149b)

∫ 1

−1

d (cos θ′) PL (cos θ′) PL′ (cos θ′) =
2

2L + 1
δL′L. (3.149c)

We get from Eq. (3.148), using Eqs. (3.149)
1
2i

∑
L

(2L + 1)
(
Fji, L (s) − F ∗

ij, L (s)
)
PL (cos θ)

=
∑

k

pk

∑
L′

(2L′ + 1) Fjk, L′ (s) F ∗
ik, L′ (s) PL′ (cos θ) (3.150)

Since the Legendre polynomials are linearly independent, we get the desired
2-body partial- wave unitarity relation
1
2i

(
Fji, L (s) − F ∗

ij, L (s)
)

=
∑

k

pk Fjk, L (s) F ∗
ik, L (s) . (3.151)

If we are interested only in elastic scattering, we may drop indices i and j

and we obtain

�FL (s) =
∑

k

pk |Fk, L|2 . (3.152)
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Occasionally all channels except the elastic one are closed at low energies.
Then pk = p and we have

�FL = p |FL|2 , (3.153)

so that we can put

FL =
1
p

eiδL sin δL, (3.154)

where δL is a real function of s. We can also express

FL =
1

2ip

(
e2iδL − 1

)
= p−1 (cot δL − i)−1

. (3.155)

The differential cross section is given by
d σij

dΩ
=

1
4s

p′

p

1
16π2

|Fij (s, θ)|2

=
p′

p

∣∣∣∣∣
∑
L

(2L + 1) Fij,L (s)PL (cos θ)

∣∣∣∣∣
2

, (3.156)

where we have used Eq. (3.141). Using the orthogonality of Legendre
polynomials, we get

σij = 4π
p′

p

∑
L

(2L + 1) |Fji,L (s)|2 ≡
∑
L

σji,L, (3.157a)

where

σji,L = 4π
p′

p
(2L + 1) |Fji,L|2 . (3.157b)

For “purely elastic” region, where Eq. (3.154) applies, we have from Eq.
(3.157b)

σL =
4π

p2
(2L + 1) sin2 δL. (3.158)

Case (ii): Particles a and b carry spin. Here it is convenient to introduce
helicity. Let λ1 and λ2 be helicities of particle a and b respectively and
let λ = λ1 − λ2. In the center-of-mass frame pa = −pb = p. Let us
take the vector p = (p, θ, φ) . In the center-of-mass frame we represent the
two-particle state as [Ω= (θ, φ)]

|p, λ1, λ2,Ω〉 = |p, λ1〉 |−p, λ2〉 (−1)s2−λ2 (3.159)

The last factor in Eq. (3.159) is due to phase convention. Noting that
(J = J1+J2) , J · p = J1 · p − J2· (−p) , we have

J · p
|p|

|p, λ1, λ2,Ω〉 = λ |p, λ1, λ2,Ω〉 (3.160)
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Now

R |0, 0〉 = |θ, φ〉 (3.161)

where R is the rotation operator e−iθn·J/� [n = (− sinφ, cos φ, 0)] and

R |J M〉 =
∑
M ′

|J M ′〉 〈J M ′ |R |J M〉

=
∑
M ′

|J M ′〉 dJ
M ′M (Ω) (3.162)

where dJ
M ′M (Ω) are rotation matrices. Thus

〈J M , λ| θφ〉 = 〈J M, λ |R |0 0〉

=
∑
M ′

〈J M, λ |R |J M ′, λ〉 〈J M ′, λ | 0 0〉

=
∑
M ′

dJ
MM ′ (Ω) 〈J M ′ , λ| 0 0〉

=
∑
M ′

dJ
MM ′ (Ω)

√
2J + 1

4π
δM ′λ

=

√
2J + 1

4π
dJ

Mλ (Ω) (3.163)

Hence

|θ, φ, λ〉 =
∑
JM

|JM, λ〉 〈JM, λ| θφ〉

=
∑
JM

√
2J + 1

4π
|JM, λ〉 dJ

Mλ (Ω) . (3.164)

Thus we can write

|θ, φ, λ1, λ2〉 =
∑
JM

|JMλ1λ2〉
√

2J + 1
4π

dJ
Mλ (Ω) . (3.165)

We now consider the scattering process a+b = c+d. Let λ1 and λ2 be initial
helicities and λ′

1 and λ′
2 be final helicities. λ = λ1 − λ2 and λ′ = λ′

1 − λ′
2.

We take initial momentum p = (p, 0, 0) and final momentum p′= (p′, θ, φ).
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We can write the scattering amplitude on using Eq. (3.165)

Fji (λ′
1λ

′
2, λ1λ2,Ω) = 〈θ φ λ′

1λ
′
2, j|F |0 0 λ1λ2, i〉

=
∑
J′M ′

∑
JM

d∗J ′

M ′λ′ (Ω)

√
2J ′ + 1

4π
dJ

Mλ (0)

√
2J + 1

4π

× 〈J ′M ′ λ′
1λ

′
2, j|F |JM λ1λ2, i〉

=
∑
J′M ′

∑
JM

d∗J ′

M ′λ′ (Ω)

√
(2J ′ + 1) (2J + 1)

(4π)2

× δMλnδJJ ′δMM ′δMλF J
ji (λ′

1λ
′
2, λ1λ2, s)

= n
∑

J

(2J + 1)
4π

F J
ji (λ′

1λ
′
2, λ1λ2, s) dJ∗

λλ′ (θ, φ) .

(3.166)

Note that n = 8π2 s1/2
√

ma mb mc md
when all the particles are fermions. For

spinless particles n = 32π2 s1/2, λ = λ′ = 0, J = L and dJ∗

00 (θ, φ) =√
4π

2J+1Y ∗
L0 (θ, φ) = PL (cos θ) , we get back Eq. (3.141). The differential

scattering cross section for the process a + b → c + d is given by
dσ

dΩ
=

|p′|
|p|

1
(2s1 + 1) (2s2 + 1)

×
∑

λ′
1λ′

2λ1λ2

∣∣∣∣∣
∑

J

(2J + 1)F J (λ′
1λ

′
2, λ1λ2, s) dJ

λλ′ (θ)

∣∣∣∣∣
2

(3.167)

where we have used

dJ
λλ′ (θ, φ) = ei(λ−λ′)φ dJ

λλ′ (θ) . (3.168)

To proceed further we note the following properties of rotation matrices

dJ
λ′λ (−Ω) =

(
dJ−1

(Ω)
)

λ′λ
=

(
dJ†

(Ω)
)

λ′λ
= dJ∗

λλ′ (Ω) (3.169)

∫
dJ∗

λλ′ (Ω) dJ′

Mλ′ (Ω) dΩ =
4π

(2J + 1)
δJJ ′ δλM (3.170)

dJ (Ω′′) = dJ (−Ω′) dJ (Ω) = dJ†
(Ω′) dJ (Ω)

or

dJ
λλ′ (Ω′′) =

∑
M

(
dJ†

(Ω′)
)

λM
·
(
dJ (Ω)

)
Mλ′

=
∑
M

dJ∗
Mλ (Ω′) dJ

Mλ′ (Ω) (3.171)
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Note that in Eq. (3.171) dJ (Ω′′) has been expressed as product of two ro-
tation matrices corresponding to −Ω′, Ω. Then using Eqs. (3.166), (3.169),
(3.170) and (3.171), we get from Eq. (3.151), for the two-particle partial
wave unitarity relation.

1
2i

[
F J

ji (λ′
1λ

′
2;λ1λ2; s) − F J∗

ij (λ1λ2;λ′
1λ

′
2; s)

]

=
∑

k

pk

∑
λk1

∑
λk2

F J
jk (λ′

1λ
′
2;λk1λk2 ; s)F J∗

ik (λ1λ2;λk1λk2 ; s) . (3.172)

The two-particle elastic unitarity gives
1
2i

[
F J (λ′

1λ
′
2;λ1λ2; s) − F J∗

(λ1λ2;λ′
1λ

′
2; s)

]

= p
∑

λ′′
1 λ′′

2

F J (λ′
1λ

′
2;λ

′′
1λ′′

2 ; s)F J∗
(λ1λ2;λ′′

1λ′′
2 ; s) . (3.173)

Assuming parity conservation, we get

F J (−λ′
1,−λ′

2;−λ1,−λ2; s)

= η (−1)s′
1+s′

2−s1−s2 F J (λ′
1λ

′
2;λ1λ2; s) (3.174)

where s1, s2, s′1 and s′2 are the spins of particle a and b in the initial
and final states and η is the product of their intrinsic parities. Equation
(3.174) shows that not all the amplitudes are independent. Time reversal
invariance puts additional restrictions on the amplitudes F J ’s namely

F J
ji (λ′

1λ
′
2;λ1λ2; s) = F J

ij (λ1λ2;λ′
1λ

′
2; s) (3.175)

For the elastic scattering:

F J (λ′
1λ

′
2;λ1λ2; s) = F J (λ1λ2;λ′

1λ
′
2; s) (3.176)

Finally using the orthogonality of d-matrices, we get integrated cross section
for elastic scattering from Eq. (3.167)

σ =
∑

J

σJ

where

σJ = 4π
(2J + 1)

(2s1 + 1) (2s2 + 1)

∑
λ′

1λ′
2λ1λ2

∣∣F J (λ′
1λ

′
2;λ1λ2; s)

∣∣2 (3.177)

In particular, when all the particles have spin 1/2, the S-wave unitarity
gives

(
s = 4p2

)

σS =
4π

4
sin2 δ0

p2
<

π

p2
(3.178)
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For special case of the elastic scattering of a+b → a+b, where a carries
spin s and b is spinless, we have λ = λ1−λ2 = λ1 and λ′ = λ′

1−λ′
2 = λ′

1. For
this case we have from Eqs. (3.166), (3.167), (3.173), (3.174) and (3.176)
(for a to be fermion)

Fλ′λ (Ω) =
4π

√
s

ma

∑
J

(2J + 1) F J
λ′λ (s) dJ∗

λλ′ (θ, φ) (3.179)

dσ

dΩ
=

1
(2s + 1)

∑
λ′λ

∣∣∣∣∣
∑

J

(2J + 1)F J
λ′λ (s) dJ∗

λλ′ (θ)

∣∣∣∣∣
2

(3.180)

σJ = 4π

(
2J + 1
2s + 1

) ∑
λ′λ

∣∣F J
λ′λ (s)

∣∣2 (3.181)

1
2i

[
F J

λ′λ (s) − F J∗

λλ′ (s)
]

= p
∑
λ′′

F J
λ′λ′′ (s)F J∗

λ′λ′′ (s) (3.182)

F J
λ′λ = F J

−λ′−λ (3.183)

We end this chapter with the following remarks. We have shown how
the symmetry principles put restrictions on the S-matrix. In this way,
we get the minimum set of observables to describe the experimental data.
This approach is especially rewarding, when the underlying dynamics is not
known, which is the case for the hadronic interactions.

3.9 Problems

(1) Nucleon-nucleon scattering

Na + Nb → Na + Nb

In the center-of-mass frame

pa = −pb = p

p′
a = −p′

b = p′

Introduce three orthogonal unit vectors l,m,n

l =
p × p′

|p × p′|
, m =

p′ − p
|p′ − p|

n =
p′ + p
|p′ + p|

lilj + mimj + ninj = δij i = 1, 2, 3



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

86 Space-Time Symmetries

Then T -matrix can be written as

〈T 〉 = 〈α, p′, σ1, σ2|T |α, p, σ1, σ2〉
= [A1 + B1 σ1·l+C1 σ1·m+D1 σ1·n]

× [A2 + B2 σ2·l+C2 σ2·m+D2 σ2·n]

It is understood that the matrix elements are to be taken between the
spin states χ†

af χ†
bf and χai χbi. Then using parity conservation and

time reversal invariance, show that T can be written as

〈T 〉 =
(m

E

)
[H1 + H2 σ1·l σ2 · l+iH3 (σ1 + σ2) · l

+ iH ′
3 (σ1 − σ2) · l+H4 σ1·m σ2·m+H5 σ1·n σ2·n]

For identical nucleons like p − p and n − n scattering, 〈T 〉 has to be
symmetric under 1 ↔ 2; hence H ′

3 = 0. Show that

σ1 · σ2 = σ1·l σ2 · l + σ1·m σ2·m + σ1·n σ2·n.

By eliminating σ1·n σ2·n, using the above relation, express 〈T 〉 as

〈T 〉 =
(m

E

)
[G1 + G2 σ1 · σ2 + G3 σ1·m σ2·m

+G4 i (σ1 + σ2) · l+G5
1
2

(σ1·l σ2 · l + σ2·l σ1 · l)

+ G6 i (σ1 − σ2) · l]

Using

1
(2π)3

∞∫

−∞

ei q·r G
(
q2

)
d3q = V (r) ,

show the most general form of 2-nucleon potential can be written in
the form

V12 = Vc + Vs σ1 · σ2+VT S12 + VLS σ · L+V5 Q12 + V6 (σ1 − σ2) · L

where

S12 = 3 σ1·r̂ σ2·r̂ − σ1 · σ2

Q12 =
1
2

[σ1 · L σ2 · L + σ2 · L σ1 · L]

σ = σ1 + σ2 = 2S

L = (r × p)
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(2) Consider the elastic scattering a + b → a + b, where a is spin half
particle and b is spinless. For this case J = L ± 1/2. Expressing the
two independent amplitudes F J

1/2 1/2 and F J
1/2, −1/2 as

F J
1/2 ±1/2 =

1
2

(
fL+ ± f(L+1)−

)
,

where L± correspond to J = L±1/2, and then using Eq. (3.153), show
that

�fL± = p
∣∣fL±

∣∣2

Hence one can write

fL+ =
1
p

eiδL+ sin δL+

fL− =
1
p

eiδL− sin δL−

The scattering matrix [cf. Eq. (3.102)] can be written as

FM ′M (θ, φ) =
4πs1/2

ma
χ†

M ′ [f + ig σ · n]χM

where n = p × p′

|p × p′| . If p is along z-axis, then

χM ′ = e−iθ σ·n χM , n = (− sinφ, cos φ, 0) .

Using the relations (where the prime denotes differentiation with re-
spect to cos θ),

dJ
1/2 1/2 (θ, φ) = dJ

1/2 1/2 =
1

J + 1/2
cos

θ

2

(
P ′

J+1/2 − P ′
J−1/2

)

= dJ
−1/2 −1/2 (θ)

dJ
1/2 −1/2 (θ, φ) = e−iφ dJ

1/2 −1/2 (θ)]

=
e−iφ

J + 1/2
sin

θ

2

(
P ′

J+1/2 + P ′
J−1/2

)

dJ
−1/2 1/2 (θ, φ) = e−iφ dJ

1/2 −1/2 (θ)

show that

f (θ) =
ma

4πs1/2

[
F1/2 1/2 cos

θ

2
+ eiφ F1/2 −1/2 sin

θ

2

]

g (θ) =
ma

4πs1/2

[
eiφ F1/2 −1/2 cos

θ

2
− F1/2 1/2 sin

θ

2

]
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Now, using Eqs. (3.179) and (3.180), show that

f (θ) =
∞∑

L=0

[
(L + 1) fL+ + LfL−

]
PL (cos θ)

g (θ) =
∞∑

L=0

[(
fL+ − LfL−

)
sin θ P ′

L (cos θ)
]

dσ

dΩ
=

m2
a

16π2s

1
2

∑
MM ′

|FMM ′ |2 = |f |2 + |g|2

(3) Consider the decay

a1 → ρπ

pµ = kµ + qµ, p = k + q

p2 = m2
a1

, k2 = m2
ρ, q2 = m2

π ≈ 0

List all the �-values allowed by the conservation of angular momentum
and parity. The decay width is given by

Γ =
1
8π

|k|
m2

a1

|M |2

where

|M |2 =
∑̄

Polarization

|F |2

Take

F = faρπ ma1 η · ε

where

ηµ : Polarization of axial-vector particle a1

εµ : Polarization of ρ

Find Γ.
(4) Consider the decay

V → P1P2

V (1−) → P1(O−)P2(O−)

(a) Show that it is a p-wave decay, if it is a strong decay.
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(b) pµ : 4-momentum of V

εµ : polarization vector of V

p · ε = 0
Using, Lorentz invariance, show that the amplitude has the form

F = gV ppq · ε, qµ = (p1 − p2)
µ

(c) Show that the decay width is given by

Γ =
g2

V PP

4π

(
2
3

)
|p|3

m2
V

|p| is the momentum in the rest frame of V∑
λ

ελ
µε∗λ

ν = −gµν +
pµpν

m2
V

(5) Consider the decay
π0 → γγ

(a) Show that it is a p-wave decay.
(b) Show that the decay amplitude can only have the form:

F = e2Fπγγk ·
(
ελ × ελ′

)

Show that

Γ
(
π0 → γγ

)
= 4πα2F 2

π0γγ

|k|3

m2
π0

=
πα2

2
F 2

π0γγmπ0

(
in the rest frame of π0

)

Find Fπ0γγ , using the experimental value
τ = (8.4 ± 0.5) × 10−17s.

(6) Consider the decay
A → X + V

JP (X) = 0−, JP (V ) = 1−, JP (A) = 1+, 1−

List allowed l-values for the final state. If the parity is conserved, which
l-values are excluded for JP (A) = 1+ and JP (A) = 1−.

(7) (a) For the decay
X → V1 + V2, JP (X) = 0−

the decay amplitude is given by
A = A1ε1 · ε2 + A2ε1 · p ε2 · p + A3p · (ε1 × ε2)

where ε1 and ε2 are polarization vectors of V1 and V2 and p is the
momentum in the rest frame of X. If the parity is conserved which
of the above amplitudes are zero.

(b) List all the allowed l-values for the final state. If the parity is
conserved which l-values are excluded.
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Chapter 4

Internal Symmetries

Hadrons found in nature are not fundamental constituents of matter. There
are hundreds of them. They can be divided into two classes: (a) baryons:
they are fermions with half integer spin, i.e. J = 3/2, 1/2; (b) mesons:
they are bosons with integral spin, i.e. J = 0, 1, 2. Some of the low lying
mesons with JP = 0− and JP = 1− are shown in Figs. 4.1 and 4.2.
Low lying baryons with JP = 1/2+, 3/2+ are shown in Figs. 4.3 and
4.4. Hadrons with the same JP are distinguished from each other by some
internal quantum numbers. The assignment of these quantum numbers
is meaningful, since these quantum numbers are additively conserved in
hadronic interactions.

4.1 Selection Rules and Globally Conserved Quantum
Numbers

A particle would decay into two or more lighter ones if the decay is allowed
by energy-momentum conservation. The reason is that the entropy S =
kB ln (phase space). Since phase space for the lightest particles is largest
and the entropy S tends to increase, the system tends to decay into the
lightest particles, unless there is some selection rule to forbid that decay.
But we know that certain decays, although allowed by energy-momentum
and angular momentum conservation, do not take place. Thus there must
be selection rules or conservation laws which forbid these decays.

We now list these “global” conservation laws:
(i) Electric charge conservation: The decay e− → ν+γ is not seen (τe >

4.3 × 1023 years). This is a consequence of electric charge conservation:
“Electric charge is additively conserved in any process”. This in turn is
a consequence of the invariance of Hamiltonian under the global gauge
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Fig. 4.1 Lowest lying pseudoscalar mesons JP = 0−.

Fig. 4.2 Lowest lying vector mesons JP = 1−.

transformation UQ (1) :

|Ψ〉 → eiQ̂Λ |Ψ〉 (4.1a)

so that [
Q̂, H

]
= 0. (4.1b)
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Fig. 4.3 Lowest lying 1/2+ baryons.

Fig. 4.4 Lowest lying 3/2+ baryons.

The electric charge Q̂ is a generator of UQ(1) global gauge group. If Λ is
a function of space-time viz Λ = Λ(r, t), then the gauge transformation is
called local. Actually, electric charge has a dual rule; it is also a generator
of the local gauge group, U = eiQ̂Λ(r,t). It is a feature of local gauge group
that corresponds to this transformation, there is a vector field Aµ coupled
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to the matter field Ψ, with a universal coupling whose strength is just the
electric charge of the particle represented by the field Ψ. None of the other
quantum numbers has this feature.

A closely related concept is the quantization of the electric charge, which
at particle level is expressed as

q = Nq e, (4.2)

i.e. the electric charge q of any hadron or lepton is an integral multiple of
elementary charge e. In particular Nn = 0 [qn = (−0.4 ± 1.1) × 10−21 e]
and Ne + Np = 0 [|(qe + qp)| < 1.0 × 10−21 e].
(ii) Baryon charge conservation:

The following decays

p → e+ + γ

p → e+ + π0

although allowed by electric charge conservation are not seen experimen-
tally (τp > 1031−1033 years). This can be understood, if we assign a baryon
charge B as follows:

B =




+1 for baryons
−1 for antibaryos
0 for leptons and mesons

(4.3)

and demand that B be additively conserved in any reaction

∆B = Bf − Bi = 0. (4.4)

The corresponding global gauge transformation under which the Hamilto-
nian is invariant is given by

|Ψ〉 → eiB̂Λ |Ψ〉 . (4.5)

(iii) Lepton charge conservation:
Some decay modes of leptons are not seen. The absence of these de-

cay modes is a consequence of non-conservation of lepton charge which is
assigned as follows:

L =




+1 for leptons
−1 for antileptons
0 for all other particles.

(4.6)
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Any reaction in which L is additively conserved (∆L = 0) is allowed; oth-
erwise it is forbidden. Some examples are given below:

L

n

0
→ p

0
+ e−

1
+ ν̄e

−1
Allowed

∆L = Lf − Li = 0

L

ν̄e

−1
+ (Z, A)

0
→ (Z + 1, A)

0
+ e−

1
Not allowed

∆L = 2

L

ν̄e

−1
+ (Z, A)

0
→ (Z − 1, A)

0
+ e+

−1
Allowed
∆L = 0

Further, the reaction [antineutrinos obtained from the decay of pile neu-
trons in a fission reactor (n → p + e− + ν̄e)]

ν̄e + 37Cl → e
− + 37Ar

for which ∆L = 2 is not seen, but the reaction using solar neutrinos,

νe +37 Cl → e− +37 Ar

has been seen and is allowed by lepton charge conservation. Also the allowed
reaction

ν̄e + p → e+ + n

has been observed with expected cross section. The global gauge transfor-
mation, under which the Hamiltonian is invariant is given by

|Ψ〉 → eiL̂Λ |Ψ〉 . (4.7)

It was later discovered that the neutrino produced in the decay π+ →
µ+ ν was not the same as νe since if it were so, a reaction of the type

ν + (Z, A) → (Z + 1, A) + e−

would have been observed. Instead what was observed was µ− replacing
e−. This clearly shows that the neutrino accompanying µ+ in π+ decay is
different from νe and is denoted by νµ. The muon number defined as

Lµ =





+1 for µ−, νµ

−1 for µ+, ν̄µ

0 for all other particles

is conserved in processes involving µ±, νµ, ν̄µ. The best limits are

Γ(µ → eγ)
Γ(µ → all)

< 1.2 × 10−11

and
Γ(µ → 3e)
Γ(µ → all)

< 1.0 × 10−12
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(iv) Strangeness and Hypercharge:
It is clear from Figs. 4.1-4.4, that hadrons with the same spin and parity
occur in nature as multiplets. Consider, for example, JP = 0− mesons.
We distinguish the triplet of pions (π±, π0), the doublets (K+, K0) and(
K̄0, K−)

by assigning a new quantum number, called strangeness: S(π) =
0, S(K) = +1 and S

(
K̄

)
= −1. The singlets η and η′ have strangeness

S = 0. Similarly the baryons with JP = 1/2+ are assigned the strangeness
quantum number as follows: For the doublet (p, n), S = 0, for the triplet
(Σ±,Σ0), S = −1, for the singlet (Λ0), S = −1, and for the doublet
(Ξ0,Ξ−), S = −2. Sometimes, it is convenient to write Y = B + S, where
Y is called the hypercharge.

The quantum number S is additively conserved in hadronic interac-
tions. In any process, involving hadronic interactions, ∆S must be zero.
This immediately leads to the result that in hadronic collisions, the strange
particles are produced in pairs:

π− + p

→ K0 + Λ0

/→ K− +
∑+

/→ K− + p

→ n + K+ + K−

∆S = 0
∆S = −2
∆S = −1
∆S = 0.

(4.8)

Experimentally, only the first and the last reactions are seen and the cross
section for these reactions is typical of strong interactions. On the other
hand, strange particles decay into ordinary particles by weak interactions:

Λ → p π−

K0 → π+π−.

These decays have lifetimes of the order 10−10 seconds, characteristics of
weak interactions. Thus strangeness is not conserved in weak interactions.

In strong interactions, since both quantum numbers B and S are con-
served, it is clear that hypercharge is also conserved. The gauge transfor-
mation under which the Hamiltonian is invariant is given by

|Ψ〉 → eiŶ Λ |Ψ〉 . (4.9)

It is interesting to note that the hypercharge of a multiplet is just equal to
twice the average charge of that multiplet, i.e.

Y = 2 〈Q〉 = 2 〈q/e〉 . (4.10)

For example for the triplet of pions (π±, π0), 〈Q〉 = 0 and Y = 0, for the
doublet (p, n), 〈Q〉 = 1/2 and Y = 1, whereas for the doublet (K̄0, K−) or
(Ξ0,Ξ−), 〈Q〉 = 1/2 and Y = −1.
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It is tempting to assign another quantum number, called isospin to each
multiplet. For example we can assign I = 1, I3 = +1, 0,−1 to the triplet
of pions (π+, π0, π−) and I = 1/2, I3 = 1/2 and −1/2 to the doublet
(p, n). We will discuss isospin in the next section. Here we summarize the
conservation laws for internal quantum numbers Q, B, S and I for the three
basic interactions.

Quantum Number Hadronic Electromagnetic Weak
Q Yes Yes Yes
B Yes Yes Yes

S or Y Yes Yes No
Isospin Yes No No

4.2 Isospin

We now introduce isospin. From Figs. 4.1 and 4.2, it is apparent that
particles occur in nature as multiplets. In analogy with ordinary spin, we

can regard proton and neutron as an isospin doublet (nucleon) N =
(

p

n

)
,

with I = 1/2 and I3 = ±1/2.
The concept of isospin is meaningful only if in hadronic interactions

isospin is conserved. This is indeed the case. Experiments on nucleon-
nucleon scattering show that after subtracting the effect of Coulomb force
in pp scattering, pp, np and nn hadronic forces are equal in strength and
have the same range. That is nuclear forces do not depend on the charge
of the particle and are thus charge independent. It is now known that all
hadronic forces, not just the one between nucleons are charge independent.

The two states of nucleon N viz p and n will have similar properties as
far as hadronic forces are concerned. Without electromagnetic interaction,
proton and neutron will have the same mass, but its presence makes their
masses slightly different. This is supported by the fact that (mp − mn) =
−1.2 MeV only, i.e. about 0.1% of mp.

Like ordinary angular momentum, we introduce a quantity isospin
I ≡ (I1, I2, I3) in isospin space. The operator Î satisfies the commutation
relations of angular momentum J viz.

[
Îi, Îj

]
= iεijk Îj , i = 1, 2, 3. (4.11)

As a consequence of these commutation relations, it is possible to find a
complete set of simultaneous eigenstates |I I3〉 of Î2, and Î3 with eigenvalues
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I(I + 1) and I3:

Î2 |I I3〉 = I(I + 1) |I I3〉 (4.12a)

Î3 |I I3〉 = I3 |I I3〉 . (4.12b)

Î3 has (2I + 1) eignenvalues

−I, · · · ,+I. (4.13a)

The possible eigenvalues of I are

I = 0, 1/2, 1, 3/2, 2, · · · (4.13b)

Thus, all the multiplets in Figs. 4.1 and 4.2 belong to an irreducible repre-
sentation of the isospin group, i.e. they have any of the possible eigenvalues
of I given in Eq. (4.13b). For example, the proton and neutron states can
be written as far as the isospin is concerned as

|p〉 = |1/2 1/2〉
|n〉 = |1/2 − 1/2〉 , (4.14)

and the pions can be represented as
∣∣π+

〉
= |1 1〉∣∣π0

〉
= |1 0〉∣∣π−〉
= |1 − 1〉 (4.15)

The charge of a state is given by the relation

Q =
(q

e

)
= I3 + 〈Q〉 = I3 +

1
2
Y. (4.16)

This is called the Gell-Mann-Nishijima relation.
Charge independence of hadronic force implies that this force does not

distinguish any direction in isospin space that is to say that hadronic inter-
actions are invariant under a rotation in isospin space in complete analogy
with ordinary angular momentum. This means that the S-matrix or the
hadronic part of the Hamiltonian Hh commutes with the rotation operator

UI = e−iα.̂I, α = ω n (4.17)

in isospin space, i.e.

[S, UI ] = 0, or [Hh, UI ] = 0. (4.18)

Î is the generator of a rotation group in the isospin space. For an infinites-
imal rotation

UI = 1 − iα. Î. (4.19)
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Hence, we have [
S, Î

]
= 0, or

[
Hh, Î

]
= 0, (4.20)

i.e. isospin is conserved in any process involving hadronic interactions.
Thus we have the selection rules

∆ |I|2 = 0, ∆ I3 = 0. (4.21)

Since in the absence of electromagnetic interaction, the mass Hamilto-
nian HM commutes with Î, the eignestates of HM with the same I, i.e.
(2I + 1) states with different values of I3, are degenerate in mass.

As an illustration of isospin conservation, we consider the π − N scat-
tering.

π+p → π+p

π−p → π−p

→ π0n

We can write ∣∣π+ p
〉

= |1 1〉 |1/2 1/2〉 = |1 1/2 1 1/2〉∣∣π− p
〉

= |1 1/2 − 1 1/2〉∣∣π0 n
〉

= |1 1/2 0 − 1/2〉 . (4.22)

Now the scattering amplitude F is given by
〈
π− p |F |π− p

〉

=
∑
II3

∑
I′I′

3

〈
π− p

∣∣ I ′ I ′3 1 1/2〉

× 〈I ′ I ′3 1 1/2 |F | I I3 1 1/2〉 〈I I3 1 1/2
∣∣π− p

〉

=
∑
II3

∑
I′I′

3

〈
π− p

∣∣ I ′ I ′3 1 1/2〉 FI δII′ δI3I
′
3
〈I I3 1 1/2

∣∣π− p
〉

=
∑

I

〈
π− p

∣∣ I − 1/2 1 1/2〉 FI 〈I − 1/2 1 1/2
∣∣π− p

〉
. (4.23)

Using the Clebsch-Gordan coefficients, we have
〈
π− p |F |π− p

〉
=

1
3

F 3
2

+
2
3

F 1
2
. (4.24a)

Similarly, we get
〈
π0 n |F |π− p

〉
=

√
2

3
F 3

2
−

√
2

3
F 1

2
(4.24b)

〈
π+ p |F |π+ p

〉
= F 3

2
. (4.24c)
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Without using isospin invariance we have three independent amplitudes.
With its use we have only two independent amplitudes. Thus

σπ+ = ρ
∣∣∣F 3

2

∣∣∣
2

= σ(+) (4.25a)

σπ− ≡
[
σ

(
π− p → π− p

)
+ σ

(
π− p → π0 n

)]
≡ σ(−) + σ(0)

= ρ

[
1
3

∣∣∣F 3
2

∣∣∣
2

+
2
3

∣∣∣F 1
2

∣∣∣
2
]

. (4.25b)

Here ρ is the kinematical factor. If F3/2 � F1/2, then from Eq. (4.24)

σ(+) : σ(−) : σ(0) = 9 : 1 : 2.

Experimentally, the cross-sections are in the ratio (122± 8) : (12.8± 1.10) :
(25.6 ± 1.3) for the kinetic energy of the pion from 120 MeV to 300 MeV.
Thus it is clear that the scattering takes place predominantly in the I = 3/2
state for the above energy range.

Finally, we note that since the electric charge is always conserved, the
conservation of I3 implies Y -conservation and vice versa. To summarize,
for hadronic interactions

∆|I|2 = 0

∆(Q, B, Y ) = 0. (4.26)

4.2.1 Electromagnetic Interaction and Isospin

Because of Eq. (4.16), electromagnetic interaction breaks the rotational
symmetry in the isospin space:[

Hem, Î
]
�= 0 (4.27a)

but [
Hem, Î3

]
= 0. (4.27b)

Hence Hem is invariant under an isospin rotation about the 3rd axis, i.e.
I3 is still conserved by the electromagnetic interaction.

We can say that the isospin symmetry is broken by the electromagnetic
interaction and a small mass difference between the members of an isospin
multiplet may arise due to the electromagnetic interaction. Since[

Hem, Q̂
]

= 0, (4.28)

therefore, it follows from Eq. (4.27b) that[
Hem, Ŷ

]
= 0. (4.29)
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Hence for electromagnetic interaction, we have the selection rules:

∆I3 = 0, ∆Y = 0, ∆B = 0, (4.30a)

but

∆|I|2 �= 0. (4.30b)

4.2.2 Weak Interaction and Isospin

Consider the weak processes

Λ → p + π−

n → p + e− + ν̄e.

Clearly I3 is not conserved in weak interactions and hence I2 is also not
conserved. It follows that Y is also not conserved, since Q is conserved.
Thus for weak interactions, we have the selection rules:

∆|I|2 �= 0, ∆Y �= 0, ∆B = 0. (4.31)

4.3 Resonance Production

We now consider the reaction shown in Fig. 4.5. We have three particles in
the final state, produced incoherently. Let us consider the pair of particles
(nπ+), (nπ−) and (π+ π−). We define the invariant mass of each system
designated by Eq. (4.22) and |1, 1, 1,−1〉:

s12 = (E1 + E2)2 − (p1 + p2)2 (4.32a)

s13 = (E1 + E3)2 − (p1 + p3)2 (4.32b)

s23 = (E2 + E3)2 − (p2 + p3)2 (4.32c)

If the reaction proceeds as in Fig. 4.5, n, π+ and π− will have energy and
momentum statistically distributed. The number of (n π+) pairs with an
invariant mass

√
s12, N(s12) can also be calculated. N(s12) can be plotted

as a function of
√

s12 and the result is called a phase space spectrum as
shown in Fig. 4.7. If the reaction takes place as shown in Fig. 4.6, i.e. with
π+’s strongly correlated with the n’s, then energy-momentum conservation
demands

E∆ = E1 + E2

p∆ = p1 + p2

m∆ =
[
E2

∆ − p2
∆

]1/2
=

√
s12. (4.33)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

102 Internal Symmetries

Fig. 4.5 The reaction π−p → nπ+π−, π−p → pπ0π−.

Fig. 4.6 The pion production through resonance π−p → ∆+π− → nπ+π−.

In this case the final n π+ results from the decay of a quasi-stable particle
∆+, called a resonance. In this situation, N(s12) shows a strong peak
at
√

s12 = m∆ (Fig. 4.7). The finite width of the peak shows that the
particle is very short lived, the life time τ = 1

Γ ,Γ being the width of the
resonance. Actually a broad peak is seen experimentally at

√
s12 = m∆ =

1238 MeV with the full width at half maximum Γ∆ ≈ 120 MeV [see Fig.
4.8].

Similarly, if we consider the pair n π−one finds a peak due to ∆−. The
(π+π−) invariant mass distribution, N(s23), also shows a broad peak at
about

√
s23 = 750 MeV, due to the ρ0 resonance.
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4.3.1 ∆-resonance

We now discuss the quantum numbers of the ∆-resonance. We first deter-
mine its isospin. The resonance ∆ is seen both in π−p and π+p scattering.
Since for π+p, I = 3/2 is the only possibility, it follows that its isospin
must be 3/2. This is confirmed in the π+p and π−p scattering experiments
at energies at which multiple mesons production is insignificant viz the
processes:

π+p → π+p

π−p → π−p

→ π0n.

If the I = 3/2 channel dominates in the above processes, we then have from
Eq. (4.25) σπ+/σπ− = 3, at the resonance energy. This is what is borne
out experimentally, showing unambiguously that the resonance channel is
I = 3/2 (see Fig. 4.8).

4.3.2 Spin of ∆

We first consider two-body scattering

a + b → R → a′ + b′ (4.34)

through a resonance R. Suppose the spin of R is J . Consider the decay

R → a + b.

Let p be the momentum in the center-of-mass frame of particles a and b.
Let λ1 and λ2 be their helicities. Now |p| = p and its direction is given by
ω ≡ (θ, φ). We can write the helicity state [cf. Eq. (3.165)]

|λ1 λ2 ω〉 =
∑
J′M ′

√
2 J ′ + 1

4π
dJ′

M ′λ (θ, φ) |J ′M ′, λ〉 , (4.35)

where λ = λ1 − λ2. Therefore, the decay amplitude is given by

Fλ(ω) =
∑
J′M ′

√
2 J ′ + 1

4π
dJ∗′

Mλ 〈J ′M ′, λ |F |JM〉 . (4.36)

We now take R and a to be fermions and b a boson. Now

〈J ′M ′, λ |F |JM〉 = δJJ ′ δMM ′ F J
λ (s)

√
4π. (4.37)

Therefore,

Fλ (ω) =
√

2J + 1dJ∗

Mλ (θ, φ) F J
λ (s)

=
√

2J + 1ei(λ−M)φ F J
λ (s) dJ∗

Mλ(θ). (4.38)
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Fig. 4.7 Phase space plot for (nπ+) pairs.

Fig. 4.8 The resonance scattering for π+p and π−p channels.

Now

dΓ = (2π)4
∫

d3pa

(2π)3
d3pb

(2π)3
mR ma

2ER Ea Eb

∑
spin

|Fλ (ω)|2 , (4.39a)
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or
dΓ

d( cos θ)
=

4 ma

16π s1/2
|p|

∑
spin

(2J + 1)
∣∣F J

λ (s)
∣∣2 ∣∣dJ

Mλ(θ)
∣∣2 . (4.39b)

Therefore

Γ =
ma

2π s1/2
|p|

∑
spin

∣∣F J
λ (s)

∣∣2 , (4.40)

where we have used the orthogonality of d-functions. When R, a and b all
are bosons, we get

Γ =
1

8π s
|p|

∑
spin

∣∣F J
λ (s)

∣∣2 . (4.41)

For a resonance scattering as in Eq. (4.34), the invariant scattering
amplitude is given by

F (ab → R → a′b′) =
∑
M

F (ab → R) F (R → a′b′) φR(s), (4.42)

where φR(s) is the resonance factor. Now using Eq. (4.38), we have

F (ab → R → a′b′) =
∑
M

dJ
Mλ(ω′) dJ∗

Mλ′(ω′′) (2J + 1)

×F J
λ (ab → R) F J

λ′ (R → a′b′) φR(s), (4.43)

where ω′ ≡ (θ′, φ′) and ω′′ ≡ (θ′′, φ′′) are the polar and azimuthal angles
of particles a and a′ with respect to some fixed direction. Using the group
property of d-functions

∑
M

dJ
Mλ(ω′) dJ∗

Mλ′(ω′′) = dJ∗

λλ′(θ, φ), (4.44)

where θ and φ are the polar and azimuthal angles of the particle a′ relative
to a. Hence we have

F (ab → R → a′b′) = (2J + 1) dJ∗

λλ′(θ, φ)

×F J
λ (ab → R) F J

λ′ (R → a′b′) φR(s). (4.45)

Now comparing it with [cf. Eq. (3.179) for the Jth partial wave]

Fλ′λ (ω) =
4π

√
s√

ma m′
a

(2J + 1) F J
λ′λ (s) dJ∗

λλ′(θ, φ), (4.46)

we have

F J
λ′λ (s) =

√
ma m′

a

4π
√

s
F J

λ (ab → R) F J
λ′ (R → a′b′) φR(s). (4.47)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

106 Internal Symmetries

Now the partial wave cross section in the angular momentum state J is
given by

σJ = 4π
2J + 1

(2Sa + 1) (2Sb + 1)
|p′|
|p|

∑
λλ′

∣∣F J
λ′λ (s)

∣∣2 . (4.48)

Using ∣∣F J
λ (ab → R)

∣∣2 =
∣∣F J

λ (R → ab)
∣∣2 (4.49)

and Eqs. (4.40), (4.47) and (4.48), we get

σJ =
4π

|p|2
2J + 1

(2Sa + 1) (2Sb + 1)

[
Γ (R → ab) Γ (R → a′b′)

4
|φR(s)|2

]
.

(4.50)
The resonance factor is given in the Breit-Wigner form:

|φR(s)|2 =

[
1

(
√

s − mR)2 + Γ2

4

]
. (4.51)

Hence we have

σJ =
π

|p|2
2J + 1

(2Sa + 1) (2Sb + 1)

[
Γ (R → ab) Γ (R → a′b′)

(
√

s − mR)2 + Γ2

4

]
. (4.52)

Consider now the process

π+p → ∆++ → π+p. (4.53)

From Eq. (4.52), we get

σJ (m∆) =
2π

|p|2
(2J + 1) .

Experimentally, near the resonance

σJ ≈ 8π

|p|2
, (4.54)

giving J = 3/2.
It is also possible to determine the spin of a resonance by angular dis-

tribution of its decay products. This we illustrate by considering the ∆-
resonance viz ∆++ → π+p. Take the z-axis along the direction of the nu-
cleon (or pion) in their center-of-mass frame, so that liz = 0 (i-refers to π+p

in the initial state and l refers to orbital angular momentum). Since pion
is spinless, M i = ±1/2. If J is the spin of ∆-resonance, then M = ±1/2,
by angular momentum conservation. Now from Eq. (4.39b), the angular
distribution of pπ+ in the final state is given by

I(θ) ∝
∑
M,λ

∣∣F J
λ (s)

∣∣2 ∣∣dJ
Mλ(θ)

∣∣2 . (4.55)
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Thus for J = 1/2, M = +1/2,−1/2,

I(θ) ∝
(∣∣∣F 1/2

1/2 (s)
∣∣∣
2

+
∣∣∣F 1/2

−1/2(s)
∣∣∣
2
) (∣∣∣d1/2

1/2 1/2(θ)
∣∣∣
2

+
∣∣∣d1/2

1/2 −1/2(θ)
∣∣∣
2
)

.

(4.56)
Using [Problem 3.2], we have

I(θ) ∝
[
cos2

θ

2
+ sin2 θ

2

]
. (4.57)

Thus the angular distribution is isotropic.
For J = 3/2 and M = ±1/2, we have

I(θ) ∝
(∣∣∣F 3/2

1/2 (s)
∣∣∣
2

+
∣∣∣F 3/2

−1/2(s)
∣∣∣
2
) (∣∣∣d3/2

1/2 1/2(θ)
∣∣∣
2

+
∣∣∣d3/2

1/2 −1/2(θ)
∣∣∣
2
)

.

(4.58)
Again using [Problem 3.2], we have

I(θ) ∝
(
1 + 3 cos2 θ

)
. (4.59)

We note that I(−θ) = I(θ). The observed angular distribution of the
protons or the pions at the resonance agrees with the prediction of Eq.
(4.59), showing that J = 3/2 for the ∆. The above derivation clearly
shows that the angular distribution depends only on the value of J , and
not on the parity, i.e. orbital angular momentum which never enters in the
helicity representation used above.

4.4 Charge Conjugation

It is a general feature of relativistic quantum mechanics that corresponding
to a particle, there is an antiparticle which has the same mass and spin as its
particle. We treat particle and antiparticle on equal footing. We, therefore,
postulate an operator Uc, which changes a particle into its antiparticle. The
operator Uc is a unitary operator. Thus, for example

Uc

∣∣π+
〉

=
∣∣π−〉

(4.60a)

Uc |p〉 = |p̄〉 . (4.60b)

In general, for a charged particle

Uc |Q, p, s〉 = |−Q, p, s〉 , (4.61)
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where |Q, p, s〉 represents a single particle state with charge Q, momentum
p and spin s. Now

Q̂ |Q, p, s〉 = Q |Q, p, s〉 (4.62a)

Uc Q̂ |Q, p, s〉 = Q |−Q, p, s〉 (4.62b)

Q̂ Uc |Q, p, s〉 = Q̂ |−Q, p, s〉
= −Q |−Q, p, s〉 . (4.62c)

Therefore, we have

Uc Q̂ + Q̂ Uc = 0, (4.63a)[
Uc Q̂

]
+

= 0, (4.63b)

i.e. Uc and Q do not commute. Hence it is not possible to find simultaneous
eigenstates of Uc and Q̂. In general, for any additive internal quantum
number, such as Q, I3, B, Y and L,

Uc |Q, I3, B, Y, L〉 = |−Q, −I3, −B, −Y, −L〉 (4.64)

and consequently,

[Uc, Qi] �= 0, (4.65)

where

Qi = Î3, B̂, Ŷ , or L̂.

Now

Uc |B〉 = |−B〉
U2

c |B〉 = Uc |−B〉 = |B〉 . (4.66)

Therefore,

U2
c = 1 (4.67)

and eigenvalues of Uc are ±1, i.e. Uc is a discrete transformation.
It follows from Eq. (4.64) that states with Q �= 0, B �= 0, Y �= 0, etc.

cannot be eigenstates of Uc. Only states with Q = 0, B = 0, Y = 0, I3 =
0 can be eigenstates of Uc. For them it is possible to define the charge
conjugation parity ηc:

Uc |B = 0〉 = ηc |B = 0〉 , (4.68)

where

η2
c = 1 or ηc = ±1. (4.69)
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ηc is a multiplicatively conserved quantum number in any process which
conserves C-parity. The C-parity is either +1 or −1.

Charge conjugation is an internal symmetry. If

[Uc, H] = 0, or [Uc, S] = 0, (4.70)

we say that the corresponding interaction is invariant under charge con-
jugation Uc. While strong and electromagnetic interactions are invariant
under Uc, weak interactions are not

[Uc, Hweak] �= 0 (4.71)

This is clear from the fact that neutrinos and antineutrinos which
come out in β-decay of nuclei have opposite polarizations or helicities
[H = 2s · p/ |p|] . If charge conjugation were conserved in weak interactions,
neutrino and antineutrino would have the same helicity.

Fig. 4.9 The neutrino with helicity −1 and antineutrino with helicity +1.

How to test charge conjugation in hadronic interactions? Consider for
example, the reactions

p̄ + p → π+ + h

→ π− + h̄,

where h
(
h̄
)

denote all other hadrons with B = 0 and with positive (nega-
tive) electric charge. Now

〈
p̄ p |S|π+ h

〉
=

〈
p̄ p

∣∣U−1
c Uc S U−1

c Uc

∣∣ π+ h
〉

=
〈
p p̄ |S|π− h̄

〉
, (4.72)

where we have assumed that S is invariant under Uc:

Uc S U−1
c = S. (4.73)
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Thus C-invariance requires that positive and negative pions have same en-
ergy spectrum. Comparison of π+ and π− distributions show no difference,
the result is stated as∣∣∣∣

C − nonconserving amplitude
C − conserving amplitude

∣∣∣∣ ≤ 0.01.

As we have discussed, γ, π0 and η0 can be eigenstates of Uc. We now
determine the C-parity of these states. Now under Uc, the electromagnetic
current jem

µ :

jem
µ

Uc

→ − jem
µ . (4.74)

But the electromagnetic field Aµ satisfies the equation

�2 Aµ = jem
µ . (4.75)

Thus from Eq. (4.75), it follows that

Aµ

Uc

→ − Aµ. (4.76)

Since a photon is a quantum of electromagnetic field, it follows that the
C-parity of photon is −1 viz.

ηc (γ) = −1. (4.77)

The decays π0 → 2γ and η0 → 2γ and ω0 → π0γ have been observed.
Hence if these reactions proceed via electromagnetic interaction, it then
follows from C-conservation that

ηc

(
π0

)
= +1

ηc

(
η0

)
= +1 (4.78)

ηc

(
ω0

)
= −1. (4.79)

Since π0 → 3γ and η0 → 3γ can proceed via electromagnetic interac-
tion, but have never been seen, these decays are strictly forbidden due to
C-conservation in electromagnetic interaction. We conclude that the elec-
tromagnetic interaction is invariant under Uc.

[Uc, Hem] = 0. (4.80)

Consider now the positronium, the bound states of e− and e+. Let
us consider e− − e+ in definite (l, s) state. Now e− and e+ are identical
fermions which differ only in their electric charges. We can use a generalized
Pauli principle for the positronium viz “under total exchange of particles
(which consists of changing simultaneously Q, r and s labels), the state
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should change sign or be antisymmetric”. Under exchange of space co-
ordinates, we get a factor (−1)l, under spin co-ordinate exchange, we get
a factor (−1)s+1 (s = 0 for spin singlet state and s = 1, for spin triplet
state), exchange of electric charge gives a factor ηc. We require the state
to be antisymmetric, i.e.

(−1)l (−1)s+1 ηc = −1 (4.81)

or

ηc = (−1)l+s (4.82)

which gives the charge conjugation parity of the positronium in (l, s) state.
The positronium (e− − e+) can decay into n γ by electromagnetic in-

teraction. C-parity conservation gives

(−1)l+s = (−1)n. (4.83)

From Eq. (4.82), we get the following selection rules:

l = 0 = s
1S0 → 2γ
1S0 → 3γ

Allowed
strictly forbidden

l = 0
s = 1

3S1 → 2γ
3S1 → 3γ

strictly forbidden
Allowed

Similarly for (p − p̄) and quark-antiquark systems: ηc = (−1)l+s.
Now for (π+ − π−) system for which B = 0, Y = 0, Q = 0, generalized

Pauli principle requires that the state should be symmetric (even) under
total exchange of pions that is

(−1)l ηc = 1 (4.84)

or

ηc = (−1)l. (4.85)

Similarly for π0 − π0 system we get ηc = (−1)l. For this case, since two
π0’s are identical particle, ordinary Pauli principle requires that (−1)l =
even, i.e. they must be in an orbital state with l even. Thus ηc must be
+1 for π0 − π0 system, whereas ηc depends upon l value for π+π− system.
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4.5 G-Parity

For strong interactions, both isospin and C-parity are conserved. For
hadrons, it is convenient to define a new operator Ĝ = charge conjugation
+180o rotation around 2nd axis in isospin space. It follows that strong
interactions are invariant under G, but

[Ĝ, Hem] �= 0 (4.86a)

[Ĝ, Hweak] �= 0 (4.86b)

i.e. electromagnetic and weak interactions are not invariant under G.
Under 180o rotation around the 2nd axis in isospin space, we have

|π1〉 → − |π1〉
|π2〉 → |π2〉
|π3〉 → − |π3〉 . (4.87)

Therefore, we get
∣∣π±,0

〉
→ −

∣∣π∓,0
〉
. (4.88)

Under charge conjugation
∣∣π±〉 Uc→

∣∣π∓〉
(4.89a)

∣∣π0
〉 Uc→

∣∣π0
〉
. (4.89b)

Thus we have
∣∣π±〉 Ĝ→ −

∣∣π±〉
(4.90a)

and
∣∣π0

〉 Ĝ→ −
∣∣π0

〉
(4.90b)

Thus the G-parity of pions is G (π) = −1. The nucleon state |N〉, under
180o rotation about 2nd axis in isospin space transforms as

|NR〉 = ei τ2 π/2 |N〉

=
(
cos

π

2
+ i τ2 sin

π

2

)
|N〉

= i τ2 |N〉 (4.91)

i.e.

|p〉
I2(π)→ |n〉

|n〉
I2(π)→ −|p〉 . (4.92)
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But

|p〉 Uc→ |p̄〉

|n〉 Uc→ |n̄〉 . (4.93)

Therefore,

|p〉 G→ |n̄〉 (4.94a)

|n〉 G→ −|p̄〉 . (4.94b)

Only states with B = 0 and Y = 0 for which isospin I is integer can be
eigenstates of Ĝ. Only for such states we can define G-parity G. In general
G-parity of a state with isospin I is given by

G = ηc (−1)I (4.95)

Thus for η0 and ω0, G = +1 and −1 respectively. Thus for fermion-
antifermion e.g. q − q̄ system, the G-parity is given by

G = (−1)l+s+I = ηc (−1)I (4.96)

For (π+π−) system

G = (−1)l (−1)I = (−1)l+I = 1 (4.97)

The concept of G-parity is particularly useful to see whether a decay which
does not involve γ is strong or electromagnetic (problems 4.3 and 4.4).

4.6 Problems

(1) Consider pion nucleon scattering

πi + N → πj + N

where i and j are isospin indices of the incoming and outgoing pions
respectively. Using isospin invariance, show that in isospin space, the
scattering amplitude A can be written

Aji =
{

A(+) δji + A(−) 1
2

[τj , τi]
}

.

Show that isospin 3
2 and 1

2 projection operators are given by

P3/2 =
2 + t · τ

3
, P1/2 =

1 − t · τ
3
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where τ are Pauli matrices and t are isospin matrices for I = 1. Further
show that

(
P3/2

)
ji

=
1
3

{
2 δji −

1
2

[τj , τi]
}

(
P1/2

)
ji

=
1
3

{
1δji +

1
2

[τj , τi]
}

.

Hint: (tk)ji = iεjki.

(2) Show that for the decay

i → f + γ,

either ∆I = 0 or |∆I| = 1.

Hence show that for the decay η → π+π−γ, pions are in I = 1 state
and l is odd, but for the decay ω → π+π−γ, pions are in I = 0 or 2
state and l is even.

(3) Show that the decay ω → π+π− is forbidden in strong interaction,
but is allowed by electromagnetic interaction. What are the values of
isospin I and orbital angular momentum for the pions ?

(4) Show that η → π+π−π0 is forbidden in strong interaction but is allowed
by electromagnetic interaction. Determine the possible values of isospin
for the final pions.

(5) A meson f has been seen in the invariant mass plot of (ππ) in the
reaction:

π−p → nπ+π−

but not in the reaction

π+p → pπ+π0

What can you say about isospin of f? What is its electric charge?
(6) Let us consider the following particles:

X0 : I = 0, JPC = 0− +

Y ± ,0 : I = 1, JPG = 1− +

Which of the following decays are allowed by strong interaction? Also
for what values of orbital angular momentum and isospin of the final
states the decays is allowed.

(a) X0 → π+π−

(b) Y − → X 0π−

(c) Y 0 → π+π−
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(d) Y + → X 0π+

(e) Y − → π−η0

(7) (a) List all the decay channels allowed by strong interaction for Ω−.

i. Why strong decays of Ω− are not seen?
ii. Why radiative decay of Ω− is not possible?

(b) List all the possible weak decays (Semi-leptonic and Hadronic) for
Ω−.

(8) A particle with spin angular momentum J has the following Hamilto-
nian in an external magnetic field B (B = ∇× A)

Hmag = −
(

ge�
2mc

) (
J
�

)
· B

How Hmag transform under C, P and T respectively?
(9) For (π+π−)�′ :

ηC

(
π+π−)

= (−1)�′

K → 3π is parity conserving decay, i.e. parity of three pions in the
final state is negative.
Show that CP-conservation implies

K0
2 → π0π0π0 is allowed

K0
1 → π0π0π0 is forbiden

K0
1 → π+π−π0 is allowed if �′ is odd

K0
2 → π+π−π0 is allowed if �′ is even

where

CP |K0
1 〉 = |K0

1 〉 and CP |K0
2 〉 = −|K0

2 〉

G-parity of π+π−π0 is

ηG = ηC (−1)I = (−1)�′+I = −1

Hence show that

for �′ even → I = 1, 3

for �′ odd → I = 0, 2

(10) G-parity is defined as

ηG = ηC(−1)I
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where I is the isospin

JPC IG

ω 1−− 0−

ρ 1−− 1+

π 0−+ 1−

a1 1++ 1−

C-parity and G-parity are conserved in the strong decays. For
(π+π−) system

ηC = (−1)�
′

, ηG = ηC(−1)I
′

= (−1)I
′
+�

′

where �′ and I ′ are the orbital angular momentum and isospin of the
(π+π−). Which of the following decays are allowed and which are
forbidden?

ω0 → π+π−π0

ρ0 → π+π−π0

a0
1 → ρ0π0, ρ+π−

a+
1 → ρ0π+, ωπ+

(11) For the radiative decay

|i〉 → |f〉 + γ

Show that either

∆ |I| = 0, G(f) = −G(i)

or

∆ |I| = ±1, ∆G = 0

Photon behaves either like “ρ-mesons”, i.e. it carries “I = 1 G = 1” or
like “ω-mesons”, i.e. it carries “I = 0, G = −1”

ρ0 → π0γ ∆ |I| = 0, G(f) = −1, G(i) = 1

ω0 → π0γ, ∆ |I| = 1, ∆G = 0

(12) Which selection rule forbids, the decay

ω → π+π−

as a strong decay. Show that this decay has

∆ |I| = 1,∆G �= 0, G(f) = −G(i),

i.e. this decay is allowed by electromagnetic interaction as second order
in electromagnetism.
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(13) Show that the decay

ω → π+π−π0

is allowed in strong interaction. What are the allowed l and I values
for (π+π−) system?

(14) By using the similar arguments as used in ∆-resonance, show that ρ(770
MeV) meson has I = 1 and J = 1.
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Chapter 5

Unitary Groups and SU(3)

5.1 Unitary Groups and SU(3)

Consider a vector φi, i = 1, 2, · · · , N in an N -dimensional vector space.
An arbitrary transformation in this space is

φ′
i = aj

i φj i, j = 1, 2, · · · , N. (5.1)

For unitary group U(N) in N dimensions,

a∗k
i ak

j ≡
(
a†)i

k
ak

j = δi
j . (5.2)

For the group SU(N), we also have

det a = 1. (5.3)

The basic assumption of all the group theoretical approaches to classi-
fication of hadrons is that particles belong to an irreducible representation
of some group (in our case SU(N)) form a multiplet and thus have the
same space-time properties, especially the mass, spin and parity. The ba-
sic mathematical problem is the investigation of the representations of a
group. There are two approaches to this investigation (i) global way, (ii)
infinitesimal way. For continuous groups it is convenient to restrict to (ii).
For the general infinitesimal transformation:

φ′
i =

[
δj
i + εj

i

]
φj . (5.4)

Then conditions (5.2) and (5.3) give

ε∗j
i = −εi

j

εi
i = 0. (5.5)

The unitary transformation corresponding to (5.4) may be written as

U (a) = 1 − εj
i Ai

j + O
(
ε2

)
. (5.6)
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Ai
j are called the generators of the group U(N) and characterize the group

completely. The N ×N unitary complex matrices U(a) form the represen-
tation of U(N). Hence there are N2 arbitrary real parameters and thus
there are N2 generators of the group U(N). For SU(N) we have N2 − 1
generators because of the unimodularity condition.

The matrices U(a) have the group property:

U (b) U (a) = U (c)

U (a) = U (a) U (1) , U (1) = 1

U−1 (b) U (a) U (b) = U
(
b−1ab

)

U† (a) U (a) = 1. (5.7)

It is easy to see that Eqs. (5.5) and (5.6) give
(
Ai

j

)†
= Aj

i . (5.8)

By taking a to be an infinitesimal transformation, it is easy to derive (see
problem 5) the commutation relations

[
Aj

i , Al
k

]
= δj

k Al
i − δl

i Aj
k. (5.9)

For the transformation (5.4), we have

φ′
k ≡ U−1 (a) φk U (a) = φk + εj

i

[
Ai

j , φk

]
. (5.10)

But we can write

φk = U l
k φl.

φ′
k =

(
δl
k + εj

i

(
M i

j

)l

k

)
φl. (5.11)

Comparing Eqs. (5.11) and (5.4), we get
(
M i

j

)l

k
= δi

kδl
j . (5.12)

Hence from Eq. (5.10) one has
[
Ai

j , φk

]
=

(
M i

j

)l

k
φl

= δi
kδl

j φl = δi
k φj . (5.13)

The matrices M i
j

[(
M i

j

)† = M j
i

]
give the representation of group U(N) for

the fundamental representation φi. Let us define a vector

φi = φ∗
i .
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It belongs to the representation N̄ of U(N), whereas vector φi belongs to
the representation N of U(N). Thus φi transforms as

φi → φ′i ≡ φ′∗
i =

(
δj
i − ε∗j

i

)
φ∗

j

=
(
δi
j − εi

j

)
φj . (5.14)

Hence it follows that [
Ai

j , φ
k
]

= −δk
j φi. (5.15)

Now if we consider a tensor T k
l , it transforms as φkφl, so that[

Ai
j , T

k
l

]
= δi

l T k
j − δk

j T i
l . (5.16)

Thus the tensor T i
j transforms in the same way as the generator Ai

j .
Let us now restrict ourselves to SU(N). The generators of SU(N) must

be traceless. Hence we can write its generators as

F i
j = Ai

j −
1
N

δi
j Ak

k, (5.17)

so that

U(a) = 1 − εi
j F i

j(
F i

j

)†
= F j

i

F i
i = 0. (5.18)

Since Ak
k is a U(N) invariant, the commutation relation for F i

j remains the
same as in Eq. (5.9) viz.[

F i
j , F k

l

]
= δi

l F k
j − δk

j F i
l . (5.19)

The matrices M i
j must now be traceless, hence

(
M i

j

)k

l
= δi

l δk
j − 1

N
δi
j δk

l . (5.20)

Thus instead of Eqs. (5.13) and (5.15), one has
[
F i

j , φk

]
= δi

k φj −
1
N

δi
j φk

[
F i

j , φk
]

= −δk
j φi +

1
N

δi
j φk. (5.21)

Let’s now confine to SU(3). It is convenient to express eight generators
F i

j (i, j = 1, 2, 3) in terms of hermitian operators FA, (A = 1, · · · , 8) intro-
duced by Gell-Mann. The relationship between FA and F i

j is as follows:

F 1
2 = F1 − i F2, F 2

1 = F1 + i F2,
1
2

(
F 1

1 − F 2
2

)
= F3,

F 1
3 = F4 − i F5, F 3

1 = F4 + i F5, F 2
3 = F6 − i F7,

F 3
2 = F6 − i F7, F 3

3 = − 2√
3
F8.



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

122 Unitary Groups and SU(3)

From the commutation relation (5.19) for F i
j , one can show that FA’s satisfy

the standard commutation relation of a Lie group:
[FA, FB ] = CD

ABFD

= ifABC FC , (5.22)
where the structure constants fABC are real and antisymmetric. FA’s also
satisfy the Jaccobi identity

[FA, [FB , FC ]] + [FB , [FC , FA]] + [FC , [FA, FB ]] = 0. (5.23)
Infinitesimal unitary transformation generated by FA is

U = 1 − i εA FA,

εA being infinitesimal real parameters. For an inifinitesinal transformation,
the vectors φi and φi transform as

φ′
i = U j

i φj

=
[
δj
i +

i

2
εA (λA)j

i

]
φj , (5.24)

φ′ i = U∗ j
i φj =

[
δj
i −

i

2
εA (λ∗

A)j
i

]
φj

=
[
δj
i −

i

2
εA (λA)j

i

]
φj , (5.25)

since the matrices λA are hermitian. The matrices λA are related to M i
j in

the same way as FA are related to F i
j . Thus

M1
2 =

1
2

(λ1 − iλ2) , M2
1 =

1
2

(λ1 + iλ2) , · · · , M3
3 = − 1√

3
λ8. (5.26)

Now for SU(3), the matrix elements M i
j are given by Eq. (5.20)

(
M i

j

)k

l
= δi

l δk
j − 1

3
δi
j δk

l . (5.27)

Using Eqs. (5.26) and (5.27), we can explicitly write 3 × 3 matrices λA.
They are

λ1 =




0 1 0
1 0 0
0 0 0


 , λ2 =




0 −i 0
i 0 0
0 0 0


 , λ3 =




1 0 0
0 −1 0
0 0 0


 ,

λ4 =




0 0 1
0 0 0
1 0 0


 , λ5 =




0 0 −i

0 0 0
i 0 0


 , λ6 =




0 0 0
0 0 1
0 1 0


 ,

λ7 =




0 0 0
0 0 −i

0 i 0


 , λ8 =




1√
3

0 0
0 1√

3
0

0 0 − 2√
3


 . (5.28)
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Obviously the matrices λA

2 satisfy the same commutation relations as the
generators FA, so that

[λA, λB ] = 2i fABC λC . (5.29a)

They are traceless and have the following properties:

Tr(λA λB) = 2δAB (5.29b)

[λA, λB ]+ = 2 dABC λC +
4
3
δAB , (5.30)

where dABC are real and are totally symmetric. Defining λ0 =
√

2
3I, the

commutation and anticommutation relations can be written as

[λA, λB ] = 2i fABC λC

[λA, λB ]+ = 2 dABC λC

Tr(λA λB) = 2δAB

d0BC =

√
2
3

δBC , f0BC = 0, (5.31)

where A, B,C = 0, 1, · · · , 8. Thus λA are closed both under commutation
and anticommutation. We also note that λ2, λ5, λ7 are antisymmetric while
the rest of them are symmetric. We express this fact by writing

λT
A = ηA λA (not summed) , (5.32)

where ηA = −1, for A = 2, 5, 7 and +1 otherwise. The following identities
follow from Eqs. (5.31) and (5.32):

ηA ηB ηC fABC = −fABC

ηA ηB ηC dABC = dABC (repeated indices not summed)

(5.33)

i.e. fABC (dABC) is zero if even (odd) number of indices take the value 2,
5 or 7. The values of fABC and dABC have been tabulated by Gell-Mann
and are reproduced in Table 5.1. The role of FA is the same in SU(3) as
that of isospin I in SU(2) and for this reason FA’s are sometimes called
component of F-spin.
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Table 5.1 Values of fABC and dABC

ABC fABC ABC dABC

123 1 118 1/
√

3
147 1/2 146 1/2
156 −1/2 157 1/2

246 1/2 228 1/
√

3
257 1/2 247 −1/2
345 1/2 256 1/2

367 −1/2 338 1/
√

3

458
√

3/2 344 1/2

678
√

3/2 355 1/2
366 −1/2
377 −1/2

448 −1/
(
2
√

3
)

558 −1/
(
2
√

3
)

668 −1/
(
2
√

3
)

778 −1/
(
2
√

3
)

888 −1/
√

3

d0AB

√
2/3δAB

5.2 Particle Representations in Flavor SU(3)

Out of the eight tensor generators F i
j of SU(3), the set F 1

1 , F 1
2 , F 2

1 and
F 2

2 form the generators of the subgroup SU(2)× U(1). We have SU(3) ⊃
SU(2) × U(1) ⊃ SU(2). It is convenient to classify states in an SU(3)
representation by making use of this fact. The generators of the SU(2) ×
U(1) subgroup which are conveniently taken to correspond to isospin and
hypercharge are

I+ = F 2
1 , I− = F 1

2 , I3 =
1
2

(
F 1

1 − F 2
2

)

Y = F 1
1 + F 2

2 = −F 3
3 , (5.34)

in the case of SU(3) group. There are thus two diagonal operators in SU(3),
namely I3 and Y. SU(3) is, therefore, a group of rank 2. Further if we define
the electric charge as

Q = F 1
1 in SU(3), (5.35)

Eq. (5.34) give the Gell-Mann-Nishijima relation

Q = I3 +
Y

2
. (5.36)
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The fundamental representation is a vector which we write as qi. Let
us take

qi ≡




q1

q2

q3


 =




ū

d̄

s̄


 , (5.37)

as the field operator which creates a u-quark, a d-quark or a s-quark viz.

ū |0〉 = |u〉 , d̄ |0〉 = |d〉 , s̄ |0〉 = |s〉 . (5.38)

The field operators qi belong to the representation 3 of SU(3), whereas the
field operators

qi = q∗i =




q1

q2

q3


 ≡




u

d

s


 (5.39)

belong to the representation 3̄ of SU(3). qi create antiquarks or annihilate
quarks. From Eq. (5.21), we have

[
F i

j , qk

]
= δi

k qj −
1
3
δi
j qk. (5.40)

In the matrix notation, we can write the field operators qi and qi as row
and column matrix respectively viz.

q̄ =
(
ū d̄ s̄

)

q =




u

d

s


 . (5.41)

Then it follows from Eqs. (5.24) and (5.25):

[FA, q] = −λA

2
q

[FA, q̄] = q̄
λA

2
. (5.42)

Hence we see from Eqs. (5.36), (5.38), (5.40) or (5.42), that the quark
states or simply quarks belong to the triplet representation of SU(3) and
have the following quantum numbers:

I3 Y Q

|u〉 1/2 1/3 2/3
I = 1/2

|d〉 −1/2 1/3 −1/3
|s〉 I = 0 0 −2/3 −1/3
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Fig. 5.1 Weight diagram for 3.

Fig. 5.2 Weight diagram for 3̄.

It is convenient to plot each state of the triplet representation on a I−Y

plot as shown in Fig. 5.1. Such a diagram is called the weight diagram.
The 3̄ representation of SU(3) is not equivalent to 3; it transforms as

qi = q∗i . It is the hypercharge which distinguishes 3 and 3̄. Antiquarks
belong to the 3̄ representation of SU(3) and the weight diagram is shown
in Fig. 5.2.

5.2.1 Mesons

Quarks are taken to be spin 1/2 particles. To build observed particles from
quarks, it is convenient to assign a baryon number 1/3 to quarks. Thus

qi |0〉 : B = 1/3

qi |0〉 : B = −1/3.

Consider
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qiqj =
(

qiqj −
1
3
δi
jq

kqk

)
+

1
3
δi
jq

kqk

= P i
j (octet) Singlet

3̄ ⊗ 3 = 8 ⊕ 1

P i
j can be regarded as a field operator for pseudoscalar mesons. Thus

P i
j |0〉 ≡

∣∣P i
j

〉
=

(
qiqj −

1
3
δi
jq

kqk

)
|0〉 (5.43)

has baryon number zero and is an octet. It may be taken to represent octet
of pseudoscalar mesons π, K and η. We write (in our notation upper index
is row index and lower index is column index)

P i
j =

1√
2

(λA)i
j πA (5.44)

where identification is shown in Table 5.2.

Table 5.2 Pseudoscalar Mesons JP = 0− [cf. Eqs. (5.43) and (5.44)]

State and its quark content
∣∣D1, Y, I, I3

〉
∣∣P 2

1

〉
=

∣∣π+
〉

=
∣∣u d̄

〉 ∣∣∣ π1+iπ2√
2

〉
: − |8, 0, 1, 1〉∣∣∣∣

P1
1 −P2

2√
2

〉
=

∣∣π0
〉

=
∣∣∣ u ū−d d̄√

2

〉
|π3〉 : |8, 0, 1, 0〉

∣∣P 1
2

〉
=

∣∣π−〉
= |d ū〉

∣∣∣ π1−iπ2√
2

〉
: |8, 0, 1,−1〉

∣∣P 3
1

〉
=

∣∣K+
〉

= |u s̄〉
∣∣∣ π4+iπ5√

2

〉
: |8, 1, 1/2, 1/2〉

∣∣P 3
2

〉
=

∣∣K0
〉

= |d s̄〉
∣∣∣ π6+iπ7√

2

〉
: |8, 1, 1/2,−1/2〉

∣∣P 2
3

〉
=

∣∣K̄0
〉

=
∣∣s d̄

〉 ∣∣∣ π6−iπ7√
2

〉
: |8,−1, 1/2, 1/2〉

∣∣P 1
3

〉
=

∣∣K−〉
= |s ū〉

∣∣∣ π4−iπ5√
2

〉
: |8,−1, 1/2,−1/2〉∣∣∣− 3√

6
P 3

3

〉
= |η8〉 =

∣∣∣ u ū+d d̄−2ss̄√
6

〉
= |π8〉 : |8, 0, 0, 0〉

Hence in a matrix notation, the octet of pseudoscalar mesons JP = 0−

can be represented by a matrix:

P =




1√
6
η8 + 1√

2
π0 π+ K+

π− 1√
6
η8 − 1√

2
π0 K0

K− K0 − 2√
6
η8


 . (5.45)

The singlet pseudoscalar meson η1 is given by

|η1〉 =
∣∣∣∣
uū + dd̄ + ss̄√

3

〉
=

uū + dd̄ + ss̄√
3

|0〉 : |1, 0, 0, 0〉 .
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Another possible set of candidates for the octet of bosons is vector mesons
JP = 1− :

ρ+ρ0ρ− I = 1, Y = 0

K∗+
K∗0

I = 1/2, Y = 1

K∗0
K∗−

I = 1/2, Y = −1

ω8 I = 0, Y = 0

A singlet vector boson is denoted as ω1. In broken SU(3), a singlet meson
can mix with the eighth component of an octet. For example, ω8 and ω1

can mix and physical particles are mixtures of them and are denoted by ω

and φ. The weight diagram for mesons is given in Fig. 5.3.

Fig. 5.3 Weight diagram for pseudoscalar meson octet.

5.2.2 Baryons

We now consider baryons. Baryons have B = 1 and they must be con-
structed out of 3 quarks. For this purpose let us proceed as follows. Writing

qj qk =
1
2

(qj qk + qk qj) +
1
2

(qj qk − qk qj)

=
1√
2
Sjk +

1√
2
Ajk, (5.46)

where the symmetric tensor

Sjk =
1√
2

(qj qk + qk qj) (5.47)

has six independent components. The antisymmetric tensor

Ajk =
1√
2

(qj qk − qk qj) (5.48)
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has three independent components. Now a vector T i belonging to the
representation 3̄ can be written in terms of Alm as

T i = εilm Alm

or

Ajk =
1
2
εijk T i. (5.49)

Hence we have the result

3 ⊗ 3 = 6 ⊕ 3̄

and

3 ⊗ 3 ⊗ 3 = (6 ⊗ 3) + (3̄ ⊗ 3) .

First consider 3̄ ⊗ 3 :

T i qj =
(

T i qj −
1
3

δi
j T k qk

)
+

1
3

δi
j T k qk (5.50)

viz.

3̄ ⊗ 3 = 8 ⊕ 1.

The octet operator for baryons can be written as

B̄i
j =

1
2

(
T i qj −

1
3

δi
j T k qk

)
, (5.51a)

where

T i = εilm Alm =
1

2
√

6
εilm ( ql qm − qm ql) . (5.51b)

For the singlet representation,

1
2

1√
3
T k qk =

1
2
√

3
εklm Alm qk

=
1

2
√

6
εklm ( ql qm − qm ql) qk. (5.52)

Now let’s consider 6 ⊗ 3: It is given by

Sij qk = Sij qk + Sjk qi + Ski qj − Sjk qi − Ski qj

= T̃{ijk} − Sjk qi − Ski qj , (5.53a)

where

T̃{ijk} = Sij qk + Sjk qi + Ski qj (5.53b)
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is completely symmetric tensor and has 10 independent components. Now
we show that

− (Sjk qi + Ski qj)+2Sij qk = εkjl εlmn Sin qm +εkil εlmn Sjn qm. (5.54)

Proof:

R.H.S =
(
δm
k δn

j − δn
k δm

j

)
Sin qm + (δm

k δn
i − δn

k δm
i ) Sjn qm

= Sij qk − Sik qj + Sji qk − Sjk qi

= − (Sjk qi + Ski qj) + 2Sij qk = L.H.S.

Hence from Eqs. (5.53a) and (5.54), one gets

Sij qk =
1
3
T̃{ijk} +

1
3

[
εkjl εlmn Sin qm + εkil εlmn Sjn qm

]

=
1
3
T̃{ijk} +

1
3

[
εkjl δr

i + εkil δr
j

]
εlmn Srn qm. (5.55)

Hence we have

6 ⊗ 3 = 10 ⊕ 8.

We write the decouplet representation:

T̄{ijk} =
√

3 T̃{ijk}

=
1√
3

[Sij qk + Sjk qi + Ski qj ] (5.56)

and the octet (8′) representation:

B̄′l
r =

1√
3
εlmn Srn qm

B̄′l
l = 0. (5.57)

Hence the final result becomes

3 ⊗ 3 ⊗ 3 = (6 ⊕ 3̄)⊗3 = (6 ⊗ 3)⊕ (3̄ ⊗ 3)

= 10 ⊕ 8 ⊕ 8′ ⊕ 1.

5.2.2.1 Baryon States

(i) Octet Representation 8
From Eqs. (5.51) and (5.57), we have

B̄i
j |0〉 =

∣∣Bi
j

〉

=
1

2
√

2

[
εilm (qlqm − qmql) qj −

1
3
δi
jε

klm (qlqm − qmql) qk

]
|0〉

(5.58)
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Table 5.3 Baryons JP = 1
2

+

State: 8 Quark content Q I I3 Y

|p〉 = B̄3
1 |0〉 1√

2
|[u, d] u〉 1 1

2
1
2

1

|n〉 = B̄3
2 |0〉 1√

2
|[u, d] d〉 0 1

2
−1
2

1∣∣Σ+
〉

= B̄2
1 |0〉 1√

2
|[u, s] u〉 1 1 +1 0∣∣Σ0

〉
=

1√
2

(
B̄1

1 − B̄2
2

)
|0〉

1
2
|[d, s] u + [u, s] d〉 0 1 0 0

∣∣Σ−〉
= B̄1

2 |0〉 1√
2
|[d, s] d〉 −1 1 −1 0

∣∣Λ0
〉

= − 3√
6
B̄3

3 |0〉
1√
12

|2 [u, d] s

− [d, s] u − [s, u] d〉
0 0 0 0

∣∣Ξ−〉
= B̄1

3 |0〉 1√
2
|[d, s] s〉 −1 1/2 −1/2 −1∣∣Ξ0

〉
= B̄2

3 |0〉 1√
2
|[s, u] s〉 0 1/2 1/2 −1

State : 8′ Quark content

B̄′3
1 |0〉 1√

6

∣∣∣
(
[u, d]+ u − 2uud

)〉

B̄′3
2 |0〉 − 1√

6

∣∣∣
(
[u, d]+ d − 2ddu

)〉

B̄′2
1 |0〉 1√

6

∣∣∣
(
[u, s]+ u − 2uus

)〉

1√
2

(
B̄′1

1 − B̄′2
2

)
|0〉

1√
12

{∣∣∣(−2 [u, d]+ s

+ [u, s]+ d + [d, s]+ u)
〉}

B̄′1
2 |0〉 1√

6

∣∣∣
(
[d, s]+ d − 2dds

)〉

− 3√
6
B̄′3

3 |0〉 − 1
2

∣∣∣
(
[s, d]+ u − [s, u]+ d

)〉

B̄′1
3 |0〉 1√

6

∣∣∣
(
2ssd − [d, s]+ s

)〉

B̄′2
3 |0〉 1√

6

∣∣∣
(
[s, u]+ s − 2ssu

)〉

and for representation 8′ :

B̄′i
j |0〉 =

∣∣∣B′i
j

〉
=

1
2
√

3
εikl Sjl qk |0〉 . (5.59)

The octet of baryons are then identified as given in Table 5.3. Hence from
Eq. (5.58) and Table 5.3, we see that known eight JP = 1/2+ baryons can
be represented as 3 × 3 matrices

Bi
j =




1√
6
Λ0 + 1√

2
Σ0 Σ+ p

Σ− 1√
6
Λ0 − 1√

2
Σ0 n

Ξ− Ξ0 − 2√
6
Λ0


 (5.60a)

B̄i
j =




1√
6
Λ̄0 + 1√

2
Σ̄0 Σ̄− Ξ̄−

Σ̄+ 1√
6
Λ̄0 − 1√

2
Σ̄0 Ξ̄0

p̄ n̄ − 2√
6
Λ̄0


 . (5.60b)

Note that

B̄i
j = B∗j

i γ0, (5.61)
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where the symbol ∗ denotes complex conjugation with respect to SU(3)
but hermitian conjugation for the field operators. The weight diagram for
the octet representation is shown in Fig. 5.4.

Fig. 5.4 Weight diagram for 1
2

+
baryon octet.

Singlet representation 1:
From Eq. (5.56), one gets

Λ0
1 =

1
2

1√
6

εklm (ql qm − qm ql) qk |0〉

=
1
2

2√
6

{[
d̄, s̄

]
ū + [s̄, ū] d̄ +

[
ū, d̄

]
s̄
}

|0〉 .

=
1√
6

|[d, s] u + [s, u] d + [u, d] s〉 . (5.62)

(ii) Decuplet representation 10:
From Eq. (5.56), we have

|Tijk〉 =
1√
3
{Sij qk + Sjk qi + Ski qj} |0〉 . (5.63)

The detailed identification of the states of decuplet representation are given
in Table 5.4. The weight diagram for the decuplet of baryons is shown in
Fig. 5.5.

5.3 U-Spin

We have labeled the states within an irreducible representation of SU(3)
uniquely by the eigenvalues of I2, I3 and Y . The reason is that SU(3)
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Fig. 5.5 Weight diagram for 3
2

+
baryon decuplet.

Table 5.4 Decuplet JP = 3/2+ [cf. Eq. (5.63)]

State Quark content Q I I3 Y∣∣∆++
〉
≡ 1√

6
|T111〉 |uuu〉 2 3

2
3
2

1∣∣∆+
〉
≡ 1√

2
|T112〉 1√

3
|udu + duu + uud〉 1 3

2
1
2

1∣∣∆0
〉
≡ 1√

2
|T122〉 1√

3
|udd + ddu + dud〉 0 3

2
−1
2

1∣∣∆−〉
≡ 1√

2
|T222〉 |ddd〉 −1 3

2
−3
2

1∣∣∣Σ∗+
〉
≡ 1√

2
|T113〉 1√

3
|uus + usu + suu〉 1 1 1 0

∣∣∣Σ∗0
〉
≡ 1√

2
|T123〉 1√

6

∣∣∣∣
uds + dus + dsu

+sdu + sud + usd

〉
0 1 0 0

∣∣∣Σ∗−
〉
≡ 1√

2
|T322〉 1√

3
|sdd + dds + dsd〉 −1 1 −1 0∣∣∣Ξ∗0

〉
≡ 1√

2
|T133〉 1√

3
|uss + ssu + sus〉 0 1

2
1
2

−1∣∣∣Ξ∗−
〉
≡ 1√

2
|T233〉 1√

3
|dss + ssd + sds〉 −1 1

2
−1
2

−1∣∣Ω−〉
≡ 1√

6
|T333〉 |sss〉 −1 0 0 −2

contains the direct product of SU(2)I × U(1)Y , i.e.

SU(3) ⊃ SU(2)I × U(1)Y .

The generators of SU(2)I and U(1)Y are identified with the generators of
SU(3) as given in Eq. (5.34). However, we can take a different decomposi-
tion. For example the generators

U+ = F 3
2 , U− = F 2

3 , U3 =
1
2

(
F 2

2 − F 3
3

)
(5.64)

are the generators of group SU(2)U . These generators commute with the
generator

Q = F 1
1 . (5.65)
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Thus SU(3) can be decomposed as follows

SU(3) ⊃ SU(2)U × U(1)Q.

Therefore, it is possible to label the states within an irreducible representa-
tion SU(3) by the eigenvalues of U2, U3 and Q. The generators of SU(2)U

commute with the generator Q = F 1
1 , thus U -spin is very useful when

dealing with electromagnetic interactions. Just as each isospin multiplet is
associated with a definite hypercharge, each U -spin multiplet has a definite
charge.

5.4 Irreducible Representations of SU(3)

We have already encountered two irreducible representations:

triplet = qi

octet = P i
j = qiqj −

1
3
δi
j qkqk.

The octet representation is a regular or an adjoint representation of SU(3)
because P i

j transforms in the same way as the generators F i
j .

Now we look at more general representations of SU(3). The general
prescription for finding the basic tensors T

j1···jq

i1···ip
for an irreducible repre-

sentation of SU(3) is:
1. Construct tensors T

j1···jq

i1···ip
.

2. Symmetrize among i1 · · · ip and j1 · · · jq indices.
3. Subtract traces so that all contractions give zero, e.g.

T
i j2···jq

i i2···ip
= 0, etc.

The linearly independent components of tensor T then supply an irreducible
representation of SU(3) which is designated as (p, q). The dimensionality
of such a representation can be easily computed. First let us calculate the
number of independent components for a symmetric tensor with p lower (or
q upper) indices. We note that each index can take only the value 1, 2 or 3.
Thus the number of independent components are the same as the number
of ways of separating p identical objects with two identical partitions:

(p + 2)!
p! 2!

=
(p + 2) (p + 1)

2
.

Thus a tensor which is symmetric in p lower and q upper indices has

B(p, q) =
(p + 2) (p + 1) (q + 2) (q + 1)

4
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independent components. But the trace condition shows that a symmetric
object with p − 1 lower indices and q − 1 upper indices vanishes. This
gives B(p − 1, q − 1) conditions. Hence a symmetric traceless tensor has
dimensions

D(p, q) = B(p, q) − B(p − 1, q − 1)

= (p + 1) (q + 1)
(

p + q

2
+ 1

)
. (5.66)

Thus we have for example:

Representation Dimensionality
(p, q) D(p, q)
(0, 0) 1 : Singlet
(1, 0) 3 : Triplet
(0, 1) 3 : Triplet
(1, 1) 8 : Octet
(3, 0) 10 : Decuplet
(2, 2) 27 : 27 plet

5.4.1 Young’s Tableaux

By taking the direct product of basic representation 3 with itself, we can
generate the representations of higher dimensions. These representations
are however reducible. Let us now discuss a general method to decompose
these reducible representations into irreducible representations. We have
already discussed some simple examples.

We represent the fundamental representation 3 by a box, i.e. associate
index i with a box.

: 3 : qi. (5.67)

We note that the representation 3̄ is antisymmetric combination of two 3’s
viz.

T i = εijk(qj qk − qk qj)
1√
2

= εijk Ajk,

Aij = εijk T k. (5.68)

This can be represented by a column of two boxes

: 3̄ : T i. (5.69)
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Since a tensor index takes only three values i = 1, 2, 3, a column in Young’s
tableau can have at most three boxes

i

j

k

: εijk. (5.70)

It is completely antisymmetric and it corresponds to the trivial singlet
representation. We note that

1 = = = = · · · (5.71)

Consider the (p, q) representation. It is a tensor whose components are

T
j1···jq

i1···ip
(5.72)

symmetric in lower and upper indices and traceless. We can lower the upper
indices with ε tensors, obtaining an object with p + 2q lower indices:

ti1...ip k1l1...kqlq = εj1k1l1···εjqkqlq T
j1···jq

i1···ip
(5.73)

It is clear that t is antisymmetric in each pair kx ←→ lx, x = 1, · · · , q.
Since there are p + 2q indices, we arrange p + 2q boxes as follows:

k1 · · · kq

l1 · · · lq

i1 · · · ip
(5.74)

This is a Young Tableau. The most general Young Tableau has only two
rows. An irreducible representation is completely specified by two integers
(p, q). Note that (p, q) = (q, p). It is clear from Eq. (5.71) that tableaux of
the form

k1 · · · kq

l1 · · · lq

i1 · · · ip
(5.75)

still corresponds to the representation (p, q). Comparison with the Young
Tableau gives the following rule for preparing a tensor with the right sym-
metry properties to give a state in (p, q): First, symmetrize indices in each
row of the tableau. Then antisymmetrize the indices in each column. If
we have more general tableau with columns of more than two boxes, the
rules for forming a tensor are the same as before. Assign an index to each
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Table 5.5 Irreducible representations of SU(3).

(p, q) D(p, q) Tableau Tensor

1 1 : εijk

(1, 0) 3 3 :qi

(0, 1) 3 3 : T i = εijk tjk

(2, 0) 6 6 :Tij

(0, 2) 6 6 : T ij = εik1l1εjk2l2 tk1l1k2l2

(1, 1) 8 8 :T i
j = eikl tklj

(3, 0) 10 10 :Tijk

(0, 3) 10 10 :
T ij = εil1m1εjl2m2εkl3m3

×tl1m1l2m2l3m3

(2, 1) 15 15 :T i
kj = eilm tlmkj

(2, 2) 27 27 :
T ij

lk = εil1m1εjl2m2

×tm1n1m2n3lk

box. Then symmetrize the indices in each row and finally antisymmetrize
the indices in each column.

Some of the common irreducible representations of SU(3) are shown in
Table 5.5.

Decomposition of Product Representations
We now consider the decomposition of the direct product of irreducible

representations (p, q) and (r, s) corresponding to tableaux A and B.

a a a

b b b

a a

A B

(5.76)

We now give a recipe for the decomposition of the direct product of
(p, q) and (r, s) with the aid of Young Tableaux. Put a’s in the top row of
B and b’s in the second row. Take boxes with a from B and add them to
A, each in a different column, to form new tableaux. Then, take the boxes
with b and add them to form tableaux, again each box in a different column,
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with one additional restriction given below. On reading the added symbols
from right to left and from the top to bottom, the number of a’s must be
greater than or equal to that of b’s, i.e. forget all tableaux which concave
upwards or towards the lower left. This avoids double counting of tensors.
The tableaux formed in this way correspond to irreducible representations
in (p, q)⊗ (r, s). We now give several examples to illustrate how this recipe
works.
Examples
(i)

⊗ a = a ⊕
a

3 ⊗ 3 = 6 ⊕ 3̄

(5.77)

(ii)

⊗ a = a ⊕

a

3̄ ⊗ 3 = 8 ⊕ 1

(5.78)

(iii)

(5.79)
We discard the first and the third tableaux in Eq. (5.79) as they do not
satisfy the constraint that number of a’s greater than or equal to the number
of b’s as we go from right to left or top to bottom.
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(iv)

or

(1, 1) ⊗ (1, 1) = (3, 0) ⊕ (2, 2) ⊕ (1, 1) ⊕ (0, 3) ⊕ (1, 1) ⊕ (0, 0). (5.80)

The slashed tableaux are discarded because they do not satisfy the con-
straint a’s ≥ b’s.
(v)

(5.81)

(1, 1) ⊗ (1, 0) = (2, 1) ⊕ (0, 2) ⊕ (1, 0). (5.82)

To summarize, an arbitrary irreducible representation of SU(3) is de-
noted by two integers, each positive or zero: (p, q). The corresponding irre-
ducible tensor is denoted by T

j1···jq

i1···ip
. It transforms as φ∗

j1
· · ·φ∗

jq
φi1 · · ·φip .
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Each component of the tensor is an eigenstate of I3 and Y and possibly of
I2. If it is not an eigenstate of I2, such a state can be formed by a linear
combination of states with components having the same I3 and Y . The ba-
sic states occurring in (p, q) can be completely labelled by three quantities
I, I3, and Y , which form a complete commuting set within an irreducible
representation. The values of I and Y that appear in (p, q) are given in
Table 5.6. We note that highest state i.e. the one with Imax has

I3 =
1
2
(p + q)

Y =
1
3
(p − q). (5.83)

Table 5.6 Isospin I and hypercharge Y for the states in
representation (p, q).

(p, q) Y I
Number of

states

I3 and Y
for the

highest state

(1, 0)
1
3−2
3

1
2
0

2
1

1
2
, 1

3

(0, 1)
2
3−1
3

0
1
2

1
2

1
2
, −1

3

(1, 1)
1
0
−1

1
2

1, 0
1
2

2
3 + 1 = 4

2
1, 0

(3, 0)

1
0
−1
−2

3
2
1
1
2
0

4
3
2
1

3
2
, 1

(2, 1)

4
3
1
3−2
3−5
3

1
3
2
, 1
2

1, 0
1
2

3
4 + 2 = 6
3 + 1 = 4

2

3
2
, 1
3

(2, 2)

2
1
0
−1
−2

1
3
2
, 1
2

2, 1, 0
3
2
, 1
2

1

3
4 + 2 = 6

5 + 3 + 1 = 9
4 + 2 = 6

3

2, 0
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5.5 SU(N)

We now discuss Young’s tableaux for SU(N). Again we assign an index to
a box. Thus fundamental representation N(φi, i = 1, · · · , N) is represented
by a box:

: N (5.84)

The tensor εi1i2···iN
is represented by a column of N boxes

: 1. (5.85)

It describes the singlet representation 1 of SU(N). Now εi1i2···iN
is a com-

pletely antisymmetric tensor:

εi1i2···iN
=




0, if any of the two indices are equal
±1, if i1 · · · iN is an even (odd)

permutation of 1, 2, · · · , N.

(5.86)

The N -dimensional representation N̄ is described by a column of (N − 1)
boxes.

: N̄ (5.87)

Hence we see that for SU(2), 2 and 2̄ are equivalent representation and
both will be represented by . Only for N ≥ 3, N and N̄ are distinct
representations.

We now discuss the decomposition of the product of representation N
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by itself into irreducible representations of SU(N).

⊗ = a ⊕

N N = 1
2N (N + 1) 1

2N(N − 1).
(5.88)

Thus N2 components decompose into two irreducible representations of
dimensions N (N+1)

2 and N (N−1)
2 viz.

φi φj =
1√
2

(Sij + Aij) , (5.89)

where

Sij =
1√
2

(φi φj + φj φi) . (5.90a)

Aij =
1√
2

(φi φj − φj φi) . (5.90b)

We can regard Sij as an N ×N matrix, but since it is a symmetric matrix,
it has only N2−N

2 + N = 1
2N (N + 1) independent elements and this gives

the dimension of symmetric representation Sij . Again if we regard Aij as
N×N matrix, we can easily see that it has N2−N

2 = 1
2N (N−1) independent

elements and this gives the dimension of antisymmetric representation Aij .

⊗ = ⊕

N − 1 N (N − 1)
Boxes Boxes Boxes in

the column

N̄ ⊗ N = 1 ⊕ Adjoint representation of dimension N2 − 1. (5.91)

Thus

φi φj = T i
j +

1
N

δi
j φk φk, (5.92a)
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where

T i
j = φi φj −

1
N

δi
j φk φk. (5.92b)

The adjoint representation has the same dimension as the number of gen-
erators of SU(N). For example for SU(6) : 6̄ ⊗ 6 = 1 ⊕ 35.

We now give a general recipe to calculate the dimension of irreducible
representations in the decomposition of the product of representation N

by itself. To calculate the dimension of an array of boxes there is a recipe
which involves calculation of Numerator

Denominator .

Numerator: Insert N in each of the diagonal boxes starting from the top
left-hand corner of the tableaux.

N N + 1 N + 2
N − 1 N N + 1
N − 2 N − 1 N

(5.93)

Along the diagonals immediately above and below insert N + 1 and N − 1
respectively. In the next diagonals insert N + 2 and so on. The numerator
is equal to the product of all these numbers. For example for the tableaux

N N + 1
N − 1 N

(5.94)

the numerator = N2 (N + 1) (N − 1) = N2 (N2 − 1).

Denominator: The denominator is given by the “product of hooks”. We
associate each box with a value of the hook. To find it, draw a line entering
the row in which the box lies from the right. On entering the box, this
line turns downwards through an angle of 90o and then proceeds along the
column until it leaves the diagram. The value of hook associated with that
box is then the total number of boxes that the line has passed through,
including the box in question. The product of hooks is the denominator.
We illustrate this by the following example. Consider the tableau (5.94).
The hooks associated with each box are shown in Eq. (5.95).

(5.95)
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We see that the denominator = 3×2×2×1 = 12. Hence the tableau (5.94)
corresponds to an irreducible representation of dimension N2

(
N2 − 1

)
/12.

Let us now consider some more examples:

(5.96)

To avoid double counting, we discard the slashed tableaux. Thus we can
write

φi φj φk ∼ T{ijk} + T[ij]k + T[ik]j + T[ijk]. (5.97)

Note further that

T[ij]k + T[ki]j + T[jk]i = 0. (5.98)

In order to find the dimension of these representations, we note that

(5.99)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

5.6. Applications of Flavor SU(3) 145

For example for SU(6) : 6 ⊗ 6 ⊗ 6 = 56 ⊕ 70 ⊕ 70 ⊕ 20.

(5.100)

Hence we have

(5.101)

For example for SU(3) : 3̄⊗ 3̄ = 6̄⊕ 3 and for SU(5) : 10 ⊗10 = 50 ⊕
45 ⊕ 5̄.

5.6 Applications of Flavor SU(3)

5.6.1 SU(3) Invariant BBP Couplings

If OA is an octet operator, the matrix elements of this operator between
the states |8, B〉 and |8, C〉 can be written as

〈8, C |OA| 8, B〉 = i fABC F + dABC D. (5.102)
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In particular if OA is pseudoscalar meson octet operator PA, and |8, B〉,
|8, C〉 are octet of baryon states, the BBP couplings can be written as

gABC = 2g [i fABC f + dABC d] . (5.103)

For example

gπ0pp = 2g

[
i f3

4 + i5√
2

4 − i5√
2

f + d3
4 + i5√

2
4 − i5√

2
d

]

= g (f + d) = −gπ0nn =
gπ−pn√

2
. (5.104)

We normalize gπ0pp = g, so that f + d = 1. Then

gKpΛ = g

(
−
√

3f − 1√
3
d

)
= − g√

3
(3f + d) = − g√

3
(1 + 2f) . (5.105)

In this way we can calculate all the relevant couplings:

gπΛΣ =
2√
3
(1 − f) g, gπΣΣ = 2 f g, gπΞΞ = −(1 − 2f) g

gKNΛ = − 1√
3
(1 + 2f) g, gKNΣ = −(1 − 2f) g

gKΛΞ = − 1√
3
(1 − 4f) g, gKΣΞ = − g

gη8NN = − 1√
3
(1 − 4f) g, gη8ΛΛ = − 2√

3
(1 − f) g

gη8ΣΣ =
2√
3
(1 − f) g, gη8ΞΞ = − 1√

3
(1 + 2f) g. (5.106)

Experimentally
g2

πNN

4π
≡ g2

4π
≈ 14

f ≥ 0.35, r ≡ d

f
=

1 − f

f
≤ 1.85. (5.107)

5.6.2 VPP Coupling

Here we take OA = VA, the vector meson octet and |8, B〉 and |8, C〉 are
octets of pseudoscalar meson states. Now under charge conjugation C:

VA → −ηAVA, (no summation over A)

|8, B〉 → ηA |8, B〉 , (5.108)

where

ηB =
(

+1, B = 1, 3, 4, 6, 8
−1, B = 2, 5, 7

)
. (5.109)
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Hence the invariance under charge conjugation gives

〈8, C |VA| 8, B〉 → −ηA ηB ηC 〈8, C |VA| 8, B〉
= −ηA ηB ηC [γF i fABC + γD dABC ]

= [γF i fABC + γD dABC ]. (5.110)

But [cf. Eq. (5.33)]

ηA ηB ηC fABC = −fABC

ηA ηB ηC dABC = dABC . (5.111)

Therefore, we have

γD = −γD or γD = 0.

Hence V PP has only F -type coupling. Thus

〈8, C |VA| 8, B〉 = i fABC 2γ, (5.112)

where we have put γF = 2γ. For example V3 = ρ0:〈
8,

1 − i 2√
2

|V3| 8,
1 + i 2√

2

〉
= i f3

1 + i 2√
2

1 − i 2√
2

2γ = 2γ. (5.113)

Thus γρππ = 2γ. It is straightforward to calculate the V PP coupling for
other members of the octet, which are given below:

γρππ = 2γ, γK∗+π0K+ = γ =
1√
2

γK∗+π+K0 , γω8KK̄
=

√
3γ. (5.114)

The decay width of decay V → PP is given by

Γ (V → PP ) =
γ2

V PP

4π

2
3

(
p3

cm

m2
V

)
. (5.115)

Hence we have

Γ (ρ → ππ) =
γ2

4π

8
3

(
p3

ππ

m2
V

)
= 149.1 ± 2.9 MeV. (5.116)

This gives γ2

4π ≈ 0.74. Now

Γtot

(
K∗+

→ Kπ
)

= Γ
(
K∗+

→ π0K+
)

+ Γ
(
K∗+

→ π+K0
)

=
γ2

4π
(1 + 2)

2
3

p3
Kπ

m2
K∗

,

and

Γtot

(
K∗+ → Kπ

)

Γ (ρ → ππ)
=

3
4

p3
Kπ/m2

K∗

p3
ππ/m2

ρ

≈ 0.29. (5.117)
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This gives Γtot

(
K∗+ → Kπ

)
≈ 44.5 MeV to be compared with the exper-

imental value 49.8 ± 0.8 MeV.
In broken SU(3), ω8 can mix with the singlet ω1, so that the physical

particles ω and φ are linear combinations of ω8 and ω1:

φ = ω8 cos θ − ω1 sin θ

ω = ω8 sin θ + ω1 cos θ(
φ

ω

)
=

(
cos θ − sin θ

sin θ cos θ

) (
ω8

ω1

)
. (5.118)

Let us now show that ω1 → PP is forbidden by charge conjugation
invariance. The invariant coupling in this case is

ω1µ P i
j ∂µ P j

i

which changes sign under charge conjugation. Hence

Γ
(
φ → K+K−)

= cos2 θ Γ
(
ω8 → KK̄

)

Therefore,

Γ
(
φ → K+K−)

= cos2 θ
γ2

4π

(
3 × 2

3

) (
p3

KK

m2
φ

)
, (5.119)

and

Γ (φ → K+K−)
Γ (ρ → ππ)

=
3
4

cos2 θ

(
p3

KK/m2
φ

p3
ππ/m2

ρ

)
= 0.013, (5.120)

where we have used cos2 θ = 2/3 [see Eq. (5.153) below]. This gives
Γ (φ → K+K−) = 1.95 MeV to be compared with the experimental value
2.1 MeV.

5.7 Mass Splitting in Flavor SU(3)

In exact SU(3), the particles belonging to an irreducible representation
of SU(3) must have the same mass. But we note that all members of a
supermultiplet do not have the same mass. This means that SU(3) is not
an exact symmetry of strong interactions, but is a broken symmetry of
these interactions. This means that the interaction Hamiltonian consists of
two parts viz.

H = H0 + H1, (5.121a)
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where
[
F i

j , H0

]
= 0 (5.121b)[

F i
j , H1

]
�= 0 (5.121c)

i.e. H0 is SU(3) invariant, but H1 breaks the SU(3) symmetry. If we take
H1 such that

[I, H1] = 0, [Y, H1] = 0, (5.122)

H1 still preserves the isospin symmetry and hypercharge is conserved in its
presence. The first of Eqs. (5.122) holds only in the absence of electromag-
netic interaction. In order that SU(3) to be meaningful, H1 must be at
least an order of magnitude weaker than H0.

The simplest general form of H1 in SU(3) which satisfies Eqs. (5.121c)
and (5.122) is

H1 ∼ T 3
3 or λ8. (5.123)

To get H1 from the quark model, the mass Hamiltonian for quarks is given
by

Hq = mu ū u + md d̄ d + ms s̄ s,

where mu, md and ms are masses of u-quark, d-quark and s-quark respec-
tively. In the exact SU(3) limit, mu = md = ms. If SU(3) is broken but
isospin symmetry SU(2) is still exact, then mu = md �= ms. Now one can
write

Hq = m̄
(
ū u + d̄ d

)
+ ms s̄ s + (mu − md)

ū u − d̄ d

2

=
2m̄ + ms

3
(
ū u + d̄ d + s̄ s

)

+
m̄ − ms√

3
1√
3

(
ū u + d̄ d − 2ss̄

)

+ (mu − md)
1
2

(
ū u − d̄ d

)
, (5.124)

where

m̄ =
mu + md

2
,

2m̄ + ms

3
=

mu + md + ms

3
≡ mq

(m̄ − ms)√
3

=
mu + md − 2ms

2
√

3
≡ λ

2
. (5.125)

Hq becomes

Hq = mq q̄ q + λ q̄
λ8

2
q + (mu − md) q̄

λ3

2
q. (5.126)
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This also shows that SU(3) symmetry breaking term transforms as λ8 under
SU(3).

It was shown by Okubo that for any irreducible representation (p, q) of
SU(3), the matrix element of tensor T 3

3 is given by

〈
(p, q) I, Y

∣∣T 3
3

∣∣ (p, q) I, Y
〉

= a + bY + c

[
Y 2

4
− I (I + 1)

]
, (5.127)

where a, b, c are independent of quantum numbers I and Y but in general
depend on (p, q). Thus we can write the mass formula for particles in a
multiplet of SU(3) as

m = m0 + ∆m = a + bY + c

[
Y 2

4
− I (I + 1)

]
. (5.128)

Let us apply this formula to baryon octet. Then from Eq. (5.128), we get

mN + mΞ

2
=

3mΛ + mΣ

4
(5.129)

whereas for pseudoscalar meson octet, we get

m2
K =

3 m2
η8

+ m2
π

4
. (5.130)

In Eq. (5.130), we have used squared masses, as in the Lagrangian for
bosons, the square of boson masses appear. Equations (5.129) and (5.130)
are well known Gell-Mann-Okubo mass formulae.

For the decuplet

I =
Y

2
+ 1, (5.131)

and Eq. (5.128) reduces to

m = a′ + b′Y (5.132)

and we obtain the equal spacing rule for the decuplet.

mΩ − mΞ∗ = mΞ∗ − mΣ∗ = mΣ∗ − m∆. (5.133)

The mass relations (5.129) and (5.133) are well satisfied experimentally and
are regarded as a great success of SU(3). Similarly for vector bosons we
get

m2
K∗ =

3 m2
ω8

+ m2
ρ

4
. (5.134)

Since due to mixing between ω8 and the singlet ω1, the physical particles
are φ and ω, the formula (5.134) is not directly applicable. We will come
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to this formula later. Similar remarks are applicable to the mass formula
(5.130).

For octet and decuplet representations of SU(3), one can easily derive
the mass formula as follows. We note from Eq. (5.126) that

H1 ∼ q̄
λ8

2
q = qi

(
λ8

2

)i

j

qj

=
(

λ8

2

)i

j

Oj
i = (T8)

i
j Oj

i (5.135)

where Oi
j is an octet operator viz.

Oi
j = qi qj −

1
3
δi
j qk qk (5.136)

and

T8 =
λ8

2
. (5.137)

Hence we see that H1 transforms under SU(3) as

H1 ∼ (T8)
i
j Oj

i =
(
M3

3

)i

j
Oj

i =
(

δ3
j δi

3 −
1
3
δ3
3 δi

j

)
Oj

i

= O3
3. (5.138)

Thus to first order in λ, the mass splitting for the state |A〉 of an SU(3)
multiplet is given by

∆m = λ 〈A |HI |A〉
= λ

〈
A

∣∣O3
3

∣∣ A
〉
. (5.139)

Let us apply it to baryon octet:

O3
3 =OF

(
B̄i

3 B3
i − B̄3

j Bj
3

)
+ OD

(
B̄i

3 B3
i + B̄3

j Bj
3

)

=OF

(
Ξ−Ξ− + Ξ0Ξ0 − p̄p − n̄n

)

+OD

[
Ξ−Ξ− + Ξ0Ξ0 + p̄p + n̄n + 2

(
− 2√

6
Λ̄

) (
− 2√

6
Λ

)]
. (5.140)

Hence we have

mp = m0 + λ (−OF + OD) = mn

mΣ = m0

mΛ = m0 +
4
3
λ OD

mΞ = m0 + λ (OF + OD) . (5.141)
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This gives the Gell-Mann-Okubo mass formula (5.129) for baryons.
For the decuplet, we have

λ O3
3 = λ T̄ ij3Tij3. (5.142)

This is the only possibility as Tijk is a completely symmetric tensor.

λ O3
3 =

[
T̄ 113T113 + 2T̄ 123T123 + 2T̄ 133T133

+ 2T̄ 233T233 + T̄ 223T223 + T̄ 333T333

]

= λ
[
2 Σ̄∗+ Σ∗+ + 2 Σ̄∗0 Σ∗0 + 2 Σ̄∗− Σ∗−

+ 4Ξ∗−Ξ∗− + 4 Ξ∗0Ξ∗0 + 6Ω̄−Ω−]
. (5.143)

This gives

m∆ = m0

mΣ∗ = m0 + 2λ

mΞ∗ = m0 + 4λ

mΩ− = m0 + 6λ, (5.144)

and hence this gives the mass relation (5.133) for the decuplet.
For octet of vector mesons

O3
3 = OD

[
V i

3 V 3
i + V 3

j V j
3

]

= OD

[
K̄∗+

K∗+
+ K̄∗−

K∗−
+ K̄∗0

K∗0
+ 2

(
− 2√

6
ω8

) (
− 2√

6
ω8

)]

(5.145)

Hence one gets

m2
ρ = m2

0

m2
K∗ = m2

0 + λ OD

m2
ω8

= m2
0 +

4
3
λ OD. (5.146)

This gives the octet formula (5.134) for vector mesons. Now ω8 and ω1 mix,
when SU(3) is broken, the mass matrix in ω8 and ω1 basis can be written

M2 =
(

m2
8 m2

18

m2
18 m2

1

)
. (5.147)

Using Eq. (5.118), we can diagonalize it:

UT M2U =
(

m2
φ 0

0 m2
ω

)
, (5.148)
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where

U =
(

cos θ − sin θ

sin θ cos θ

)
. (5.149)

This gives
m2

φ + m2
ω = m2

8 + m2
1 (5.150a)

m2
φ − m2

ω =
(
cos2 θ − sin2 θ

) (
m2

8 − m2
1

)

+4 sin θ cos θ m2
18, (5.150b)

tan 2θ =
2 m2

18

m2
8 − m2

1

(5.151a)

tan2 θ =
m2

φ − m2
8

m2
8 − m2

ω

=
3 m2

φ − 4 m2
K∗ + m2

ρ

4 m2
K∗ − m2

ρ − 3 m2
ω

. (5.151b)

Now using mK∗ = 892 MeV, mρ = 770 MeV, mω = 783 MeV and mφ =
1020 MeV, we have m8 ≡ mω = 930 MeV, m1 ≡ mω = 880 MeV and

tan θ ≈ 0.84, θ ≈ 40◦. (5.152)
It is tempting to take

tan θ ≈ 1√
2
≈ 0.71, θ ≈ 35.3◦. (5.153)

For this case sin θ ≈ 1√
3
, cos θ ≈

√
2√
3

and

|φ〉 =
√

2√
3
|ω8〉 −

1√
3
|m1〉 = − |s s̄〉 (5.154a)

|ω〉 =
1√
3
|ω8〉 +

√
2√
3
|ω1〉 =

∣∣∣∣
u ū + d d̄√

2

〉
. (5.154b)

Hence we have
m2

ω = m2
ρ (5.155a)

and from Eqs. (5.151b) and (5.153)
m2

φ − m2
ω = 2

(
m2

K∗ − m2
ρ

)
. (5.155b)

Equation (5.153) gives the “ideal mixing”. With this mixing φ is made
up of ss̄, i.e. of strange quarks only. Experimentally it is observed that φ →
ρπ or 3π is very much suppressed as compared with φ → KK̄. Note that ρπ

or 3π does not contain any strange quark. The suppression of φ decay into
non-strange particles is explained by the so-called Okubo-Zweig-Iizuka rule
(OZI rule): “The decays which correspond to disconnected quark
diagrams are forbidden”. Thus the decay in Fig. 5.6a is allowed but
the decay in Fig. 5.6b is forbidden. There is no theoretical basis for the
OZI rule. No strong interaction selection rule forbids the decay of φ → ρπ

or 3π. But experimentally this rule seems to be well satisfied. The small
decay width for φ → ρπ (3π) can be explained by some deviation from the
“ideal mixing” which allows small admixture of non-strange quarks in φ.
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Fig. 5.6 (a) φ → KK̄ decay allowed by OZI rule, (b) φ → π+π−π0 decay suppressed
by OZI rule.

5.8 Problems

(1) Show that for a vector operator Oi(i = 1, 2) under SU(2)

[IA, Oi] = Oj

(τA

2

)j

i
, A = 1, 2, 3.

Given

〈α, 3/2,−1/2 |O1|β, 1,−1〉 = F,

find

〈α, 3/2,−3/2 |O2|β, 1,−1〉 .

The states are labelled as |α, I, I3〉.
(2) Suppose that (τA)i

j ≡ (τA)ij and (σA)α
β ≡ (σA)αβ are Pauli matrices in

two different two-dimensional spaces. In the four-dimensional product
space, define the basis vectors

|µ = 1〉 = |i = 1〉 |α = 1〉 , |µ = 2〉 = |i = 1〉 |α = 2〉
|µ = 3〉 = |i = 2〉 |α = 1〉 , |µ = 4〉 = |i = 2〉 |α = 2〉 .
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Define
TAB = τA ⊗ σB ; (TAB)µ

ν = (τA)i
j (σB)α

β ,

µ, ν = 1, · · · , 4, A,B = 1, 2, 3.

Evaluate
T21 = (τ2 ⊗ σ1) , as a 4 × 4 matrix.

(3) A second ranked mixed tensor T i
j transforms as φ∗

i φj , under the unitary
transformation

φ′
i = aj

i φj ,

show that
[
F i

j , T k
l

]
= δi

l T k
j − δk

j T i
l .

(4) (a). Using the following relation for SU(3):
[
F i

j , qk

]
= δi

k qj −
1
3
δi
j qk,

show that

F 2
1 |d〉 = |u〉 , F 1

3 |u〉 = |s〉 .

(b). Using the relation
[
F i

j , B̄k
l

]
= δj

l B̄k
j − δk

j B̄i
l

and Eq. (5.60b) of the text, show that

F 1
2

∣∣Σ+
〉

= −
√

2
∣∣Σ0

〉
, F 2

3 |p〉 = −
∣∣Σ+

〉
.

(5) From the group property

U−1(b) U(a) U(b) = U(b−1ab),

derive the commutation relation for the generators of the unitary group
U(N):

[
Aj

i , Al
k

]
= δj

k Al
i − δl

i Aj
k.

(6) Show that λ1, λ2 and λ3 generate an SU(2) subalgebra of SU(3). Show
that the representations generated by the remaining λ’s or their lin-
ear combinations transform as doublets and singlet representations of
SU(2).

(7) Show that λ2, λ5 and λ7 generate an SU(2) subalgebra of SU(3). Show
that the representation generated by the linear combinations of remain-
ing λ’s transform as 5-dimensional representation of SU(2).
Hint: λ5 ∓ iλ2 act as raising and lowering operators.

(8) Find the matrix generators λA (A = 1, · · · , 15) for the group SU(4).
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(9) The following assignments for 3 quarks are given instead of the usual
ones:

B S I I3

u′ 1 −2 1/2 1/2
d′ 1 −2 1/2 −1/2
s′ 1 −3 0 0

Find the charge Q and hypercharge Y for each quark in this case.
Mesons can be constructed as q̄′ q as before. If baryons are constructed
as q′ q′ q′, can the above assignment of quarks work? If not, discuss
the difficulties encountered.

(10) Find the U -spin eigenstates for the baryon octet and decuplet. Plot
them on Q versus U3 plot.

(11) As far as SU(3) is concerned, magnetic moment operator transforms
as T 1

1 which is singlet under U -spin. Using this fact and the U -spin
multiplets found above, show that the baryon octet magnetic moments
are related as follows:

µΣ+ = µp, µΣ− = µΞ− , µΞ0 = µn =
1
2

(3µΛ − µΣ0) ,

µΣ0−Λ0 = −
√

3
2

(µΛ − µΣ)

(12) In SU(3), find

10 ⊗ 8, 10 ⊗ 10, 8 ⊗ 3̄.

(13) In SU(5), show that

5̄ ⊗ 5 = 24 ⊕ 1, 10 ⊗ 10 = 5̄ ⊕ 50⊕45

5̄ ⊗ 10 = 5 ⊕ 45, 10 ⊗ 10 = 1 ⊕ 24 ⊕ 75.

(14) Consider the representation 6 of SU(3). Write down the particle con-
tent of this representation in terms of quarks. If SU(3) breaking Hamil-
tonian HI transforms as O3 or T8, write down the mass formula for
these particles.

(15) Draw the weight diagrams for the 15 plet and 27 vlet representations
of SU(3).

(16) Consider the O− nonet. Experimental masses are

mπ = 137 MeV, mK = 496 MeV,

mη = 549 MeV, mη′ = 958 MeV.
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From the octet mass formula, find mη8 . Compare it with mη. Assuming
that discrepancy between the two values is entirely due to η1−η8 mixing
in broken SU(3), so that

|η′〉 = cos θ |η1〉 + sin θ |η8〉 , |η〉 = − sin θ |η1〉 + cos θ |η8〉 ,

find from the experimental masses and mη8 , the values of mη1 and the
mixing angle θ. If we write

|η〉 = cos φ |ηns〉 − sin φ |ηs〉 , |η′〉 = sinφ |ηns〉 + cos φ |ηs〉 ,

where

|ηns〉 =
1√
2

∣∣ū u + d̄ d
〉
, |ηs〉 =

1√
2
|s̄ s〉 ,

show that

φ = tan−1
√

2 + θ.

(17) You are given an octet operator

O = cos θ O1+i2 + sin θ O4+i5,

determine the SU(3) matrix elements for the transitions:
n → p , Σ− → n , Σ → Λ , Σ0 → p

Ξ− → Ξ0 , Ξ0 → Λ , Ξ0 → Σ , Ξ− → Σ+

in terms of F , D and θ.
(18) Write down the D B P couplings in the SU(3) limit for the process

D → B p

where

D : Bayron decuplet JP = 3/2+

B : Baryon octet JP = 1/2+

P : Meson octet JP = O−.

Hence show that for the energetically allowed decays, they are in the
following ratios:

∆++

→ pπ+ : Σ∗+

→ Λπ
:

Σ∗

→ Σπ
: Ξ∗0

→ Ξ−π+ :
Ξ∗−

→ Ξ∗0
π0

−
√

6 :
√

3 : 1 :
√

2 : −1
(19) Show that why in Eq. (5.102), only two reduced matrix elements F

and D are possible?
Hint: From field operators B̄i

j , Bi
j and P i

j one can form only two in-
dependent SU(3) scalars: B̄i

jiγ5B
j
kP k

i and B̄i
jiγ5P

j
kBk

i , giving Yukawa

coupling between pseudoscalar mesons and J0 = 1
2

+ baryons. The
above two scalars can be arranged antisymmetric HF and symmetric
HD combinations.
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Chapter 6

SU(6) and Quark Model

6.1 SU(6)

Quarks have spin 1/2. The well-known baryons with spin 1/2 and spin 3/2
are in the octet and decuplet representations of flavor SU(3). We note that
within each representation the mass splitting between adjacent members is
of the same order. For example

mΛ − mN ≈ 170 MeV, mΞ − mΣ = 125 MeV;

mΣ∗ − m∆ ≈ 153 MeV, mΩ − mΞ∗ = 142 MeV.

It is tempting to put these two representations in an irreducible representa-
tion of a group higher than SU(3). But octet and decuplet representations
have different spins. This means that the proposed group cannot com-
mute with angular momentum (spin). The proposed group must contain
SU(3) ⊗ SUσ(2) as its subgroup. This might cause some trouble, since we
are combining an internal symmetry with a space-time symmetry. It does
cause trouble but this does not show up until one tries to make the theory
relativistic [see Chap. 17].

We note that spin 3/2 baryon decuplet has (10 × 4) states and spin
1/2 baryon octet has (8 × 2) states. Thus, we look for an irreducible
representation with 56 dimensions. Such a representation occurs in the
decomposition of the product of representation 6 of SU(6) by itself viz.

6 ⊗ 6 ⊗ 6 = 56 ⊕ 70 ⊕ 70 ⊕ 20. (6.1)
The representation 56 is completely symmetric irreducible representation of
SU(6). The six quark states (in this section we will not write | 〉 explicitly)
(u ↑ u ↓ d ↑ d ↓ s ↑ s ↓) can be put in the fundamental representation 6.
We denote such a state as Ψiα : α = 1, 2; i = 1, 2, 3. In matrix notation.

Ψ ≡
(

u ↑ d ↑ s ↑
u ↓ d ↓ s ↓

)
. (6.2)
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Now SU(3), SU(2) and SU(3)⊗SU(2) are subgroups of SU(6). The
representation 6 splits under these subgroups as shown in the table below:

Subgroups Quarks Representation Generators
of SU(6)

SU(3)
(u ↑ d ↑ s ↑)

(3, 1)
,
(u ↓ d ↓ s ↓)

(3, 1)

1
2λA ⊗ 1

A = 1 · · · 8

SU(2)
(u ↑ u ↓)
(1, 2)

,
(d ↑ d ↓)
(1, 2)

,
(s ↑ s ↓)
(1, 2)

1 ⊗ 1
2 σn

n = 1, 2, 3

SU(3) × SU(2) (3, 2)
(

λA

2 ⊗ σn

2

)

Thus, one can see that SU(6) has 35 generators. Hence the adjoint
representation of SU(6) has dimension 35 and is given in the following
decomposition:

6 ⊗ 6̄ = 35 ⊕ 1. (6.3)

The representations 56 and 35 split under the subgroup SU(3)⊗SU(2) as
follows:

56 : [(3, 2) ⊗ (3, 2) ⊗ (3, 2)]symmetric

=
(10, 4) + (8, 2)
baryon

decuplet
baryon
octet

(6.4)

35 :
[
(3, 2) ⊗

(
3, 2

)]

=

(8, 3) ⊕ (1, 3) ⊕ (8, 1) ⊕ (1, 1)
nonet

of vector
mesons

octet of
pseudoscalar

mesons

singlet
pseudoscalar

meson

(6.5)

6.1.1 SU(6) Wave Function for Mesons

The mesons are composite of qq. The lowest lying mesons have

(qq)L=0 and P = (−1) (−1)0 = −1.

The spin wave functions are given by:

Spin singlet state : χA =
1√
2
|↑↓ − ↓↑〉 (6.6a)
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Spin triplet states: χ1,0,−1
S = |↑↑〉 ,

1√
2
|↑↓ + ↓↑〉 , |↓↓〉 . (6.6b)

The spin singlet state is antisymmetric, it gives JP = 0−, whereas the spin
triplet states are symmetric and gives JP = 1−. Thus one can write SU (6)
states for

JP = 0−
(
1S0

)
:

(qiq̄j)L=0 χA = (qiq̄j)
1√
2

(
↑(i)↓(j) − ↓(i)↑(j)

)

For example

π+ =
(
u↑d̄↓ − u↓d̄↑

)

π0 =
1
2

(
u↑ū↓ − u↓ū↑ − d↑d̄↓ + d↓d̄↑

)

Similarly one can write SU (6) states for other members of nonent. For
JP : 1−

(
3S1

)
, SU (6) states are as follows:

Jz = 1 Jz = 0 Jz = −1
(qiq̄j)L=0 χ1

S (qiq̄j)L=0 χ0
S (qiq̄j)L=0 χ−1

S

(qiq̄j)
(
↑(i)↑(j)

)
(qiq̄j) 1√

2

(
↑(i)↓(j) + ↓(i)↑(j)

)
(qiq̄j)

(
↓(i)↓(j)

)

ρ+ :
(
u↑d̄↑

)
1√
2

(
u↑d̄↓ + u↓d̄↑

) (
u↓d̄↓

)

ω0 : 1√
2

(
u↑d̄↑ + u↑d̄↑

)
1
2

(
u↑ū↓ + u↓ū↑ + d↑d̄↓ + d↓d̄↑

)
1√
2

(
u↓d̄↓ + u↓d̄↓

)

Similarly one can write for other states.
We now briefly discuss, the p-wave, i.e. L = 1 mesons:

(qq̄)L=1 , Parity P = (−1) (−1)1 = +1

For L = 1 mesons, we have the following SU (6) wave functions

(qq̄)L=1 χ0
A : 1P1 state 1+

(qq̄)L=1 χ1,0,−1
S : 3P0 state 0+

: 3P1 state 1+

: 3P2 state 2+

Now C-parity for the mesons composite of identical flavor quark and anti-
quark C = (−1)L+S and G-parity G = C (−1)I

. Hence for

L = 0 S = 0 C = +1 G = 1− π

L = 0 S = 0 C = +1 G = 1+ η, η′

L = 0 S = 1 C = −1 G = 1+ ρ

L = 0 S = 1 C = −1 G = 1− ω, φ
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For

L = 1 S = 0 C = −1 1P1 1+−

L = 1 S = 1 C = 1 3P0,
3P1,

3 P2 0++, 1++, 2++

Hence in the quark model we have nonent of these states. Some of these
states can be identified in the particle data book.

Lowest lying baryons are made up of three quarks: (qqq)L=0, P =
(−1)0(1)3 = 1. Here we have to combine three spin 1/2’s. In this case we
have the following decomposition:

⊗ ⊗
2 2 2

⊕ ⊕
4 2 2

Completely Mixed Mixed
Symmetric Symmetry Symmetry

Spin 3
2 Spin 1

2 Spin 1
2

It is convenient to combine first two spin 1/2’s. For this case we have
S = 0 with spin wave function χA [Eq. (6.6a)] and S = 1 with spin wave
functions χS [Eq. (6.6b)]. Let us now combine spin 0 with the remaining
spin 1/2 and we get the spin S = 1/2 and the following wave function χMA:

χ
1/2
MA =

1√
2
|(↑↓ − ↓↑) ↑〉 , χ

−1/2
MA =

1√
2
|(↑↓ − ↓↑) ↓〉 . (6.7)

Now combine spin 1 with the remaining spin 1/2. For this case one gets
S = 3/2 and S = 1/2. The spin wave functions for this case are given in
Table 6.1.

In table 6.1, the numerical coefficients are Clebsch-Gordon coefficients
in combining spin 1 and spin 1/2.

The state function for the completely symmetric representation 56 of
SU(6) can be written:

ΦS χS +
1√
2

[ΦMS χMS + ΦMA χMA] , (6.8)

where [cf. Eqs. (5.63), (5.58) and (5.59)]

ΦS = |Tijk〉 (6.9a)
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Table 6.1 Spin wave functions for S = 3/2 and S = 1/2 resulting in the
combination of spin 1 and spin 1/2.

Sz = 3/2 Sz = 1/2 Sz = −1/2 Sz = −3/2

χ
3/2
S Symmetric:

|↑↑↑〉 ,
1√
3
|↑↑↓ + ↑↓↑
+ ↓↑↑〉 ,

1√
3
|↓↓↑ + ↓↑↓
+ ↑↓↓〉 ,

|↓↓↓〉

χ
1/2
MS(Mixed
symmetry:
symmetric
in 1 and 2)

1√
3

∣∣∣− (↑↓+↓↑)↑√
2

+
√

2 ↑↑↓
〉

,

1√
3

∣∣∣ (↑↓+↓↑)↓√
2

−
√

2 ↓↓↑
〉

ΦMA = B
i

j |0〉 , ΦMS = − B′i
j |0〉 . (6.9b)

The spin state functions χS , χMS and χMA are given in Table 6.1 and Eq.
(6.7). Using Tables 5.4 and 6.1, we can write the state function ΦS χS for
the decuplet. For example,

∣∣∆0, Sz = 1/2
〉

=
1√
3

(u u d + u d u + d u u)

× 1√
3

(↑↑↓ + ↑↓↑ + ↓↑↑)

=
1
3




u↑u↑d↓ + u↑d↑u↓ + d↑u↑u↓

+u↑u↓d↑ + u↑d↓u↑ + d↑u↓u↑

+u↓u↑d↑ + u↓d↑u↑ + d↓u↑u↑


 . (6.10)

∣∣∣∣∆+, Sz =
3
2

〉
=

1√
3

(u u d + u d u + d u u) |↑↑↑〉 (6.11)

=
1√
3

(
u↑u↑d↑ + u↑d↑u↑ + d↑u↑u↑)

∣∣∣∣Ω−, Sz =
3
2

〉
= s s s |↑↑↑〉 =

∣∣s↑s↑s↑〉 . (6.12)

Similarly one can calculate all the other states.
For baryon octet 1/2+ states, we explicitly calculate the state



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

164 SU(6) and Quark Model

|p, Sz = 1/2〉. It is given by

|p, Sz = 1/2〉 =
−1√

2

{
[(u d + d u) u − 2u u d] − 1√

6
[(↑↓ + ↓↑) ↑ −2 ↑↑↓]

+
(
1/
√

2
) [

(u d − d u) u
1√
2

[(↑↓ − ↓↑) ↑]
]}

=
1

6
√

2




(
u↑d↓ + u↓d↑

)
u↑ − 2u↑d↑u↓

+
(
d↑u↓ + d↓u↑) u↑ − 2d↑u↑u↓ − 2u↑u↓d↑

−2u↓u↑d↑ + 4u↑u↑d↓ + 3u↑d↓u↑

−3u↓d↑u↑ − 3d↑u↓u↑ + 3d↓u↑u↑




=
1√
18




2u↑d↓u↑ + 2u↑u↑d↓ + 2d↓u↑u↑

−u↑u↓d↑ − u↑d↑u↓ − u↓d↑u↑

−d↑u↓u↑ − d↑u↑u↓ − u↓u↑d↑


 . (6.13)

The rest of the states can also be calculated in a similar way. (See problem
6.3.)

Finally we give the state functions for the representations 70, 70 and
20. They are as follows:
Representation 70 : MS

ΦS χMS : (10, 2) : 20
ΦMS χS : (8, 4) : 32
1√
2

(−ΦMS χMS + ΦMA χMA) : (8, 2) : 16
ΦA χMA : (1, 2) : 2, ΦA =

∣∣Λ0
1

〉
[cf. Eq. (5.62)].

Representation 70 : MA
ΦS χMA : (10, 2) : 20
ΦMA χS : (8, 4) : 32
1√
2

(ΦMS χMA + ΦMA χMS) : (8, 2) : 16
ΦA χMA : (1, 2) : 2

Representation 20
ΦA χS : (1, 4) : 4
1√
2

(ΦMS χMA − ΦMA χMS) : (8, 2) : 16
We will not give the detailed identification for these states.

6.2 Magnetic Moments of Baryons

Magnetic moment operator is given by
µ̂ = gµ0 J / �. (6.14)

Define the magnetic moment µ of a particle of mass m:
µ = gµ0J, (6.15)
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where

µ0 = e�/2mc (6.16)

and J is the angular momentum which appears in the eigenvalue of J2

which is J(J + 1)�2. For electron, J = 1/2, g = −2, i.e.

µe = −e� / 2mec. (6.17)

For a spin 1/2 particle, J = 1/2�σ. Thus for a quark, the magnetic moment
operator is given by

µ̂q = 2Qq

(
e�

2mqc

)
1
2
σq

= µqσq, (6.18)

where

µq = Qq

(
e�

2mqc

)
(6.19)

is the magnetic moment of the quark.
The magnetic moment operator for a baryon of JP = 1/2+ in the quark

model is given by

µ̂B =
∑

q

µqσq. (6.20)

We need to calculate the expectation value of µ̂Bz viz.

µB = 〈µ̂Bz〉 =
∑

q

µq 〈σqz〉 . (6.21)

Let us explicitly calculate the magnetic moment of the proton. For the
proton

µ̂pz = µuσuz + µdσdz + µuσuz. (6.22)

Using the proton state |p, σz = 1〉 as given in Eq. (6.13), we have (we will
not write σz = 1 explicitly in the state)

µ̂pz |p〉 =
1√
18





2 (µu − µd + µu) u↑d↓u↑ + 2 (µu + µu − µd) u↑u↑d↓

+2 (−µd + µu + µu) d↓u↑u↑ − (µu − µu + µd)u↑u↓d↑

− (µu + µd − µu)u↑d↑u↓ − (−µu + µd + µu) u↓d↑u↑

− (µd − µu + µu) d↑u↓u↑ − (µd + µu − µu) d↑u↑u↓

− (−µu + µu + µd) u↓u↑d↑





(6.23)
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Hence

µp = 〈p| µ̂pz |p〉

=
1
18

[12 (2µu − µd) + 6µd]

=
4
3
µu − 1

3
µd. (6.24)

Similarly, we can also calculate the magnetic moments for the rest of the
baryons in the octet.

However, one can use simplified state functions to calculate the magnetic
moments. In this calculation the order in which quarks appear is important.
For the proton, write the state function

|p〉 = |u u d〉 χ
1/2
MS = |u u d〉

(
− 1√

6

)
|[(↑↓ + ↓↑) ↑ −2 ↑↑↓]〉 (6.25)

σz (1) |[(↑↓ + ↓↑) ↑ −2 ↑↑↓]〉 = |[(↑↓ − ↓↑) ↑ −2 ↑↑↓]〉 (6.26a)

σz (2) |[(↑↓ + ↓↑) ↑ −2 ↑↑↓]〉 = |[(− ↑↓ + ↓↑) ↑ −2 ↑↑↓]〉 (6.26b)

σz (3) |[(↑↓ + ↓↑) ↑ −2 ↑↑↓]〉 = |[(↑↓ + ↓↑) ↑ +2 ↑↑↓]〉 . (6.26c)

Hence

µ̂pz χ
1/2
MS = [µuσz (1) + µuσz (2) + µdσz (3)]χ1/2

MS

=
(
− 1√

6

)
{−4µu |↑↑↓〉 + µd |[(↑↓ + ↓↑) ↑ +2 ↑↑↓]〉} .

(6.27)

Therefore,

µp = 〈µ̂pz〉p =
1
6

[8µu + (1 + 1 − 4) µd]

=
4
3
µu − 1

3
µd

For
∣∣Λ0

〉
, the simplified state function is given by
∣∣Λ0

〉
= − |u d s〉 χ

1/2
MA = − |u d s〉 1√

2
|(↑↓ − ↓↑) ↑〉 (6.28)

µ̂Λz = µuσz (1) + µdσz (2) + µsσz (3) (6.29)

µ̂Λzχ
1/2
MA =

1√
2

[
µu |(↑↓ + ↓↑) ↑〉 + µd |(− ↑↓ − ↓↑) ↑〉

+µs |(↑↓ − ↓↑) ↑〉

]
. (6.30)
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Therefore,

µΛ = 〈µ̂Λz〉Λ =
1
2

[0 + 2 µs] = µs. (6.31)

For
∣∣Σ0

〉
, the simplified state function is

∣∣Σ0
〉

= |u d s〉 χ
1/2
MS = |u d s〉

(
− 1√

6

)
|[(↑↓ + ↓↑) ↑ −2 ↑↑↓]〉 (6.32)

µ̂Σ0zχ
1/2
MS = − 1√

6
{µu |[(↑↓ − ↓↑) ↑ −2 ↑↑↓]〉

+µd |[(− ↑↓ + ↓↑) ↑ −2 ↑↑↓]〉
+µs |[(↑↓ + ↓↑) ↑ +2 ↑↑↓]〉}. (6.33)

Therefore,

µΣ0 = 〈µ̂Σ0z〉Σ0 =
1
6

[µu (4) + µd (4) + µs (1 + 1 − 4)]

=
2
3
µu +

2
3
µd − 1

3
µs. (6.34)

From Eqs. (6.30) and (6.32), we get

µΣ0−Λ0 =
〈
Σ0

∣∣ µ̂Λz |Λ〉

=
1√
12

[2µu − 2µd]

=
1√
3

[µu − µd] = µΛ0−Σ0 . (6.35)

The magnetic moments for the rest of the baryons in the octet, can be
written from Eq. (6.23) as follows:

µn : (µu ←→ µd) =
4
3

µd − 1
3

µu. (6.36)

µΣ+ : (µd ←→ µs) =
4
3

µu − 1
3

µs. (6.37)

µΣ− : (µu ←→ µd in µΣ+) =
4
3

µd − 1
3

µs. (6.38)

µΞ0 : (µd ←→ µs in µn) =
4
3

µs −
1
3

µu. (6.39)

µΞ− : (µu ←→ µd in µΞ0) =
4
3

µs −
1
3

µd. (6.40)

In order to compare these magnetic moments with their experimental val-
ues, we introduce the following quantities:

µ0 =
e�

2mc
, m =

mu + md

2
. (6.41)
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We can write

µ0 = µN

(mp

m

)
, (6.42a)

where

µN =
e�

2mpc
. (6.42b)

Here µN is the nucleon magneton. Thus we can write the magnetic moments
of u, d and s quarks in terms of µN :

µu =
2
3

(
mp

mu

)
µN (6.43a)

µd = −1
3

(
mp

md

)
µN (6.43b)

µs = −1
3

(
mp

ms

)
µN . (6.43c)

We will now assume isospin symmetry, i.e. will take mu = md = m.
We see that there are two unknown numbers m and ms. These numbers
will be fixed from the experimental values of µp and µΛ. From Eqs. (6.24),
(6.31) and (6.42b), we obtain

µp =
mp

m
µN = 2.793 µN . (6.44)

µΛ = −1
3

mp

ms
µN = −0.613 µN . (6.45)

On the right-hand side of Eqs. (6.44) and (6.45), we have put their exper-
imental values. From Eqs. (6.44) and (6.45), we get

m = mu = md ≈ 336 MeV (6.46a)

ms ≈ 510 MeV. (6.46b)

It is interesting to compare these values with those obtained from the naive
quark model. Now proton is made up of uud quarks and Λ is made up of
uds quarks:

3 m = mp, m ≈ 313 MeV (6.47a)

2 m + ms = mΛ, ms =
3mΛ − 2mp

3
= 490 MeV. (6.47b)

The masses of u, d and s quarks given in Eqs. (6.46a) and (6.46b)
are called the constituent quark masses. These are effective masses of the
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quarks confined in a hadron. The constituent quark masses are quite dif-
ferent from those appearing in the Hamiltonian or the Lagrangian. These
masses are called current quark masses [see Chap. 11].

Using Eqs. (6.43) and (6.44), we get

µu ≈ 1.862 µN (6.48a)

µd ≈ −0.991 µN (6.48b)

µs ≈ −0.613 µN . (6.48c)

Using Eqs. (6.48) the predictions of quark model for the baryon magnetic
moments as given in Eqs. (6.24), (6.31) and (6.34)-(6.40) are tabulated in
Table 6.2 along with their experimental values. If we put mu = md = ms,
in Eqs. (6.24), (6.31) and (6.34)-(6.40), one gets the SU(6) predictions

µp = µΣ+ = −3
2

µn = −3 µΛ = −3 µΣ− = 3 µΣ0

= −3
2

µΞ0 = −3 µΞ− =
√

3 µΣ0−Λ0 . (6.49)

We conclude this section by the following observations:
1) The quark model is simpler than SU(6).
2) It is more predictive than SU(6). It gives information about the scale of
magnetic moments.
3) It gives good account of some corrections to SU(6) relations.
From Table 6.2, we see the agreement between quark model values of baryon
magnetic moments and their experimental values is not bad.

Table 6.2 Magnetic moments of baryons: Quark model predictions
and comparison with their experimental values.

Magnetic
moment

Quark model values (in µN )
Experimental
values (in µN )

µp input 2.793

µn −1.862 : 4
3
µd − 1

3
µu −1.913

µΛ input −0.613 ± 0.004

µΣ+ 2.687 : 4
3
µu − 1

3
µs 2.458 ± 0.010

µΣ− −1.037 : 4
3
µd − 1

3
µs −1.160 ± 0.025

µΣ0 0.785 : 2
3
µu + 2

3
µd − 1

3
µs −

µΞ0 −1.438 : 4
3
µs − 1

3
µu −1.250 ± 0.014

µΞ− −0.507 : 4
3
µs − 1

3
µd −0.6507 ± 0.0025

µΣ0−Λ0 1.647 : 1√
3

(µu − µd) 1.61 ± 0.08
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6.3 Radiative Decays of Vector Mesons

For a quark and antiquark system, the Hamiltonian is given by

H =
p̂2

1

2m1
+

p̂2
2

2m2
+ V (r1, r2)

=
(σ1·p̂1) (σ1·p̂1)

2m1
+

(σ2·p̂2) (σ2·p̂2)
2m2

+ V (r1, r2) . (6.50)

To introduce electromagnetic interaction, we make the gauge invariant re-
placement

p̂ → p̂ − eQA (r,t) , (6.51)

where A (r, t) is the electromagnetic field, e Q is the electric charge of the
quark and p̂ = −i∇. From Eqs. (6.50) and (6.51), we get

H =
2∑

i=1

[
1

2mi
p̂2

i −
e Qi

2mi
(σi · p̂i) (σi · A (ri, t))

− e Qi

2mi
(σi · A (ri, t))σi · p̂i + e2 Q2

i

2mi
A2 (ri, t)

]
+ V (r1, r2) .

(6.52)
Using the identities

(σ · p̂) (σ · A) + (σ · A) (σ · p̂) = p̂ · A + A·p̂ + iσ · (−i∇× A) (6.53a)

p̂ · A = A·p̂ −∇ · A (6.53b)

and the gauge condition

∇ · A = 0, (6.53c)

Eq. (6.52) becomes

H = H0 + Hint, (6.54)

where

H0 =
2∑

i=1

1
2mi

p2
i + V (r1, r2) (6.55)

Hint = −e
∑

i

Qi

2mi
[2A (ri, t) · p̂i + iσi (−i∇i × A (ri, t))] . (6.56)

In Eq. (6.56), the second order term e2 has been neglected. Now [see
Appendix A]

A (r, t) =
1√
2V

∑
k′

∑
λ′

1√
ω′

[
ελ′

aλ′ (k′) eik′·re−iω′t

+ε∗λ′
a†

λ′ (k′) e−ik′·reiω′t

]
(6.57)
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where ελ′
is the polarization vector, aλ′ (k′) and a†

λ′ (k′) are the annihila-
tion and creation operators for the photon respectively. They satisfy the
commutation relation[

aλ (k) a†
λ′ (k′)

]
= δλλ′ δ (k − k′) . (6.58)

Let us now consider the emission of a photon viz the process

a → b + γ. (6.59)

We note that

aλ (k) |a〉 = 0 (6.60a)

〈b γ| = 〈b| aλ (k) (6.60b)

〈b γ| a†
λ′ (k′) = 〈b | aλ (k) a†

λ′ (k′)

= 〈b |
[
δλλ′ δ (k − k′) − a†

λ′ (k′) aλ (k)
]
.

(6.60c)

It is clear from Eqs. (6.60a), (6.60b), and (6.60c) that only second half of
Eq. (6.57) contributes and the matrix elements for the process (6.59) are
given by

Hba = −e
∑

i

〈b | Qi

2mi

1√
2V ω

e−ik·ri

×
[
2ε∗λ · p̂i − iσi ·

(
k × ε∗λ

)]
|a〉 eiωt, (6.61)

where we have used

−∇× A ∝ (−i)2 k × ελ∗
. (6.62)

In Eq. (6.61), the term with 2 ελ∗ · ∧pi gives the electric transition and the
term σi

(
k × ε∗λ′

)
gives the magnetic transition.

Making the dipole approximation so that in the expansion

e−ik·ri = 1 − i k · ri + · · · , (6.63)

we retain only the first term. Then

HE1
ba = −e

∑
i

1√
2V ω

〈b|Qi
p̂i

mi
|a〉 · ελ∗

eiωt. (6.64)

Now

i
p̂i

mi
= [ri, H0] + 0(e). (6.65)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

172 SU(6) and Quark Model

We now choose the center-of-mass (c.m.) frame and introduce

r = r1 − r2 (6.66a)

R =
m1r1 + m2r2

m1 + m2
(6.66b)

1
µ

=
1

m1
+

1
m2

. (6.66c)

In the c.m. frame R = 0, so that

[R, H] = 0. (6.67)

Therefore, Eqs. (6.64)-(6.67):

HE1
ba =

ieµω√
2V ω

[
〈b|

(
Q1

m1
− Q2

m2

)
r |a〉 · ελ∗

]
eiωt, (6.68)

where we have used the fact that |a〉 and |b〉 are eigenstates of H0 with
eigenvalues Ea and Eb:

H0 |a〉 = Ea |a〉 , (6.69a)

H0 |b〉 = Eb |a〉 , (6.69b)

Ea − Eb = ω. (6.69c)

We shall make use of Eq. (6.68) later. Here we consider the magnetic
transition in dipole approximation, i.e. allowed M1 transition. For M1
transition we get from Eq. (6.61)

HM1
ba =

i e√
2V ω

〈b|
∑

i

Qi

2mi
σi ·

(
k × ελ∗

)
|a〉 eiωt. (6.70)

We consider the decays of the form

V → P + γ

3S1 → 1S0 + γ. (6.71)

For the transition 3S1 → 1S0 , �L = 0 and there is no change in parity.
Therefore, it is M1 transition and the Hamiltonian given in Eq. (6.70) is
relevant for the decay (6.71). Now we can write

σ ·
(
k × ελ∗

)
= σz

(
k × ελ∗

)
z

+
√

2 s+

(
k × ελ∗

)
−

+
√

2 s−

(
k × ελ∗

)
+

, (6.72a)

where

s+ =
1
2

(σx + iσy) , s− =
1
2

(σx − iσy) , (6.72b)
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(
k × ελ∗

)
±

=
1√
2

[(
k × ελ∗

)
x
± i

(
k × ελ∗

)
y

]
. (6.72c)

If we take the matrix elements between V (Sz = 0) and P (Sz = 0), we need
to consider σiz

(
k × ελ∗)

z
, i.e. we have to calculate the matrix elements of

the operator
∧
µz =

∑
i

(Qi/2mi) σiz (6.73a)

between the states

|V, Sz = 0〉 and |P 〉 . (6.73b)

|V, Sz = 0〉 : |q1q̄2〉χ0
S =

1√
2
|q1q̄2〉

∣∣(↑(1)↓(2) + ↓(1)↑(2)

)〉
. (6.74)

Now

σ1z

∣∣χ0
S

〉
=

∣∣χ0
A

〉
, σ2z

∣∣χ0
S

〉
= −

∣∣χ0
A

〉
. (6.75)

We explicitly calculate 〈µ̂z〉 for the transition ω0 → π0

|ω, Sz = 0〉 =
1√
2

∣∣uu + dd
〉
χ0

S .

Using Eq. (6.75); one gets

µ̂z |ω, Sz = 0〉 =
2

3mu

1√
2

∣∣uu + dd
〉
χ0

A − 1
3md

1√
2

∣∣dd
〉
χ0

A. (6.76)

Now
∣∣π0

〉
=

1√
2

∣∣ uu − dd
〉

χ0
A. (6.77)

Hence
〈
π0

∣∣ µ̂z

∣∣ω0, Sz = 0
〉

=
1
6

(
2

mu
+

1
md

)
. (6.78)

Similarly one can calculate 〈µ̂z〉 for other members of the octet. They are
given in Table 6.3.

We now calculate the decay rate for V → Pγ. According to Fermi
Golden Rule, the decay rate is given by

Γ = 2π
∣∣〈P |HM1

int |V 〉
∣∣2 ρ (E) . (6.79)

If we consider the decay of the vector meson at rest, then

EV = mV ; 0 = k + kP , |k| = ω
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Table 6.3 The matrix elements 〈P | µ̂z |V, Sz = 0〉 for M1 transition for the
decay V → P + γ.

Transition
Matrix elements

〈P |∧µz |V, Sz = 0〉
Transition

Matrix elements

〈P |∧µz |V, Sz = 0〉
ω0 → π0 1

6

(
2

mu
+ 1

md

)
ρ0 → π0 1

6

(
2

mu
− 1

md

)

ρ± → π± 1
6

(
2

mu
− 1

md

)
ω0 → ηns

1
4

(
4

3mu
− 2

3md

)

ρ0 → ηns
1
4

(
4

3mu
+ 2

3md

)
φ → ηs - 1

3ms

K∗+ → K+ 1
6

(
2

mu
− 1

ms

)
K∗0 → K0 − 1

6

(
1

ms
+ 1

md

)

EP =
√

ω2 + m2
P

and

ρ (E) =
∫

δ (mV − EP − ω)
V

(2π)3
ω2dωdΩ

=
V ω2

(2π)3
EP

mV
dΩ, [mV = EP + ω] . (6.80)

Now 〈P |HM1
int |V 〉 is given in Eq. (6.70) with a = V and b = P . In order to

calculate Γ, we have to average over the initial spins of vector meson V and
sum over the final spins of the photon. The vector meson has three spin
orientations Sz = +1, 0,−1. Instead of calculating

〈
HM1

int

〉
for Sz = ±1,

0 and then taking the average, it is more convenient to calculate
〈
HM1

int

〉
for Sz = 0 and forget about the spin average. Thus from Eqs. (6.70) and
(6.74), we get

∣∣〈P |HM1
int |V 〉

∣∣2 =
∑

λ=1, 2

e2

2V ω
|〈P | µ̂z |V, Sz = 0〉|2

∣∣∣
(
k × ελ∗

z

)∣∣∣
2

. (6.81)

From now on we will not write Sz = 0 explicitly in |V 〉. We note the
following properties of the polarization vector ελ:

ελ · ελ′
= δλλ′

k · ελ = 0, λ = 1, 2

∑
λ

ε∗λ
n ελ

n′ =
(

δnn′ − kn kn′

k2

)
, n, n′ = 1, 2, 3. (6.82)

Using Eq. (6.81), we have
∑

λ=1, 2

∣∣(k × ε∗λ
)
z

∣∣2 = k2
(
1 − cos2 θ

)
(6.83)
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and ∫
dΩ k2

(
1 − cos2 θ

)
=

8π

3
k2. (6.84)

Hence from Eqs. (6.79), (6.80) and (6.83), one gets

Γ =
4α

3
|〈P | µ̂z |V 〉|2 k3 EP

mV
. (6.85)

For the decay

P → V + γ, (6.86)

we only sum over the spin of vector meson and do not take the average.
Hence for this decay, one has

Γ (P → V + γ) = 4α |〈V | µ̂z |P 〉|2 k3 EV

mP
. (6.87)

We note that a relativistic treatment of the phase space gives the expres-
sions (6.85) and (6.87) without the factor EP /mV and EV /mP respectively.
Thus we can write Eq. (6.85):

Γ =
4α

3
|〈P | µ̂z |V 〉|2 k3Ω2, (6.88)

where Ω is the overlap integral. It is of order 1, but it may differ from 1, if we
take into account the distortion of wave function due to symmetry breaking
introduced by the quark mass differences. Ω may vary from process to
process. We assume that this variation is not large. Then we can fix Ω by
using one decay, which we take ρ± → π± + γ. Using Eq. (6.87), Table 6.7,
mu = md = 336 MeV and k = 372 MeV, we get

Γ
(
ρ± → π± + γ

)
= (123 KeV ) Ω2 (6.89)

But

Γexp

(
ρ± → π± + γ

)
= (67 ± 7) keV. (6.90)

which gives

Ω ≈ 0.735. (6.91)

Using this value of Ω and mu/ms = 0.66, we can compare the predictions of
quark model using Table 6.3 and Eq. (6.88) with their experimental values.
This is given in Table 6.4.

We notice from Table 6.4 that agreement between the predictions and
experiment is only fair. This is understandable since the relativistic correc-
tions become important for hadrons involving light quarks (see, for instance
[6]).
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Table 6.4 Quark model prediction for V→ P + γ with Ω = 0.735.

Decay

k

(in keV)

Γ

(in keV)

Γ
(Experimental)

(in keV)

ω0 → π0 + γ 380
(9.6) (123) Ω2

= (638)
703 ± 23

K∗± → K± + γ 307 124 Ω2 = (67) 50.3 ± 4.4

K∗0 → K0 + γ 309 190 Ω2 = (103) 116 ± 16

6.4 Radiative Decays (Complementary Derivation)

6.4.1 Mesonic Radiative Decays V = P + γ

The decay

V = P + γ

is a parity conserving decay. It is a transition from 3S1 → 1S0; thus it is
a M1 transition. The angular momentum and parity conservation implies
l = 1 in the final state, i.e. it is a p-wave decay. Now

p = p′ + k.

Let η and ε be the polarization vectors of V and γ respectively.

p · η = 0, k · ε = 0, k · ε = 0.

From Lorentz invarience, the only invariant one can form for this decay
is εµνρσpµp′νηρεσ. Hence the T-matrix

T =
1[

(2π)3/2
]3

F√
2p02p′02k0

,

where

F = 2egV Pγεµνρσpµp′νηρεσ.

The decay width

Γ =
1
8π

|k|
m2

V

|M |2

|M |2 =
∑
pol

|F |2

In the rest frame of vector meson V : p = (mV , 0) , p = −k, p · η = 0,
give η0 = 0, ηµ = (0, η) .
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Thus in the rest frame of V :
∑

λ

η(λ)
µ η∗(λ)

ν = −gµν +
pµkν

m2
V

⇒
∑

λ

η
(λ)
i η

∗(λ)
j = δij

Hence in the rest frame of V :

F = −2mV egV Pγεijnkiηjεn

= 2mV egV Pγεijnkiηjεn

= 2mV egV Pγk · (η × ε)

∑
pol

|F |2 =
4
3
e2m2

V g2
V Pγεijnki

(∑
λ

η
(λ)
j η

(λ∗)
j′

)
εi′j′n′ki′

(∑
λ

ε(λ)
n ε

(λ∗)
n′

)

=
4
3
e2m2

V g2
V Pγ

(
2k2

)

Γ =
e2g2

V Pγ

8π

|k|
m2

V

(
8
3
m2

V k2

)

=
4α

3
g2

V Pγ |k|
3
, where α =

e2

4π

Since it is an M1 transition, we can put

gV Pγ = µ = 〈P | µ̂z |V 〉 ,

Γ =
4α

3
µ2 |k|3

In quark model:

µ̂z =
∑

i

(
Qi

2mi

)
σij

6.4.2 Baryonic Radiative Decay

The radiative decay

B

(
1
2

+)
→ B′

(
1
2

+)
+ γ

is an M1 transition. The transition matrix for this decay is

T =
1

(2π)a/2

√
mm′

2k0p0p′0
F
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where

F = ū (p′)
[

F2

m + m′ iεµσµνkν

]
u (p)

This follows from Lorentz invariance and electromagnetic current conser-
vation.

The decay width is given by [see Chap. 2]

Γ =
1
2π

(
m′

m

)
|k| |M |2

where
|M |2 =

∑
spin

∑
polarization

|F |2

In the rest frame of B :
p = (mB , 0) , p′ = −k = |k|n

F ≈ χ†
f

iF2

2m′σ · (k × ε)χi

where we have put
E′ =

√
k2 + m′2 ≈ m′

Now

|M |2 =
(

F2

2m′

)2 1
2

∑
pol

Tr [(σ · (k × ε)) (σ · (k × ε))]

=
(

F2

2m′

)2

2 |k|2

so

Γ =
1
π

F 2
2

4mm′ |k|
3

Since it is an M1 transition
F 2

2

4mm′ =
(
µ0

Σ0→Λ0

)2 e2

(2mN )2

Hence

Γ = 4α
1

4m2
N

(
µ0

Σ0→Λ0

)2 |k|3

Using the quark model values: µ0
Σ0→Λ0 = 1.647, we get

Γ ≈ 9.08 × 10−3 MeV

τ =
�
Γ

≈ 7.3 × 10−20 sec
to be compared with experimental value (7.4 ± 0.4) × 10−20 sec.

To conclude that quark model gives results compatible with experi-
ments.
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6.5 Problems

(1) In quark model, using SU(6) wave functions, show that the Fermi ma-
trix element for n → p transition:〈

p, Sz =
1
2

∣∣∣∣
∑

q

τ+
q

∣∣∣∣n, Sz =
1
2

〉
= 1.

Find the Gamow-Teller matrix element〈
p, Sz =

1
2

∣∣∣∣
∑

q

τ+
q σqz

∣∣∣∣n, Sz =
1
2

〉
.

(2) Show that the transition moment between ∆+ and p is given by
〈

p, Sz =
1
2

∣∣∣∣ µ̂z

∣∣∣∣∆+, Sz =
1
2

〉
=

2
√

2
3

µp.

(3) Write all the SU(6) states for the octet JP = 1
2

+. You have to calculate∣∣Σ0, Sz = 1
2

〉
and

∣∣Λ+, Sz = 1
2

〉
the other states can be calculated as

follows:∣∣∣∣n0, Sz =
1
2

〉
: Change u → d and overall sign in

∣∣p+
〉

∣∣∣∣−Σ+, Sz =
1
2

〉
: Change d → s in

∣∣p+
〉

∣∣∣∣Σ−, Sz =
1
2

〉
: Change u → d and overall sign in

∣∣−(Σ+)
〉

∣∣∣∣Ξ0, Sz =
1
2

〉
: Change d → s and overall sign in

∣∣n0
〉

∣∣∣∣Ξ−, Sz =
1
2

〉
: Change u → d in

∣∣Ξ0
〉

(4) Consider M1 transition decay

Σ0 → Λ0 + γ.

Calculate its decay rate in the non-relativistic quark model and com-
pare it with its experimental value

τ = (7.4 ± 0.4) × 10−20 sec.

Hint: M1 transition operator is
∑

q

Qq

2mq
σq ·

(
k × ε∗λ

)
= µ̂z

(
k × ε∗λ

)
z

+
√

2
∧
µ+

(
k × ε∗λ

)
−

+
√

2
∧
µ−

(
k × ε∗λ

)
+

,
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where

µ̂z =
∑

q

Qq

2mq
σqz, µ̂± =

∑
q

Qq

2mq
σq±

∣∣∣∣Λ, Sz = ±1
2

〉
= − |u d s〉 χ

±1/2
MA

∣∣∣∣Σ0, Sz = ±1
2

〉
= |u d s〉 χ

±1/2
MS .

(5) Calculate the decay rates for the following decays in quark model:

φ → η + γ

η′ → ρ0 + γ

→ ω0 + γ

and compare them with their experimental values (54.9 ±6.5) keV, (72
±13) keV, (72 ±13) keV and (6.5 ±1.0) keV respectively. [You may
take η8 − η1 mixing angle as θ = −10◦.]
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Chapter 7

Color, Gauge Principle and Quantum
Chromodynamics

7.1 Evidence for Color

As we have discussed in the introduction in order that 3 quark wave function
of lowest lying baryons satisfy the Pauli principle, each quark flavor carries
three color charges, red (r), yellow (y) and blue (b), i.e.

qa a = r, y, b.

Leptons do not carry color and that is the reason why they do not experience
strong interactions. Thus each quark belongs to a triplet representation of
color SU(3), which we write as SUC(3). Now SU(3) has the remarkable
property that 3⊗3⊗3 = 10⊕8⊕8⊕1 and 3̄⊗3 = 8⊕1, so that baryons
which are bound states of 3 quarks belong to the singlet representation,
which is totally antisymmetric as required by the Pauli principle and mesons
which are bound states of qq̄ belong to the singlet representation which is
totally symmetric. This assignment takes into account the fact that all
known hadrons are color singlets. Thus the color is hidden. This is the
postulate of color confinement and explains the non-existence of free quarks.

Evidence for color also comes from π0 → 2γ decay. Since π0 is bound
state of qq̄, i.e.

∣∣π0
〉

= 1√
2

∣∣uū − dd̄
〉
, one can imagine that the decay takes

place as shown in Fig. 7.1. The matrix elements M for the π0-decay,
without and with color [where we have to sum over the 3 colors for the
quarks in the above diagrams] are respectively proportional to

M ∝ 1√
2

[(
2
3

)2

−
(
−1

3

)2
]

e2 =
1√
2 3

e2

M ∝ 1√
2

[(
2
3

)2

−
(
−1

3

)2
]

3e2 =
1√
2

e2.
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Fig. 7.1 Triangle diagrams for π0 → 2γ through its constituents.

In fact the above quark triangle diagrams predict

M = e2 F =
e2

2π2

Sπ

fπ
(7.1a)

where

Sπ =

{
1

3
√

2
without color

1√
2

with color
, (7.1b)

and fπ is the pion decay constant and is determined from the decay π+ →
µ+ + νe [see Chap. 10]; its value is 130.41 ± 0.231 MeV. Hence the decay
rate is given by

Γ(π0 → 2γ) = 4πα2|F |2
m3

π0

16

=
α2

16π3f2
π

S2
πm3

π0 . (7.2)

With Sπ = 1√
2
, this gives Γ(π0 → 2γ) = 7.77 eV in very good agreement

with the experimental value Γexp = 7.82 ± 0.31. Without color Γth will be
a factor of 9 less in complete disagreement with the experimental value.

Furthermore another evidence for color comes from measuring the ratio
of e−e+ annihilation processes

R =
σ(e−e+ → hadrons)
σ(e−e+ → µ−µ+)

(7.3)

in the large center-of-mass energy
√

s =
√

(p1 + p2)2 limit, where p1 and
p2 are the momenta of e− and e+ respectively. To the lowest order in
electromagnetic interaction, Eq. (A.78) gives in the asymptotic region (s �
m2

e, m2
µ)

σ(e−e+ → µ−µ+) =
4π

3
α2 1

s
. (7.4)
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Now for the inclusive process e−e+ → hadrons, we expect this to take
place via e−e+ → qq̄ and quarks (antiquarks) fragment into hadrons [see
Fig. 7.2], so that

(e−e+ → hadrons) =
∑

q

σ(e−e+ → qq̄)

where the analogue of Eq. (7.4) gives in the asymptotic region [s � m2
e, m2

q]

σ(e−e+ → qq̄) =
4π

3
α[3e2

q]
1
s
, (7.5)

where eq (in units of e) are the electric charges of the quarks which enter
the photon-qq̄ vertex [see Fig. 7.2] and the factor 3 arises because we have
to sum over 3 colors for each quark flavor q. This gives in the asymptotic
region

Fig. 7.2 One photon exchange diagram for hadron production in e−e+ annihilation.

R = 3
∑

q

e2
q. (7.6)

For example, above the bottom quark threshold (see Chap. 8) i.e. for
√

s

in the range 2mb <
√

s � mZ [so that weak interaction effects can be
neglected],

3
∑

q

e2
q = 3

(
4
9

+
1
9

+
1
9

+
4
9

+
1
9

)
=

11
3

,

which is confirmed by experimental measurement of R above
√

s > 2mb

[see Fig. 7.3]. Actually nature has also assigned a more fundamental role
to color charges. We know that electromagnetic force is a gauge force; here
we postulate that strong force is also a gauge force. In order to discuss the
gauge force, we first state the gauge principle.
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Fig. 7.3 Compilation of R-values from different e−e+ experiments [29].

7.2 Gauge Principle

Suppose a physical system described by a wave function Ψ(x), x ≡ (t, r)
has the property that under a phase transformation

Ψ(x) → Ψ′(x) = eieΛΨ(x) (7.7)

(with Λ constant), the wave equation satisfied by Ψ or the corresponding
Lagrangian is invariant. Now if we demand that it remains invariant when
Λ is a function of space-time, then we shall show that it is necessary to
introduce a vector boson which is coupled to a vector current with universal
coupling e. We call such a phase transformation local gauge transformation
and the vector boson associated with it is a mediator of force whose strength
is determined by the charge e.

This is best illustrated by considering a non-relativistic particle of charge
e and mass m described by a complex wave function Ψ(x). Consider a
space-time dependent phase transformation given in Eq. (7.7), with Λ as
a function of x and e the electric charge. For this case the physical law is
given by the Schrödinger equation

− 1
2m

∇2Ψ = i
∂Ψ
∂t

. (7.8)

This is not invariant under the local gauge transformation (7.7). In order
to restore gauge invariance, it is necessary to postulate a vector field Aµ ≡
(φ,A) and make the substitutions

∇ → ∇− ieA
∂

∂t
→ ∂

∂t
+ ieφ



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

7.2. Gauge Principle 185

or
∂µ → ∂µ + ieAµ. (7.9)

Equation (7.8) now becomes

− 1
2m

(∇− ieA)2Ψ = i

(
∂

∂t
+ ieφ

)
Ψ. (7.10)

This equation is invariant under the transformation (7.7), provided that A
and φ simultaneously undergo the transformations:

A → A + ∇Λ

φ → φ − ∂

∂t
Λ

or
Aµ → Aµ − ∂µΛ. (7.11)

Aµ ≡ (φ,−A) are the electromagnetic potentials. From the present point of
view, the necessity for the existence of the electromagnetic potential Aµ(x)
is a consequence of assuming invariance under the local gauge transforma-
tion. The electromagnetic fields E and B are related to the vector potential
Aµ as follows:

E = −∂A
∂t

−∇φ

B = ∇× A. (7.12)
They are clearly invariant under the gauge transformations (7.11).

The Lagrangian density which gives Eq. (7.10) is given by

L = − 1
2m

∇Ψ∗ · ∇Ψ +
1
2i

(
Ψ∗ ∂Ψ

∂t
− Ψ

∂Ψ∗

∂t

)

−e(ρφ − j · A) +
1
2
(E2 − B2), (7.13)

where
ρ = Ψ∗Ψ,

j =
1

2im
(Ψ∗∇Ψ − (∇Ψ∗)Ψ) − e

2m
AΨ∗Ψ. (7.14a)

L is clearly invariant under the gauge transformations (7.7) and (7.11). ρ

and j satisfy the equation of continuity
∂ρ

∂t
+ ∇ · j = 0. (7.14b)

This implies that the charge

Q =
∫

ρ(x)d3x (7.14c)

is conserved. Note also that the last term in Eq. (7.13) can be written
in manifestly covariant form − 1

4FµνFµν , where Fµν = ∂µAν − ∂νAµ is
the electromagnetic field tensor. The term −1

4FµνFµν is the Lagrangian
density for pure electromagnetic field.
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7.2.1 Aharanov and Bohm Experiment

We now discuss the question of testing the applicability of the gauge princi-
ple in electromagnetism. Taking the vector potential A to be independent
of time and putting V = eφ, we try solution of Eq. (7.10) in the following
form

Ψ(r, t) = Ψ0(r, t)eiγ(r) (7.15a)

where

γ(r) = e

∫ r

A(r′) · d�′. (7.15b)

Here Ψ can be regarded as a wave function of a particle that goes from one
place to another along a certain route where a field A is present while Ψ0

is the wave function for the same particle along the same route but with
A = 0. It is easy to see that [A → A + ∇γ]

DΨ ≡ (∇− ieA)Ψ

= eiγ(r)∇Ψ0

D2Ψ = eiγ(r)∇2Ψ0

Thus (7.15a) is a solution of Eq. (7.10) when A(r) �= 0 if Ψ0(r, t) satisfies

− 1
2m

∇2Ψ0 + V Ψ0 = i
∂Ψ0

∂t
. (7.16)

The solution (7.15a) has some striking physical consequences as shown in
the two-slit electron interferometer experiment proposed by Aharanov and
Bohm [Fig. 7.4].

Fig. 7.4 Double slit electron interferometer to test Aharanov-Bohm effect.



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

7.2. Gauge Principle 187

In this experiment the magnetic field B (pointing in a horizontal direc-
tion out of the paper) is produced by a long solenoid of small cross-section
and is confined to the interior of the solenoid so that the two electron beams
(1) and (2) can go above and below the B �= 0 region but stay within the
B = 0 region and finally meet in the interference region P ′. In the inter-
ference region, the wave function for the electron is

Ψ = Ψ1 + Ψ2

so that

|Ψ|2 = |Ψ0
1|2 + |Ψ0

2|2 + 2|Ψ0
1| |Ψ0

2| cos[γ1(r) − γ2(r)] (7.17a)

where

γ1 = γ0
1 + e

∫ P ′

(1)P

A(r′) · d�′. (7.17b)

γ2 = γ0
2 + e

∫ P ′

(2)P

A(r′) · d�′. (7.17c)

Here γ0
1 and γ0

2 are the phases of the wave functions Ψ0
1 and Ψ0

2 in the
absence of A. The interference pattern is determined by the phase difference

δ(B �= 0) = γ1 − γ2

= γ0
1 − γ0

2 + e

∮

C

A(r′) · d�′.

= δ(B = 0) + ∆, (7.18a)

where C is the closed path P P′ P and

∆ = e

∮

C

A(r′) · d�′ = e

∫

S

B · dσ = eΦ. (7.18b)

In Eq. (7.18a) we have used Stokes theorem and put B = ∇× A and Φ
is the magnetic flux through the surface S bounded by the closed path C.
Note the important fact that the phase difference ∆ is gauge invariant since∫

∇Λ.dl =
∫

dΛ = 0

while the individual phases γ1 and γ2 are not. Note also the remarkable
fact that the amount of interference can be controlled by varying magnetic
flux even though in the idealized experimental arrangement, electrons never
enter the region B �= 0.

Now referring to Fig. 7.4
Phase difference

2π
=

Path difference
λ

δ

2π
=

a

λ
=

1
λ

d sin θ ≈ d

λ

y

L
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where L is the distance of the screen from the slits. Thus from Eq. (7.18a)
we see that the diffraction maximum of the interference pattern for B �= 0
is shifted from that for B = 0 by the amount ∆y given by

∆y = eΦ
(

L

d

λ

2π

)
. (7.19)

This shift in the diffraction maximum, being gauge invariant, should be
measurable. In fact the existence and magnitude of Aharanov-Bohm effect
has been confirmed to within 5% of the theoretical prediction (7.19) by
two qualitatively different experimental arrangements - one involving an
electron biprism interferometer while the second used a Josephson-junction
interferometer.

The following comments are in order.

(i) Measurement of Aharanov-Bohm effect not only verifies the gauge prin-
ciple in electromagnetism but also quantum mechanics itself since clas-
sically the dynamical behavior of electrons is controlled by Lorentz force
which is zero when the electrons go through magnetic field free region;
yet in quantum mechanics observable effects are seen and depend on
the magnetic field in a region inaccessible to the electrons.

(ii) The vector potential A rather than the fields plays a crucial role as the
basic dynamical variable in quantum mechanics.

(iii) By varying B (and hence Φ) we change the relative phase between the
contributions from the two paths and move interference pattern up and
down. When ∆ = 2nπ or Φ = nφ0 [φ0 = 2π/e = 4.135 × 10−7 gauss
cm2], the interference pattern will return to its initial form, as if there

were no field. In other words, an integral multiple of the flux quantum
φ0 will not make any observable difference to the quantum mechanics
of the particle.

7.2.2 Gauge Principle for Relativistic Quantum Mechanics

We now discuss the gauge principle for relativistic quantum mechanics.
The spin 1/2 particle is described by the Dirac equation with the La-
grangian density:

L = Ψ̄(x)iγµ∂µΨ(x) − mΨ̄(x)Ψ(x). (7.20)
In order that the Lagrangian density L be invariant under the gauge trans-
formation (7.7), we must introduce a vector field Aµ(x) satisfying Eq. (7.11)
and replace in Eq. (7.20) ∂µΨ by

∂µΨ(x) → (∂µ + ieAµ)Ψ ≡ DµΨ. (7.21)
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Dµ is called the covariant derivative. The gauge invariant Lagrangian den-
sity is given by

L = Ψ̄(x)iγµ(∂µ + ieAµ)Ψ − mΨ̄(x)Ψ(x) − 1
4
FµνFµν (7.22)

Fµν = ∂µAν − ∂νAµ. (7.23)

It is easy to see that under the transformation (7.11), Fµν is invariant.
Under the transformations (7.7) and (7.11),

DµΨ → eieΛ(x)DµΨ, (7.24)

so that Ψ̄DµΨ is gauge invariant, and so is mΨ̄Ψ. From Eq. (7.22), we see
that the interaction of matter field Ψ with the electromagnetic field Aµ is
given by

Lint = eΨ̄γµΨAµ = −eJµ
emAµ, (7.25a)

where

Jµ
em = eΨ̄γµΨ, ∂µJµ

em = 0 (7.25b)

is the electromagnetic current. We conclude that the gauge principle viz
the invariance of fundamental physical law under the gauge transformation
gives correctly the form of interaction of a charged particle with electro-
magnetic field. To sum up the consequences of the electromagnetic force as
a gauge force are as follows:

(i) It is universal viz any charged particle is coupled with the electromag-
netic field A with a universal coupling strength given by e, the electric
charge of the particle.

(ii) Jµ
em is conserved.

(iii) The electromagnetic field is a vector and hence the associated quantum,
the photon, has spin 1.

(iv) The photon must be massless, since the mass term µ2AµAµ is not
invariant under the gauge transformation. Thus unbroken gauge sym-
metry gives rise to long range force mediated by a massless gauge boson
i.e. photon.

(v) The covariant derivative Dµ is an operator whose commutator is

[Dµ, Dν ] = ieFµν

Fµν = ∂µAν − ∂νAµ. (7.26)
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7.3 Non-Abelion Local Gauge Transformations (Yang-
Mills)

We now generalize the idea of local gauge transformation when there are
more than one type of state. We first extend it to an isospin doublet Ψ, a
two-component object:

Ψ =
(

Ψ1

Ψ2

)

Ψ belongs to the fundamental representation of of isospin group charac-
terized by SU(2). As discussed in Chap. 5, there exist transformations
between different states (cf. Eq. (5.24))

ψa → ψ′
a = U b

aψb

=
[
δb
a +

i

2
ΛA (τA)b

a

]
ψb, a, b = 1, 2, ... (7.27)

where

UU† = 1, det U = 1.

Correspondingly there exists a unitary operator

U = 1 − iΛ · I = 1 − iΛAIA, A = 1, 2, 3 (7.28)

IA are generators of the group SU(2). They are hermitian and traceless
and satisfy the commutation relations

[IA, IB ] = iεABCIC (7.29)

For the fundamental representation,

Ψa → Ψ′
a = UΨaU†

= Ψa − iΛA [IA,Ψa] (7.30)

so that

[IA,Ψa] = −1
2

(τA)b
a Ψb

τA are Pauli matrices

τ1 =
(

0 1
1 0

)
, τ2 =

(
0 −i

i 0

)
, τ3 =

(
1 0
0 −1

)
(7.31)

In general exponentiating (7.28),

U = e−iΛAIA
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whose matrix representation is

U = eiΛATA

where for the fundamental representation

TA = tA =
1
2
τA

Tr [tAtB ] =
1
2
δAB

[tA, tB ] = iεABCtC

For the regular or adjoint representation, the matrix TG
A associated with

each generator is
(
TG

A

)
BC

= −iεABC[
IA, TG

B

]
= iεABCTG

C

In contrast to the Abelian case where the gauge field is Aµ, we now have a
triplet of gauge fields, Wµ which form a basis for 3-dimensional irreducible
adjoint representation for SU(2), with the transformation law

[IA, WBµ] = −
(
TG

A

)
BC

WCµ = iεABCWCµ, (7.32)

i.e. it transforms in the same way as generators of the group. Thus under
SU(2), WAµ transforms as

WAµ → W ′
Aµ = WAµ − εABCΛBWCµ

Wµ → W′
µ = Wµ − Λ × Wµ (7.33)

Wµν → W′
µν = Wµν − Λ × Wµν (7.34)

The last transformation follows since Wµν = ∂µWν − ∂νWµ is a vector in
SU(2). It is convenient to define the matrices Λ and Wµ

1
2
τ · Λ =

1
2
τAΛA = Λ;

1
2
τ · Wµ = Wµ (7.35)

For the local SU(2) gauge transformation, ΛA is a function of x.
Thus the gauge invariant Lagrangian, under the infinitesimal local gauge

transformation

Ψ(x) → (1 +
1
2
i τ · Λ(x))Ψ(x)

= (1 + i Λ(x))Ψ(x) (7.36)

is given by

L = iΨ̄γµDµΨ − mΨ̄Ψ − 1
2
Tr(WµνWµν) (7.37)
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provided that Wµ transforms as

Wµ → Wµ − Λ × Wµ − 1
g
∂µΛ

Wµ → Wµ + i[Λ, Wµ] − 1
g
∂µΛ (7.38)

Note the appearance of 1
g ∂µΛ compared to (7.33) . Here the covariant

derivative is

Dµ = ∂µ + igWµ = ∂µ +
i

2
g τ.Wµ

and

Wµν = ∂µWν − ∂νWµ − gWµ × Wν

Wµν = ∂µWµ − ∂νWµ + ig[Wµ, Wν ]

= DµWν − DνWµ (7.39)

[Dµ, Dν ] = igWµν (7.40)

Tr [W µν Wµν ] =
1
2
Wµν · W

µν
(7.41)

For finite gauge transformation

U = eiΛ(x)

Ψ (x) → UΨ (x)

It follows from Eq. (7.40) that

Wµν → W ′
µν =

i

g

[
UDµU†, UDνU†]

=
i

g
U [Dµ, Dν ]U†

= UWµνU†

Further

Tr [W µν Wµν ] → Tr
[
UW µν U†UWµνU†]

= Tr
[
UW µν WµνU†]

= Tr
[
W µν U†UWµν

]

= Tr [WµνW µν ]

= Tr [W µν Wµν ]

where we have used

Tr [AB] = Tr [BA]
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The mass term Ψ̄Ψ is obviously invariant. Now all we have to show is that
Ψ̄γµDµΨ is invariant.

Ψ̄γµDµΨ → Ψ̄ (x) U† (x) γµ [∂µU (x) Ψ (x) + U (x) ∂µΨ (x)]

+ig
[
Ψ̄ (x)U† (x) γµW ′

µU (x) Ψ (x)
]

Using

∂µ

[
U† (x)U (x)

]
= 0,

we see that it is invariant provided that

Wµ → W ′
µ = UWµU† − i

g
U (x)

(
∂µU† (x)

)

Under SU(2) gauge transformation the Lagrangian,

L = iΨ̄γµ∂µΨ − mΨ̄Ψ − 1
4
Wµν · Wµν (7.42)

which is invariant under the global guage transformations (7.27) and (7.33),
is transformed to L + δL, when Λ is a function of x, where

δL = −1
2
Ψ̄γµ τ Ψ · ∂µΛ − ∂µΛ · (Wµν × Wν)

= −[
1
2
Ψ̄γµ τ Ψ + (Wµν × Wν)] · ∂µΛ (7.43)

Now under SU(2) gauge transformation, we have

δL =
∂L
∂Λ

· δΛ +
∂L

∂(∂µΛ)
· δ(∂µΛ) (7.44)

Comparison with Eq. (7.43) gives

Jµ = − ∂L

∂(∂µΛ)
=

1
2
Ψ̄γµ τ Ψ + Wµν × Wν

and invariance of the Lagrangian under the global gauge transformation
(∂µΛ = 0) , δL = 0 gives the Noether Theorem:

∂µJµ = − ∂L
∂Λ

= 0 (7.45)

Hence the interaction part of the Lagrangian (7.37) can be written as

Lint. = g Jµ · Wµ

=
1
2
g Ψ̄γµ τ · Wµ Ψ + g Wµν · (Wν × Wµ) (7.46)
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7.4 Quantum Chromodynamics (QCD)

We now generalize the ideas of Secs. 7.2 and 7.3 to the case where there
is more than one type of states, e.g. qa (a = 1, 2, 3) and where there exist
transformations [SUC(3)] between the different states

qa → q′a = U b
aqb, (7.47a)

with

U(x) = exp
[

i

2
λAΛA(x)

]
, (7.47b)

UU† = 1, det U = 1

and repeated indices imply summation. Here qa (a = 1, 2, 3) for a particu-
lar quark flavor q form the fundamental representation of the color SU(3)
group and λA, A = 1 · · · 8, are the eight matrix generators of the group
SUC(3) [see Chap. 5 for the form of these matrices. Although in Chap. 5
we discussed flavor SU(3) but the mathematics is the same].

Each quark flavor carries three color charges: red (r), yellow (y) and
blue (b), i.e.

qa; a = 1, 2, 3

qa belongs to the triplet representation 3
¯

of SUC(3). Under infinitesimal
SUC(3) gauge transformation

U = 1 − iΛAFA, A = 1 · · · 8, ΛA = ΛA(x)

Now qa transforms as

qa → q′a = UqaU†

= (1 − iΛAFA)qa(1 + iΛAFA)

= qa − iΛA[FA, qa]

= qa + iΛA(TA)b
aqb

Hence

[FA, qa] = −(TA)b
aqb

= −(
λA

2
)b
aqb

where λA are Gell-Mann matrices discussed in Chap. 5. Gluons, the gauge
vector bosons of SUC(3) belong to the octet representation, i.e. to the
adjoint representation of SUC(3) :

[FA, GBµ] = −(TA)C
BGCµ

= ifABCGCµ
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Thus

UGBµU† = GBµ + iΛA(TA)C
BGCµ

= GBµ − ΛAfBACGCµ

Quarks are spin 1/2 particles. The Lagrangian density for free quarks
is

L = q̄aiγµ∂µqa − q̄amqa, (7.48a)

where

qa =




ua

da

sa


 and m =




mu

md

ms


 (7.48b)

is clearly invariant under the SU(3) transformation (7.47a) with Λ constant.
If we now require that the Lagrangian density (7.48a) be invariant under
the gauge transformation (7.47a) , with Λ(x) as function of space-time, then
as we have seen in Sec. 7.3, we must replace ∂µ by its covariant derivative
which in the present case takes the form

Dµ =
(

∂µ − i

2
gsλ · Gµ

)
=

(
∂µ − i

2
gsλAGAµ

)
(7.49)

where gs is a scale parameter, the coupling constant and GAµ are vector
gauge fields, their number being equal to the generators of SUC(3) group,
namely 8. Then we note the important fact that the covariant derivatives
satisfy the commutation relation

[Dµ, Dν ] = −igs
λB

2
[∂µ, GBν ] − igs

λA

2
[GAν , ∂ν ]

+(−igs)2
[
λA

2
,

λB

2

]
GAµGBν

= −igs
λC

2
{∂µGCν − ∂νGCµ + gsfABCGAµGBν}

= −igs {∂µGν − ∂νGµ − igs [Gµ, Gν ]}
= −igsGµν , (7.50)
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where in the matrix notation
1
2
λ · Gµ =

1
2
λAGAµ ≡ Gµ, (7.51a)

1
2
λ · Λ(x) =

1
2
λAΛA ≡ Λ, (7.51b)

Gµν ≡ 1
2
λ · Gµν = ∂µGν − ∂νGµ − igs [Gµ, Gν ]

= DµGν − DνGµ (7.51c)

GAµν = GAν − ∂νGAµ + gsfABCGBµGCν

(7.51d)

Tr(GµνGµν) = Tr

(
1
2
λAGAµν

1
2
λBGBµν

)

=
1
4
Tr(λAλB)GAµνGBµν

=
1
2
Gµν · Gµν (7.51e)

Note the important fact that Gµν in Eq. (7.50) provides the generalization
of Fµν [cf. Eq. (7.26) in Abelian case] for the present non-Abelian case.
The two differ in the appearance of the last term in Eqs. (7.51c) or (7.51d).
This is because the gauge fields themselves carry color charges in contrast
to photons which are electrically neutral in the electromagnetic case. Now
if we replace the Lagrangian density (7.48a) by

L = q̄aiγµ

(
∂µ − i

2
gsλAGAµ

)b

a

qb − q̄amqa − 1
4
Gµν

A GAµν (7.52a)

or in the matrix notation by

L = q̄iγµ (∂µ − igsGµ) q − q̄mq − 1
2
Tr(GµνGµν), (7.52b)

then the Lagrangian density (7.52a) is invariant under the infinitesimal
gauge transformation [cf. Eq. (7.47b)]

q →
(

1 +
i

2
λ · Λ(x)

)
q, (7.53)

provided that the vector fields GAµ undergo the simultaneous transforma-
tion

Gµ → Gµ + i [Λ, Gµ] +
1
gs

∂µΛ (7.54a)

or

GAµ → GAµ − fABCΛBGCµ +
1
gs

∂µΛA. (7.54b)
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To see this, we note that under these transformations

Dµq →
(

1 +
i

2
λ · Λ(x)

)
Dµq (7.55a)

GAµν → GAµν − fABCΛBGCµν . (7.55b)

It is then trivial to show that the Lagrangian (7.52a) is gauge invariant.
For the finite gauge transformation (7.47a), we have the gauge invari-

ance provided that the gauge fields Gµ simultaneously undergo the trans-
formation

Gµ → UGµU† +
i

gs
U∂µU† (7.56)

Under these transformations:

Dµq → U(Dµq) (7.57a)

Gµν → UGµνU† (7.57b)

and hence the Lagrangian (7.52a) is gauge invariant. [see Sec. 7.3.]
The eight gauge vector bosons GAµ are called gluons. They are medi-

ators of strong interaction between quarks just as photons are mediators
of electromagnetic force between electrically charged particles. The gauge
transformation given in Eq. (7.47a) is called the non-Abelian gauge trans-
formation, whereas the gauge transformation (7.7) is called the Abelian
gauge transformation. The non-Abelian gauge transformation was first
considered by Yang and Mills and gauge bosons are sometimes called Yang-
Mills fields.

7.4.1 Conserved Current

In order to discuss the conserved current associated with gauge fields, we
discuss a general method. Suppose we have a set of fields which we denote
by φa(x). The Lagrangian is a function of these fields φa and ∂µφa:

L = L(φa, ∂µφa). (7.58)

Consider an infinitesimal gauge transformation

φa(x) → φa(x) + iΛA(x)(TA)b
aφb. (7.59)

TA are matrices corresponding to the non-Abelian gauge group and the
representation to which the fields φa(x) belong. From Eq. (7.58),

δL =
∑

φ

∂L
∂φa

δφa +
∑

φ

∂L
∂(∂µφa)

δ(∂µφa). (7.60)
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Using the Euler-Lagrange equations

∂L
∂φa

− ∂µ

(
∂L

∂(∂µφa)

)
= 0 (7.61)

and the fact that δ(∂µφa) = ∂µδ(φa), we have

δL =
∑

φ

[
∂µ

(
∂L

∂(∂µφa)

)
δφa +

∂L
∂(∂µφa)

δ(∂µφa)
]

=
∑

φ

∂µ

[
∂L

∂(∂µφa)
δφa

]
. (7.62)

On using Eq. (7.59) so that δφa = iΛA(TA)b
aφb,

δL =
∑

φ

∂µ

[
∂L

∂(∂µφa)
iΛA(TA)b

aφb

]
. (7.63)

If we take ΛA as constant, i.e. independent of x, then we can rewrite
Eq. (7.63) as

δL = ∂µ

∑
φ

i

[
∂L

∂(∂µφa)
(TA)b

aφb

]
ΛA ≡ −∂µFµ

AΛA, (7.64)

where

Fµ
A = −

∑
φ

i

(
∂L

∂(∂µφa)

)
(TA)b

aφb. (7.65)

Hence we have the Noether’s theorem. If the Lagrangian is invariant under
the gauge transformation (7.59) with constant ΛA, i.e. δL = 0, then the
current given in Eq. (7.65) is conserved.

Let us apply this to the QCD Lagrangian (7.52a). Here φa corresponds
to GBµ and qa. Now, for the gauge vector bosons which belong to the
adjoint representation of SUC(3), we have i(TA)C

B = −fBAC and for the
quarks which belong to the triplet representation of SUC(3), TA = 1

2λA.
Then from the Lagrangian (7.52a):

∂L
∂(∂µq)

= iq̄γµ,
∂L

∂(∂µGAν)
= −Gµν

A

Hence Eq. (7.65) gives

Fµ
A =

1
2
q̄aγµ (λA)b

a qb − fABCGBνGµν
C (7.66)

=
1
2
q̄γµλAq + fABCGµν

B GCν .
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The current Fµ
A is universally coupled to the gauge fields GAµ with universal

coupling gs. Now the interaction part of the Lagrangian (7.52a) is given by

Lint = gsF
µ
AGAµ

= gsGAµq̄aγµ

(
λA

2

)b

a

qb − gsfABCGAµGBν

×
[
1
2

(∂µGν
C − ∂νGµ

C) +
1
4
gsfCDEGµ

DGν
E

]
(7.67)

The last term of Eq. (7.67) represents the self interaction of gauge bosons
among themselves as they carry the color charges. This term is very im-
portant in QCD and is responsible for the asymptotic freedom of QCD.

From Eq. (7.67), the qqG, GGG and GGGG vertices in the momentum
space can be represented graphically as shown in Fig. 7.5.

Fig. 7.5 Graphic representation of qqG, GGG and GGGG vertices.

The Feynman rules for the QCD Lagrangian are discussed in Appendix
B.

7.4.2 Experimental Determinations of αs(q2) and Asymp-

totic Freedom of QCD

The important physical properties of QCD are
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(i) the gluons, being mediators of strong interaction between quarks, are
vector particles and carry color; both of these properties are supported
by hadron spectroscopy discussed in the next section,

(ii) asymptotic freedom which implies that the effective coupling constant
αs = g2

s/4π decreases logarithmically at short distances or high mo-
mentum transfers, a property which has a rigorous theoretical basis.
This is the basis for perturbative QCD which is relevant for processes
involving large momentum transfers,

(iii) confinement which implies that potential energy between color charges
increases linearly at large distances so that only color singlet states ex-
ist, a property not yet established but find support from lattice simula-
tions and qualitative pictures (see next section) and from quarkonium
spectroscopy to be discussed in Chap. 8.

In this section, we discuss the present evidence for QCD being asymp-
totic free. First we note that due to quantum radiative corrections, αs

evolves with the characteristic energy of the process in which it appears.
Actually these corrections give

gs(Q2) = gs0

[
1 + g2

s0b0 ln
λ2

Q2
+ · · ·

]
, (7.68a)

where λ2 � Q2 and must be introduced so that the integrals involved in
these corrections are convergent. Here · · · denotes higher order corrections
and

√
Q2 is the momentum carried by a gluon at quark-quark-gluon vertex

which defines gs(Q2). It is convenient to rewrite Eq. (7.68a) as

1
g2

s(Q2)
=

1
g2

s0

[
1 − 2g2

s0b0 ln
λ2

Q2
+ O(g4

s)
]

. (7.68b)

This gives

α−1
s (q2) − α−1

s0 = −8πb0 ln
λ2

Q2
. (7.68c)

We now eliminate the unobserved “bare” coupling constant αs0 and the
cut-off λ2 by making a subtraction at Q2 = µ2. Thus we obtain

α−1
s (Q2) − α−1

s (µ2) = b ln
Q2

µ2
(7.68d)

with b = 8πb0. Or

αs(Q2) =
1

α−1
s (µ2) + b lnQ2/µ2

. (7.68e)
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The constant b is evaluated in Appendix B and is given by

b =
1
4π

(
11 − 2

3
nf

)
(7.68f)

where nf is the number of effective quark flavors. Another way of writing
Eq. (7.68e) is

α−1
s (Q2) = b ln

Q2

Λ2
QCD

(7.68g)

where

α−1
s (µ) − b lnµ2 = −b ln Λ2

QCD.

Thus finally we have

αs(Q2) =
4π(

11 − 2
3nf

)
ln q2

Λ2
QCD

(7.68h)

and we see the running of αs(Q2) with Q2. ΛQCD is the QCD scale factor
which effectively defines the energy scale at which the running coupling
constant attains its maximum value. ΛQCD can be determined from exper-
iment. For 2

3nf < 11, it is clear from Eq. (7.68b) or (7.68h) that αs(Q2)
decreases as Q2 increases and approaches zero as Q2 → ∞ or r → 0. This
is known as the asymptotic freedom property of QCD. This is due to the
factor 11 in Eq. (7.68f) or (7.68h) and arises due to the self-interaction of
gluons (see Appendix B).

We now discuss the experimental determination of the coupling constant
αs(Q2) at various values of Q2 from different reactions, starting from the
lowest value of

√
Q2.

(1) From Eq. (7.5)

R =
σ(e+ e− → q q̄ → hadrons)

σ(e+ e− → µ+ µ−)

= 3
∑

q

e2
q[1 + αs

√
s

π
+ 1.411(αs

√
s

π
)2 · · · ]

For s > 2m2
b , 3

∑
q

e2
q = 11

3 .

By fitting the values of R at
√

s = 34 GeV, shown in Fig. 7.3, one
obtains

αs(34 GeV) = 0.142 ± 0.03



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

202 Color, Gauge Principle and Quantum Chromodynamics

(2) From Eq. (8.71) and Eq. (8.69):

α2
s(mΨ)
α2

=
2
3

m2
η

m2
Ψ

Γ(ηc → hadrons)
Γ(Ψ → e+ e−)

α3
s(mV )
α2

=
81π

10(π2 − 9)
e2

q

Γ(V → hadrons)
Γ(V → e+ e−)

where ηc is (q q̄)1S1 state while V is (q q̄)3S1 state, eq corresponds to
charge of the quark q.

Using the experimental values for the leptonic and hadronic decay
widths,

αs(mJ/ψ) = 0.217 ± 0.009, αs(mΥ) = 0.163 ± 0.005 (7.69a)

The value of αs obtained from the scaling violations in deep inelastic lepton-
nucleon scattering [see Chap. 14] gives

αs

(√
q2 = 2.6 GeV

)
= 0.264 ± 0.101. (7.70)

Finally from the semi-leptonic branching ratio Rτ for the inclusive decay
τ → ντ + hadrons, one obtains

αs(mτ ) = 0.35 ± 0.03

Figure 7.6 shows the values of α(mz) deduced from the various experi-
ments. Figure 7.7 clearly shows the experimental evidence for the running
of αs(q) i.e. decrease of the coupling constant as q increases as indicated
by Eq. (7.68a). An average of the values in Fig. 7.6 gives

αs(mZ) = 0.119 ± 0.002

which coresponds to

ΛQCD = 219+25
−23 MeV. (7.71)

The LEP / SLAC value for αs(mZ) is 0.124 ± 0.004.

7.5 Hadron Spectroscopy

7.5.1 One Gluon Exchange Potential

All known hadrons are color singlets. Just as an exchange of photon gives
force of repulsion between like charges and force of attraction between unlike
charges, the exchange of gluon gives force of attraction between color singlet
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Fig. 7.6 Summ ry of the values of αs(mz) from various processes. The values shown
indicate the process and the measured value of αs extrapolated upto µ = mz . The error
shown is the total error including theoretical uncertainties [29].

states. The exchange of gluons can provide binding between quarks in a
hadron.

For qq̄ system (meson), the color electric potential due to one gluon
exchange diagram [see Fig. 7.8] is given by:

Vij = −g2
s

1
4πr

8∑
A=1

(
λA

2

)a

b

(
λA

2

)d

c

1√
3
δc
a

1√
3
δb
d. (7.72)

The factors 1√
3
δc
a and 1√

3
δb
d in the initial and final states arise due to nor-

malized color singlet totally symmetric wave function for the qq̄ system.
The minus sign arises due to the coupling of a vector particle to the anti-
quark. Here i, j are flavor indices and a, b, c, d are color indices. Since
Tr(λAλB) = 2δAB , Tr(λAλA) = 16,

Vij = −4
3

αs

r
, αs =

g2
s

4π
. (7.73)

For three quarks system (baryon), one gluon exchange diagram (Fig.
7.9) gives the following two-body potential

Vij = g2
s

1
4πr

εeac√
6

εebd

√
6

(
λA

2

)c

d

(
λA

2

)a

b

. (7.74a)

a
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Fig. 7.7 Summary of the values of αs(µ) at the values of µ where they are measured.
The figure clearly shows the decrease in αs(µ) with increasing µ [29].

Fig. 7.8 Diagram generating one–gluon exchange potential for qq system.

The factors εeac√
6

and εebd√
6

arise due to the fact that three-quark color
wave function is totally antisymmetric in color indices. Using εeacε

ebd =
δb
aδd

c − δd
aδb

c, and TrλA = 0,

Vij = −2
3

αs

r
. (7.74b)

Note the important fact that in both cases, we get an attractive potential.
We also note that V qq̄

ij = 2V qq
ij for color singlet states. Thus we can write
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Fig. 7.9 Diagram generating one-gluon exchange two-body potential for three quarks
(baryon) system.

the two-body one-gluon exchange potential as

Vij = ks
αs

r
, ks =

{
−4

3 qq̄

−2
3 qq

}
(7.75)

Since the running coupling constant αs becomes smaller as we decrease the
distance, the effective potential Vij approaches the lowest order one-gluon
exchange potential given in Eq. (7.74a) as r → 0. Now in momentum
space, we can write the potential in QCD perturbation theory for small
distances (r < 0.1 fm) as

V (q2) = ks4παs(q2)/q2, (7.76)

where V (r) is the Fourier transform of V (q2) and q2 is the momentum
conjugate to r. The running coupling αs(q2) in QCD is given by Eq.
(7.68h).

We conclude that for short distances, one can use the one gluon exchange
potential, taking into account the running coupling constant αs(q2).

7.5.2 Long Range QCD Motivated Potential

The second regime, i.e. for large r, QCD perturbation theory breaks down
and we have the confinement of the quarks. Thus unlike the short range
part of the potential, the long range part cannot be calculated on perturba-
tive QCD as the QCD constants become large in this region. Perturbative
QCD gives no hint of intrinsically nonperturbative phenomena such as color
confinement. One may look for the origin of this yet unsatisfactorily ex-
plained phenomena. There are many pictures which support the existence
of a linear confining term. One of these is discussed below:
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7.5.2.1 The string picture of hadrons

This picture is depicted in Figs. 7.9 and 7.10. A string carries color indices
at its ends. Gauge invariance implies that each site must be a color-singlet.
Thus, an allowed configuration of a quark and an antiquark on adjacent
sites is the one in which the quark and antiquark are linked by a string so
that the color index of quark (antiquark) and the color index of the string
at that end are contracted to form a color singlet. When a quark and an
antiquark are far apart, many strings have to be excited to connect the two
sites [see Fig. 7.11]. When there is enough energy available to create a
new qq̄ pair, the system breaks up permitting the formation of two color
singlets. Calculation based on this theory shows that the energy stored in
this configuration is:

Fig. 7.10 String picture of qq.

Fig. 7.11 String separation of a quark-antiquark pair.

E = T0
L

a
for L � a,

where L is the quark-antiquark separation and T0 is the string tension. To
isolate a quark for example, the antiquark in the above illustration has to
be removed to infinity; it clearly takes an infinite amount of energy to do
this. This is the basis of color confinement. The confining potential is of
the form:

V (r) ∼ constant × r,

for r > 1/M , where M is a typical hadronic mass scale. Thus 1
M is of order

of the hadron size of 1 fm = 5 GeV−1 so that M ≈ 200 MeV. The confining
potential is spin and flavor independent. This picture is supported by the
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observation that hadrons of a given internal symmetry quantum number
but different spins obey a simple spin (J)-mass (M) straight line relation,
i.e. we say that they lie on linear Regge trajectories, an example of which
is displayed in Fig. 7.12.

Fig. 7.12 Regge trajectories for non-strange (I = 1) and strange (I = 1/2) bosons.

For the families of hadrons composed entirely of light quarks, the above
mentioned relation between J and M2 for Regge trajectories is given by:

J(M2) = α0 + α′M2, (7.77a)

with

α ≈ 0.8 − 0.9(GeV/c2)−2. (7.77b)

The connection between linear energy density and the linear Regge tra-
jectory is provided by the string model formulated by Nambu. We consider
a massless (and for simplicity spinless) quark and antiquark connected by
a string of length r0, which is characterized by an energy per unit length
σ. The situation is sketched below:

For a given value of length r0, the largest achievable angular momentum
J occurs when the ends of the string move with the velocity of light. In
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these circumstances, the speed at any point along the string at a distance
r from the center will be: (β = v/c)

β(r) = 2r/r0.

The total mass of the system is then:

M = 2
∫ r0/2

0

dr σ√
1 − β(r)2

= σr0
π

2
, (7.78a)

while the orbital angular momentum of the string is:

J = 2
∫ r0/2

0

dr σ rβ(r)√
1 − β(r)2

= σr2
0

π

8
, (7.78b)

Using the relation (7.78a), one finds that:

J =
M2

2πσ
, (7.79a)

which corresponds to a linear Regge trajectory with

α′ =
1

2πσ
. (7.79b)

This connection yields:

σ =
0.18 GeV2

0.20 GeV2 for α′ =
0.9 GeV−2

0.8 GeV−2 (7.80)

This heuristic estimate of the energy density suggests that at a separation
of the order of 1 fm, we may characterize the interquark interaction by the
linear potential

V (r) = σr. (7.81)
The lattice gauge theory calculations also support the linear form for the
long range part of the QCD potential.

Thus phenomenological potential of the form
Vij(r) = V G

ij (r) + V C
ij (r) (7.82)

can be used for heavy quarks. The Cornell potential

V (r) = −K

r
+

r

a2
+ C, (7.83a)

where
K = 0.48, a = 2.34(GeV)−1 and C = −0.25 (7.83b)

has been used successfully to describe mass spectrum of charmonium and
bottomonium systems [see Chap. 8]. Note that value of

(
a ≡ 1√

σ

)
in Eq.

(7.83b) is consistent with the value of σ stated above [cf. Eq. (7.80)]. The
purely phenomenological potentials of the form and

V (r) = a + br0.1 (7.84a)
and

V (r) = C ln r (7.84b)
have also been used successfully for cc̄ and bb̄ systems.
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7.5.3 Spin-Spin Interaction

Finally, we note that a spin 1/2 charged particle of charge eQi has a mag-
netic momentum µi = eQi

2mi
σi. In quantum mechanics, the energy splitting

between S-states (zero orbital angular momentum) is given by two-particle
operator (Fermi contact term)

HM
ij =

1
4π

[
−8π

3
µi · µjδ

3(ri − rj)
]

(7.85)

= −8π

3
α

QiQj

2mimj
σi · σjδ

3(r)

Similarly in QCD, we have eight color-magnetic moments

µi
A =

gs

2mi

(
λA

2

)
σ, A = 1, · · · , 8. (7.86)

The analogous two-particle interaction for QCD is then given by

Hij =
[
−8π

3
µ

(i)
A · µ(j)

A δ3(ri − rj)
]

1
4π

. (7.87)

Again for a color singlet system α → ksαs (cf. Eq. (7.75))

Hij = −8π

3
αsks

σi · σj

4mimj
δ3(r), (7.88)

Eq. (7.88) gives m(3S1) > m(1S0) [for example mρ > mπ] in agreement
with the experimental result. This supports the fact that gluons are spin 1
particles.

7.6 The Mass Spectrum

The one gluon exchange potential is obtained by summing over all possible
quark indices in V G

ij in a multiquark system like qq̄ and qqq. Thus

V G =
1
2

∑
i�=j

V G
ij

=
1
2


∑

i>j

V G
ij +

∑
i<j

V G
ij




=
1
2


∑

i>j

(
V G

ij + V G
ji

)



=
∑
i>j

V G
ij (7.89)
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The potential VG for S-states is found to be [in non-relativistic limit keeping
terms up to (p2/m2)]

VG = ksαs

∑
i>j

[
1
r
− 1

2mimj

(
pi · pj

r
+

r(r · pi) · pj

r3

)

−π

2
δ3(r)

(
1

m2
i

+
1

m2
j

+
16si · sj

3mimj

)]
. (7.90)

The second term in the bracket will be ignored so that one gluon po-
tential is velocity independent. The first term on the right-hand side is the
potential in the extreme non-relativistic limit

(
v
c ≈ 0

)
; spin dependent term

is due to the color magnetic moments interaction as mentioned previously.
For S–states, 〈

Ψs

∣∣δ3(r)
∣∣ Ψs

〉

=
∫

Ψ∗
s(r)δ

3(r)Ψs(r)d3r

= |Ψs(0)|2 . (7.91)

Now our Hamiltonian, including the rest masses of the quarks can be writ-
ten as

H(r) =
∑

i

mi +
∑

i

p̂2
i

2mi
+ VC(r) + VG(r), (7.92)

where

p̂2
i = − �2

2mi
∇2

i . (7.93)

Here VC(r) is the confining potential, VG(r) is the one gluon exchange po-
tential given in Eq. (7.90), i is the quark flavor index, i.e. i = u, d, s for
ordinary hadrons. We will take mu = md. In order to discuss the mass
spectrum of hadrons, we have to take the expectation value of the Hamilto-
nian H(r) with respect to the relevant wave functions of the hadrons. The
wave function is the product of three parts viz unitary spin, spin and space
parts. For s-wave, we write the space function as Ψs(r). Let us first take
the expectation value of H(r) with respect to Ψs(r), we have

m ≡ 〈Ψs |H|Ψs〉

=
∑

i

mi +
∑

i

1
mi

〈
Ψs

∣∣p̂2
i

∣∣ Ψs

〉
+

〈
Ψs

∣∣∣∣VC (r) + ksαs
1
r

∣∣∣∣ Ψs

〉

−ksαs
π

2

(
1

m2
i

+
1

m2
j

+
16s1 · s2

3mimj

)
|Ψs (0)|2 (7.94)
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Note that the mass operator m is still an operator in unitary spin and
spin space. We first apply the mass formula (7.94) to pseudoscalar meson
system.

7.6.1 Meson Mass Relations

From Eq. (7.94), the mass operator for S-wave mesons can be written as

m = m0 + m1 + m2 + a

[
1

m1
+

1
m2

]

+d̄

[
1

m2
1

+
1

m2
2

+
16s1 · s2

3m1m2

]
, (7.95a)

m0 = A0 + ksαsb (7.95b)

where

a =
〈
Ψs

∣∣p̂2
i

∣∣ Ψs

〉
(7.96a)

A0 = 〈Ψs |VC (r)|Ψs〉 (7.96b)

b =
〈

Ψs

∣∣∣∣
1
r

∣∣∣∣ Ψs

〉
(7.96c)

d̄ = −4
3
αs

π

2
〈
Ψs

∣∣δ3(r)
∣∣ Ψs

〉
(7.96d)

For (qq̄)L=0 the indices i = 1 and j = 2 refer to the constituent antiquark
and quark respectively

1
4
σ1 ·σ2= s1 ·s2 =

{
1
4 spin triplet state S = 1: vector meson

−3
4 spin singlet state S = 0: pseudoscalar meson.

Thus we have,

m(3S1) − m(1S0) =
32
9

παs
1

m1m2
|ψs(0)|2

Hence we have the following mass relations, mu ≈ md

mρ = mω

mφ = 2mK∗ − mρ

(mK∗ − mK) =
mu

ms
(mρ − mπ)

These relations are well satisfied experimentally with mu = md ≈ 336 MeV,
ms ≈ 510 MeV (cf. Chap. 6).
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If gluons were scalar particles, then s1 · s2 term would be absent so
that m(3S1) = m(1S0) in disagreement with the experimental observation.
For pseudoscalar gluons, ks = 4

3 , since pseudoscalar coupling is the same
for antiquarks. In this case we would have m(3S1) < m(1S0), again in
disagreement with the experimental result. We conclude that the exper-
imental results about meson spectrum support the fact that gluons are
vector particles and are thus quanta of QCD.

For pseudoscalar mesons ηns and ηs, we get

mηns
= mπ (7.97a)

mηs
= (2mK − mπ) + O(λ2). (7.97b)

These formulae are badly broken. Thus the above analysis breaks down
for J = 0 mesons, η and η′. The reason for this is that our Hamiltonian
does not take into account quark-antiquark annihilation into gluons. The
lowest order annihilation diagram is shown in Fig. 7.13. This diagram
contributes only to 1S0 state, because of charge conjugation conservation.
Since gluons do not carry any flavor, therefore it contributes to I = Y = 0,
1S0 states only. This diagram is relevant only for η and η′ mesons, and is of
order O(α2

s). For I = Y = 0 vector bosons, the diagram with three-gluon
exchange contributes, which is of order O(α3

s) and hence can be neglected.

Fig. 7.13 The qq annihilation diagram for 1S0 state through two gluons.

We now take into account the diagram of Fig. 7.13 for pseudoscalar
mesons. If uū, dd̄ and ss̄ can annihilate with an amplitude A, which we
assume to be SU(3) invariant, then there will be an additional contribution
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to the mass matrix, which in the uū, dd̄ and ss̄ basis is given by

Mann =




A A A

A A A

A A A


 . (7.98)

Taking into account Eq. (7.96) and the fact that |ηs〉 = |ss̄〉, |ηns〉 =
1√
2

∣∣(uū + dd̄
〉
, |π0〉 = 1√

2

∣∣(uū − dd̄
〉
, we get in π0, ηns and ηs basis, the

mass matrix



mπ 0 0
0 mπ + 2A

√
2A

0
√

2A 2mK − mπ + A


 . (7.99)

From Eq. (7.98), we note that we have to diagonalize the mass matrix

M → M + Mann =
(

mπ + 2A
√

2A√
2A 2mK − mπ + A

)
. (7.100)

For this purpose, we define the physical states as (see Problem 5.15)

|η〉 = cos φ |ηns〉 − sin φ |ηs〉
|η′〉 = sinφ |ηns〉 + cos φ |ηs〉 (7.101)

Then the mass eigenvalues are given by

mηmη′ = mπ(2mK − mπ) + A(4mK − mπ)

mη + mη′ = mηns
+ mηs

= 2mK + 3A. (7.102)

Using the experimental values for η and η′, we can determine A. The mass
scale A comes out to be ≈ 172 MeV, a rather low value compared to mη

and mη′ which is both interesting and reasonable.
To conclude, we have shown that mass spectrum of vector mesons can

be explained successfully. With the addition of annihilation diagram, the
pseudoscalar meson mass spectrum can also be understood.

7.6.2 Baryon Mass Spectrum

In order to discuss the mass spectrum of the baryons, it is convenient to
first calculate the matrix elements of the spin operator

Ωss =
∑
i>j

1
mimj

si · sj (7.103)
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between spin states. The eigenvalues of si · sj are 1/4 and −3/4 for spin
triplet and singlet states respectively. Therefore,

si · sj |↑↑〉 =
1
4
|↑↑〉

si · sj

[
1√
2
|(↑↓ + ↓↑)〉

]
=

1
4
√

2
|(↑↓ + ↓↑)〉

si · sj |↓↓〉 =
1
4
|↓↓〉 (7.104a)

si · sj

[
1√
2
|(↑↓ − ↓↑)〉

]
= − 3

4
√

2
|(↑↓ − ↓↑)〉 (7.104b)

From Eqs. (7.104a) and (7.104b), we get

si · sj

∣∣i↑j↓〉 = −1
4

∣∣i↑j↓〉 +
1
2

∣∣i↓j↑〉

si · sj

∣∣i↓j↑〉 = −1
4

∣∣i↓j↑〉 +
1
2

∣∣i↑j↓〉 (7.105)

The spin wave functions for baryons are given in Table 6.1 and Eq. (6.7).
Using these wave functions, we get with the help of Eqs. (7.104a), (7.104b)
and (7.105) for 1

2

+ baryons with sz = 1
2 .

Ωss |p〉

=
∑
i>j

1
mimj

si · sj |uud〉
(
− 1√

6

)
|(↑↓ + ↓↑) − 2 |↑↑↓〉

=
1

m2
u

|uud〉
(
− 1√

6

) {
1
4
|(↑↓ + ↓↑) − 2 |↑↑↓〉|

+
[
1
4
|↑↓↑〉 − 1

4
|↓↑↑〉 +

1
2
|↑↑↓〉 − 2

(
−1

4
|↑↑↓〉 +

1
2
|↓↑↑〉

)]

+
[
−1

4
|↑↓↑〉 +

1
2
|↑↑↓〉 +

1
4
|↓↑↑〉 − 2

(
−1

4
|↑↑↓〉 +

1
2
|↑↓↑〉

)]}

= |uud〉 1
m2

u

(
−3

4

)
1√
6
|(↑↓ + ↓↑) ↑ −2 ↑↑↓〉

= − 3
4m2

u

|p〉 . (7.106a)

Similarly we get

Ωss |Λ〉 = − 3
4m2

u

|Λ〉 (7.106b)

Ωss

∣∣Σ0
〉

=
1
4

(
1

m2
u

− 4
mums

) ∣∣Σ0
〉

(7.106c)

Ωss

∣∣Ξ0
〉

=
1
4

(
1

m2
u

− 4
mums

) ∣∣Ξ0
〉
, (7.106d)
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where we have used

|Λ〉 = − |uds〉χ
1/2
MS∣∣Σ0

〉
= |uds〉χ

1/2
MS (7.107)

∣∣Ξ0
〉

= |ssu〉χ
1/2
MS .

For 3
2

+ baryons, we take sz = 3/2 and calculate the matrix elements of
Ωss. Now

Ωss

∣∣∆++
〉

=
∑
i>j

1
mimj

si · sj |uuu〉 |↑↑↑〉

=
3
4

1
m2

u

∣∣∆++
〉

(7.108a)

Similarly we get

Ωss

∣∣Σ∗+〉
=

1
4

(
2

mums
+

1
m2

u

) ∣∣Σ∗+〉
(7.108b)

Ωss

∣∣Ξ∗0〉 =
1
4

(
2

mums
+

1
m2

u

) ∣∣Ξ∗0〉 (7.108c)

Ωss

∣∣Ω−〉
=

3
4

1
m2

u

∣∣Ω−〉
, (7.108d)

where we have used
∣∣Σ∗+〉

= |uus〉 |↑↑↑〉 (7.109a)∣∣Ξ∗0〉 = |ssu〉 |↑↑↑〉 (7.109b)∣∣Ω−〉
= |sss〉 |↑↑↑〉 . (7.109c)

Since the spin-spin interaction term from Eqs. (7.90) , (7.103) and (7.105)
is,

16π

9
αs |ψs(0)|2 Ωss (7.110)

we have from Eqs. (7.105) and (7.107):

m

(
J =

3
2

)
> m

(
J =

1
2

)

in agreement with experimental observations for gluons with color, ks =
−2/3. If gluons do not carry color, then ks = 1 instead of −2/3 and we
would get results in contradiction with experimental values. This supports
that the vector gluons carry color.
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The spin dependent term Ωss splits the masses of baryons with the same
quark content, but with different spin. Thus, we get from Eqs. (7.106a),
(7.108a) and (7.110):

m∆ − mp =
8π

3
1

m2
u

|ψs(0)|2 (7.111a)

mΣ − mΛ =
16παs

9m2
u

(
1 − mu

ms

)
|ψs(0)|2 (7.111b)

mΣ∗ − mΣ =
8π

3
αs

mums
|ψs(0)|2 (7.111c)

mΞ∗ − mΞ =
8π

3
αs

mums
|ψs(0)|2 (7.111d)

From Eqs. (7.110),
mΞ∗ − mΞ

mΣ∗ − mΣ
= 1 (Exp. value 1.12) (7.112a)

2mΣ∗ + mΣ − 3mΛ

2(m∆ − mp
= 1 (Exp. value 1.04) (7.112b)

mΣ − mΛ

m∆ − mp
=

2
3

(
1 − mu

ms

)
= 0.23 (Exp. value 0.26) (7.112c)

In the above derivation, the effects of wave function distortion due to sym-
metry breaking by quark effective masses have been neglected. These effects
will give slight deviations from unity in the relations (7.112a, 7.112b).

We now discuss the baryon masses of same spin, using Eqs. (7.94) and
(7.105). We can write the baryon mass formula:

m = (m1 + m2 + m3) +
(

1
m1

+
1

m2
+

1
m3

)
〈ψs|p̂2

i |ψs〉

+〈ψs

∣∣∣∣
(

VC − 2
3
αs

1
r

)∣∣∣∣ ψs〉 +
∑
i>j

(
1

m2
i

+
1

m2
j

)
π

3
αs |ψs(0)|2

+
16π

3
αs |ψs(0)|2 〈B |Ωss|B〉 (7.113)

From Eq. (7.113), we get the Gell-Mann-Okubo mass formula
mp + mΞ

2
=

mΣ + 3mΛ

2
(7.114)

We conclude that both the meson and baryon mass spectra can be explained
quite well in QCD. In this simple picture, we have used non-relativistic
quantum mechanics for u, d and s quarks. Although this approximation
is not so good for these quarks (as their masses are less than 1/2 GeV)
and at this energy scale QCD perturbation theory may not be a good
approximation, even then the results are good.
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7.7 Problems

(1) Show that the Lagrangian

L = iΨ̄γµDµΨ − mΨ̄Ψ − 1
2
Tr(Wµν Wµν)

where

Dµ = ∂µ + igWµ

Wµν = ∂µWν − ∂νWµ + ig[Wµ, Wν ]

is invariant under the infinitesimal gauge transformation

Ψ(x) → (1 + iΛ(x))Ψ(x)

Wµ → Wµ + i[Λ, Wµ] − 1
g
∂µΛ

First show that under the infinitesimal gauge transformation

DµΨ → (1 + iΛ)DµΨ

Wµν → Wµν + i[Λ, Wµν ]

(2) Consider the Lagrangian

L = iΨ̄γµ(∂µ +
i

2
g τ · Wµ)Ψ − mΨ̄Ψ − 1

4
Wµν · Wµν

Wµν = ∂µWν − ∂νWµ − gWµ × Wν

WAµν = ∂µWAν − ∂νWAµ − gεABCWBµ × WCν

τ · W = τAWAµ

Use Euler-Lagrange equations to show that

∂µWµν
A = gΨ̄γν τA

2
Ψ + gεABCWµν

B WCν

= gJν
A

Jν
A = Ψ̄γν τA

2
Ψ + εABCWµν

B WCν

Lint. = gJν
AWAν

Write the Lagrangian in detail for

Ψ =
(

ν

e

)

L
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(3) In QED, for

e−µ → e−µ

scattering, the cross section is given

dσ

dQ2
=

2πα2

s2
(
s2 + u2

t2
)

Show that in QCD for

ud̄ → ud̄

or

ud → ud
dσ

dQ2
=

4πα2
s

s2
(
9s2 + u2

t2
)

To take into account the non-Abelion aspect of QCD, show that

α |F |2 → αs

−∑
color

|F |2 ⇒ [
1
12

Tr(λAλB)][
1
12

Tr(λAλB)]αs |F |2

(4) In QED, for Bhaba scattering

e+e− → e+e−

dσ

dQ2
=

2πα2

s2
[
t2 + u2

s2
+

s2 + u2

t2
+

2u2

st
]

Show that in QCD for

uū → uū
dσ

dQ2
=

4πα2
s

9s2
[
t2 + u2

s2
+

s2 + u2

t2
− 2 u2

3 st
]

Note for the interference term, we get

Tr(λAλBλCλD)

Hint:

fABCfABC′ = 3δCC′

dABCdABC′ =
5
3
δCC′

Interference term will give − 2
27

Draw the Feynman diagram for uu → uu, then using the crossing sym-
metry, show that

dσ

dQ2
=

4πα2
s

9s2

[
t2 + s2

u2
+

s2 + u2

t2
− 2 s2

3 ut

]
.
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Chapter 8

Heavy Flavors

8.1 Discovery of Charm

The J/Ψ was discovered in 1974 in the reaction

p + Be −→ e+e− + X

at
√

s = 7.6 GeV. A narrow peak at m(e+e−) = 3.1 GeV was found. It was
also seen in e+e− collision at

√
s = 3.105 GeV in the following reactions

e−e+ −→ e−e+

e−e+ −→ µ−µ+

e−e+ −→ hadrons.

The width of the resonance was very narrow. It was less than the energy
spread of the beam, Γ ≤ 3 MeV. For this reason, the width cannot be read
off directly from resonance curve. The resonant cross section for any final
state f :

e−e+ −→ J/Ψ −→ f

is given by the Breit-Wigner formula [cf. Eq. (4.52)]:

σef =
π

k2

2J + 1
(2s1 + 1)(2s2 + 1)

ΓeΓf

(
√

s − m)2 + Γ2

4

(8.1)

where J is the spin of the resonance, m is its mass, s1 = s2 = 1/2 is the
spin of electron or positron and

s = E2
cm = 4(k2 + m2

e) ≈ 4k2 (8.2)

Here k = |k| is the center-of-mass momentum. Γ is the total width, Γe and
Γf are the partial widths into e−e+ and f respectively. We can write Eq.
(8.1)
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σef =
π

s
(2J + 1)

ΓeΓf

(
√

s − m)2 + Γ2

4

(8.3)

Since the resonance is very narrow, Γ is very small and it is a good ap-
proximation to replace the denominator in Eq. (8.3) by the δ-function
2π
Γ δ(

√
s − m) and then integration of Eq. (8.3) gives

∫
σefd

√
s = π(2J + 1)

2πΓeΓf

m2Γ
(8.4)

Now
∑
f

σef = σtot,
∑
f

Γf = Γ and assuming Γe = Γµ, we have for the

process

e−e+ −→ Ψ −→ µ−µ+

∫
σefd

√
s = 2π2(2J + 1)

Γ2
e

m2Γ
(8.5)

We also have for the total cross section∫
(Σσef )d

√
s = 2π2(2J + 1)

Γe

m2
(8.6)

Assuming the spin of the resonance J/Ψ, J = 1, we determine the widths
Γe = Γµ and the total decay width Γ. Since Γ = Γe + Γµ + Γh, we can also
determine the hadronic decay width Γh. The experimental values for these
decay widths are given below:

m(J/Ψ) = 3096.916 ± 0.011 MeV,

Γe = Γµ = 5.55 ± 0.14 ± 0.02 keV,

Γ = 93.2 ± 2.1 keV.

The J/Ψ spin-parity can be determined from a study of the interference
between e−e+ −→ γ −→ µ−µ+ and e−e+ −→ Ψ −→ µ−µ+. The cross
section for the QED process e−e+ −→ γ −→ µ−µ+ is well known [Eq. (78)
of Appendix A] and is given by (s � m2

e, m2
µ)

dσ

dΩ
=

α2

4s
(1 + cos2 θ)

σ =
4πα2

s
. (8.7)

If the spin-parity of J/Ψ is that of photon viz 1−, then the angular
distribution would not change by the interference between QED amplitude
and the resonant amplitude (See problem 1). In fact, experimentally, it
was found to be (1 + cos2 θ) near the resonance, clearly establishing the
spin-parity of J/Ψ to be 1− .
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8.1.1 Isospin

Experimentally the decay J/Ψ → pp̄ occurs with a branching ratio Γpp̄/Γ =
(0.214±0.010)%, which is too large to be explained by the electromagnetic
effects. Now pp̄ can have only I = 0 or I = 1. Thus the isospin of J/Ψ is
either 0 or 1. If J/Ψ has I = 1, then the decay J/Ψ → ρ0π0 is forbidden
while for I = 0 (see problem 8.2), we have

Γ
(
J/Ψ → ρ0π0

)
Γ (J/Ψ → ρ−π+) + Γ (J/Ψ → ρ+π−)

=
1
2

(8.8)

to be compared with the experimental value of 0.494 ± 0.068. Thus the
isospin of J/Ψ is 0. Now G-parity is given by G = (−1)IC, where C is
the charge conjugation parity of J/Ψ. Since I = 0, therefore, G = C. The
allowed decay J/Ψ → ρ0π0 fixes its C–parity to be C = (−1)(+1) = −1.
Hence G = −1 for J/Ψ.

8.1.2 SU(3) Classification

Due to C-invariance, the VPP coupling is F-type (see Sec. 5.6.2) which
is not possible if V is SU(3) singlet. Thus SU(3) singlet vector meson
cannot decay into two pseudoscalar mesons belonging to the same SU(3)
multiplet. Thus in particular if J/Ψ is SU(3) singlet, then J/Ψ → KK̄ is
forbidden while J/Ψ → K∗K̄ or J/Ψ → K̄∗K is allowed by C-invariance.
Experimentally one finds

Γ (J/Ψ → K+K−)
Γ

(
J/Ψ → KK̄∗

) ≈ 2.6 × 10−2 (8.9)

which shows that J/Ψ is SU(3) singlet. If J/Ψ is SU(3) singlet, then its
invariant coupling with PV is given by

ΨTr(PV ) = Ψ
[

ρ0π0 + ρ−π+ + ρ+π− + K∗−K+ + K∗+K−

+K̄∗0K0 + K∗0K̄0 +
2
6
ω8η8 +

4
6
ω8η8

]
. (8.10)

Hence
Γ (J/Ψ → ρπ)

Γ
(
J/Ψ → KK̄∗

) = 1 (phase space correction) (8.11)

= 1.2

to be compared with the experimental value 1.39 ± 0.12. To summarize,
the J/Ψ resonance is SU(3) singlet with JPC = 1−−, G = −1 and I = 0.
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8.2 Charm

Although J/Ψ itself does not carry any new quantum number, its unusually
narrow width in spite of large available phase space suggests that it is a
bound state of cc̄ , where c is a quark with a flavor which is outside the three
flavors u, d and s of SU(3). This new flavor is called charm. The quark c is
assigned a new quantum number C = 1 and C = 0 for u, d and s quarks.
Thus to take this quantum number into account, the Gell-Mann-Nishijima
relation would be modified to

Q = I3 +
1
2
(Y + C). (8.12)

For the charmed quark c, C = 1, I3 = 0, Y = B = 1/3. Thus the charge of
charmed quark is 2/3 and its mass mc ≈ 1

2mJ/Ψ = 1.55 GeV.
The narrow width of J/Ψ (87 keV compared to 100 MeV for ρ) can

be qualitatively understood by the OZI rule, just as the suppression of
φ → 3π compared to φ → KK̄ is explained (see Sec. 5.7) by this rule.
Thus the decay depicted in Fig. 8.1 is allowed but that shown in Fig. 8.2
is suppressed by OZI rule. But the decay J/ψ → DD̄ shown in Fig. 8.1 is
not allowed energetically since mJ/Ψ < 2mD.

8.2.1 Heavy Mesons

The heavy quark Q
(
Q̄

)
can form bound states with light quark q̄(q), where

Q = c, b and q = u, d, s :

: (1S0) : (Qq̄)L=0χ
0
A : (3S1) : (Qq̄)L=0χ

+1, 0, −1
S

Q = c : (cq̄) = 0− : (cq̄) = 1−

C = 1 : D+, D0, D+
s : D∗+, D∗0, D∗+

s

C = −1 : (qc̄ ) : D̄0, D−, D−
s : D̄∗0, D∗−, D∗−

s

For L = 0, i.e. for s-wave

J = Sq + SQ

J2 = S2
q + S2

Q + 2Sq · SQ (8.13)
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Fig. 8.1 J/ψ allowed by OZI.

Fig. 8.2 J/ψ suppressed by OZI rule.

We have [� = 1]

〈Sq · SQ〉J=0,1 =
1
2

[
J(J + 1) − 3

2

]

= −3
4

for singlet state: σq · σQ = −3

=
1
4

for triplet state: σq · σQ = 1

m(3S1) > m(1S0) (8.14)

The mass spliting between 3S1 and 1S0 is given by the Fermi contact
term (see Chap. 7) viz

Hij =
8π

3
αsks

σi · σj

4mimj
δ3(r)

ks = 4/3 for qq̄

= 2/3 for qq (8.15)
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Hence

m(3S1) − m(1S0) =
8π

3
4
3
αs

1
mqmQ

〈ψs|δ3(r)|ψs〉

=
32π

9
αs

mqmQ
|ψs(0)|2 (8.16)

From the experimental masses of D∗ and D∗
s ,

mD∗+ − mD+ ≈ 141 MeV

mD∗0 − mD0 ≈ 142 MeV

mD∗±
s

− mD±
s
≈ 144 MeV

These values are in agreement with QCD prediction (8.16) for the mass
difference between m(3S1) − m(1S0). In particular

mD∗
s
− mDs

mD∗ − mD
≈ md

ms

|ψs(0)|2Ds

|ψs(0)|2D
(8.17)

≈ 1

i.e. right-hand side is flavor independent.
We now discuss L = 1 (p-wave) heavy mesons: (Qq̄)L=1. As a first

approximation, we take heavy quark as stationary and its spin is decoupled.
It is natural to couple orbital angular momentum L with Sq in heavy quark
limit:

j = L + Sq (8.18)

The total angular momentum J of the bound state Qq̄ is given by

J = j + SQ (8.19)

Now

j2 = S2
q + L2 + 2Sq.L

Eigenvalues of Sq.L are given by [� = 1]

〈Sq · L〉 =
1
2

[
j(j + 1) − l(l + 1) − 3

4

]
(8.20)

Now

j = l − 1/2, l + 1/2.

Thus for L = 1

j = 1/2, 3/2
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〈Sq · L〉j=1/2 = −1

〈Sq · L〉j=3/2 =
1
2

(8.21)

Hence

m(j = 3/2) > m(j = 1/2) (8.22)

Since

J = j + 1/2, j − 1/2,

for j = 3/2, we have J = 2, 1: D∗
2 , D1 degenerate JP = 2+, 1+

for j = 1/2, we have J = 1, 0: D∗
1 , D0 degenerate JP = 1+, 0+

m(j = 3/2) =
5mD∗

2
+ 3mD1

8

m(j = 1/2) =
3mD∗

1
+ mD0

4
(8.23)

The degeneracy between (D∗
2 , D1) and (D∗

1 , D0) is lifted by spin orbital
coupling (see Chap. 9). All the charmed mesons are listed in Table 8.1.
We note that D+, D0, D+

s (D̄0, D−, D−
s ) can decay only weakly, whereas

JP = 1− D-meson decay strongly and radiatively.

Table 8.1

Charmed Quark Mass Lifetime (10−12 sec) JP

meson content (MeV) /Width

D0 cū 1864.54 ± 0.17 τ = 0.4101 ± 0.0015 0−

D+ cd̄ 1869.62 ± 0.2 τ = 1.040 ± 0.007 0−

D+
s cs̄ 1968.49 ± 0.34 τ = 0.5 ± 0.007 0−

D∗0 cū 2006.97 ± 0.19 Γ < 2.1 MeV 1−

D∗+ cd̄ 2010.27 ± 0.17 Γ = (96 ± 22) KeV 1−

D∗+
s cs̄ 2112.3 ± 0.7 Γ ≤ 1.9 MeV 1−

D∗0
0 cū 2318 ± 29 Γ ≤ 267 ± 40 MeV 1−

D0
1 cū 2422.3 ± 1.3 Γ = 20.4 ± 1.7 MeV 1+

D+
1 cd̄ − − 1+

D∗0
2 cū 2461 ± 1.6 Γ = 43 ± 4 MeV 2+

D∗+
2 cd̄ 2460.1+2.6

−3.5 ± 1.6 Γ = 37 ± 6 MeV 2+

D∗±
s0 cs̄ 2317.8 ± 0.6 Γ < 3.8 MeV 0+

D∗±
s1 cs̄ 2459.6 ± 0.6 Γ < 3.5 MeV 1+

D±
s1 cs̄ 2535.35 ± 0.34 ± 0.5 Γ < 2.3 MeV 1+

D∗
s2 cs̄ 2572.6 ± 0.9 Γ = 20 ± 5 MeV 2+
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8.2.2 The Fifth Quark Flavor: Bottom Mesons

Fifth quark was discovered, when in 1977 the upsilon meson Υ(JPC =
1−−) was found experimentally as a narrow resonance at Fermi Lab. with
mass ∼ 9.5 GeV. This was later confirmed in e+e− experiments at DESY
and CESR which determined its mass to be 9460 ± 10 MeV and also its
width. The updated parameters of this resonance [from the Particle Data
Group Tables] are mass 9460.37 ± 0.21 MeV and width 52.5 ± 1.8 keV.
Again the narrow width in spite of large phase space available suggests the
existence of a fifth quark flavor called beauty, with a new quantum number
B = −1 for the bottom (b) quark. With this assignment the formula
Q = I3 + 1/2(Y + B + C) would give the charge of b quark the value
−1/3(I3 = 0). The mass of b quark is expected to be around 4.9 GeV as
suggested by the Υ mass which is regarded as a 3S1 bound state of bb̄.

Thus one would expect particles with B = ±1, such as bq̄ or qb̄. The
lowest lying bound states bq̄ and qb̄ have been found experimentally. The
B = −1 states (B̄0, B−)B̄0

s form an SU(3) triplet (3̄) and B = +1 states
(B+, B0)B0

s form another triplet (3). For p-wave multiplets

(qb̄)L=1 JP = 2+, 1+

[
(B∗+,0

2 , B+,0
1 )

(B∗0
s2

, B0
s1

)

]

j=3/2

JP = 1+, 0+

[
(B∗+,0

1 , B+,0
0 )

(B∗0
s1

, B0
s0

)

]

j=1/2

The masses and decay time of B-mesons are given below
B± = 5279.16 ± 0.31 MeV, τ = (1.638 ± 0.11) × 10−12 sec

B0 = 5279.53 ± 0.33 MeV, τ = (1.530 ± 0.069) × 10−12 sec
The masses and decay widths of other B-mesons can be found in particle
data book.

8.2.3 The Sixth Quark Flavor: The Top

The top quark t with Q = 2/3 and new flavor T = 1 was expected on
theoretical grounds. It was first found experimentally in 1996; its mass is
mt = 172.0 ± 0.9 ± 1.3 GeV. Since (t, b) form a weak doublet, it decays
weakly to W+ + b, i.e.

t → W+ + b

The predicted decay rate is [see Chap. 13]

Γ(t → W+ + b) =
GF

8π
√

2
m3

t

(
1 − m2

W

m2
t

)2 (
1 + 2

m2
W

m2
t

)
(8.24)
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where we have neglected the b quark mass compared to mW and mt. Taking
mt = 172 GeV and mW = 80 GeV, GF = 1.166 × 10−5 GeV−2, we get

Γ ≈ 1.48 GeV.

If QCD correction is taken into account, then

Γ ≈ 1.36 GeV.

which gives, the life time of τ to be

τ = 4.84 × 10−25 sec

Thus t quark decays before it can form bound states such as tt̄ and tq̄.

8.3 Strong and Radiative Decays of D∗ Mesons

D∗ → D + π

D∗ → D + γ

These are p-wave decays. The decay width for the strong decay D∗ → Dπ

is given by

Γ(D∗+ → D+π0) =
g2

4π

2
3
|p|3Dπ

m2
D∗

(8.25)

Now D+, D0 form an isospin doublet. SU(2) gives

D∗+ → D+π0 : −g

D∗+ → D0π+ :
√

2g (8.26)

D∗0 → D0π0 : g

D∗0 → D+π− :
√

2g

The decay D∗0 → D+π− is not energetically allowed. The experimental
value for the total decay width of D∗+ is

ΓD∗+ = 96 ± 22 keV

Br(D∗+ → D0π+) = (67.7 ± 0.5)%

Br(D∗+ → D+π0) = (30.7 ± 0.5)% (8.27)

Br(D∗+ → D+γ) = (1.6 ± 0.4)%

From the above equations, we get

Γ(D∗+ → D0π+) = (65 ± 15) keV

Γ(D∗+ → D+π0) = (36 ± 8) keV (8.28)

Γ(D∗+ → D+γ) = (1.5 ± 0.5) keV
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Thus we get
g2

4π
= (3.32 ± 0.76) (8.29)

The decay width for the radiative decay is given by

Γ =
4α

3
µ2|k|3 (8.30)

µD+ = 〈D+|
∑

i

Qi

2mi
σiz|D∗+〉

=
1
6

[
− 1

md
+

2
mc

]

µD0 =
1
3

[
1

mu
+

1
mc

]

µDs =
1
6

[
− 1

ms
+

2
mc

]
(8.31)

Using md = mu ≈ 336 MeV, ms ≈ 490 MeV, mc ≈ 1500 MeV,

Γ(D∗+ → D+γ) = 1.8 keV

Γ(D∗0 → D0γ) = 37 keV

Γ(D∗+
s → Dsγ) = 0.36 keV (8.32)

Now

Γ(D∗0 → D0π0) =
|p|3D0π0

|p|3D+π0

m2
D∗

m2
D∗0

Γ(D∗+ → D+π0)

= (52 ± 10) keV

Γ(D∗0 → D0γ) =
(

38.1 ± 0.29
61.9 ± 0.29

)
Γ(D∗0 → D0π0) (8.33)

= (32 ± 6) keV

consistent with the quark model value for the radiative decay given in Eq.
(8.32) . The strong decays of

D∗+
s → D0K+

→ D+K0

are not energetically allowed. Thus decay channel allowed are radiative
decay, D∗+

s → Dsγ and the decay D∗+
s → D+

s π0 is isospin violating decay,
hence it is also electromagnetic decay. The full width of D∗+

s is Γ < 1.9
MeV, and

Br(D∗+
s → D+

s γ) = (94 ± 0.7)%

Br(D∗+
s → D+

s π0) = (5.8 ± 0.7)% (8.34)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

8.3. Strong and Radiative Decays of D∗ Mesons 231

We now briefly discuss the strong decays of p-wave D-mesons. Parity
and angular momentum selection rules imply the following allowed decay
modes

D∗
2 → D∗π l = 2 d-wave decay
→ Dπ l = 2 d-wave decay

D1 → D∗π l = 0, 2 s and d-wave decays
D1 � Dπ l = 1 not allowed due to parity
D∗

1 → D∗π l = 0, 2 s and d-wave decays
D∗

0 � D∗π not allowed
D∗

0 → Dπ l = 0 s-wave decays

The allowed s-wave decays are very broad, since D∗
2 , D1 belong to one

multiplet viz j = 3/2; it is reasonable to assume that the s-wave decay of
D1 is suppressed, this is also born out by the experimental values of decay
widths

ΓD0
1

= (20.4 ± 1.7) MeV

ΓD∗0
2

= (43 ± 4) MeV (8.35)

ΓD∗±
2

= (37 ± 6) MeV

The resonances D∗
1 , D∗

0 have not been seen experimentally; their decay
widths are expected to be of the order of few hundred MeV. However, a
resonance D∗

0 at (2138± 28) MeV with width (267± 40) MeV has been ex-
perimentally discovered. Same selection rules hold for p-wave, DsJ mesons;
J = 2, 1, 1, 0.

The decay channels and the widths for the multiplet, j = 3/2 are given
below

D+
s1

→ D∗+K0

→ D∗0K+

D+
s2

→ D0K+

→ D+K0

→ D∗0K+

→ D∗+K0

ΓDs1
< 2.3 MeV (8.36)

ΓD∗
s2

= 20 ± 5 MeV (8.37)
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For the multiplet, j = 1/2 (D∗
s1

, D∗
s0

), the above decays are not ener-
getically allowed, only channels energetically allowed are radiative decays
and isospin violating decays

D∗
s1

→ D∗+
s π0

→ D+
s γ

→ D∗+
s γ

D∗
s0

→ D+
s π0

They are narrow resonances, since strong decays are energetically not
allowed. Experimentally it is more likely to find a narrow resonance than
a very broad resonance.

8.4 Heavy Baryons

Since u, d, s, belong to the triplet representation of SU(3), the charmed and
bottom baryons with spin parity 1

2

+ belong to either triplet representation
3̄ or sextet representation 6 of SU(3). Using the Pauli principle, the unitary
spin and spin wave functions of spin 1

2

+ baryons can be written as

Aij =
1√
2

(qiqj − qjqi) Q χ
MA

(8.38)

Sij =
1√
2

(qiqj + qjqi) Q χ
MS

, (8.39)

where i, j = 1, 2, 3 (q1 = u, q2 = d, q3 = s, Q = c or b) and the spin wave
functions χMA and χMS are given in Eq. (6.8) and Table 6.3 respectively.
Note that Aij belongs to triplet representation 3̄ of SU(3): In particular
we have an isospin singlet and isospin doublet: For Q = c

JP = 1
2

+ Mass(GeV) Mean life(10−15 sec)
A12 = 1√

2
(ud − du) c : Λ+

c 2.286 200±6

I = 1
2

[
A13 = 1√

2
(us − su) c : Ξ+

c

A23 = 1√
2

(ds − sd) c : Ξ0
c

]
2.468
2.471

442±26
112+13

−10

These baryons decay weakly.
For Q = b

Mass Mean life(10−12 sec)
A12 : Λ0

b 5.620 1.383[
A13 : Ξ0

b

A23 : Ξ−
b

]
5.792 1.42
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Sij belongs to sextet representation of SU(3). In particular, we
have an isospin triplet, an isospin doublet and an isospin singlet:

JP = 1
2

+ Mass(GeV) Decay channel

I = 1




S11 =
√

2Σ+
cc

S12 = Σ+
c

S22 =
√

2Σ0
c

2.455 → Λ+
c π0(Γ ∼ 2.23MeV )

I = 1/2

{
S13 = Ξ

′+
c

S23 = Ξ
′0
c

2.576 Ξcγ(−)

I = 0 S33 = 1√
2

(2ss) c :
√

2Ω0
c 2.697 −(τ = 69 × 10−15 sec)

I = 1




S11 =
√

2(Σ+
b ),

S12 = (Σ0
b),

S22 =
√

2(Σ−
b ),

I = 1/2

{
S13 = (Ξ

′0
b )

S23 = (Ξ
′−
b )

I = 0 S33 =
√

2(Ω−
b )

The spin 3
2

+ baryons also belong to the sextet representation of SU(3).
They are given in Eq. (8.39), with χMS replaced by χA where the spin wave
functions χs are given in Table 6.1. The six spin 3

2

+ baryons are labelled
as

Σ∗++
c (Σ∗+

b ), Σ∗+
c (Σ∗0

b ), Σ∗0
c (Σ∗−

b ),

Ξ∗+
c (Ξ∗0

b ), Ξ∗0
c (Ξ∗−

b ), Ω∗+
c (Ω∗0

b )

In addition to C = +1 and B = −1 baryons considered above, we also
have the following baryons with C = 2 and B = −2 belonging to the triplet
representation of SU(3) with spin parity (3/2)+:

Ξ∗++
cc = ccuχs, Ξ∗+

cc = ccdχs, Ω∗+
cc = ccsχs

Ξ∗0
bb = bbuχs, Ξ∗−

bb = bbuχs, Ω∗−
bb = bbsχs (8.40)

Finally we have singlets with C = 3 and B = −3, namely

Ω∗++
ccc = cccχs, Ω∗−

bbb = bbbχs (8.41)

8.5 Quarkonium

The bound system of heavy quarks QQ̄, Q = c, b, is called quarkonium e.g.
charmonium cc̄ and bottomonium bb̄. Since quarks are fermions with spin
1/2, their bound system can be written as (QQ̄)L,S . Now spin S can have
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two values 0 and 1 with spin wave function antisymmetric and symmetric
respectively. If we regard Q and Q̄ as identical fermions which differ only
in their charges, then we can state generalized Pauli principle: The wave
function is antisymmetric with the exchange of particles Q and Q̄. Under
particle exchange, we get with space coordinates exchange, a factor (−1)L,
with spin coordinates exchange, a factor (−1)S+1 and with charge exchange,
a factor C (C is called C-parity). Hence Pauli principle gives

(−1)L+S+1C = −1. (8.42)

Therefore,

C = (−1)L+S . (8.43)

Hence we have the result

C =
{

−1 L + S odd
+1 L + S even.

(8.44)

Also for (QQ̄) system, the parity

P = (−1)(−1)L = (−1)L+1. (8.45)

Let us now use the spectroscopic notation,

L =
0, 1, 2, 3, · · ·
S, P, D, E, · · · .

A state is completely specified as

n 2S+1LJ ,

where n is the principal quantum number and J is the total angular mo-
mentum. Thus for L = 0, we have the following states

JPC

n 1S0 C = +1, n = 1, 2, · · · 0−+

n 3S1 C = −1, n = 1, 2, · · · . 1−−

The ground state is therefore a hyperfine doublet 1 1S0(0−+) and
1 3S1(1−−). For L = 1, we have the following states

n 1PJ J = +1, C = −1, 1+−

n 3PJ J = 0, 1, 2 C = 1, 0++, 1++, 2++.

Finally, we note that for L = 2, we have the following states

n 1DJ J = 2, C = +1, 2−+

n 3DJ J = 1, 2, 3 C = −1, 1−−, 2−−, 3−−.
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The low lying states for L = 0, 1 are listed below (Masses in GeV and decay
widths in MeV).

n = 1
1S0
3S1

[ηc(2.980)[
J/Ψ(3.097)
Υ(9.460)

26.7±3.0
(93.2±2.1) × 10−3

(54.02±1.25) × 10−3

n = 2




ήc(3.637)
ψ́(3.686)
Ύ(10.023)

14±7
(317±9) × 10−3

(31.98±2.63) × 10−3

n = 1

1P1(1+−)
3P0(0++)
3P1(1++)
3P2(2++)
1P1(1+−)
3P0(0++)
3P1(1++)
3P2(2++)

hc(3.526)
χc0(3.415)
χc1(3.510)
χc2(3.556)
hb

χb0(9.859)
χb1(9.893)
χb2(9.912)

< 1
10.2±0.7
0.89±0.05
2.03±0.12
-
-
-
-

It is interesting to see that the state 3D1 has the same quantum number
as 3S1. They can therefore mix, but the mixing is expected to be small.

The states 3PJ and 1P1 is a hyperfine quartet (degenerate), but this
degeneracy is removed due to hyperfine splitting. The low lying charmo-
nium states listed above are shown in Fig. 8.3. Most of these states have
been discovered experimentally. The transitions and decays of charmonium
states are shown in Fig. 8.3. Similar transitions and decays occur for bot-
tomonium bound states.

From Fig. 8.3, we note that both M1 and E1 radiative transitions are
possible:

J/Ψ → ηc + γ

Ψ′ → ηc + γ

Ψ′ → η′
c + γ (no parity change) M1 transitions

→ Ψ + γ

Ψ′ → χc + γ

χ → ηc + γ

]
(parity changes) E1 transitions

From Eq. (6.88) and Table 6.3, we get (for example)

Γ(Ψ′ → ηcγ) =
4α

3

[
2
3

1
mc

]2

k3Ω2

= 2.7 keV Ω (1.21 ± 0.37 expt. value) (8.46)
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where Ω is the overlap integral defined as

Ωn′n =
∫ ∞

0

eiq·rφn′00(r)φn00(r) d3r. (8.47)

and q = (msp/m)k, k is the momentum carried by photon, msp is the mass
of the spectator quark and m is the mass of the bound state. For Ω = 1, Γ
is about a factor of two larger than the experimental value.

Fig. 8.3 The charmonium spectrum (cc̄ bound state) [16].

For E1 transitions nS1 → n′PJ and nPJ → n′S1 (J = 0, 1, 2) the decay
widths can be written (cf. Eq. (6.68))

ΓnS1→n′PJ
=

4α

3

[
2J + 1

3

]
|Mn′n|2 k3 (8.48)

ΓnPJ→n′S1 =
4α

3
|Mn′n|2 k3 (8.49)

where
Mn′n = < Q > Ωn′n, Ωn′n = (1/

√
3)

×
∫ ∞

0

[j0(qr) − 2j2(qr)]Rn′0(r)Rn1(r)r3dr (8.50)

Note that j0 and j2 are spherical Bessel functions and Rnl are radial wave
functions. In order to predict these decay widths one needs to know the
radial wave functions, i.e. some potential model is needed.

Finally, we note that there are 22 states below B threshold as compared
with eight states below charm threshold. This is a consequence of the fact
that interquark potential is flavor independent (as expected in QCD) so
that En2 −En1 is the same for cc̄ and bb̄. (Note that charm threshold is at
about 3.74 GeV whereas B threshold is at about 10.55 GeV.)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

8.6. Leptonic Decay Width of Quarkonium 237

8.6 Leptonic Decay Width of Quarkonium

The decays of 3S1(QQ̄) state (V ) into charged leptons proceeds through
the virtual photon as shown in Fig. 8.4.

Fig. 8.4 The decay of V in to charged leptons through virtual photon.

The scattering cross section for the QQ̄ → ll̄ is given by Eq. (A.77)

σ =
4πα2

3
〈Q〉2 1

s

βl

βQ

×

[
1 +

2 − β2
Q − β2

l

2
+

(
1 − β2

Q

) (
1 − β2

l

)

4

]
(8.51)

where

βl =

√
s − 4m2

l√
s

, βQ =

√
s − 4m2

Q
√

s

s = E2
cm (8.52)

and Q is the charge of the quark Q. Now the cross section σ can be written
as

σ =
3
4
σt +

1
4
σs, (8.53)

where σt is the cross section for 3S1 state and σs is the cross-section for 1S0

state. Since the photon is coupled to a conserved vector current, therefore
it contributes only to spin triplet state. Thus σs = 0. Hence the decay rate
in the limit βl → 1 (s = 4m2

Q � 4m2
l ) is given by

Γ = (incident flux)σt

= 2βQ|Ψs(0)|2 4
3
σ, (8.54)

where the incident flux = ρin(2βQ) = 2|Ψs(0)|2βQ. Hence from Eqs. (8.51)
and (8.54),

Γ
[
3S1(V ) → l+l−

]
=

16πα2

3
〈Q〉2 |Ψs(0)|2

m2
V

, (8.55)
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where we have put s = 4m2
Q ≈ m2

V and βQ ≈ 0 (in the non-relativistic
limit).

Taking into account the color |V 〉 = 1√
3

∑
a |Q̄aQa〉, we multiply Eq.

(8.55) by a factor of three. Hence we have

Γ0
[
V → l+l−

]
= 16πα2 〈Q〉2 |Ψs(0)|2

m2
V

. (8.56)

It may be pointed out that before comparing experimental leptonic
widths with their theoretical predictions, the vacuum polarization contri-
butions to the leptonic decay width have to be removed so that

Γ0 = Γexp(1 − Π)2

where (1 − Π)2 = 0.958, 0.932 for charmonium and bottomonium respec-
tively and then it is Γ0 which is to be compared with the theoretical pre-
dictions.

In the quark model, the electromagnetic current

Je.m
µ =

2
3
ūγµu − 1

3
d̄γµd − 1

3
s̄γµs +

2
3
c̄γµc − 1

3
b̄γµb

∼ 1√
2
ρ0

µ +
1
3

1√
2
ω0

µ − 1
3
φ0

µ +
2
3
ψµ − 1

3
Υµ (8.57)

For

Vµ → e+e−

〈0|Je.m
µ |V 〉 = fV

mV

(2π)3/2

εµ√
2q0

Γ
[
V → e+e−

]
=

4πα2

3
f2

V

mV
(8.58)

where (cf Eq. (8.57))

fV =
1√
2
fρ,

1
3

1√
2
fω, − 1

3
fφ,

2
3
fψ, − 1

3
fΥ (8.59)

for V = ρ, ω, φ, ψ and Υ respectively.

8.7 Hadronic Decay Width

The decays of quarkonium states 3S1 and 1S0 to ordinary hadrons are
suppressed by the OZI rule. The narrowness of their decay widths can be
explained as follows. By C-conservation 3S1 state can decay in the lowest
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order to three gluons and thus its hadronic decay width is proportional
to α3

s × (probability of conversion of gluons into hadrons). Since color is
confined, this probability is unity. Similarly the decay of 1S0 into hadrons
is proportional to α2

s, since by C-conservation it can decay into two gluons.
Here analogy with positronium is in order. Positronium in 1S0 state (para
positronium) decay into two photons via the diagram (Fig. 8.5).

Fig. 8.5 Positronium (1S0 state) decay into two photons.

In the low energy limit the cross section for the above process is given
by

σ =
π

β

(
α

me

)2

. (8.60)

Since σt = 0, we get using Eq. (8.53)

σs = 4σ =
4π

β

(
α

me

)2

. (8.61)

Hence the decay rate

Γ
[
1S0(e−e+) → 2γ

]
= |βΨs(0)|2 4 σ = 16π

α2

4m2
e

|Ψs(0)|2. (8.62)

For (QQ̄) 1S0 state decaying into 2γ, replace

e4 →
[√

3Q2e2
]2

= 3Q4e4 (8.63)

and 4m2
e → 4m2

Q ≈ m2
P . Hence

Γ
[
1S0(mP ) → 2γ

]
=

16πα2

m2
P

3Q4|Ψs(0)|2. (8.64)

For ηc → 2 gluons, replace α2 by 2
3α2

s in Eq. (8.62) [see problem 8.2], so
that the hadronic decay rate is

Γ [ηc → hadrons] =
32π

3
α2

s(mηc
)

m2
ηc

|Ψs(0)|2. (8.65)
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The decay rate for 3S1(e−e+) system going to 3γ is given by

Γ
[
3S(e−e+) → 3γ

]
=

64π

9π
(π2 − 9)

α3

4m2
e

|Ψs(0)|2. (8.66)

For the decay of 3S1(Q̄Q) → 3g, we replace α3 by 5α3
s/18 [see problem 8.5]

and (2me)2 = (2mQ)2 ≈ m2
V in Eq. (8.66). Hence

Γ
[
3S1(V ) → hadrons

]
= Γ

[
3S1 → 3g

]

=
160π(π2 − 9)

81π

α3
s

m2
V

|Ψs(0)|2. (8.67)

We now apply the above results to φ, J/Ψ and γ decays. From Eqs.
(8.67) and (8.55),

α3
s(mV ) =

81πα2 < Q >2

10(π2 − 9)
Γ (V → hadrons)

Γ (V → e−e+)
(8.68)

From Eq. (8.68),

αs(mφ) ≈ 0.45, αs(mΨ) ≈ 0.22, αs(mΥ) ≈ 0.19,

where we have used Γ(φ → non-strange mesons)≈ 653 keV, Γ(J/Ψ →
hadrons)≈ 82 keV, Γ(Υ → hadrons)≈ 54 keV, Γ(φ → e+e−) ≈ 1.26 keV,
Γ(J/Ψ → e+e−) ≈ 5.55 keV, Γ(Υ → e+e−) ≈ 1.34 keV. From this we see
a realization of the asymptotic freedom of QCD, the coupling αs(q2) falls
with the increase of q2.

Finally from Eqs. (8.65), (8.67) and (8.55), we have [with αs(mηc
) =

αs(mΨ)]

Γ(ηc → hadrons) =
27π

5(π2 − 9)
m2

Ψ

m2
ηc

1
αs(mΨ)

Γ(J/Ψ → hadrons)

(8.69)

=
3
2

[
αs(mΨ)

α

]2
m2

Ψ

m2
ηc

Γ(J/Ψ → e+e−)

≈ 7.6 MeV (8.70)

where we have used αs(mΨ) ≈ 0.22. This value is lower than the experi-
mental value Γtot ≈ 13.2+3.8

−3.2 MeV for ηc.

8.8 Non-Relativistic Treatment of Quarkonium

From a theoretical point of view, heavy quark system (quarkonium) is inter-
esting because this is a relatively simple system. To a good approximation,
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the quark motion in this bound state should be non-relativistic. Thus we
can use the Schrödinger equation for QQ̄ system:

− �2

2µ
∇2Ψ(r) + [V (r) − E]Ψ(r) = 0. (8.71)

µ is the reduced mass of QQ̄ system, i.e. µ = 1
2mQ. For central potential,

we can use the wave function:

Ψ(r) = R(r) Ylm(θ, φ). (8.72)

The radial wave function R(r) satisfies the equation

− �2

2µ

[
d2

dr2
+

2
r

d

dr

]
R(r) −

[
E − V (r) − l(l + 1)�2

2µr2

]
R(r) = 0.

(8.73)

If we define a radial function

χ(r) = r R(r), (8.74)

then χ(r) satisfies the equation

d2χ

dr2
+

[
2µ

�2
(E − V (r)) − l(l + 1)

r2

]
χ = 0. (8.75)

The wave function χ(r) is normalized as
∫ ∞

0

[χ(r)]2dr =
∫ ∞

0

[R(r)]2r2dr

= 1 (8.76)

with the boundary conditions

χ(0) = 0 (8.77)

For S-waves:

χ(r) → 0 as r → ∞

R(r) → 0
(8.78)

For S-waves:

χ′(0) = R(0) =
√

4πΨs(0). (8.79)

We now prove two important results:
1.

|Ψs(0)|2 =
µ

2π�2

〈
dV

dr

〉
. (8.80)
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Proof.
From Eq. (8.75) for l = 0

χ′′

χ
= − µ

2π�2
(E − V ) . (8.81)

Therefore,

d

dr

[
χ′′

χ

]
=

2µ

�2

dV

dr
(8.82)

Taking the expectation value [note that χ(r) is real], we get
∫ ∞

0

χ
d

dr

[
χ′′

χ

]
χdr =

2µ

�2

∫ ∞

0

χ
dV

dr
χdr. (8.83)

Integrating left-hand side by parts, we get

l.h.s. =
[
χ′′

χ
χ2

]∞

0

−
∫ ∞

0

χ′′

χ
2χχ′dr

=
[
χ′′

χ
χ2 − χ′2

]∞

0

= [χ′(0)]2 = [R(0)]2, (8.84)

where we have used the boundary conditions (8.77), (8.78). Hence Eqs.
(8.79) and (8.83) gives

|Ψs(0)|2 =
µ

2π�2

〈
dV

dr

〉
.

2. Virial Theorem

〈T 〉 =
1
2

〈
r
dV

dr

〉
(8.85)

Proof.
From Eq. (8.82), we have

∫ ∞

0

χ r
d

dr

(
χ′′

χ

)
χdr =

2µ

�2

〈
r
dV

dr

〉
(8.86)

Integrating left-hand side by parts and using Eqs. (8.77) and (8.78), we get

l.h.s. = 2
∫ ∞

0

χ′2dr (8.87)

Therefore,

2
∫ ∞

0

χ′2dr =
2µ

�2

〈
r
dV

dr

〉
(8.88)
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Now from Eq. (8.81), 〈
χ′′

χ

〉
= −2µ

�2
[E− < V >] . (8.89)

But 〈
χ′′

χ

〉
=

∫ ∞

0

χχ′′dr

= |−χχ′|∞0 −
∫ ∞

0

χ′2dr

= −
∫ ∞

0

χ′2dr (8.90)

Hence from Eqs.(8.88) – (8.90), we get

E − 〈V 〉 =
1
2

〈
r
dV

dr

〉
(8.91)

or

〈T 〉 =
1
2

〈
r
dV

dr

〉
.

Let us apply Eq. (8.85) to one gluon exchange potential V (r) = −2
3αs

1
r .

For this case 〈
p2

2µ

〉
=

2
3
αs

〈
1
r

〉
=

2
3
αs

1
a
, (8.92)

where a = 3/4µαs is the Bohr radius. Thus, we get
v

c
=

2
3
αs (8.93)

As αs decreases with mass, for sufficiently high mass v/c � 1 and one
can treat dynamics non-relativistically. For the special case of power law
potential

V (r) = A + λrν , (8.94)

one can obtain interesting results by studying the scaling of Schrödinger
equation (8.75). Put ρ = βr, where β is some parameter such that it makes
ρ dimensionless. Let us put χ(r) = u(ρ) and Ē = E − A. Then from Eq.
(8.75)

− d2

dρ2
u(ρ) =

[
2µ

�2

1
β2

Ē − 2µ

�2
λ

1
β2+ν

ρν − l(l + 1)
ρ2

]
u(ρ) (8.95)

Put |λ| = 2µ
�2 β2+ν , this gives

β =
[
2µ|λ|

�2

]1/2+ν

. (8.96)
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Then put

ε =
2µ

�2

[
2µ|λ|

�2

]1/2+ν

Ē, (8.97)

where ε is dimensionless. If we write sgn(λ) = λ/|λ|, Eq. (8.95) gives

d2

dρ2
u(ρ) +

[
ε − sgn(λ)ρν − l(l + 1)

ρ2

]
u(ρ) = 0 (8.98)

which depends only upon pure numbers. We now study the consequences
of Eq. (8.98).

(i) Lengths and quantities with the dimensions of length depend upon
constituent quark mass m = 2µ and coupling strength |λ| as

L ∼ 1
β

∼ (µ|λ|)−1/2+ν . (8.99)

Particle density at the origin of coordinates

|Ψs(0)|2 ∼ L−3 ∝ (µ|λ|)−1/2+ν . (8.100)

(ii) Level spacing between energy levels depends on µ and |λ| as

∆E ∼ 1
µ

(µ|λ|)2/2+ν ∝ µ−ν/2+ν |λ|2/2+ν (8.101)

The “power law” potential corresponding to the limiting value ν → 0 is
simply the logarithmic potential.

V (r) = C ln
r

r0
. (8.102)

We summarize these results for the power law potentials in Table 8.2.

Table 8.2

Simple
Coulomb harmonic Power

like oscillator linear log law
ν = −1 ν = 2 ν = 1 ν = 0 ν = 0.1

|Ψs(0)|2 µ3 µ3/4 µ µ3/2 µ1.43

∆E µ µ−1/2 µ−1/3 constant µ−0.048
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8.9 Observations

mΥ′ − mΥ = mΨ′ − mΨ (8.103)

implies either ν = 0 or ν is very small. In fact Martin has shown that the
potential

V (r) = −8.04 GeV + 6.870(r/1 GeV−1)0.1 (8.104)

gives a good fit to quarkonium mass spectrum.
The logarithmic potential

V (r) = (0.71 GeV) ln
(

r

r0

)
(8.105)

gives good fit to the data. The two forms are numerically indistinguishable
for 0.1 fm ≤ r ≤ 1 fm.

If we plot |Ψs(0)|2 for the vector bosons ρ, ω, φ, Ψ, Υ versus µ in a
log-log plot, a straight line fit is possible, i.e.

|Ψs(0)|2 ∼ µp

with p ∼ 1.6. Again this supports the power law potential with ν very
small, i.e. ν ∼ 0.1.

Both for charmonium and bottomonium, the low lying bound state en-
ergy spectrum satisfies the rule

E1s < E1p < E2s. (8.106)

In particular we find for cc̄

m̄(1 3P ) − m̄(1 S) = 457MeV

m(2 3S1) − m(1 3S1) ≡ Ψ′ − J/Ψ = 589MeV (8.107)

m(1 3S1) − m(1 1S0) = J/Ψ − ηc = 117MeV

m(2 3S1) − m(2 1S0) = Ψ′ − η′
c = 82MeV,

where

m̄(S) =
3m(3S1) + m(1S0)

4
(8.108)

m̄(3P ) =
5m(3P2) + 3m(3P0) + m(3P0)

9
. (8.109)

For Coulomb potential, the energy spectrum satisfies the rule

E1s < E2s = E2p < E3s = E3p = E3d (8.110)
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and for the harmonic oscillator potential

E1s < E1p < E2s = E1d < E2p. (8.111)

Further, the harmonic oscillator potential gives the level spacing as follows:

E1p − E1s = E2s − E1p =
1
2
(E2s − E1s) (8.112)

Thus although oscillator potential is a confining potential, the level spacing
is not in agreement with the experimental results.

The QCD inspired Cornell potential [cf. Eq. (7.82a)]

V (r) = C − K

r
+

r

a2

reproduces the mass spectrum for cc̄ and bb̄ bound states quite well (see
the problem 8.9).

Thus we see that the quarkonium spectroscopy is consistent with a
potential that increases linearly at large distances, thereby supporting the
color confinement. We also saw in this chapter (as well as in Chap. 7) a
realization of other striking property of QCD, namely the running of the
QCD coupling constant αs(q2) with q2.

8.10 Tetraquark

Tetraquark mesons are composite of diquark-diantiquark. A diquark is
either in symmetric color state 6c or color antisymmetric state 3̄c. The
antidiquark is either in symmetric color state 6̄c or color antisymmetric
state 3c. Now

6c ⊗ 6c = 35c ⊕ 1c

3c ⊗ 3c = 8c ⊕ 1c

3c ⊗ 6c = 10c ⊕ 8c

6c ⊗ 3c = 10c ⊕ 8c

Hence only 6c ⊗ 6c and 3c ⊗ 3c give color singlet state. However for both
diquark and antidiquark in color symmetric state, the one gluon exchange
potential is repulsive unlike attractive one gluon exchange potential for
diquark and antidiquark in color antisymmetric state. In any case, we will
confine ourselves to the color singlet tetraquark composite of diquark and
antidiquark in color triplet states 3c and 3c respectively.
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Now diquarks are either antisymmetric or symmetric in flavor:

[qq] =
1√
2
(qiqj − qjqi) i, j = u, d, s, c

{qq} =
1√
2
(qiqj + qjqi)

Similarly for antidiquark flavor states. For antisymmetric color state 3c or
3c, Pauli principle requires overall wave function of diquark or antidiquark
to be symmetric in flavor, in space and spin: (s, denote the spin of diquark
or antidiquark)

[qq]L=0, s=0 ; P = 1 [qq]L=1, s=1 ; P = −1

{qq}L=0, s=1 ; P = 1 {qq}L=1, s=0 ; P = −1

[q̄q̄]L=0, s=0 ; P = 1 [q̄q̄]L=1, s=1 ; P = −1

{q̄q̄}L=0, s=1 ; P = 1 {q̄q̄}L=1, s=0 ; P = −1

For u, d, s quarks, the underlying flavor symmetry is SU(3) (S denotes
strangeness quantum number)

For this case

[qq] ,

{
I = 0
S = 0

,
I = 1/2
S = −1

[q̄q̄] ,

{
I = 0
S = 0

,
I = 1/2
S = −1

Hence we have a nonet of low lying scalar mesons 0+, composite of
tetraquark viz

[qq]L=0, s=0 [q̄q̄]L=0, s=0

Nonet of scalar mesons 0+ have inverse mass spectrum:

Isosinglet: σ(600)

Two isodoublet: K(800)
{

S = 1
S = −1

degenerate
[

Isosinglet:
Isotriplet:

f0(980)
a0(980)

This mass spectrum does not fit 0+ as bound states (qq̄)L=1.

The following tetraquark states are of interest
(
[qq]L=0, s=0 {q̄q̄}L=0, s=1 ± {qq}L=0, s=1 [q̄q̄]L=0, s=0

)
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These states have JPC = 1++, 1+−. The following states have JPC = 0++,

1++, 2++

{qq}L=0, s=1 {q̄q̄}L=0, s=1

{qq}L=1, s=0 {q̄q̄}L=1, s=0

Both these states give the tetraquark mesons with JPC = 0++, 1++, 2++.

We see that there are a large number of tetraquark states. It is hard to
formulate selection rules to select the states which can exist as composite
of tetraquark.

As an example, we consider the following two tetraquark charmonium
states, with L = 0:

(
[cq]L=0, s=0 {c̄q̄}L=0, s=1 ± {cq}L=0, s=1 [c̄q̄]L=0, s=0

)

The two states have JPC = 1++ and 1+−. The JPC = 1++ meson is
identified with the state X(3872). This state was discovered in the J/Ψ
π+π− distribution. However, this state decay in two different final states:

X → J/Ψπ+π−

→ J/Ψπ+π− π0

with equal probability:

R =
Br(X(3872) → J/Ψπ+π− )

Br(X(3872) → J/Ψπ+π− π0)

The C-parity of (π+π−) is C = (−1)l; C-conservation requires l = 1,
I(π+π−) = 1 as required by Bose statistics. Thus the G-parity of (π+π−)
system (−1)l+I = +1, i.e. (π+π−) has the same C and G parities as ρ0

meson.
Hence for the decay channel

X → J/Ψπ+π−, ∆G = 0, ∆|I| = 1

For the decay channel

X → J/Ψπ+π− π0

we note that G-parity of the (π+π− π0) is −1 and C-conservation requires
the C(π+π− π0) = −1. Hence the (π+π−π0) system has the same quantum
number as ω0. Hence for this decay channel ∆G �= 0, ∆|I| = 0. We conclude
that both decay channels are electromagnetic decay, for the channel X →
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J/Ψπ+π−, ∆G = 0, ∆|I| = 1, whereas for the channel X → J/Ψπ+π−π0,
∆G �= 0, ∆|I| = 0. Experimentally, the branching ratio is

Br(X(3872) → J/Ψπ+π−) ≈ Br(X(3872) → J/Ψπ+π−π0)

For the open charm the tetraquark, D-states{
(cq)L=1, s=0(q̄q̄

′
)L=0, s=1

(cq)L=0, s=1(q̄q̄
′
)L=1, s=0

have JPC = 2−, 1−, 0−. The D-states{
(cq)L=1, s=0(q̄q̄

′
)L=1, s=0

(cq)L=0, s=1(q̄q̄
′
)L=0, s=1

have JPC = 2+, 1+, 0+.

In particular, for q = d, q́ = s, D+
s : states have JPC = 2+, 1+, 0+ out

of the tetraquark states

(cd)(d̄s̄)
{

L = 0, s = 1
L = 1, s = 0

have been considered as possible tetraquark mesons.

8.11 Problems

(1) Write down the amplitude F for the Feynman diagrams shown in Fig.
8.6, Show that

dσ

dΩ
=

α2

4s

[
(1 + cos2 θ) +

g4

e4

s2

(m2
res − s)2 + m2

resΓ2

]

JP =0−,0+

dσ

dΩ
=

α2

4s
(1 + cos2 θ)

[
1 − 2

g2

e2

s(m2
res − s)

(m2
res − s)2 + m2

resΓ2

+
g4

e4

s2

(m2
res − s)2 + m2

resΓ2

]

JP =1−

dσ

dΩ
=

α2

4s

{
(1 + cos2 θ) +

[
1 +

g4

e4

s2

(m2
res − s)2 + m2

resΓ2

]

−4 cos θ
g2

e2

s(m2
res − s)

(m2
res − s)2 + m2

resΓ2

}

JP =1+

In writing above equations, the finite width of resonance has been taken
care of. Hence we conclude: experimental angular distribution excludes
JP = 0−, 0+, 1+ and higher spin.
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Fig. 8.6 e−e+ → µ−µ+ through γ or resonances.

(2) Show that if J/Ψ has isospin I = 0,
Γ

(
Ψ → ρ0π0

)
Γ (Ψ → ρ−π+) + Γ (Ψ → ρ+π−)

=
1
2
.

Hint: The ρπ final state has I = 0, 1 or 2. But we are interested in
I = 0. Using C.G. coefficients

∣∣ρ−π+
〉

=
1√
3
|0, 0〉 + · · ·

∣∣ρ0π0
〉

=
1√
3
|0, 0〉 + · · ·

(3) Show that D∗Dπ couplings in SU(3) are given by

D∗0 → D0π0 : g

D∗0 → D+π− :
√

2g

D∗+ → D0π+ :
√

2g

D∗+ → D+π0 : −g

D∗0 → D0η8 : 1√
3
g

D∗+ → D+η8 : 1√
3
g

D∗+
s → D0K+ :

√
2g

D∗+
s → D+K0 :

√
2g

D∗+
s → D+

s η8 : − 2√
3
g

(4) Consider the decays

ψ́ = J/Ψη

= J/Ψπ0

Show that above decays are p-wave decays. The second decay is isospin
violating decay. Obtain the decay widths

Γ(ψ́ → J/Ψη)

and

Γ(ψ́ → J/Ψπ0)

in terms of the coupling constants gψ́J/Ψη and gψ́J/Ψπ0 . Obtain the val-
ues of these couplings. Hence show that isospin violating interaction is
of the same order as electromagnetic interaction from the experimental
branching ratios.
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Fig. 8.7 (qq̄) → 2γ or 2 gluons.

(5) For (qq̄)color singlet → 2γ or 2 gluons, as shown in Fig. 8.7, where
a, b = 1, 2, 3 are 3 colors of quarks, A, B = 1, · · · , 8 are eight colors of
gluons, show that

M(2g)
M(2γ)

=
αs

αQ2
q

1
2δAB

3

and hence show that
Γ(2g)
Γ(2γ)

=
2
9

α2
s

α2Q4
q

For (qq̄)color singlet → 3γ or 3 gluons coupled symmetrically in gluon
color, show that

Γ(3g)
Γ(3γ)

=
5
54

α3
s

α3Q6
q

Hint: Use 1
16dABCdABC = 5

6

(6) Using Eqs. (8.59) and (8.60) in the text and the experimental table
below
Vector Meson mV (MeV) Γ (keV)
ρ 770 7.04 ± 0.02
ω 783 0.60 ± 0.02
φ 1020 1.26 ± 0.04
Ψ 3097 5.55 ± 0.14
Υ 9460 1.340±0.018

show that

fρ = 221 MeV, fω = 194 MeV, fφ = 228 MeV,

fψ = 416 MeV, fΥ = 715 MeV

(7) J/Ψ can also decay into hadrons via electromagnetic interaction
through one photon exchange
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Show that

Γ(Ψ → h)γ =
2π

mΨ

(4π)2α2

3m2
Ψ

f2
Ψ.3m2

Ψ ρ(m2
Ψ)

= 12π2Γ(Ψ → e−e+) ρ(m2
Ψ)

Using Fig. 8.8,

Fig. 8.8 Decay of J/Ψ into hadrons via electromagnetic interaction through one photon
exchange

ρ(m2
Ψ) =

1
12π2

∑
i

Q2
i

=
1

12π2
3(

4
9

+
1
9

+
1
9
) below charm threshold

=
1

12π2
(2)

Show that

Γ(Ψ → h)γ = 2Γ(Ψ → e−e+)

= 11.10 ± 0.28 KeV

Exp: 12.60 ± 0.28 keV

(8) Using the formula for 3S1 bound state

Γ[(QQ̄)(23S1) → e−e+]
Γ[(QQ̄)(13S1) → e−e+]

=
m(QQ̄)23S1

m(QQ̄)13S1

|Ψ2s(0)|2
QQ̄

|Ψ1s(0)|2
QQ̄

and the experimental values for the leptonic decay width and the
masses, show that

|Ψ2s(0)|2cc̄

|Ψ1s(0)|2cc̄

≈ 0.61,
|Ψ2s(0)|2

bb̄

|Ψ1s(0)|2
bb̄

≈ 0.65.
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(9) By writing

E =< H >=< Ψ|H|Ψ >= 2m +
1
2µ

< p2 > + < V (r) >

where µ = m/2 and V (r) = C − K
r + 1

a2 r, evaluate the energy eigen-
values E1s, E1p and E2s by variational principle.
Hint: Write ε̄ = (2µb4)1/3Ē = (2µb4)1/3[< H > −2m − C], (E =
Ē + C) and Ψ = u(r)

r Ylm(θ, φ) and express

ε̄ =

∫ [
−ud2u

dy2 +
(
y − η

y + l(l+1)
y2

)
u2

]
dy

∫
u2dy

where y = (2µ/b2)1/3r and η = (4µ2b2)1/3K. [All these quantities are
dimensionless and are therefore also suitable for numerical solution on
a computer.]
Using the trial wave functions

1S : u = Nye−1/2β2y2
,

2S : Ny

(
1 − 2

3
β2y2

)
e−1/2β2y2

1P : u = Ny2e−1/2β2y2
,

minimize ε̄ in order to determine the parameter β for each wave func-
tion. Then find ε̄. For numerical purpose, use mc = 1.52 GeV,
K = 0.48, a = 2.34 GeV−1. Compare your results with the experi-
mental values.
Using the equation

|Ψns(0)|2 =
µ

2π

〈
dV

dr

〉

ns

=
µ

2π

[
1
a2

+ K

〈
1
r2

〉

ns

]
,

evaluate |Ψns(0)|2 by using the above wave functions for 1S or 2S states
in order to determine < 1/r2 >ns with the parameters β’s determined
in the first part of the problem. Hence evaluate the mass difference
Ψ − ηc and Ψ′ − η′

c and compare your results with the experimental
values.

(10) From Eq. (8.76), using similar proceedure used in deriving Eq. (8.81),
show that for p-wave

〈
1
r3

〉

p

=
2µ

4

〈
dV

dr

〉
.
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Chapter 9

Heavy Quark Effective Theory

9.1 Effective Lagrangian

The QCD Lagrangian (7.52)

L = q̄iγµ (∂µ − igsGµ) q − q̄mq − 1
2
Tr(GµνGµν)

for light quarks is chiral invariant in the limit mu,d,s → 0 as discussed in
Chap. 11. For a heavy quark c, b, or t, the chiral symmetry does not hold.
However, QCD has asymptotic freedom which implies that the effective
coupling constant αs decreases logarithmically at short distances or high
momentum transfers. This is the basis for perturbative QCD, i.e. above
a certain mass scale µ, the perturbative QCD is applicable. The size of
a hadron is of the order of ΛQCD, where ΛQCD ∼ 0.2 GeV (see Chap.
7). Thus for a bound state of quarks or (quark-antiquark), we are in the
nonperturbative regime, i.e. in the confinement region.

Consider for example a bound state of light-heavy quark-antiquark, viz
qQ̄ or Qq̄. In the limit mQ → ∞, heavy quark (antiquark) can be taken as a
static source of field in which light antiquark (quark) moves. The situation
is like hydrogen atom. In the limit mQ → ∞, the Hamiltonian for the light
degrees of freedom in analogy with H atom can be written to order υ2/c2

H =
p̂2

2mq
+ Vc(r) −

p̂4

8m2
q

− 1
4m2

q

σq.(Ec × p̂) − 1
8m2

q

� · Ec, (9.1)

where Ec is the color electric field, Vc(r) is related to Ec by Ec = −dVc

dr
r
r ,

and p̂ = −i�. Although λQCD/mQ is small, it is still finite. The effec-
tive heavy quark theory provides a framework to take into account 1/mQ

corrections.
The starting point is to define a four-velocity

255

2022 © The Author(s). This is an Open Access chapter published by World Scientific Publishing Company, licensed  
under the terms of the Creative Commons Attribution-NonCommercial 4.0 International License (CC BY-NC 4.0).
https://doi.org/10.1142/9789814338851_0009

https://creativecommons.org/licenses/by-nc/4.0/
https://doi.org/10.1142/9789814338851_0009


July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

256 Heavy Quark Effective Theory

υµ =
dxµ

dτ
, u =

dx
dτ

dτ

dt
=

υ

γ
(9.2)

υo = γ = υo

so that

v2 = υµυµ = γ2 − γ2u2 = γ2(1 − u2) = 1 (9.3)

It is convenient to define

υ/ = γµυµ, υ/2 = υ2 = 1 (9.4)

The Dirac equation for a heavy quark is given by

(iγµDµ − m)Ψ = 0 (9.5)

where Dµ is the covariant derivative

Dµ =
∂

∂xµ
− igsGµ (9.6)

Gµ =
λA

2
GA

µ

We define the projection operators

P± =
1
2

(1 ± υ/) (9.7)

Note that in the rest frame υ = 0

P± =
1
2
(1 ± γ0),

i.e. it projects out upper and lower components of Ψ. Write

Ψ = P+Ψ + P−Ψ

= e−imυ.x[h+υ + h−υ]

= e−imυ/υ.xh+υ + eimυ/υ.xh−υ (9.8)

where

h±v = eimv·xP±Ψ
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We note that

υ/h+υ = h+υ, υ/h−υ = −h−υ (9.9)

P+γµ = γµP− + υµ

P−γµ = γµP+ − υµ (9.10)

Using Eqs. (9.8), (9.9), and (9.10), we obtain from Eq. (9.5)

(iγ · D + iυ · D)h−υ + iυ · Dh+υ = 0 (9.11)

(iγ · D − iυ · D)h+υ − (2m + iυ · D)h−υ = 0 (9.12)

Note that h+υ and h−υ are not decoupled. The next step is to show that
to order 1/m2, the equations for h+υ and h−υ are decoupled. From Eq.
(9.12), one obtain

h−υ =
iγ · D − iυ · D
2m + iυ · D

h+υ

=
1

2m
[1 − iυ · D

2m
+ ....][iγ · D − iυ · D]h+υ (9.13)

Thus from Eqs. (9.11) and (9.13) to order 1/m, we get

[iγ · D + iυ · D]
iγ · D − iυ · D

2m
h+υ + iυ · Dh+υ = 0 (9.14)

Now

γ · D γ · D = γµγνDµDυ

= D2 − i

2
σµυ[Dµ, Dυ]

= D2 − gs

2
σµυGµυ (9.15)

Hence from Eq. (9.14), we obtain

[iυ · D − D2

2m
+

gs

4m
σµυGµυ − (iυ · D)2

2m
]h+υ = 0 (9.16)

This is the Pauli form of Dirac equation to order 1/m. The corresponding
Lagrangian for the field h+υ is given by

Leff = h̄+υ[iυ · D − D2 + (iυ · D)2

2m
+

gs

4m
σµυGµυ]h+υ (9.17a)

= h̄+υ[iυ · D − D2
⊥

2m
+

gs

4m
σµυGµυ]h+υ (9.17b)
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Note that h+υ annihilates a heavy quark. In the limit m → ∞

Leff = h̄+υiυ · Dh+υ (9.17c)

Now from the relation

−i∂µΨ(x) = [P̂µ,Ψ(x)] (9.18)

it follows through the transformation (9.8) that

−i∂µh+υ = mυµh+υ + [P̂µ, h+υ] (9.19)

This shows that a derivative acting on h+υ corresponds to a factor of the
residual momentum kµ carried by the heavy quark

−kµ = mυµ − pµ (9.20)

so that kµ indicates how much heavy quark is of-mass shell. In the limit
m → ∞ (no recoil limit) with υµ and kµ fixed

υquark
µ ≡ pµ

m
= υµ +

kµ

m
→ υµ (9.21)

One would expect the heavy quark to carry most of the momentum of the
q̄Q bound state, but not all:

pB
µ = pµ + lµ = mυquark

µ + lµ (9.22)

where pB
µ = mBυµ is the momentum of the bound system and lµ is that

which is carried by the light degree of freedom. Now mB = m + mq − B

where B is the binding energy supplied by the interaction through gluon.
Thus from Eq. (9.22)

υquark
µ =

mB

m
υµ − lµ

m
(9.23)

so that again υquark
µ → υµ as m → ∞ and a comparison of Eq. (9.23) with

Eq. (9.21) shows that in the limit m → ∞, the interaction with gluons
can change kµ but not υquark

µ = υµ; the velocity of the heavy quark can be
altered only by an external current which absorbs “infinite momentum”.
Thus in a hadron, the light degrees of freedom are independent of the
heavy quark mass, i.e. residual motion of the heavy quark in a hadron can
be taken into account by adding the effective Hamiltonian for heavy quark
Q from the Leff given in Eq. (9.17) to the Hamiltonian for the light quark
given in Eq. (9.1). We will come to this point later, when we discuss the
masses of heavy hadrons.
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The third term in the Lagrangian (9.17a) undergoes short-distance QCD
corrections and as such is multiplied by the renormalization factor

ZQ (µ) =
[

αs (µ)
αs (m)

]−9/25

(9.24)

with ZQ (µ = m) = 1.

The heavy quark propagator in QCD can be written in HQET using
Eq. (9.20):

iδa
b

m + γ · p
p2 − m2 + iε

= iδa
b

1 + υ/

2 (υ · k + iε)
(9.25)

where we have neglected the term k2/m → 0. The gluon heavy quark
vertex can be written from the Lagrangian (9.17) and is given by

igsυ
µ (Ts)

a
b (9.26)

The following relations are useful

υ/γµ + γµυ/ = 2υµ

υ/γµυ/ = 2υµυ/ − γµ (9.27)

From Eq. (9.27), one can write

h̄+υγµh+υ = h̄+υυµh+υ (9.28)

9.2 Spin Symmetry of Heavy Quark

In the limit m → ∞, the Lagrangian Leff given in Eq. (9.17) has additional
symmetries not present in the full QCD Lagrangian. One such symmetry,
namely the spin symmetry of heavy quark is reflected in the fact that the
first term in the Lagrangian Eq. (9.17b) makes no reference to the Dirac
structure at all which can couple to the spin degrees of h+υ.

More explicitly define the spin:

si = −si = −γ5υ/γ · ei (9.29)

where

ei · υ = υµeµ
i = 0,

ejµeµ
k = −δjk (9.30)

In the rest frame of hυ (
υ = 0
υ0 = 1

)
, eµ

i = δµ
i
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thus

si = γ5

(
γ0υ0

)
γµδµ

i

= υ0γ
0γ5γi =

(
σi 0
0 σi

)
= −si, (9.31)

i.e. we get the usual definition of the spin. We note that the Lagrangian
Leff given in Eq. (9.17a) is invariant under the infinitesimal transformation

δh+υ = iθ · sh+υ

δh̄+υ = −iθ · sh̄+υ (9.32)

Now the Noether current is given by

Jµ = −i
∂L

∂ (Dµh+υ)
sh+υ

= h̄+υυµsh+υ (9.33)

Hence the spin operator is given by

S =
∫

J0 (x, t) d3x

= υ0

∫
h̄+υsh+υd3x. (9.34)

Note that

[Si, h+υ] = −sih+υ (9.35)

We conclude that the Lagrangian Leff in Eq. (9.17a) is invariant under
SU(2) of heavy quark spin symmetry. It means that pseudoscalar and vector
meson states |P (υ)〉 and |V (υ, ε)〉, containing the same heavy quark, with
momentum pB

µ = mBυµ can be related to each other:

S3 (υ) |P (υ)〉 = − |V (υ, ε)〉 , S3 (υ) |P (υ)〉 = |V (υ, ε)〉 (9.36)

Thus their masses are degenerate in this limit. This degeneracy is lifted by
the third term in the Lagrangian (9.17) giving e.g. for B∗ (1−) and B(0−)
mesons, the mass difference (m∗

B − mB) which scales like 1/mb.
The second symmetry of the Lagrangian (9.17) in the limit m → ∞

arises when we introduce two distinct flavors h1 (e.g.b) and h2 (e.g.c). Since
the first term in Eq. (9.17) makes no reference to masses mi (i = 1, 2), and
since mass is the only property which can distinguish between quarks of
different flavors in QCD, the effective theory has a symmetry under which
h1 (υ) ↔ h2 (υ). It may be emphasized that this symmetry does not in
any way depend on m1 = m2 but only on mi � Λ, where Λ is a scale
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parameter such that 1/Λ determines the size of light degrees of freedom in
the bound state and is a few hundred MeV ; it may vary from process to
process. Note also that the flavor symmetry holds between heavy quark
fields of the same velocity and not with the same momentum. This flavor
symmetry together with the spin symmetry mentioned above gives rise to

SU(4) symmetry for the system
(

h1 (υ)
h2 (υ)

)
and has been used to relate the

matrix elements of flavor changing effective currents which mediate weak
decays of mesons containing heavy quarks. Since we will be dealing with
h+υ only, we will drop the subscript + in what follows. We first note that

[
Sυ

i , h̄υ′ Γhυ

]
= −h̄υ′ Γsihυ[

Sυ
′

i , h̄υ′ Γhυ

]
= h̄υ′ siΓhυ (9.37)

These equations follow from Eq. (9.35). Their use is as follows:
Consider the transition B− (υ) → D

(
υ

′
)
. Then from Eq. (9.37), we

obtain

i
〈
D0

(
υ

′
)∣∣∣

[
Sυ

′

i , c̄υ′ Γbυ

] ∣∣B− (υ)
〉

=
〈
D0

(
υ

′
)∣∣∣ [c̄υ′ siΓbυ]

∣∣B− (υ)
〉

(9.38)
Now using Eq. (9.36),

i
〈
D∗0

(
υ

′
)∣∣∣ c̄υ′ Γbυ

∣∣B− (υ)
〉

=
〈
D0

(
υ

′
)∣∣∣ [c̄υ′ s3Γbυ]

∣∣B− (υ)
〉

(9.39)

where s3 = γ5υ/
′γρε∗ρ, ερ is polarization vector for D∗0. For Γ = γµ (1 − γ5),

we have

s3γ
µ (1 − γ5) = γ5 � υ′γρε∗ρ γµ (1 − γ5) (9.40)

Now using

γλγργµ = gλργµ − gλµγρ + gρµγλ + iελρµσγ5γσ (9.41)

i
〈
D∗0

(
υ

′
)∣∣∣ [c̄υ′ γµ (1 − γ5) bυ]

∣∣B− (υ)
〉

= −
(
υ′µε∗σ − υ′σε∗µ − iεµλρσυ

′

λε∗ρ

)

×
〈
D0

(
υ

′
)∣∣∣ [c̄υ′ γσ (1 − γ5) bυ]

∣∣B− (υ)
〉

= −
(
υ′µε∗σ − υ′σε∗µ − iεµλρσυ

′

λε∗ρ

)

× 1√
4υ0υ

′
0

[
ξ0

(
υ · υ

′
) (

υ + υ
′
)

σ

]
(9.42)
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where we have used the fact that c̄γµb is a symmetry current, so that
〈
D0

(
υ

′
)∣∣∣ [c̄υ′ γµbυ]

∣∣B− (υ)
〉

=
1√

4υ0υ
′
0

[
ξ0

(
υ · υ

′
) (

υ + υ
′
)

µ

]
(9.43)

with

ξ0

(
υ2

)
= ξ0 (1) = 1 (9.44)

Another application of Eq. (9.37) is for the matrix elements of the
current q̄γµ (1 − γ5) b, (q = u, d, s) between the vacuum and B meson state
viz

〈0| [Sυ
i , q̄Γb] |Bq〉 = −〈0| q̄Γsib |Bq〉 (9.45)

Hence we get

i 〈0| q̄Γb
∣∣B∗

q

〉
= −〈0| q̄Γ (γ5υ/ γ · ε) b |Bq〉 (9.46)

Thus for Γ = γµ (1 − γ5) on using Eqs. (9.40) and (9.41), one obtains

i

√
1

mB∗
q

(
fB∗

q
εµ

)
= ifBq

mBq
υ2εµ = ifBq

√
mBq

εµ

fB∗
q

=
√

mBqB∗
q
fBq

= mBq
fBq

(9.47)

where we have used

〈0| q̄γµγ5b |Bq (p)〉 =
√

1
2p0

ipµfBq
=

√
mB

2υ0
ifBq

υµ (9.48)

and

〈0| q̄γµb
∣∣B∗

q (p)
〉

=
√

1
2p0

εµfB∗
q

=
√

1
2mB∗υ0

εµfB∗
q

(9.49)

The results obtained in Eqs. (9.42) and (9.47) will be used in Chap. 15,
where we will discuss the semileptonic decays of B mesons involving the
vector and axial form factors in the transitions B → D,D∗.

Similar results can also be derived by the following procedure (called
trace technique). For vector and pseudoscalar meson fields, we can write
(P = B or D)

Ha =
1 + υ/

2
[
iγµP ∗

aµ − γ5Pa

]
, (9.50)

where a = 1, 2, 3 for u, d and s quarks and P ∗
aµ and Pa are annihilation

operators normalized as
〈
0

∣∣P ∗
aµ

∣∣ Q qa

(
1−

)〉
= εµ (9.51)
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〈
0 |Pa|Q qa

(
0−

)〉
= 1 (9.52)

We define the adjoint field

Ha = γ0H†
aγ0 =

[
−P

∗
aµiγµ + P aγ5

] 1 + υ/

2
(9.53)

We note that
υ/Ha = Ha

Haυ/ = −Ha (9.54)
The spin symmetry which relates Pa and P ∗

aµ is automatically incorporated
in Eq. (9.50).

In case of spinor field Ψ(x), the wave function can be written〈
0

∣∣Ψ(x)
∣∣ p

〉
∼ e−ipxu(p) (9.55)

Then in view of Eqs. (9.50)-(9.52), we can write for mesons containing a
heavy quark

〈0 |Ha|Pa (υ)〉 = −1 + υ/

2
γ5 (9.56)

〈0 |Ha|P ∗
a (υ, ε)〉 =

1 + υ/

2
iγ.ε (9.57)

We now apply the above considerations for the matrix elements
〈0− (υ′) |Jλ| 0− (υ)〉 and 〈1− (υ′, ε∗) |Jλ| 0− (υ)〉 where Jλ = Vλ −Aλ. Using
Eqs. (9.56), (9.57) and (9.50)-(9.53), we get〈

0− (υ′)
∣∣Jλ

∣∣ 0− (υ)
〉

=
1√

4υ0υ′
0

[−ξ (υ · υ′)]Tr

[
−γ5 1 + υ/′

2
γλ 1 + υ/

2
γ5

]

=
1√

4υ0υ′
0

ξ (υ · υ′) (υ + υ′)λ (9.58)

〈
1−

(
υ′, ε∗µ

) ∣∣Jλ
∣∣ 0− (υ)

〉

=
1√

4υ0υ′
0

[−ξ (υ · υ′)] ε∗µ ×

Tr

[
−iγµ 1 + υ/′

2
γλ (1 − γ5) ×

1 + υ/

2
γ5

]

=
−i√
4υ0υ′

0

ξ (υ · υ′)
[
iελρµσυ′

ρε
∗
µυσ + (1 + υ′ · υ) ε∗λ − υ · ε∗υ′

λ

]

(9.59)
Note that since only vector current contributes in Eq. (9.58), the form
factor ξ (−υ · υ′) is normalized as ξ (1) = 1. Comparing Eqs. (9.58) and
(9.59) with Eqs. (9.40) and (9.46), we see that trace technique gives exactly
the same results for B → D(D∗) transitions as previously obtained.
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9.3 Mass Spectroscopy for Hadrons with One Heavy Quark

We now discuss the effective Lagrangian (9.17a) in relation to hadronic
masses containing one heavy quark. We introduce the following notation:
Write a pseudoscalar (vector) heavy meson as Pq(P �

q ), P = B or D, q = u,
d or s and we take mu = md. The heavy baryon is written as BQ, Q = b or
c, B=Λ,Ξ,Σ, Ξ

′
or Ω ; the light quark content and spin configurations are

contained in these symbols.
Define

a (P ) = 〈P |hυD2hυ |P 〉 (9.60a)

d (P ) = ZQ (µ) 〈P | gshυσµνGµνhυ |P 〉 (9.60b)

We take a(P ) and d(P ) independent of the light quark flavor q. We also
assume

a (B) = a (D) = a (9.61a)

mB

mb
Z−1

b (µ) d (B) =
mD

mc
Z−1

c (µ) d (D) = d (9.61b)

These assumptions imply that interquark interactions are flavor indepen-
dent. To understand the physical meaning of these terms we go to the rest
frame of Q (i.e. υ = 0). In this frame

iv · D = gsG◦ (9.62)

−D2 = (∇− igsG) · (∇− igsG) = D2 (9.63)

σµνGµν = 2
(

0 −iσ · Ec

−iσ · Ec 0

)
+ 2

(
σ · Bc 0

0 σ · Bc

)
(9.64a)

where

G0j = −Ec
j , Bc

i =
1
2
εijkGjk (9.64b)

are the color electric and magnetic fields respectively. Thus hυD2hυ is
gauge invariant extension of kinetic energy term representing the residual
motion of heavy quark in a hadron and term hυσQ·Bchυ describes the color
magnetic coupling of the heavy–quark spin to the gluon field (S = 1

2σ)[we
have exhibited the subscript Q with σ].

Matching Eq. (9.62) with Vc in Eq. (9.1), we can write the effective
Hamiltonian for a bound hadron containing one heavy quark Q as

H = Hq + HQ (9.65)
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where HQ takes care of the residual motion of the heavy quark. Note that

gsG0 = −Vc(r)

has been absorbed in Hq. In view of Eqs. (9.63) and (9.64), HQ is obtained
from Eq. (9.16) or from Leff in Eq. (9.17a) to order 1/mQ as follows:

HQ = − D2

2mQ
− σQ · Bc

2mQ
ZQ (µ) gs (9.66)

Note that the second term on the right-hand side of Eq. (9.66) represents
the interaction of color magnetic field Bc with color magnetic moment of
the heavy quark µQ = σQ

2mQ
(ZQ (µ) gs).

We note that the term σQ·Bc gives rise to color magnetic moment in-
teraction of the type µq·µQ which induces a term of the type (ks = 4

3 )

8π

3
αsks

σQ · σq

4mQmq
δ3(r)

Now

〈σq·σQ〉 =
{
−3 : for spin singlet

(
1S0

)
state

1 : for spin triplet
(
3S1

)
state

Then the Hamiltonian (9.65) gives the masses of the heavy meson Pq and
P ∗

q

mPq = mQ + Λ̄q +
a

2mQ
− d (P )

2mQ
(9.67)

mP �
q

= mQ + Λq +
a

2mQ
+

d (P )
6mQ

(9.68)

where we have put

Λq = 〈Hq〉 + mq (9.69)

and

d =
ZQ (µ)
2mQ

(8παsks)|Ψs(0)|2

From Eqs. (9.67) and (9.69) the following mass relations are obtained

mB�
d
− mBd

= mB�
s
− mBs =

2
3

d (B)
mb

(9.70a)

mD�
d
− mDd

= mD�
s
− mDs =

2
3

d (D)
mc

(9.70b)
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mBs
− mBd

=
(
Λs − Λd

)
+ O

(
1

mb

)
(9.71a)

mDs
− mDd

=
(
Λs − Λd

)
+ O

(
1

mc

)
(9.71b)

mB − mD = (mb − mc)
[
1 − a

2mbmc

]
(9.71c)

where

mP =
3mP � + mP

4
(9.72)

Experimentally (in MeV)

mD±�
d

− mD±
d

= 140.64 ± 0.10, mD±�
s

− mD±
s

= 143.8 ± 0.4

mB�
d
− mBd

= 45.78 ± 0.35, mB�
s
− mBs

= 46.5 ± 1.2

mBs
− mBd

= 87.5 ± 0.6, mDs
− mDd

= 98.87 ± 0.30

mB = 5313, mD = 1971

which are compatible with equalities obtained in Eqs. (9.70) and (9.71).
From Eqs. (9.70) and (9.61b), we also obtain

mB

(
mB� − mB

)

mD

(
mD� − mD

) =
mBd(B)

mb

mDd(D)
mc

=
Zc (µ)
Zb (µ)

=
[
αs (mb)
αs (mc)

]9/25

(9.73a)

Using the experimental values for the masses, we obtain
αs (mb)
αs (mc)

� 0.69 (9.73b)

Eq. (9.73b) is compatible with αs (mb) � 0.22, αs (mc) � 0.32 [see Chap.
15] used in discussing the decays of D and B mesons. If we use mb = 4.9,
mc = 1.5 (in GeV), then from Eq. (9.70), we get

d (B)
mb

� 0.07 GeV, d (B) � 0.34 GeV2 (9.74a)

d (D)
mc

� 0.213 GeV, d (D) � 0.32 GeV2 (9.74b)

It may be noted that we cannot use Eq. (9.71c) to determine ā, in a
meaningful way since it is very sensitive to quark masses mb , mc which are
not well known. Finally we note from Eqs. (9.67), (9.69) and (9.72) that

mB − mb = Λ̄d + O

(
1

mb

)
(9.75a)
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which gives for mb � 4.9 GeV,

Λd � 0.41 GeV (9.75b)

With the help of Eqs. (7.105) and (7.106), we can derive the mass
formulae for heavy baryons using Eqs. (9.65) and (9.66). The masses for
the baryons ΛQ , ΣQ and Σ�

Q, can be obtained as

mΛQ
= mQ + Λ̃d − 3

4mumd
λ̃ +

ã

2mQ
(9.76)

mΣQ
= mQ + Λ̃d − 3

4mumd
λ̃ +

ã

2mQ
− d̃ (ΣQ)

mQ
(9.77a)

mΣ�
Q

= mQ + Λ̃d +
3

4mumd
λ̃ +

ã

2mQ
+

d̃ (ΣQ)
2mQ

(9.77b)

where ã and d̃ are given in Eqs. (9.60) with P replaced by BQ and

Λ̃d = 〈Hq〉 + md + mu (9.78)

and parameter λ̃ arises from the color magnetic moment interaction of light
quarks in a heavy baryon [cf. Eq. (7.86)]:

Hq1q2 = −8π

3

(
−2

3
αs

)
Sq1 ·Sq2

mq1mq2

δ3 (r) (9.79)

From Eq. (9.79), one can write

〈Hq1q2〉 = λ̃

〈
Sq1 ·Sq2

mq1mq2

〉
(9.80a)

where

λ̃ =
16
3

(
2
3
αs

)
π

2
〈
Ψ

∣∣δ3 (r)
∣∣ Ψ

〉
(9.80b)

The masses for other baryons can be obtained from mΛQ
, mΣQ

and mΣ�
Q

by appropriate replacement in the light flavor index. From Eqs. (9.77),
(9.78), we get

mΣ�
Q
− mΣQ

= mΞ�
Q
− m

′

ΞQ
= m

Ω∗
Q
− mΩQ

=
3d̃ (ΣQ)
2mQ

(9.81)

1
2

(
mΣQ

+ mΩQ

)
− m

′

ΞQ
=

1
2

(
mΣ�

Q
+ m

Ω∗
Q

)
− mΞ�

Q
= 0 (9.82)

(
mΛb

− mΛc

)
= (mb − mc)

[
1 − ã

2mbmc

]
(9.83)
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With the present experimental values for the charmed baryons. [see Chap.
8 and Ref. [11]]

mΣ�
c
− mΣc

= mΞ�
c
− m

′

Ξc
� 65 MeV (9.84)

Thus the mass relation (9.82) is well satisfied. From Eq. (9.82) then we
obtain

mΩ∗
c

= mΩc
+ 65 MeV � 2765 MeV (9.85)

We also note from Eqs. (9.74b), (9.82) and (9.84) that
d̃ (Σc)
d (D)

� 0.2 (9.86)

Further from Eqs. (9.71) and (9.83),
mb − mc

2mbmc
[a − ã] =

[(
mΛb

− mΛc

)
− (m

B
− m

D
)
]

(9.87)

Now mΛb
− mΛc

� 3.34 GeV � m
B
− m

D
, therefore ã = a. Using ã = a,

one gets from Eqs. (9.77), (9.78), (9.71), and (9.72):
mΛb

− m
B

= mΛc
− m

D
= Λ̃d − Λd (9.88)

where
mΛQ

=
1
4

[
mΛQ

+ mΣQ
+ 2m

Σ�
Q

]
(9.89)

Thus using mΛc
= 2.443 GeV,

Λ̃d − Λd = 0.47 GeV (9.90)
Also from Eqs. (9.77) and (9.78)

mΣQ
− mΛQ

=
λ̃

mumd
− d (ΣQ)

m
Q

(9.91)

Thus in particular for charmed baryons,
λ̃

mumd
=

(
mΣc − mΛc

)
+

2
3

(
m�

Σc
− mΣc

)

� 168 + 43 � 211 MeV (9.92)
which is not very much different from d(D)

mc
� 213 MeV (see Eq. (9.74b)).

The success of the mass formulae Eqs. (9.70) and (9.82) cannot be taken
as verification of HQET, since similar formulae also hold for light hadrons
[see Sec. 7.6.2]. If we follow the approach of Chap. 7 for baryons and put

d̃ =
λ̃

mq
(9.93)

then Eq. (9.83) remains unchanged. Using mΣc
− mΛc

= 168 MeV, we
obtain

mΣ∗
c
− mΣc

� 67 MeV

m
Σ∗

b
− mΣb

� 20 MeV (9.94)

mΣb
− mΛb

� 199MeV, (9.95)
i.e. the results similar to the ones obtained in HQET.
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9.4 The P-wave Heavy Mesons: Mass Spectroscopy

So far we have discussed only S-wave heavy mesons. We now discuss P-
wave mesons for which experimental evidence is available. Since the spin
of heavy quark is decoupled, it is natural to combine

j = L + Sq (9.96)

with SQ to give

J = j + SQ (9.97)

for the bound Qq̄ system. Thus for the P states we get two multiplets, one
with j = 3/2 and the other with j = 1/2. Hence for � = 1 we have four
multiplets

[
D∗

2

(
2+

)]
,

[
D1

(
1+

)]
j=3/2

and
[
D∗

1

(
1+

)]
,

[
D0

(
0+

)]
j=1/2

It is useful to write down the angular momentum part of the wave
functions for the four P-states. According to the angular momentum scheme
outlined above, P-state can be labeled as |JMjsQ〉. We can write these
states for DJ mesons:

|D�
2 , M = ±1〉 =

{
1√
2

[
Y10χ

+1
+ + Y11χ

0
+

]
1√
2

[
Y10χ

−1
+ + Y1−1χ

0
+

]

|D�
2 , M = 0〉 =

1√
6

[
Y1−1χ

+1
+ + 2Y10χ

0
+ + Y11χ

−1
+

]
(9.98a)

|D1, M = ±1〉 =

{
1√
6

[
−Y10χ

+1
+ + Y11

(
χ0

+ + 2χ0
−

)]
1√
6

[
Y10χ

−1
+ + Y1−1

(
−χ0

+ + 2χ0
−

)]

|D1, M = 0〉 =
1√
6

[
−Y1−1χ

+1
+ + 2Y10χ

0
− + Y11χ

−1
+

]
(9.98b)

|D�
1 , M = ±1〉 =

{
1√
3

[
−Y10χ

+1
+ + Y11

(
χ0

+ − χ0
−

)]
1√
3

[
Y10χ

−1
+ + Y1−1

(
−χ0

+ − χ0
−

)]

|D�
1 , M = 0〉 =

1√
3

[
−Y1−1χ

+1
+ − Y10χ

0
− + Y11χ

−1
+

]
(9.99a)

|D0, M = 0〉 =
1√
3

[
Y1−1χ

+1
+ − Y10χ

0
+ + Y11χ

−1
+

]
(9.99b)
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The degeneracy between j = 3/2 and j = 1/2 states is removed by the
spin-orbit coupling term Sq·L in the Hamiltonian Hq given in Eq. (9.1).
viz the term

1
2m2

q

Sq · L×
[
1
r

dVc

dr

]

where

Vc = −4
3
αs

1
r

= −K ′

r
(9.100)

is one gluon potential. Thus using [cf. Eq. (8.21)]

〈Sq · L〉j=3/2,1/2 =
1
2
, −1 (9.101)

we have

mj=3/2 − mj=1/2 =
(

1
2

+ 1
)

λ1 =
3
2
λ1 (9.102a)

where

mj=3/2 =
5m

D∗
2

+ 3m
D1

8
(9.102b)

mj=1/2 =
3m

D∗
1

+ m
D0

4
(9.102c)

λ1q =
1

4m2
q

〈
1
r

dVc

dr

〉
=

K ′

4m2
q

〈
1
r3

〉

1p

(9.102d)

(subscript 1 on λ̄ refers to l = 1 state). The degeneracy between the doublet
D�

2 and D1 and the doublet D�
1 and D0 is removed by the term σQ·Bc in

the Hamiltonian (9.66). For P-wave this term induces the color magnetic
moment interaction of the type

S12 = [12 (Sq · n) (SQ · n) − 4Sq · SQ] (9.103a)

where n is a unit vector r
r . To see this we note the interaction Hamiltonian

for dipole-dipole interaction is given by

Hint = −µQ·Bc (9.103b)

where the field Bc produced by the magnetic dipole µq is given by

B(r) =
[
3n(n · µq) − µq

r3
+

8π

3
µqδ

3(r)
]

(9.103c)

Hence

Hint =
1
r3

[(µQ · µq) − 3(n · µQ)(n · µq)] −
8π

3
µQ · µqδ

3(r) (9.104)
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This term induces a term
1

12mqmQ
S12

[
1
r

dVc

dr
− d2Vc

dr2

]
=

3
12mqmQ

S12

(
K ′

r3

)
(9.105)

in Eq. (9.1). Then using the angular wave functions for the states D∗
2 , D1,

D∗
1 , and D0 given in Eqs. (9.98) and (9.99),

〈S12〉D∗
2

= −2/5, 〈S12〉D1
=

2
3

(9.106a)

〈S12〉D∗
1

=
4
3
, 〈S12〉D0

= −4 (9.106b)

Hence the masses for these states, can be written as

mD∗
q2

= mc + Λ̄1q +
1
2
λ̄1q +

ā1

2mc
− 2

5
d̄1 (D)
2mc

(9.107)

mDq1 = mc + Λ̄1q +
1
2
λ̄1q +

ā1

2mc
+

2
3

d̄1 (D)
2mc

(9.108)

mD∗
q1

= mc + Λ̄1q − λ̄1q +
ā1

2mc
+

4
3

d̄1 (D)
2mc

(9.109)

mDq0 = mc + Λ̄1q − λ̄1q +
ā1

2mc
− 4

d̄1 (D)
2mc

(9.110)

where

d̄1 (D) =
K ′

2mq

〈
1
r3

〉

1p

and the parameters ā1 and d̄1 refer to P-state, similar to ā and d̄ for S-state.
From Eqs. (9.105) and (9.110),

mD∗
q2

− mDq1 = −16
15

d̄1 (D)
2mc

(9.111)

mD∗
q1

− mDq0 =
16
3

d̄1 (D)
2mc

= −5
(
mD∗

2q
− mD1q

)
(9.112)

Needless to say that for b-flavor P-states, replace D by B and mc by mb.
Using the experimental values for the masses, one finds mD∗

2
− mD1 ≈ 39

MeV; mD∗
s2

− mDs1 ≈ 38 MeV. Thus relation which gives mD∗
2
− mD1 =

mD∗
s2
− mDs1 is well satisfied. From Eqs. (9.107) and (9.108)

d̄1 (D)
2mc

≈ −36 MeV (9.113)

Using the values of mD∗
2
, mD1 ; mD∗

s2
, and mDs1 , Eq. (9.112) gives

mD∗
1
− mD0 ≈ −190 ≈ mD∗

s1
− mDs0 (9.114)
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Now, Eq. (9.112) gives mD∗
1q

< mD0q
, which is against the hierarchy in

which we expect the P-wave states, i.e. D1q to lie above D0q. In deriving
Eq. (9.112), i.e. mD∗

1q
< mD0q

, we have used the same d̄1 for j = 3/2
and j = 1/2 states. However, to arrive at the result mD∗

1q
> mD0q

, d̄1(j =
3/2) must have opposite sign to that of d̄1(j = 1/2); in that case there is
no reason to believe that they have the same magnitude. This is highly
unlikely; in fact it is impossible since the sign and magnitude is determined
by S12 given in Eq. (9.105), with the one gluon exchange potential given in
Eq. (9.100). However the above deficiency can be removed by taking into
account the relative motion of heavy quark to give the spin orbit coupling

S·L
2mqmQ

. This term induces a term

1
mqmQ

(S · L)
[
1
r

dVc

dr

]
=

2
2mqmQ

(S · L)
(

K ′

r3

)
(9.115)

Then the wave functions given in Eqs. (9.98) and (9.99), give

〈S · L〉D∗
2

= 1, 〈S · L〉D1
= −1

3
(9.116)

〈S · L〉D∗
1

= −2
3
, 〈S · L〉D0

= −2 (9.117)

These terms give an additional contribution to the last two terms in Eqs.
(9.107)-(9.110) which are modified to,

9
5

d̄1(D)
mc

,−1
3

d̄1(D)
mc

,−2
3

d̄1(D)
mc

,−6
d̄1(D)
mc

(9.118)

Thus instead of Eq. (9.111) and Eq. (9.112),

mD∗
q2

− mDq1 =
32
15

d̄1(D)
mc

(9.119)

mD∗
q1

− mDq0 =
16
3

d̄1(D)
mc

(9.120)

mD∗
q1

− mDq0
=

5
2

(
mD∗

q2
− mDq1

)
(9.121)

From Eqs. (9.119) and (9.70b):

d̄1 (D)
d̄ (D)

=
5
16

mD∗
q2

− mDq1

mD∗
q
− mDq

≈
{

0.086 for q = d

0.082 for q = s
(9.122)

i.e. d̄1 (D) and d̄ (D) are independent of light flavor. Now using the exper-
imental values of D∗

2 , D1, D∗
s2, Ds1 and D∗

s1:

mDs0 = mD∗
s1
− 5

2
(mD∗

s2
− mDs1

) = (2356.2 ± 1.7) MeV (9.123)
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mD∗
s1
− mDs0 = (103.5 ± 1.1) MeV (9.124)

mD∗
1
− mD0 = (102.0 ± 1.6) MeV (9.125)

(mD∗
s1
− mD∗

1
) − (mDs0 − mD1) = (1.5 ± 3.0) MeV

≈ 0 MeV (9.126)

The mass difference between S-wave J = 1 and J = 0 mesons:

mD∗+
s

− mD+
s

= (143.8 ± 0.4) MeV

mD∗0 − mD0 = (142.12 ± 0.07) MeV

mD∗+ − mD+ = (140.65 ± 0.10) MeV (9.127)

mD+
s
− mD+ = (98.88 ± 0.301) MeV

mD∗
s
− mD∗ = (102.05 ± 0.64) MeV (9.128)

We conclude from these equations and those proceeding them that mass
differences are independent of light flavor and

(mD∗
q1

− mDq0
) ≈ 1√

2

(
mD∗

q
− mDq

)
(9.129)

The mass of D∗
1 is not experimentally known, since it has not yet been

observed. Unlike D∗
s1 which is a narrow resonance, D∗

1 is expected to be
broad resonance as its decay to D∗π is S-wave decay and it is energetically
allowed. However in the potential model its mass can be obtained as follows.
From Eqs. (9.107, 9.108):

(
Λ̄1s − Λ̄1d

)
+

1
2

(
λ̄1s − λ̄1d

)
= mD∗

s2
− mD∗

2

= mDs1
− mD1

(9.130)

and from Eqs. (9.109), (9.110)
(
Λ̄1s − Λ̄1d

)
−

(
λ̄1s − λ̄1d

)
= mD∗

s1
− mD∗

1

= mDs0 − mD0 (9.131)

Hence from Eqs. (9.130), (9.131), one gets

(mDs1
− mD1

) − (mD∗
s1
− mD∗

1
) =

3
2
(λ̄1s − λ̄1d)

= (mD∗
s2
− mD∗

2
) − (mD∗

s1
− mD∗

1
)

(9.132)
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Now from the experimental masses of D∗
s2, D∗

2 , Ds1 and D1 :

mD∗
s2
− mD∗

2
= (109.8 ± 1.9) MeV

mDs1
− mD1

= (113.0 ± 0.3) MeV (9.133)

Hence from Eqs. (9.126), (9.128) and (9.133), we conclude that in the
potential model, the mass difference between the bound states (cs̄) and (cd̄)
is of the order of 100 MeV. This is a general feature of potential model.
Thus from Eq. (9.132):

λ̄1s ≈ λ̄1d

(mD∗
s1
− mD∗

1
) ≈ (mDs1

− mD1
) = (113 ± 0.36) MeV (9.134)

Hence

mD∗
1

= (mD
∗
s1
− mDs1

) − mD1
= (2346.2 ± 1.4) MeV (9.135)

and on using Eq. (9.125):

mD0
= mD∗

1
− (mD∗

1
− mD0

) = (2244 ± 3) MeV (9.136)

However the J = 0, P-wave states 0+ : (D∗
s0, D∗

0), discovered experimen-
tally have masses (2317.8 ± 0.6) MeV and (2318 ± 29) MeV. These states
satisfy the following mass relations

mD
∗
s0
− mD

∗
0
≈ 0 (9.137)

(mD∗
s1
− mD∗

s0
) = (141.7 ± 1.2) MeV

≈ (mD∗
s
− mDs) (9.138)

(mD∗
1
− mD

∗
0
) ≈ (28 ± 30) MeV (9.139)

The pattern of mass relations for these states given above is hard to un-
derstand in the bound state model (cq̄)L=1. Hence we conclude, the exper-
imentally discovered 0+ states D∗

0 and D∗
s0 do not fit as the bound state

(cq̄)L=1. This is because the bound state predicts 0+ states Ds0 and D0 at
masses given in Eqs. (9.123) and (9.136), which do not satisfy Eq. (9.137).

We conclude that potential model combined with HQET give masses
for S-wave heavy mesons in reasonable agreement with experiment. For
P-wave states: (cq̄)L=1, the potential model gives

mj=1/2 < mj=3/2

mD∗
q1

− mDq0
=

5
2

(
mD∗

q2
− mDq1

)
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mD∗
q1

− mDq0 ≈ 1√
2
(mD∗

q
− mDq )

Out of the multiplets
(
mD∗

q2
− mDq1

)
j=3/2

and
(
mD∗

q1
− mDq0

)
j=1/2

,

D∗
s2, D∗

2 , Ds1 and D1 have been experimentally discovered. However ex-
perimental discovery of the D∗

1 , Ds0, D0 states at the masses predicted by
the potential model is still awaiting. The states D

∗

0 and D
∗

s0 do not follow
the general features as bound states of (cs̄)L=1, (cd̄)L=1 and (cū)L=1. The
states D

∗

0 and D
∗

s0 are good candidates as tetraquark states (see [8,9]).

9.5 Decays of P-wave Mesons

We now discuss the strong decays of P-wave mesons. Parity and angu-
lar momentum conservation restricts these decays to the following modes:
D∗

2 → (Dπ)l=2 , D∗
2 → (D∗π)l=2 , D1, D∗

1 → (D∗π)l=0,2, and D0 →
(Dπ)l=0 . Note that D1, D∗

1 → Dπ is forbidden due to parity conserva-
tion.

It is convenient to express the decay width in terms of the helicity
amplitudes (see Eq. (4.41))

ΓJ =
|pπ|
8πs

∑
λ

∣∣F J
λ (s)

∣∣2 (9.140)

In the rest frame of the decaying particle the helicity amplitudes which
contribute are F 2

0 , F 2
±, F 1

0 , F 1
±1, F ′1

0 , F ′1
± and F ′0

0 . In the heavy quark
limit the helicity amplitudes are related as follows:

j = 3/2 multiplet:

F 1
0 = −2F 1

± = F 2
0 =

2√
3
F 2
±1 (9.141)

j = 1/2 multiplet:

F́ 1
0 = −F́ 1

±1 = F́ 0
0 (9.142)

The simplest way to see this is as follows. The emission of pion by DJ

would not affect the velocity of heavy quark. Thus it is the operator Sq · n
which is relevant for these decays. If we select the direction of quantization
along z-axis, (i.e. Lz is taken along z-axis) then for the helicity amplitudes,

the operator S3q

√
4π
3 Y10 contributes. Then using the wave functions in
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Eqs. (9.98) and (9.99), it is easy to derive Eqs. (9.141) and (9.142) by
considering the matrix elements of the type

F J
λ = f 〈D∗ (D) , λ |S3qY10|DJ , λ〉 (9.143)

where f is the reduced amplitude. Since hadronic decays of D∗
2 are pure

D-wave, it follows that D1 → D∗π is also D-wave. As such for these
decays, F J

λ (s) ∼ |pπ|5. Similarly since the decay of D0 is pure S-wave, it
follows that the decay of D∗

1 is also pure S-wave. The above restrictions
are consequence of relations (9.141) and (9.142) which hold in the heavy
quark spin symmetry limit. Hence for the decays D∗

2 → Dπ, D∗
2 → D∗π,

and D1 → D∗π ,
Γ (D∗

2 → Dπ)
Γ (D∗

2 → D∗π)
=

2
3
|pπ|5Dπ

|pπ|5D∗π

≈ 2.46 (9.144)

Γ (D1 → D∗π)
Γ (D∗

2 → D∗π)
=

5
3
|pπ|5D1D∗π

|pπ|5D∗π

≈ 1.05 (9.145)

where we have used from the experimental data, |pπ|Dπ = 505 MeV,

|pπ|D∗π = 389 MeV, |pπ|D1D∗π = 355 MeV. Experimentally
ΓD0∗

2
≡ Γ

(
D0

2 → D∗π− + D∗π0 + Dπ− + D0π0
)

(9.146)

= 43 ± 4 MeV
From Eq. (9.145)

ΓD0
1

ΓD0∗
2

=

(
Γ

(
D0

1 → D∗π
)

Γ (D0∗
2 → D∗π)

)
1

1 +
Γ(D∗

2→Dπ)
Γ(D∗

2→D∗π)

� 0.30 MeV (9.147)

which gives
ΓD0

1
� 13.0 ± 1.2 MeV (20.4 ± 1.7MeV) (9.148)

This is in disagreement with the experimental value given in parentheses.
This shows that the decay D1 → D∗π is not pure D-wave; there may
be a component of S-wave. The S-wave widths are usually large, a small
component of S-wave may be possible due to symmetry breaking, since
heavy quark spin symmetry is not exact. This may be tested for B∗

2 and
B1 decays where the symmetry breaking effects are expected to be small.

The decays D∗
1 → D∗π and D0 → Dπ are S-wave decays; thus the decay

widths are expected to be large, i.e. in the range of few hundreds of MeV.
No experimental data are available even on the masses of D∗

1 and D0.
The prediction

Γ (D∗
2 → Dπ)

Γ (D∗
2 → D∗π)

≈ 2.5

and the other predictions on the decay widths of heavy hadrons have to
wait for their verification till the experimental data is available.
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9.6 Problems

(1) Show that e∓imυ/v.xh±v = e−imv.xh±v.

(2) Using Eq. (9.35), derive Eq. (9.37).
Hint: First show that

[
h+υ(t, �x), h̄+υ(t, �y)

]
=

1
υ0

δ3(�x − �y)

using the Lagrangian

L = h̄+υiυ · Dh+υ

You may use the relation:

[AB, C] = A [B, C]+ − [A, C]+ B

(3) Noting the fact that J = 1 mesons D1 and D∗
1 both contain the spin

singlet component χ0
− in their wave functions given in Eqs. (9.98) and

(9.99), so that E1 transition of D1 and D∗
1 to D(1S0) is allowed. Show

that

A(D1 → D∗ + γ)/A(D1 → Dγ) =
1√
2

and

A(D∗
1 → D∗ + γ)/A(D∗

1 → Dγ) =
√

2

9.7 References

1. Fayyazuddin and Riazuddin, Phys. Rev. 48, 2224(1993); Modern Phys.
Lett. A, 12, 1791(1991).

2. H. Georgi,“Heavy Quark Effective Field Theory” in Proc. Theoretical
Advanced Study Institute (1991) Ed. R.K. Ellis, C.T. Hill, and J.D.
Lykken (World Scientific Singapore, 1992).

3. Riazuddin and Fayyazuddin, “Heavy Quark Spin Symmetry” in Salam-
fest, eds. A. Ali, J. Ellis and S. Randjbar-Daemi, World Scientific.

4. Mark B Wise, “Heavy Flavor Theory: overview” in AIP Conference
Proceedings 302, Editors P. Drell and D. Rubin (AIP Press, 1993)

5. M Neubert, Phys. Rep. 245, 259 (1994); Int. J. Mod. Phys. A, 4173
(1996).

6. M Neubert,“B decays and the Heavy Quark Expansion” CERN–
TH/97-24, hep-ph/9702375, to appear in the second edition of Heavy
Flavors, edited by A.J. Buras and M. Linder (World Scientific Singa-
pore)

9.�7.� Re�f�e�re�nce�s



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

278 Heavy Quark Effective Theory

7. J. D. Jakson, Classical Electrodynamics, Third Edition, Page 190, John
Wisley (1998).

8. R.L. Jaffe, Exotica, arXiv:hep-ph/0409065 (2004).
9. F.E. Close, arXiv:hep-ph/0411396 (2004).

10. L. Maiani et al., (arXiv: hep-ph/0412098 (2004); K. Teraski,
arXiv:1005.5573 (2010).

11. Particle Data Group, K Nakamura et al., J. of Physics G 37, 075021
(2010).



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

Chapter 10

Weak Interaction

10.1 V − A Interaction

In analogy with electromagnetic interaction JµAµ, Fermi proposed for β-
decay the interaction JµJµ, viz

Hint = G
[
Ψ̄1(x)γµΨ2(x)

] [
Ψ̄3(x)γµΨ4(x)

]
+ h.c. (10.1)

The above interaction is for the process

2 → 1 + 3 + 4̄ (e.g. n → p + e− + ν̄e).

The interaction (10.1) can be generalized using five Dirac bilinear co-
variants. Thus the most general non-derivative four-fermion interaction
can be written as

Hint =
∑

i

[
Ψ̄1(x)ΓiΨ2(x)

] [
Ψ̄3(x)Γi(Ci − C ′

iγ5)Ψ4(x)
]

+h.c. (10.2)

where Γi (i = S, V, T, A, P ) are the five Dirac independent matrices:
1, γµ, σµν , γµγ5, γ5. In writing Eq. (10.2), we have taken into account
the parity violation in β-decay.

For a massless Dirac particle, if Ψ is a solution of Dirac equation, then
±γ5Ψ is also its solution. Without loss of generality, we take only negative
sign. Suppose particle 4 is massless, then the bilinear

Ψ̄3(x)ΓiΨ4(x) → −Ψ̄3(x)Γiγ5Ψ4(x).

Hence for this case Ci = C ′
i. Thus we can write Eq. (10.2) as

Hint =
∑

i

[
Ψ̄1ΓiΨ2

] [
Ψ̄3CiΓi(1 − γ5)Ψ4

]
+ h.c. (10.3)
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If we identify particle 4 with the neutrino, we have the result that only left
handed neutrino takes part in weak processes. This is what is observed
experimentally (see below). Thus irrespective of the fact whether neutrino
is massless or not, Eq. (10.3) will hold if we take into account the fact that
only left handed neutrinos take part in weak processes. Suppose we impose
the chiral transformation for the field Ψ3 viz Ψ3 → −γ5Ψ3, then if Hint is
to be invariant under such a transformation, we have

CS = CP = CT = 0.

Hence Eq. (10.3) becomes

Hint =
[
CV Ψ̄1γµΨ2 − CAΨ̄1γµγ5Ψ2

] [
Ψ̄3γ

µ(1 − γ5)Ψ4

]

=
GF√

2

[
Ψ̄1γµ(1 − εγ5)Ψ2

] [
Ψ̄3γ

µ(1 − γ5)Ψ4

]
, (10.4)

where we put

CV =
GF√

2
,

CA

CV
= ε. (10.5)

Further we note that if we impose the chiral transformation on fields Ψ1 or
Ψ2, we have

CV = CA (10.6)

i.e. ε = 1 or V-A theory. We conclude that if one requires invariance of the
four- fermion interaction under the chirality transformation of each field
separately, we have the V-A theory.

We have written Eq. (10.2) in the order 1 2 3 4. We can go to the order
3 2 1 4 by Fierz reordering theorem:

Ki(3214) =
5∑

j=1

λijKj(1234). (10.7)

The coefficients λij are given by the matrix

λij = −1
4




1 1 1 1 1
4 −2 0 2 −4
6 0 −2 0 6
4 2 0 −2 −4
1 −1 1 −1 1




, (10.8)

where

Ki(1234) =
[
Ψ̄1ΓiΨ2

] [
Ψ̄3ΓiΨ4

]
. (10.9)
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It is obvious that

Ki(3214) = Ki(1432).

If we denote by S, V, T, A, P the five quadrilinears appearing in the order
(1 2 3 4) and S′, V ′, T ′, A′, P ′ when they appear in the order (3 2 1 4),
then from Eqs. (10.7) and (10.8) we get

V ′ − A′ = V − A

S′ − T ′ + P ′ = S − T + P (10.10)

i.e. these combinations are invariant under Fierz rearrangement.

10.1.1 Helicity of the Neutrino

To obtain a direct measurement of neutrino helicity, the following reaction
was studied

152Eu(JP =0−) + e− → 152Sm∗
(JP =1−) + νe

↓
→

(
152Sm(JP =0+) + γ

)
.

The main point of this experiment is that we can select those γ rays from
the decay of the excited state which go opposite to the νe direction (i.e. in
the direction of the recoil nucleus) by having them resonance-scatter from
a target of 152Sm. Balancing the spin along the upward z direction (νe is
assumed to be emitted along this direction), one finds that the helicity of the
downward γ-ray will be the same as that for the upward νe. By measuring
the circular polarization of γ-ray, the experiment fixed the helicity of the
γ-ray as negative, indicating a left-handed νe. Thus it is established that
only left-handed neutrinos take part in weak processes.

10.2 Classification of Weak Processes

10.2.1 Purely Leptonic Processes

The well-known example is µ-meson decay

µ− → e− + ν̄e + νµ.

In this process four well-known particles µ−, e−, νe, νµ, called leptons, take
part. The decay process is described by V - A interaction [cf. Eqs. (10.4)
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and (10.6)].

−Hint = L�
W = −GF√

2

{
ν̄µγµ(1 − γ5)µ

} {
ēγµ(1 − γ5)νe

}

= −GF√
2

Lµ
(µ)L

†
(e)µ. (10.11a)

Lµ
(µ) and L(e)µ are lepton currents associated respectively with µ meson

and its associated neutrino νµ and e− and νe

Lµ
(µ) = ν̄µγµ(1 − γ5)µ (10.11b)

L(e)µ = ν̄eγµ(1 − γ5)e. (10.11c)

The γµ and γ5 (≡ iγ0γ1γ2γ3) appearing above are the usual Dirac matrices.
We write the lepton current as

Lµ = Lµ
(µ) + Lµ

(e) (10.12)

Here L†
µ denotes the hermitian conjugate of Lµ. One can also picture the

process (1) as being mediated by a vector boson Wµ, the so-called weak
vector boson. This is shown in Fig. 10.1 below: Thus all leptonic weak

Fig. 10.1 The muon decay mediated by a W-boson.

processes can be described by interaction of the form

LW = −gW LµW−µ + h.c. (10.13)

where h.c. denotes the hermitian conjugate. Note that Eq. (10.13) is
analogous to electromagnetic interaction of say electron which is mediated
by photon and is shown in Fig. 10.2.

The interaction responsible for the process shown in Fig. 10.2 is the
usual electromagnetic interaction

Le.m. = −eje.m.
µ aµ, (10.14)

where aµ is the photon field and je.m.
µ is the electromagnetic current:

je.m.
µ = ēγµe. (10.15)
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Fig. 10.2 Electromagnetic interaction mediated by a photon.

Note the similarity between Eqs. (10.13), (10.14), (10.11b,c) and (10.15)
respectively. Both the electromagnetic and weak currents are vector in
character, the appearance of γ5 in weak current is due to the fact that
parity is not conserved in weak interaction, in fact it is violated maximally.
The coupling of electromagnetic current with the photon is characterized
by electric charge (related to the fine structure constant α by e2

4π = α =
1/137) while that of weak current with the weak vector boson field Wµ is
characterized by gW (related to the Fermi coupling constant GF by g2

W

4π =
GF

4π
√

2m2
W

).

10.2.2 Semileptonic Processes

Some examples of these processes are given below

n → p + e− + ν̄e

π+ → e+ + νe, µ+ + νµ

π− → e− + ν̄e, µ− + ν̄µ

Σ− → Λ0 + e− + ν̄e

Σ− → n + e− + ν̄e

Σ0 → p + e− + ν̄e

K+ → π0 + e+ + νe

K− → π0 + e− + ν̄e. (10.16)

From these processes, one notes the following rules:

1. The hadronic charge changes by one unit, i.e. ∆Q = ±1
2. In the first three processes, strangeness does not change, in the last five

processes it changes by one unit (∆Q/∆S = 1).
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For hadrons, Gell-Mann-Nishijima relation

Q = I3 +
Y

2
implies that for ∆Q = ±1, either ∆I3 = ±1, ∆Y = 0 or ∆I3 = ±1/2, ∆Y =
±1, if we assume that ∆Y = 2 processes are suppressed. The processes of
first kind are called hypercharge conserving processes and those of second
kind are called hypercharge changing processes. In all the processes listed
above, we see that either ∆Y = 0 or ∆Y = ±1; no weak process with
|∆Y | > 1 is seen with the same strength as |∆Y | ≥ 1 transitions. Thus we
have the selection rule ∆Y = 0, ±1, ∆Q = ∆Y .

Since there are so many hadrons in nature, therefore to deal with semi-
leptonic decays of each of them would be very tedious. Thus we use the
simple picture of hadrons made up of quarks. The main thing about the
quarks is that they are regarded as truly elementary similar to leptons.
Their weak and electromagnetic interactions would then be like those of
leptons. Thus in analogy with Eqs. (10.15) and (10.11), their electromag-
netic and weak currents are respectively

je.m.
µ =

2
3
ūγµu − 1

3
d̄γµd − 1

3
s̄γµs (10.17)

while

Jh
µ = ūγµ(1 − γ5)d′, (10.18)

where

d′ = cos θcd + sin θcs, s
′ = − sin θcd + cos θcs (10.19)

Since in weak interactions flavor quantum number is not conserved, weak
interactions eigenstates d′ and s′ are not identical with mass eigenstates d

and s, they are linked as in Eq. (10.19). Here θc is the Cabibbo angle; its
value is θc = 13o or sin θc = 0.22. This is introduced since it is seen experi-
mentally that decay rates for |∆Y | = 1 semi-leptonic decays are suppressed
by a factor of about 1/16 compared to those for ∆Y = 0 processes. We
shall deal with s′ in Chap. 13. Then in analogy with Eq. (10.11) or (10.13)
the interaction responsible for fundamental processes like

d → u + e− + ν̄e

s → u + e− + ν̄e (10.20)

would be

Lh.l.
W = −GF√

2
Jh

µLµ†
(e)
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Fig. 10.3 Quark level process for neutron β-decay.

Fig. 10.4 Quark level process for neutron Λ − β-decay.

or

LW = −gW Jh
µW−µ + h.c. (10.21)

In this picture neutron β-decay, Λ − β-decay and K̄0 → π+ + e− + ν̄e, for
example, would be pictured as shown in Figs. 10.3, 10.4 and 10.5.

Note the very important fact that both the leptonic and hadronic weak
currents in (10.11b, c) and (10.18) are charged, i.e. they carry one unit of
charge and the hadronic weak currents (10.18) satisfy the selection rules
|∆Y | ≤ 1 and ∆Q = ∆Y . We also note that in terms of flavor SU(3)
notation we can write

Jh
µ = cos θcJ

+
µ + sin θcJ

1
µ (10.22)
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Fig. 10.5 Quark level process for K̄0 → π+e−ν̄e.

where weak hadronic current is a linear combination of vector and axial
vector currents involving respectively γµ and γµγ5 and are given by

J±
µ = V ±

µ − A±
µ

= q̄
1
2
(λ1 ± iλ2)γµ(1 − γ5)q (10.23a)

J1
µ = q̄

1
2
(λ4 + iλ5)γµ(1 − γ5)q. (10.23b)

Note also that

J3µ = q̄
1
2
λ3γµ(1 − γ5)q (10.24a)

J8µ = q̄
1
2
λ8γµ(1 − γ5)q (10.24b)

Jem
µ = V3µ +

1√
3
V8µ. (10.24c)

Here q =




u
d
c


. The heavy quarks and s′ will be considered in Chap.

13.
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10.2.3 Non-Leptonic Processes

Here no leptons are involved. The well-known non-leptonic processes are:

Λ → pπ−(Λ0
−)

Λ → pπ0(Λ0
0) (10.25a)

Σ− → nπ−(Σ−
−)

Σ+ → pπ0(Σ+
0 ) (10.25b)

Σ+ → nπ+(Σ+
+)

Ξ− → Λπ−(Ξ−
−)

Ξ0 → Λπ0(Ξ0
0) (10.25c)

or

K0, K̄0 → π+π−, π0π0

K± → π±, π0, etc. (10.26)

Note that all these decays are strangeness changing (|∆S| = 1). Let us con-
centrate on the decays (10.25), the so-called non-leptonic decays of hyper-
ons. If we consider the decaying particle in its rest frame, the conservation
of angular momentum J gives

Jin ≡ 1
2

= Jfinal ≡ � + s,

where � is the relative orbital angular momentum of the pion and the baryon
in final state. Since spin s = 1/2, � can be 0 or 1. The pion being pseu-
doscalar (having odd intrinsic parity), the relative parity of final state with
respect to the initial state is

Pf = (−1)0(−1) = −1 odd for � = 0

= (−1)1(−1) = +1 even for � = 1.

The s-wave (� = 0) decays are parity violating while p-wave (� = 1)
decays are parity conserving. Accordingly decays (10.25) are governed by
two amplitudes, parity violating (s-wave) and parity conserving (p-wave).
We can write the Lagrangian responsible for non-leptonic decays as

L
(h)
W = L

h(p.v)
W + L

h(p.c)
W

= −GF√
2

Jh
µJhµ† + h.c., (10.27)
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where Jh
µ is given in (10.18). The |∆S| = 1 component of (10.27) behaves

as
GF√

2
sin θc cos θc{s̄γµ(1 − γ5)u} · {ūγµ(1 − γ5)d}. (10.28)

Now u and d belong to isospin doublet I = 1/2 while s is isospin singlet
I = 0. Thus from the combination of angular momentum rules (isospin
behaves like angular momentum) first term in curly brackets in Eq. (10.28)
has I = 1/2 while the second term in curly brackets has I = 0, 1. Thus
the interaction contains both ∆I = 1/2 and 3/2 parts. Experimentally
∆I = 1/2 part predominates over ∆I = 3/2 and then decays (10.25a),
(10.25b) and (10.25c) respectively get related among themselves. We shall
come to these relations later.

10.2.4 µ-Decay

Consider the µ-decay

µ → e− + νµ + ν̄e

From Eq. (10.4), we can write the interaction as

Hint =
GF√

2
[ēγµ(1 − εγ5)µ] [ν̄µγµ(1 − γ5)νe] . (10.29)

The interaction written in this order is called the charge retention order. It
is easier to deal with this order in calculations. Here we have assumed 2-
component neutrinos (left-handed νµ and right-handed ν̄e) but have allowed
V − εA interaction, where for V − A, ε = 1 and in that case by Fierz
rearrangement we get Eq. (10.11a).

From Eq. (10.29), we can write the T-matrix for µ− decay:

T =
−1

(2π)6

√
mµmemνµ

mνe

p10p20k10k20

GF√
2

× [ū(p2)γλ(1 − εγ5)u(p1)]
[
ū(k2)γλ(1 − γ5)v(k1)

]
(10.30)

where p1, p2, k1 and k2 are the four momenta of µ−, e−, νµ and ν̄e re-
spectively and u(p1), u(p2), u(k1) and v(k2) are Dirac spinors. From Eq.
(10.30), we get

dΓ =
1

(2π)5
δ4 (p1 − p2 − k1 − k2)

mµmemνµ
mνe

p10p20k10k20
|M |2 d3p2d

3k1d
3k2

(10.31)
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where

|M |2 =
∑
spin

|F |2 =
(

G2
F

2

) ∑
spin

|ū(p2)γλ(1 − εγ5)u(p1)|2

×
∣∣ū(k2)γλ(1 − γ5)v(k1)

∣∣2 (10.32)
We can easily calculate |M |2 using the standard trace techniques [see Ap-
pendix A]. Neglecting the neutrino masses, we get

|M |2 =
G2

F

mµmemνµ
mνe

[(
1 + ε2

)
(p2 · k2 p1 · k1 + p2 · k1 p1 · k2)

−
(
1 − ε2

)
mµmek1 · k2 + 2ε (p1 · k2 p2 · k1 − p1 · k1 p2 · k2)

]
(10.33)

Since neutrinos are not observed, we integrate over d3k1d
3k2. Performing

these integrations, and writing d3p2 = 4πpeEedEe, we get

dΓ = mµ
peEedEe

24π3
G2

F (1 + |ε|2)

×
[
3W − 2Ee −

m2
e

Ee
+ 6η

me

Ee
(W − Ee)

]
, (10.34)

where

η =
1
2
|ε|2 − 1
|ε|2 + 1

(10.35)

W =
m2

µ + m2
e

2mµ
. (10.36)

In evaluating the final result (10.34), we have gone to the rest frame of the
muon:

Eµ = mµ

mµ = Ee + E1 + E2

O = pe + k1 + k2. (10.37)

10.2.5 Remarks

(1) It is always possible to take CV as real and take CA = εCV (ε complex).
(2) The electron spectrum does not distinguish between ε = +1 (V −A) or

ε = −1 (V + A) interaction.
(3) Any deviation from ε = ±1 can be determined by measuring η in the

electron spectrum. Since η is the coefficient of
(

me(W−Ee)
Ee

)
, it plays

a minor role except at low electron energies, where measurements are
difficult. The best experimental value of η is

η = −0.007 ± 0.013 (10.38)
which is consistent with zero.
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(4) It is instructive to write the electron energy spectrum (10.34) as

dΓ =
mµpeEedEe

12π3
G2

F

(
1 + |ε|2

)

×
[
3(W − Ee) + 2ρ

(
4
3
Ee − W − 1

3
m2

e

Ee

)
+ 3η

me

Ee
(W − Ee)

]
,

(10.39)

where ρ = 3/4; ρ is called the Michel parameter. In fact the most general
interaction without assuming two-component neutrinos gives the electron
spectrum of the form within the square brackets. The experimental value
of ρ = 0.7518 ± 0.0026 is in excellent agreement with ρ = 3/4 as given by
V −εA theory. We conclude that the two-component neutrino hypothesis is
in an excellent agreement with the experimental results. Finally integrating
Eq. (10.34), we obtain

Γ = τ−1
µ = G2

F P, (10.40a)

where

P =
[
1 − 8m2

e

m2
µ

]
m5

µ

192π3
. (10.40b)

If we include O(α) radiative corrections

τ−1
µ = G2

F P

[
1 +

α

2π

(
25
4

− π2

)
+

(
1 +

2α

3π
ln

mµ

me

)]
, (10.40c)

where the fine structure constant α = 1
137.036 . The Fermi constant GF

determined from (10.40c), using the experimental value for τµ = 2.19703×
10−6 sec, is

GF = 1.16637 × 10−5 GeV−2. (10.41)

10.2.5.1 Decay of polarized muon

We have seen that the electron spectrum cannot determine the sign of ε.
In order to determine ε, we consider the decay of polarized muon. Let nµ

be the polarization vector of muon. We note that

n2 = nµnµ = −1,

n · p1 = 0. (10.42)

In the rest frame of the muon mµn0 = 0; thus n0 = 0 and n ≡ (0, n). For
this case in taking the trace, we put

u (p1) ū (p1) =
[(

p1/ + mµ

2mµ

) (
γ5 γ · n + 1

2

)]
. (10.43)
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Using the standard trace techniques [see Appendix A], and performing the
integrations over d3k1 d3k2, the differential spectrum in the asymmetry an-
gle for µ− decay is

dΓ =
(

dΩγ

4π

)
G2

F (1 + |ε|2)
12π3

mµ p2
e dEe ξ cos γ

×
[
W − 2Ee +

m2
e

m2
µ

]
, (10.44)

where γ is the angle between the electron momentum and the µ−spin di-
rection and

ξ =
2 Re ε

1 + |ε|2
. (10.45)

It is instructive to write Eq. (10.44) in the form

dΓ = −
(

dΩγ

4π

)
G2

F

6π3
(1 + |ε|2) mµp2

edEeξ cos γ

×
[
(W − Ee) + 2δ

(
4
3
Ee − W − 1

3
m2

e

m2
µ

)]
, (10.46)

where δ = 3/4 for two-component neutrinos viz for V − εA theory. For a
general interaction without assuming two-component neutrino, the asym-
metry distribution in angle γ is of the form given within the square brackets.
The experimental value of δ is 0.749 ± 0.004 in excellent agreement with
two-component neutrino hypothesis.

The experimental value of ξ is given by
ξPµ = 1.003 ± 0.008. (10.47)

10.2.6 Semi-Leptonic Processes

For a semi-leptonic weak process we can write the interaction Hamiltonian
as [cf. Eq. (10.21)].

−Lh.l.
W = Hint =

GF√
2

Jλ (x)
[
ē(x) γλ (1 − γ5) νe (x)

]
+ h.c. (10.48)

To first order in weak interaction, the T-matrix for a semi-leptonic process
of the type

A → B + e− + ν̄e

is given by

T = −GF√
2
〈B |Jλ|A〉 1

(2π)3

√
mνme

k0k′
0

[
ū(k′) γλ (1 − γ5) v (k)

]
,

(10.49)
where k′ and k are four momenta of electron and antineutrino. We denote
four momenta of A and B by p and p′.
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10.3 Baryon Decays

We consider the case when A and B are spin 1/2 baryons and 〈B |Jλ|A〉 =
〈B |Vλ − Aλ|A〉. From Lorentz covariance alone, the most general structure
of these matrix elements is given by [q = p′ − p]

〈B(p′) |Vλ|A(p)〉 =
1

(2π)3

√
mAmB

p0p′0
ūB(p′)

×
[
gV

(
q2

)
γλ + fV

(
q2

)
σλν qν − ihV

(
q2

)
qλ

]
uA(p)

(10.50a)

〈B(p′) |Aλ|A(p)〉 =
1

(2π)3

√
mAmB

p0p′0
ūB(p′)

×
[
gA

(
q2

)
γλγ5 + fA

(
q2

)
γ5qλ − σλν qνγ5hA

(
q2

)
qλ

]
uA(p).

(10.50b)
The above equations may be deduced by the following simple argument.

If we consider the quantity 〈B |Vλ|A〉
√

p0p′0, we are dealing with a Lorentz
vector [without the square root factor this would not be the case because
of the noncovariant orthogonality condition]. Such a Lorentz vector must
be expressible as a linear combination of the various vectors that can be
constructed from the different tensor quantities associated with the two
particles A and B and their Dirac spinors. In actual fact there are five such
vectors, namely, ū(p′)γλu(p), ū(p′)σλνp′νu(p), ū(p′)σλνpνu(p), ū(p′)pλu(p),
ū(p′)p′λu(p). Since u(p) and u(p′) are free Dirac spinors, satisfying (γ · p −
m)u(p) = 0 and ū(p)(γ ·p′−m) = 0, only three of these vectors are linearly
independent and hence from the five vectors above, it is sufficient to choose
three linearly independent ones. We choose u(p′)γλu(p), u(p′)σλνqνu(p)
and u(p′)qλu(p). Then the matrix elements 〈B |Vλ|A〉

√
p0p′0 must be some

linear combination of these three vectors and that is the content of Eq.
(10.50a). An entirely parallel arrangement applies in the case of matrix
elements 〈B |Aλ|A〉.

Since the momentum transfer q = p′ − p is very small compared to the
mass of A or B for the processes we are considering, we can write

〈B(p′) |Jλ|A(p)〉 =
1

(2π)3

√
mAmB

p0p′0
ūB(p′)

[gV γµ − gA γµγ5]uA(p). (10.51)
Now we shall take A and B as members of the spin 1/2 baryon octet and
then

Jλ = cos θc J+
λ + sin θc J1

λ, J†
λ = cos θc J−

λ + sin θc J1†
λ ,

(10.52)
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where J±
λ and J1

λ, J1†
λ are 1± i2 and 4± i5 components of octet of currents

Jiλ (i = 1, · · · , 8). As shown in Chap. 5

〈Bk |Aiλ|Bj〉 ≡
1

2π3

√
mBmB

p0p′0
ū(p′)γλγ5u(p)gijk

A , (10.53a)

where

gijk
A = ifijkF + dijkD. (10.53b)

Since Fi = −i
∫

Vi0(x, 0) d3x is a generator of SU(3), it follows that

〈Bk |Viλ|Bj〉 ≡
1

2π3

√
m2

B

p0p′0
ū(p′)γλu(p)gijk

V , (10.54a)

where

gijk
V = ifijk. (10.54b)

Thus if we neglect the momentum transfer q2, (q2 ≈ 0), the matrix ele-
ments 〈Bk |Jiλ|Bj〉 are essentially determined in terms of Cabibbo angle θc

and the two reduced matrix elements F and D. Using Eqs. (10.53a) and
(10.54a), the matrix elements of these decays are given below:

Decay
B→B′lνe

Vector
current gV

Axial vector
current gA

Ratio
gA/gV

Expt. value of
gA/gV

n → p cos θc cos θc (F + D) F + D 1.2695 ± 0.0029

Λ → p −
√

3
2 sin θc

−
√

3/2 sin θc

×
(
F + 1

3D
) F + 1

3D 0.718 ± 0.015

Σ− → n − sin θc sin θc (F − D) F − D −0.340 ± 0.017

Ξ− → Λ
√

3
2 sin θc

√
3/2 sin θc

×
(
F − 1

3D
) F − 1

3D 0.25 ± 0.05

In order to test the octet hypothesis, we note that if we determine
F and D from the first two decays, we find F − D and F − 1/3D for
the third and fourth decay in agreement with their experimental values.
The parametrization given in Eqs. (10.53a) and (10.54a) is in excellent
agreement with experiment. Using the first two entries of the above table,
we find F = 0.444 ± 0.015, D = 0.823 ± 0.015.

As an example to show how gA/gV is determined, we consider the case
of neutron β-decay n → p + e− + ν̄e in detail, where from Eqs. (10.51) and
(10.52) we have

〈
p(p′)

∣∣∣J (+)
µ

∣∣∣ n(p)
〉

=
1

2π3

√
mpmn

p0p′0
ū(p′)

× [gV γµ − gAγµγ5]u(p) (10.55)
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with gV = cos θc, gA = cos θc (F + D). In the rest frame of neutron, we
write k′ ≡ (Ee,pe), k ≡ (Eν ,pν), p = 0, p′ + pe + pν = 0. Since q is very
small as compared with neutron and proton masses, we can treat them
non-relativistically. Then〈

p(p′)
∣∣∣J (+)

0

∣∣∣ n(p)
〉

=
1

(2π)3
χ+

p gV χn

〈
p(p′)

∣∣∣J (+)
i

∣∣∣ n(p)
〉

= − 1
(2π)3

χ+
p gAσiχn. (10.56)

Let us write the leptonic part as
Lµ = ū(k′) γµ (1 − γ5) v (k) . (10.57)

The amplitude F [cf. Eq. (10.49) and Eq. (2.84)] is given by

F = −GF√
2

χ+
p

[
gV L0 + gAσ · L

]
χn. (10.58)

We now sum over proton spin and lepton spin and define the neutron spin
Sn as

Sn =
1
2
χ+

n σχn. (10.59)

Using Eq. (2.122), we get for the probability distribution

dΓ =
G2

F

(2π)5
p2

e(Emax − Ee)2A
[
1 + λ

pe · pν

EeEν

+ Ŝn ·
(

A′ pe

Ee
+ B

pν

Eν
+ D

pe × pν

EeEν

)]
dpe dΩe dΩν (10.60)

where Ŝn is the direction of the neutron spin and
A =

[
|gV |2 + 3|gA|2

]

λ =
1
A

[
|gV |2 − |gA|2

]

A′ = − 2
A

[
|gA|2 − Re gV g∗A

]

B =
2
A

[
|gA|2 + Re gV g∗A

]

D =
2
A

Im gV g∗A. (10.61)

The experimental data give the following values of these correlation func-
tions,

λ = −0.103 ± 0.004

A′ = −0.1173 ± 0.0013

B = 0.9807 ± 0.0030

D = (−4 ± 6) × 10−4 (10.62)
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If we write x = |gA/gV |, then the value of λ gives

x = |gA/gV | = 1.261 ± 0.004. (10.63)

The very fact that B is nearly 1 implies the maximum parity violation in
β-decay. The value of A′ [assuming gV and gA are relatively real, see below]
gives |gA/gV | = 1.267±0.014, consistent with Eq. (10.63). A non-zero value
of D would imply time reversal violation in β-decay. The experimental value
of D is nearly zero and show that time reversal invariance holds. If we write
gA/gV = −xeiφ, where for φ = 0 or π, T invariance holds, we obtain

φ = (180.06 ± 0.07)◦. (10.64)

Finally, from Eq. (10.60), we obtain for the decay width Γ:

Γ =
AG2

F

2π3
m5

ef(ρ0), (10.65)

where

A = |gV |2 + 3|gA|2

and

f(ρ0) =
∫ ρ0

0

dρ ρ2

(√
ρ2
0 + 1 −

√
ρ2 + 1

)
, ρ0 =

pmax
e

me
. (10.66)

Since charged particles are involved, this expression of fτ = fΓ−1 is subject
to radiative corrections, which are normally incorporated into the factor f

along with the first order Coulomb corrections. These corrections change f

by about 5%. The average value from direct neutron life-time measurements
is

τ = 888.5 ± 0.8 sec. (10.67)

Knowing |gA/gV |, one can determine GV = GF gV from Eq. (10.65). GV

can also be determined from the superallowed O+ → O+ pure Fermi decays
for which Fτ value is

Fτ =
2π3

m5
e

1
G2

V |MF |2
, (10.68)

where

MF =
〈

Ψf

0+, I = 1

∣∣∣∣ I±

∣∣∣∣
Ψi

0+, I = 1

〉
. (10.69)

F here is different from f for the neutron β-decay and it must account
for the stronger Coulomb effect and for the much more subtle radiative
effects associated with the higher electric charge. The quantity (Fτ)AV =
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3070.6 ± 1.6 sec from the O+ → O+decays together with the phase space
factor F and the value of |gA/gV | given in Eq. (10.63) gives τ = 894 ± 37
sec, to be compared with the direct neutron life-time measurement given
in Eq. (10.67).

Finally the Cabibbo angle

cos θc =
Gβ

V

Gµ
V

(1 + ∆β − ∆µ)−1/2 (10.70)

where Gµ
V = 1.16637 (13)× 10−5 GeV−2 while ∆β and ∆µ are the “inner”

radiative corrections to both nucleon β-decay and muon decay with ∆β −
∆µ = 0.023 (2). This gives

|Vud| = cos θc = 0.97418 ± 0.00027. (10.71)
sin θc is determined from Ke3 decay and its value is 0.2255 ± 0.0019.

10.4 Pseudoscalar Meson Decays

10.4.1 Pion Decay

π− → �− + ν̄�, � = e, µ.

For this decay, the T -matrix is given by

T = −GF√
2

cos θc

〈
0

∣∣J+
λ

∣∣ π−〉

× 1
(2π)3

√
m� mν

k′
0k0

u(k′) γλ (1 − γ5) v (k) . (10.72)

Here, we have p = k′ + k. Now from Lorentz invariance
〈
0

∣∣J+
λ

∣∣ π−〉
= −

〈
0

∣∣A+
λ

∣∣ π−〉
= − 1

(2π)3/2

√
1

2p0
ifπ pλ. (10.73)

Using the standard techniques of Chap. 2, the decay rate Γ can be easily
calculated. We obtain

Γ
(
π− → �− + νe

)
=

G2
F cos2 θc

8π
f2

π m2
� mπ

(
1 − m2

�

m2
π

)2

. (10.74)

It thus follows that pion decays mainly to muon, its decay to electron is
suppressed by a factor m2

e/m2
µ (phase space). In the same way, we can

write down the decay rate of K− → �− + ν̄�; it is given by

Γ
(
K− → �− + ν̄�

)
=

G2
F sin2 θc

8π
f2

K m2
� mK

(
1 − m2

�

m2
K

)2

. (10.75)

From the experimental values of the decay rates for pion and kaon, we can
determine fπ and fK . We get fπ ≈ 131 MeV and fK/fπ ≈ 1.22. From the
particle data group: fπ = (130.7 ± 0.1 ± 0.36) MeV, fK = (159.8 ± 1.4 ±
0.44) MeV.
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10.4.1.1 Remarks

Suppose pion decay occurs through a vector boson W . Then we can write
the decay amplitude F :

F = −gW i fπ pµ
−gµλ + pµpλ

m2
W

p2 − m2
W

ū(k′) γλ (1 − γ5) v (k) . (10.76)

We write the W -propagator in the following form

1
p2 − m2

W

[(
−gµλ +

pµpλ

p2

)
+ pµpλ

p2 − m2
W

p2 m2
W

]

=
(
−gµλ +

pµpλ

p2

)
1

p2 − m2
W

+
pµpλ

p2m2
W

. (10.77)

The first part of Eq. (10.77) gives the transverse part of the propagator
and second part gives its longitudinal part. If we substitute Eq. (10.77)
into Eq. (10.76), we find that the first part of Eq. (10.77) gives zero and
the entire contribution comes from the second part. We get

F = − g2
W

m2
W

i fπ pλ ū(k′) γλ (1 − γ5) v (k)

= − g2
W

m2
W

ifπ m� ū(k′) (1 − γ5) v (k) . (10.78)

Here we have used the Dirac equation ū(k′) (γ · k′ − m�) = 0 and p = k′+k.
Thus we note that the longitudinal part behaves as if the decay has taken
place through a scalar particle of zero mass with effective coupling g2

W /m2
W .

We also note that it gives a contribution proportional to the lepton mass
which is reflected in the formula (10.74). This is called helicity suppression.

10.4.2 Strangeness Changing Semi-Leptonic Decays

As an example of these decays we consider the decay.

K− → π0 + �− + ν̄�, � = e, µ.

We first note the rule: ∆Q = ∆S = 1. The T -matrix is given by

T = −GF√
2

sin θc

〈
π0

∣∣J1
λ

∣∣ K−〉

× 1
(2π)3

√
m� mν

k′
0 k0

[
ū(k′) γλ (1 − γ5) v (k)

]
. (10.79)
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The Lorentz structure of the hadronic matrix elements is given by
〈
π0

∣∣J1
λ

∣∣ K−〉
=

〈
π0

∣∣V 1
λ

∣∣ K−〉

=
1

(2π)3
1√

2p0 2p′0

×
[
f+

(
q2

)
(p + p′)λ + f−

(
q2

)
(p − p′)λ

]
, (10.80)

where p and p′ are four-momenta of K− and π0, q = (p′ − p) and k′ and k

are four momenta of �− and ν� respectively. In the rest frame of K−, we
have mK = ω + E� + Eν , pπ+p� + pν = 0. Using the standard techniques
of Chap. 2, we get

dΓ
dE� dω

=
1

4π3
G2

F sin2 θc

∣∣f+

(
q2

)∣∣2 [
A + B�ξ + C |ξ|2

]
, (10.81)

where

A =
{

mK [2E� Eν − mK (W − ω)] +
m2

�

4
(W − ω) − m2

� Eν

}

B =
[
Eν − 1

2
(W − ω)

]
m2

�

C =
1
4

[W − ω] m2
�

W =
m2

K + m2
π − m2

�

2 mK

ξ = f−
(
q2

)
/ f+

(
q2

)
(10.82)

For electron, we can neglect its mass, i.e. we put m2
e ≈ 0. Then Eq. (10.81)

is much simplified. In this case, we get for the electron spectrum

dΓ
dEe

=
1

4π3
G2

F sin θc |f+|2 mK E2
e

(W − Ee)
2

(mK − 2Ee)
. (10.83)

Here we have put f+

(
q2

)
≈ f+ (0) = f+. For this case we obtain

Γ
(
K±

e3

)
=

G2
F sin2 θc

768π3
(0.573) |f+|2 m5

K . (10.84)

In the SU(3) limit
〈
π0

∣∣V 1
λ

∣∣ K−〉
∝ if4+i5 6−i7

12 3 so that f+(0) = 1√
2
.

Consider the neutral Kaon decays:

K0 → π− + �+ + ν�, ∆S = ∆Q

K0 → π+ + �− + ν�, ∆S = −∆Q

For the first case the hadronic matrix elements are given by〈
π−

∣∣∣J1†
λ

∣∣∣ K0
〉
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where

J1
λ = J4+i5λ, J1†

λ = J4−i5λ.

J1†
λ creates negative charge and S = −1. For ∆S = −∆Q, no such current

can be written down in this conventional theory. For more details for semi-
leptonic K-decays see Ref. [2].

10.5 Hadronic Weak Decays

10.5.1 Non-Leptonic Decays of Hyperons

Consider the decay

B (p) → B′ (p′) + π (k) .

The Lorentz structure of the T -matrix for this process is given by

T =
1

(2π)9/2

√
m m′

2k0 p0 p′0
ū(p′) [ A − Bγ5]u (p) . (10.85)

The amplitudes A and B are functions of scalars: s = (p′+k)2, t = (p−p′)2.
A is called the parity violating (p.v) [or s-wave] amplitude and B is called
the parity conserving (p.c) [or p-wave] amplitude. In the rest frame of
baryon B

p′ = −k, |p′| = |k| = k, p′ = kn,

m = p′0 + k0, p′0 =
√

k2 + m′2, k0 =
√

k2 + m2
π

s = m2, t = m2 + m′2 − 2mp′0

k =
1

2m

√[
m2 − (m′ − mπ)2

] [
m2 − (m′ + mπ)2

]

p′0 =
m2 + m′2 − m2

π

2m
. (10.86)

In this frame, the amplitudes A and B are constants. In the rest frame of
B

u (p) =
(

1
0

)
χ, u (p′) =

1√
2m′ (p′0 + m′)

(
m′ + p′0
σ · p′

)
χ, (10.87)
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where χ is a constant 2-component spinor. Using Eq. (10.87), we may
write the T -matrix

T = χ+ M χ, (10.88a)

where

M =
1

(2π)9/2

1√
2 k0

[as + ap σ · n] , (10.88b)

as =

√
(p′0 + m′)

2 p′0
A, ap =

k√
2 p′0 (p′0 + m′)

B. (10.88c)

We note that the p.v. amplitude A is essentially the s-wave amplitude and
the p.c. amplitude B accounts for the p-wave amplitude.

The decay width is given by

dΓ = (2π)7 δ4 (p − p′ − k)
[
1
2
Tr

(
MM†)

]
d3p′ d3k. (10.89)

Performing the integration, we get the decay width

Γ =
k p′0
2πm

[
|as|2 + |ap|2

]
. (10.90)

We now consider the decay of polarized baryon B. Let S be the polarization
(spin) of B. Let s be the polarization of decayed baryon B′. In the rest frame
of B′, s gives the spin of B′. The decay probability in this case is given by

dW = (2π)7 δ4 (p − p′ − k)

×1
2

{
Tr [(1 + σ · s)M (1 + σ · S)]M†} d3p′d3k. (10.91)

The trace can be easily evaluated and the transition rate is proportional to

R = 1 + αS · n + s· [(α + S · n)n + β (S × n) + γ n × (S × n)] ,

(10.92)

where

α =
2Re a∗

s ap

|as|2 + |ap|2
, β =

2� a∗
s ap

|as|2 + |ap|2

γ =
|as|2 − |ap|2

|as|2 + |ap|2

α2 + β2 + γ2 = 1. (10.93)
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Because of the last constraint, we can write

β =
(
1 − α2

)1/2
sin φ

γ =
(
1 − α2

)1/2
cos φ

φ = tan−1 (β/γ) . (10.94)

One also defines

∆ = − tan−1 (β/α) .

If we do not observe the polarization of B′, we put s = 0 and we get

dW/Γ =
dΩS

4π
[1 + α S · n] . (10.95)

Hence we can write the angular distribution

IB (θ) = Const [1 + α S cos θ] , (10.96)

where θ is the angle between the hyperon spin S and the decayed baryon
momentum direction n. If a = 0, the angular distribution is isotropic.
α = 0 implies either as = 0 or ap = 0. For this case parity is conserved.
The anisotropy in angular distribution implies nonconservation of parity.
From the angular distribution we can determine the product αS. Since the
polarization S of baryon is not generally known, it is difficult to measure
α by this method. Further information about α can be obtained from
the polarization of decayed baryon B′. From Eq. (10.92), we obtain the
polarization of decayed bayron B′.

〈s〉 =
1

1 + α S · n
{(α + S · n)n + β (S × n) + γ n × (S × n)} . (10.97)

In particular if the original baryon B is unpolarized viz S = 0, we get

〈s〉 = α n. (10.98)

This equation implies that the baryon B′ obtained from the decay of unpo-
larized baryon B is longitudinally polarized. Thus a measurement of this
polarization allowed a direct determination of α. The experimental values
[8] for α, β and γ are given in Table 10.1.

Now a non-zero value for β implies the violation of time reversal invari-
ance in these decays. From Table 10.1, it is clear that β =

(
1 − α2

)1/2 sinφ

is consistent with zero. Thus the time reversal invariance holds in these
decays. P invariance implies either as = 0 or ap = 0, so that α = 0, β = 0.
But Table 10.1 shows that α is non-zero. C invariance implies α = 0, β �= 0;
hence from Table 10.1, it follows that C invariance is also violated. The
consequences of T and C invariance quoted above hold if we neglect the
final state interactions.
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Table 10.1

Decay α φ
γ

(derived)
∆

(derived)

Λ◦
− : Λ

→ pπ− 0.642 ± 0.013 (−6.5 ± 3.5)◦ 0.76 (8 ± 4)◦

Λ0
0 : Λ

→ nπ0 0.65 ± 0.05 − − -
∑+

0 :
∑+

→ pπ0 −0.980+0.017
−0.015 (36 ± 34)◦ 0.16 (187 ± 6)◦

∑+
+ :

∑+

→ nπ+ 0.068 ± 0.013 (167 ± 20)◦ −0.97
(
−73+133

−10

)◦

∑−
− :

∑−

→ nπ− −0.068 ± 0.008 (10 ± 15)◦ 0.98
(
249+12

−120

)◦

Ξ0
0 : Ξ0

→ Λ + π0 −0.411 ± 0.022 (21 ± 12)◦ 0.85
(
218+12

−19

)◦

Ξ−
− : Ξ−

→ Λ + π− −0.456 ± 0.014 (4 ± 4)◦ 0.89 (188 ± 8)◦

10.5.2 ∆I = 1/2 Rule for Hyperon Decays

The effective weak Hamiltonian responsible for |∆S| = 1 non-leptonic de-
cays in the conventional theory is given in Eq. (10.28), namely

Heff
W =

GF√
2

sin θc cos θc

[
J+

λ

(
J1λ

)†
+ h.c.

]

≡ GF√
2

sin θc cos θc HW , (10.99)

where

HW =
[
J+

λ

(
J1λ

)†
+ h.c.

]
. (10.100)

Now J+
λ ∼ ū γλ (1 + γ5) d has I = 1, I3 = +1, J1

λ ∼ s̄ γλ (1 + γ5) u

has I = 1
2 , I3 = +1

2 . Thus in general HW has a mixture of ∆I = 1/2
and ∆I = 3/2. However, the most striking effect of these decays is the
approximate validity of ∆I = 1/2 rule. The decays with ∆I = 3/2 are
suppressed. A satisfactory understanding of this rule is still lacking.

We now examine the consequences of ∆I = 1/2 rule in non-leptonic
hyperon decays and its approximate experimental validity. Consider first
the decays

Λ0
− : Λ → p + π− ∆I3 = 1/2

Λ0
0 : Λ → n + π0 ∆I3 = −1/2

∆I = 1/2, 3/2, · · ·
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The simplest possibility is ∆I = 1/2. Assuming this to be the case, the
only possible isospinor which one can form is

N̄ τ · π Λ =
(

p̄ π0 +
√

2 n̄ π−,
√

2 p̄ π+ − n̄ π0
)

Λ. (10.101)

Then for ∆Q = 0, we have

Λ0
− = −

√
2Λ0

0. (10.102)

Hence we get

Γ
(
Λ0
−

)
= 2Γ

(
Λ0

0

)
, (10.103a)

αΛ0
−

= αΛ0
0
. (10.103b)

It is clear from Table 10.1, αΛ0
−
≈ αΛ0

0
; experimentally

Γ
(
Λ0
−

)
Γ (Λ0

0)
≈ 63.9

35.8
= 1.78. (10.103c)

Thus ∆I = 1/2, rule is a good approximation, ∆I = 3/2 amplitude is very
much suppressed for Λ-decays. An exactly similar argument gives

Ξ−
− = −

√
2 Ξ0

0, (10.104a)

which implies

Γ
(
Ξ−
−

)
/Γ

(
Ξ0

0

)
= 2

(
Expt :

2.90
1.639

≈ 1.77
)

(10.104b)

αΞ−
−
/αΞ0

0
= 1

(
Expt :

0.456
0.411

≈ 1.11
)

. (10.104c)

For Σ-decays, assuming ∆I = 1/2, the only isospinors which we can form
are

a N̄ (Σ · π) + i b N̄ (Σ × π) · τ. (10.105a)

Writing only the part for which total charge is zero, we have

a n̄
(
Σ−π+ + Σ+π− + Σ0π0

)

+b
(√

2 p̄ Σ0π+ −
√

2 p̄ Σ+π0 − n̄ Σ+π− + n̄ Σ+π−))
.(10.105b)

Thus we get

Σ−
− = a + b

Σ+
+ = a − b

Σ0
− =

√
2 b (10.106)

Σ+
0 = −

√
2 b.
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From Eq. (10.106), we get

Σ+
+ − Σ−

− =
√

2Σ+
0 . (10.107)

The prediction can be tested as follows: In the (as, ap) plane if we regard
Σ+

+,Σ−
− and

√
2Σ+

0 as vectors, then they should form a closed triangle.
To sum up, in case the ∆I = 1/2 rule holds, out of 7 decays listed in

Eq. (10.25) only four are independent. In the language of flavor SU(3)
[cf. Chap. 5], the dominance of ∆I = 1/2 rule is generalized to octet
dominance. This can be seen as follows:

u, d, s, belong to 3 representation of SU(3).
ū, d̄, s̄, belonging to 3̄ representation of SU(3).

Now

3 ⊗ 3̄ = 8 ⊕ 1.

Thus Jh
µ in Eq. (10.27) belongs to an octet representation of SU(3). Hence

Hh
int in Eq. (10.27) or (10.28) contains

8 ⊗ 8 = 1 ⊕ 8 ⊕ 8 ⊕ 10 ⊕ +10 ⊕ 27.

It can be seen that only 8 and 27 are relevant for the decays (10.25). Thus
Hh

int contains both 8 and 27 where 8 corresponds to ∆I = 1/2 only while
27 contains ∆I = 3/2 as well. Thus in the language of SU(3), generaliza-
tion of ∆I = 1/2 rule is the octet dominance. The octet dominance for
the current-current interaction implies an additional relation (called Lee-
Sugawara relation) between s-wave decay amplitudes of (10.25)

2A
(
Ξ−
−

)
+ A

(
Λ0
−

)
= +

√
3 A

(
Σ+

0

)
. (10.108)

10.5.3 Non-leptonic Hyperon Decays in Non-Relativistic

Quark Model

One can recover not only the ∆I = 1/2 rule but also the right order of
magnitude of the scale required to reproduce the s- and p-wave fits of non-
leptonic hyperon decays. Consider the weak vector boson exchange graph
of Fig. 10.6 as the analogue of the gluon exchange quark-quark scattering
graph considered in Chap. 7 which quite successfully described the quark
spectroscopy.

The matrix elements for the process shown in Fig. 10.6 are of the form

M
m2

W �q2

1
2

g2
W

m2
W

sin θc cos θc

{
ū(p′i)γ

µ (1 − γ5) α−
i u(pi)

× ū(p′j)γµ (1 − γ5)β+
i u(pj) + i ←→ j

}
, (10.109)
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Fig. 10.6 W-boson exchange diagram for u + s → d + u.

where q = pi − p′i = p′j − pj . u’s are Dirac spinors in Dirac space
but are column vectors involving u, d, s quarks in ordinary flavor SU(3)
space. α−

i and β+
j are operators which transform a u-like state into a d-

like state and a s-like state into a u-like state respectively. We take the
leading non-relativistic limit of the above matrix elements. In the lead-
ing non-relativistic approximation, only γ0 and γi γ5 have non-zero limits.
Thus only parity conserving (p.c) part of M survives in the leading non-
relativistic approximation and we have in this limit

Mp·c ∼ 1√
2
GF sin θc cos θc

∑
i〉j

(
α−

i β+
j + β+

i α−
j

)
· (1 − σi·σj) (10.110)

Mp·v = 0.

The latter corresponds to a general result that
〈
B′

∣∣(JJ)p·v∣∣ B
〉

= 0 as a
consequence of CP and SU(3) invariance. The Fourier transform of Eq.
(10.110) gives the effective HW as

Hp·c
W =

1√
2
GF sin θc cos θc

∑
i>j

(
α−

i β+
j + β+

i α−
j

)

× (1 − σi·σj) δ3 (r) . (10.111)

Now it has been shown [see Sec. 11.4.2] that in the current-algebra
approach the question of ∆I = 1/2 rule or octet dominance for non-leptonic
decays of baryons hinges on the matrix elements〈

Bs

∣∣Hp·c
W

∣∣ Br

〉
∼ arsūu, (10.112)

which essentially determine both s- and p-wave amplitudes. Here u is a
Dirac spinor for Br or Bs which denotes a baryon like Λ,Σ, Ξ, n, or p.
Therefore, we have to take the matrix elements of Eq. (10.111) between
the baryon states Br and Bs. We regard the baryon state Br or Bs as made
up of three quarks. We take the spatial wave function for such states to be
the same for the octet of baryons p, n, Λ, Σ±, Σ0, Ξ0, Ξ− and denote it
by Ψ0. Thus writing

d′ =
〈
Ψ0

∣∣δ3 (r)
∣∣ Ψ0

〉
= |Ψ0 (0)|2 , (10.113)
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where r = ri − rj (i �= j), we have to calculate the matrix elements of the
operator

∑
i〉j

(
α−

i β+
j + β+

i α−
j

)
(1 − σi·σj)

between the spin-unitary spin wave functions of the states p, n, Σ+, Σ0, Λ,
Ξ0, given in Chap. 6. We obtain

aΛn =
GF√

2
sin θc cos θcd

′
(
+
√

6
)

(10.114a)

aΣ+
p

=
GF√

2
sin θc cos θcd

′ (−6) (10.114b)

= −
√

2aΣ0
n

(10.114c)

aΞ0Λ0 =
GF√

2
sin θc cos θcd

′
(
−2

√
6
)

(10.114d)

aΞ−Σ− = 0. (10.114e)

The relation aΣ+
p

= −
√

2aΣ0
n

expressed in Eq. (10.114c) ensures the
∆I = 1/2 rule (or octet dominance) and hence A

(
Σ+

+

)
= 0 (which is good

experimentally) in current algebra approach [see Eq. (10.117) below].
Once the octet dominance for ars is established we can parametrize ars

in the SU(3) limit as

ars =
√

2 (2F ′ i f6rs + 2D′ d6rs) . (10.115)

Then the relations (10.114) immediately give

D′

F ′ = −1. (10.116)

Now using the current algebra relations [see Sec. 11.4.2] for the s-wave
amplitudes one has

A
(
Λ0
−

)
= − 1

fπ
aΛn = −

√
2 A

(
Λ0

0

)

A
(
Ξ−
−

)
= − 1

fπ
aΞ0Λ = −

√
2A

(
Ξ0

0

)

A
(
Σ+

0

)
=

1√
2 fπ

aΣ+p

A
(
Σ+

+

)
= − 1

fπ

(
aΣ+p +

√
2 aΣ0n.

)

A
(
Σ−

−
)

=

(√
2

fπ

)
aΣ0n. (10.117)
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Here fπ is the constant which enters in π− → ν̄µ + µ− decay. Then using
Eqs. (10.114) and (10.117), we have the relations (10.107) and (10.108).
Using the value of d′ as determined by the constituent quark spectroscopy
[cf. Chap. 7],

aΣ+p =
−27 GF sin θc cos θc

8
√

2παs

(mΣ − mΛ)
(

m̂2

1 − m̂/ms

)

constituent

≈ −105 eV (10.118)

for the accepted value of αs (q2 ≈ 1 GeV) ≈ 0.5. This is almost the phe-
nomenological octet dominance scale, which together with D′/F ′ ≈ −0.86
[not very far from the prediction (10.116)], are required to fit the s- and
p-wave amplitudes of hyperon decays.

10.6 Problems

(1) Show that the electron spectrum in the decay of b-quark

b → c + e− + ν̄e,

using V − A theory is given by (neglecting the electron mass)

dΓ
dy

=
G2

F

96π3
m5

b

(ym − y)2 y2

(1 − y)2

[
(3 − 2y) +

(1 − ym) (3 − y)
(1 − y)

]
,

where

y =
2Ee

mb
, ym = 1 − m2

c

m2
b

.

Similarly, show that for c-quark decay

c → s + e+ + νe

the electron spectrum is given by

dΓ
dy

=
G2

F

16π3
m5

c y2 (ym − y)2

(1 − y)

y =
2Ee

mc
, ym = 1 − m2

s

m2
c

.

Hint: For b → c + e− + ν̄e, the matrix elements are

T = −GF√
2

[ū(p2) γλ (1 − γ5) u(p1)]
[
ū(p1) γλ (1 − γ5) v(k2)

]
.
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Use Eqs. (31) and (32) with the replacements (mµ, me, mνm, mνe)
→ (me, mc, me, mνe), ε = 1 so that

|M |2 =
G2

F

mb mc me mν
4 p1 · k2 p2 · k1

=
G2

F

mb mc me mν
2 mb Eν

[
m2

b − m2
c − 2 mb Eν

]
,

in the rest frame of b. Performing d3p2 integration, write d3k1d
3k2 =

k2
1 dk1 dk2 dΩ and use

δ

(
mb − Ee − Eν −

√
k2
1 + k2

2 + 2k1k2 cos θ + m2
c

)

to perform the angular integration to obtain

dΓ
dEe dEν

=
4G2

F

(2π)3
Eν

[
m2

b − m2
c − 2 mb Eν

]

where from

Eν =
m2

b − m2
c − 2 mb Ee

2 (mb − me + Ee cos θ)

(Eν)min =
m2

b − m2
c − 2 mb Ee

2mb
=

mb

2
(yb − y)

(Eν)max =

(
m2

b − m2
c

)
− 2 mb Ee

2mb − 2Ee
=

mb (yb − y)
(1 − y)

.

The integration of Eν gives the result dΓ
dy .

For the second problem, the matrix elements are

T = −GF√
2

[ū(p2) γλ (1 − γ5) u(p1)]
[
ū(k2) γλ (1 − γ5) v(k1)

]
.

Results from the first can be obtained by changing k2 ←→ k1, mb →
mc, mc → ms

|M |2 =
G2

F

mc ms me mν
[ 4 p1 · k1 p2 · k2]

=
G2

F

mc ms me mν
(2 mc Ee)

[
m2

c − m2
s − 2 mc Ee

]

and then follow the same steps as in the first part.
(2) Consider the decay

K → 3π.
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Show that decay rate can be expressed as

Γ =
1

26π3mK

Q2

6
√

3

∫
dx dy |A|2

0 ≤ x2 + y2 ≤ 1,

where A is the decay amplitude,

x =
√

3
T2 − T1

Q
, y =

3T3 − Q

Q

T1, T2 and T3 are kinetic energies of pions. Then the energies ω1, ω2, ω3

of pions are given by ωi = Ti + mπ and Q = T1 + T2 + T3 = ω1 + ω2 +
ω3 − 3mπ = mK − 3mπ.
The events in Dalitz plot can be expressed by taking

Aj = Aj (0)
[
1 +

2σj

3
mK

m2
π

(2ω3 − ω1 − ω2)
]

where j stands for any decay channel of K.
(3) Show that if the three pions in the decay of K → 3π are in I = 1 states,

then

Γ
(
K0

2 → π+π−π0
)

= 2Γ
(
K+ → π+π0π0

)
(10.119)

Γ
(
K+ → π+π+π−)

− Γ
(
K+ → π+π0π0

)

= Γ
(
K0

2 → π0π0π0
)
. (10.120)

Equations (10.119) and (10.120) are the necessary conditions for ∆I =
1/2 rule to hold. But they are not sufficient since I = 1 state can be
reached also by ∆I = 3/2.

Show that for totally symmetric I = 1 states

Γ
(
K+ → π+π+π−)

= 4Γ
(
K+ → π+π0π0

)
,

Γ
(
K0

2 → π0π0π0
)

=
3
2
Γ

(
K0

2 → π+π−π0
)
.

(4) Show that if time-reversal invariance holds, the decay amplitudes A

and B given in Eq. (10.85) are real, i.e. β = 0.
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Chapter 11

Properties of Weak Hadronic
Currents and Chiral Symmetry

11.1 Introduction

In Chap. 10, we have introduced an octet of vector and axial vector currents

Viλ = q̄
λi

2
γλq (11.1)

Aiλ = q̄
λi

2
γλγ5q, (11.2)

where

J±
λ = V1±i2λ − A1±i2λ (11.3)

J1
λ, J1†

λ = V4±i5λ − A4±i5λ (11.4)

take part in |∆Y | = 0 and |∆Y | = 1 semi-leptonic processes respectively.
The electromagnetic current is given by

V em
λ = V3λ +

1√
3
V8λ (11.5)

where the first part is the third component of an isovector while the second
part is an isoscalar. Now Hem

int ∼ V em
λ aλ. Since photon field aλ has C-parity

−1 and the intrinsic parity of the photon is −1, we see that CP of V em
λ is

+1. From this we can generalize that CP of vector current Vλ is +1. The
parity of axial-vector current Aλ is +1 and since the weak Hamiltonian is
CP invariant, the C-parity of Aλ must be +1.

11.2 Conserved Vector Current Hypothesis (CVC)

The hypothesis of conserved vector current (CV C) states that V ±
λ and

V3λ(= Jem
λ , ∆I = 1) are respectively 1 + i2, 1 − i2 and 3 members of an
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isospin current, which is conserved by strong interaction. The generators
of the isospin group SUI(2) are then given by

Ii =
∫

Vi0(x, t) d3x, i = 1, 2, 3. (11.6)

The first consequence of CV C (∂λV ±
λ = 0) is that the form factor hV (q2) =

0 in Eq. (10.50a) where A and B are respectively taken as neutron and
proton. [Note: When invariance under SU(2) is assumed, mp = mn = mN .]

In order to discuss the other consequences of CVC, we note from Eqs.
(11.6) and (10.50a) that

〈p(p′) |I+|n(p)〉

=
1

(2π)3

√
m2

N

p0p′0
ū(p′)

[
gV (q2)γ0 + ifV (q2)σ0νqν

]
u(p)

∫
d3x e−iq·x. (11.7)

Since I+ is conserved in the absence of electromagnetism, I+(t) is a constant
of motion, i.e. I+(t) = I+(0) = I+; we can take t = 0 and

1
(2π)3

∫
d3x e−iq·x = δ3(q). (11.8)

Now

ū(p)γ0u(p) =
p0

mN

I+ |n(p)〉 = |p(p)〉 (11.9)

and thus

〈p(p′) |I+|n(p)〉 = δ3(p′ − p) = δ3(q) (11.10)

Hence it follows from Eq. (11.7) that

gV (0) = 1. (11.11)

Thus in the absence of electromagnetism, the vector coupling constant in
nuclear β-decay is not renormalized and is equal to its “bare” value. Noting
that [JY

λ = 1√
3
V8λ in SU(3)]

[
JY

λ (x), I+

]
= 0,

[V3λ, I+] = V1+i2λ(x), (11.12)

and

I+ |n〉 = |p〉 , 〈p| I+ = 〈n| (11.13)
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it follows that
〈
p

∣∣V +
λ

∣∣ n
〉

= 〈p |[V3λ, I+]|n〉
= 〈p |[V em

λ , I+]|n〉
= 〈p |V em

λ | p〉 − 〈n |V em
λ |n〉 . (11.14)

Now Lorentz invariance gives the electromagnetic form factors of proton
and neutron as

〈p(p′) |V em
λ | p(p)〉 =

1
(2π)3

√
m2

N

p0p′0

×ū(p′)
[
F p

1 (q2)γλ + i
F p

2 (q2)
2mN

σλνqν

]
u(p)(11.15)

〈n(p′) |V em
λ |n(p)〉 =

1
(2π)3

√
m2

N

p0p′0

×ū(p′)
[
Fn

1 (q2)γλ + i
Fn

2 (q2)
2mN

σλνqν

]
u(p)(11.16)

where [since
∫

d3xV em
0 (x, 0) is the electric charge in unit of e] it follows,

on using Eqs. (11.8)-(11.10) that

F p
1 (0) = 1, Fn

1 (0) = 0. (11.17)

Since σλνqν gives Pauli type interaction, it also follows that

F p
2 (0) = κp, Fn

2 (0) = κn (11.18)

where κp and κn are the anomalous magnetic moments of proton and neu-
tron respectively. κp = 1.792 and κn = −1.913 in units of nuclear magne-
ton. Hence we get from Eq. (10.50a) and Eqs. (11.12), (11.13) and (11.14)
that

gV (q2) = F p
1 (q2) − Fn

1 (q2) = FV
1 (q2)

fV (q2) =
1

2mN

[
F p

2 (q2) − Fn
2 (q2)

]
=

FV
2 (q2)
2mN

, (11.19)

where FV
1 and FV

2 are the isovector electromagnetic nucleon form factors.
Their normalization follows from Eqs. (11.17) and (11.18).

FV
1 (0) = 1, FV

2 (0) = (κp − κn). (11.20)

Thus in particular

gV (0) = 1,

fV (0) =
κp − κn

2mN
(11.21)
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Using SU(3), we can write the matrix elements of vector current Viλ, i =
1, · · · , 8 for an octet of baryons (assuming q2 ≈ 0):

〈Bk(p′) |Viλ|Bj(p)〉 =
1

(2π)3/2

√
m2

B

p0p′0
ū(p′)[ifijkγλ]u(p) (11.22)

namely the relation (10.54).

11.3 Partially Conserved Axial Vector Current Hypothesis
(PCAC)

From Eq. (10.73), we have〈
0

∣∣∂λA+
λ (x)

∣∣ π−〉
= −ipλ

〈
0

∣∣A+
λ

∣∣ π−〉
e−ip·x

=
1

(2π)3/2

1√
2p0

fπm2
πe−ip·x. (11.23)

If the axial vector current A+
λ is conserved, then either fπ = 0 or m2

π = 0.
Since for a physical pion m2

π �= 0, then fπ must be zero and pion decay is
forbidden. Thus A+

λ is not conserved. Now ∂λA+
λ has the same quantum

numbers as those for a pion. If we now put

∂λA+
λ = fπm2

π π− (11.24)

then
〈
0

∣∣π−(x)
∣∣ π−〉

=
1

(2π)3/2

1√
2p0

e−ip·x (11.25)

Here π−(x) is the pion field operator which creates π+ or destroys π−.
Equation (11.24) is called the PCAC hypothesis. We note from Eq. (11.23),
that in the limit m2

π → 0, the axial vector current is conserved. This implies
that strong interactions have an approximate symmetry which is exact in
the limit of zero pion mass. Such a symmetry is called chiral symmetry.
Chiral symmetry manifests itself in the existence of massless pseudoscalar
mesons called Nambu-Goldstone bosons.

We shall come to this point again later. Here we discuss one of the
important consequences of PCAC. We apply PCAC to neutron β-decay.
From Eq. (10.50b), we have〈

p(p′)
∣∣A+

λ

∣∣ n(p)
〉

=
1

(2π)3

√
mpmn

p0p′0

× ū(p′)
[
gA(q2)γλγ5 + fA(q2)γ5qλ − ihA(q2)γ5σλνqν

]
u(p) (11.26)
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We note that pion pole contributes to the form factor fA(q2) only. It
does not contribute to gA(q2) nor to hA(q2). Separating out the pion pole
contribution, we write

fA(q2) = −
√

2gπNNfπ

q2 − m2
π

+ f̄A(q2) (11.27)

where f̄A(q2) is the remaining part of fA(q2). From Eqs. (11.26) and
(11.27), we get

〈
p(p′)

∣∣∂λA+
λ

∣∣ n(p)
〉

=
1

(2π)3

√
mpmn

p0p′0
ū(p′)iγ5u(p)

×

[
2mNgA(q2) − q2

√
2gπNNfπ

q2 − m2
π

+ q2 f̄A(q2)

]
. (11.28)

Now if we assume that in the limit m2
π → 0, the axial vector current is

conserved, we get,

2mNgA

(
q2

)
−
√

2gπNNfπ + q2 f̄A(q2) = 0 (11.29)

At q2 = 0, this gives

gA =
gπNNfπ√

2mN

(11.30)

This is called the Goldberger-Treiman (G-T) relation. Thus G-T relation
is exact in the chiral symmetry limit when pion mass is zero and the axial
vector current is conserved. This relation can be easily tested as all the
quantities in Eq. (11.30) are experimentally known. This relation is valid
within 6% agreement with experiment. On the other hand, we note that

〈
p(p′)

∣∣∂λA+
λ

∣∣ n(p)
〉

=
1

(2π)3

√
mpmn

p0p′0
ū(p′)iγ5u(p)

[
2mNgA(q2) + q2 fA(q2)

]
.

(11.31)

Using PCAC, viz Eq. (11.24),

−
√

2gπNNfπm2
π

q2 − m2
π

= 2mNgA(q2) + q2 fA(q2) (11.32)

Evaluating it at q2 = 0, m2
π �= 0, we again get the G-T relation. We

conclude that the success of the G-T relation implies that deviations from
chiral symmetry or equivalently from PCAC are indeed small.
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Finally, using SU(3) we can write for q2 ≈ 0 for an octet of baryons [cf.
Eq. (10.53)].

〈Bk(p′) |Aiλ|Bj(p)〉

=
1

(2π)3/2

√
m2

B

p0p′0
ū(p′) [γλγ5 (ifijkF + dijkD)]u(p) (11.33)

In particular for neutron β-decay,

gA = F + D, (11.34)

where

(2π)3
p0

mN
〈p |A3λ| p〉 =

1
2
gAū(p)γλγ5u(p) (11.35)

We define a four-vector

sλ = ū(p)γλγ5u(p) (11.36)

We note that

p · s = 0, s2 = −1. (11.37)

The vector sλ thus gives the spin of the proton. To see it explicitly we go
to the rest frame of the proton. In this frame, we get from Eq. (11.37),
s0 = 0, s2 = 1. From Eq. (11.36),

s = χ+σχ. (11.38)

In quark model, we can write the axial-vector current Aiµ = q̄γµγ5
λi

2 q. We
define the quantity ∆q as

(2π)3
p0

m
〈p |q̄γλγ5q| p〉 = ∆qsλ. (11.39)

In particular for A3λ = 1
2 (ūγλγ5u − d̄γλγ5d), we have

(2π)3
p0

m
〈p |A3λ| p〉 =

1
2
(∆u − ∆d)sλ (11.40)

so that

∆u − ∆d = gA = F + D. (11.41)
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11.4 Current Algebra and Chiral Symmetry

Isospin conservation implies that strong interactions are invariant under
SU(2) group generated by the charges:

Ii(t) =
∫

Vi0(x, t)d3x, i = 1, 2, 3. (11.42)

In the same way we can define the axial charges

I5
i (t) =

∫
Ai0(x, t)d3x, i = 1, 2, 3. (11.43)

The generators of the isospin group SU(2) satisfy the commutation relations

[Ii(t), Ij(t)] = iεijkIk(t). (11.44)

Since I5
i (t)’s belong to the adjoint representation of SU(2) group, we have

[
Ii(t), I5

j (t)
]

= iεijkI5
k(t). (11.45)

We obtain a closed algebraic system by requiring that
[
I5
i (t), I5

j (t)
]

= iεijkIk(t). (11.46)

The last relation constitutes a major theoretical assumption. The commu-
tation relations (11.44), (11.45) and (11.46) represent the algebra of the
group SU(2) × SU(2) generated by the vector and axial vector charges.
This group is called the chiral SU(2) group.

Let us now write the part of the QCD Lagrangian [cf. Eq. (7.52)] which
involves u and d quarks:

Lu,d = iq̄γµDµq − mu + md

2
q̄q − mu − md

2
(
ūu − d̄d

)
, (11.47)

where q =
(

u

d

)
is an isodoublet field and we have suppressed color indices.

For mu = md this Lagrangian is invariant under the isospin transformation

q → Uq, (11.48)

where U is a special unitary matrix, ei
τi
2 Λi , Λi being constant. The asso-

ciated vector current Viµ = q̄ τi

2 γµq is conserved. The existence of nearly
degenerate isospin multiplets of hadrons shows clearly that |mu − md| is
small compared to hadron mass scale ( ∼1 GeV). Setting mu = md = m,
we can write

Lu,d = iq̄LγµDµqL + iq̄RγµDµqR − m(q̄LqR + q̄RqL), (11.49)
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where we have split q into “left-handed” and “right-handed” components

qL,R =
1 ∓ γ5

2
q

It is clear that in the limit m = 0, the Lagrangian (11.49) would be invariant
under independent ‘chiral’ isospin transformations on qL and qR:

qL = ULqL, qR → URqR

and not only Viµ but also the axial vector current q̄γµγ5
τi

2 q would be con-
served. We note that the mass term m (q̄LqR + q̄RqL) or in general the
coupling to scalar and pseudoscalar fields

[
φq̄

(
1
γ5

)
q = φ (q̄LqR ± q̄RqL)

]

would break chiral symmetry. This also demonstrates that the forces be-
tween the quarks have to be vector in nature [mediated by spin 1 gluons,
cf. the term q̄γµλ · Gµq in Eq. (11.47) or Eq. (11.49)]. As we shall see
later mu ∼ 5 MeV, md ∼10 MeV (these are called current quark masses,
not to be confused with constituent quark masses of order 300 MeV [cf.
Chap. 6]) are small compared to the hadron scale of O(1 GeV) so that
chiral symmetry is nearly exact.

Now if Aiλ were conserved, the axial charge I5
i would commute with the

Hamiltonian:

[I5
i , H] = 0. (11.50)

Hence if we define

I5
i |Xj〉 = iεijk |Yk〉 , (11.51)

use of Eq. (11.51) would imply that the states |Yk〉 are degenerate in mass
with |Xj〉 even though they have opposite parity. This is because I5

i has
negative parity. This condition can be realized in either of the two ways:

(1) The Wigner-Weyl realization of chiral SU(2) symmetry, in which case
|Yk〉 would consist of “parity doublets” of |Xj〉 e.g. if |Xj〉 were pseu-
doscalar mesons, |Yk〉 would be scalar mesons degenerate in mass with
the pseudoscalar mesons. This is not what occurs in nature and there-
fore chiral symmetry is not realized in nature in this way in contrast
to the ordinary isospin symmetry which is realized in this way.
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(2) Spontaneously broken symmetry realization of chiral SU(2), in which
case |Yk〉 would consist of |Xj〉 plus an odd number of pions with van-
ishing four-momentum (called soft pions), the pion being a massless
“Nambu-Goldstone” boson. In particular

I5
i |0〉 = − i

2
fπ√

2
|πi(0)〉 �= 0, (11.52)

the first part being valid only for single-pion transitions, while

Ii |0〉 = 0. (11.53)

As we shall see m2
π would involve (mu + md) /2 as a factor and so a mea-

sure of explicit chiral symmetry breaking is provided by m2
π/m2

ρ ≈ 0.03, ρ

being the non-strange (non Nambu-Goldstone) boson next to pion. The
notion of (approximate) spontaneously broken chiral symmetry has been
found useful in hadron physics and has given rise to many predictions in-
volving soft pions which are in good agreement with the data [see refer-
ences]. One such prediction is the Goldberger-Treiman relation (11.30):[

mAgA

√
2

fπgπNN

]
− 1 = 0 (11.54)

to be compared with the experimental value 0.06 ± 0.01 of the left-hand
side.

The above considerations can be easily generalized to SU(3). Thus
the QCD Lagrangian (7.52) shows an approximate global symmetry in the
limit mq → 0, this Lagrangian is invariant under the group SU(3)×SU(3)
generated by the charges associated with the weak currents Jiµ. Thus the
generators of the group are (i = 1, · · · , 8).

Fi =
∫

Vi0(x, t)d3x

F 5
i =

∫
Ai0(x, t)d3x.

They satisfy the commutation relations

[Fi, Fj ] = ifijkFk (11.55)[
Fi, F

5
j

]
= ifijkF 5

k (11.56)[
F 5

i , F 5
j

]
= ifijkFk. (11.57)

The commutation relations (11.55) and (11.56) follow from flavor SU(3),
the commutation relation (11.57) is a new assumption. Equivalently if we
define

FL
i =

1
2

(
Fi − F 5

i

)
, FR

i =
1
2

(
Fi + F 5

i

)
(11.58)
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we get
[
FL

i , FL
j

]
= ifijkFL

k[
FR

i , FR
j

]
= ifijkFR

k (11.59)[
FL

i , FR
j

]
= 0.

Symmetry generated by the above group is called the chiral symmetry. If
(R1, R2) is a multiplet of group SU(3) × SU(3), then under parity

(R1, R2) → (R2, R1) (11.60)

For example (8, 1) → (1, 8), (3, 3∗) → (3∗, 3). This means that if this sym-
metry is realized as a classification symmetry, we must have parity doublets.
This is not the case in nature. No parity doublets are found. This implies
that the chiral symmetry is realized in the Nambu-Goldstone mode that is
to say, there are eight bosons which in the chiral limit have zero mass. As
we have already seen, pions are the Nambu-Goldstone bosons which in the
chiral SU(2)×SU(2) limit are massless. The eight pseudoscalar mesons are
identified with Nambu-Goldstone bosons of chiral SU(3) × SU(3) group.

The algebra generated by Fi and F 5
i is called the chiral algebra. This

algebra has rather rich physical content because generators of the symmetry
group can be identified with observables. The matrix elements can be
measured in electroweak interactions. This in fact provides evidence for
chiral symmetry [see bibliography].

11.4.1 Explicit Breaking of Chiral Symmetry

As already seen the chiral symmetry is spontaneously broken [cf. Eq.
(11.52)]. Another way of expressing it is that

〈0 |q̄q| 0〉 �= 0 ⇒ F 5
i |0〉 �= 0. (11.61)

To see this, we note that in the quark model, we have the following com-
mutation relations:

[
F 5

i , Sj

]
= idijkPk i = 0, 1, ..., 8[

F 5
i , Pj

]
= −idijkSk (11.62)

[Fi, Sj ] = ifijkSk

[Fi, Pj ] = ifijkPk

where

Si = q̄
λi

2
q, Pi = iq̄

λi

2
γ5q (11.63)
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are respectively the scalar and pseudoscalar densities. We note from Eqs.
(11.62) that

〈
0

∣∣[P1 + iP2, F
5
1−i2

]∣∣ 0
〉

= i2

√
2
3
〈0 |S0| 0〉 + i

2√
3
〈0 |S8| 0〉 (11.64)

Now we expect that flavor SU(3) is realized in the usual way and is not
spontaneously broken [cf. Eq. (11.53)]. This implies that

〈0 |S8| 0〉 =
1√
3
〈0 |[F4+i5, S4−i5]| 0〉 = 0 (11.65a)

as

F4±i5 |0〉 = 0. (11.65b)

Thus, if

〈S0〉0 =
1
2

√
2
3

〈
ūu + d̄d + s̄s

〉
0
�= 0 (11.66)

then we have from Eq. (11.64):

F 5
1−i2 |0〉 �= 0. (11.67)

the condition for spontaneously broken symmetry [cf. Eq. (11.52)]. Let us
write

〈ūu〉0 =
〈
d̄d

〉
0

= 〈s̄s〉0 = −v(say). (11.68)

Hence we have the result that 〈S0〉0 �= 0 which implies that chiral symmetry
is spontaneously broken and 〈S8〉0 = 0 implying that flavor SU(3) is not
spontaneously broken.

We can write the QCD Hamiltonian density [cf. Eq. (7.52)] as

H = H0 +
(
muūu + mdd̄d + mss̄s

)

= H0 +

√
2
3

(2m̄ + ms) S0 +
2√
3

(m̄ + ms) S8 + (mu − md)S3

≡ H0 + H′ (11.69)

The Hamiltonian density H0 is chiral invariant. Here m̄ = (1/2)(mu +md).
Now

dF 5
i

dt
= −i

[
F 5

i , H
]

= −i
[
F 5

i , H ′] , (11.70)

where

H(t) =
∫

d3xH(t,x).
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The (charge) continuity equation

dF 5
i

dt
=

∫
d3x

(
∂Ai0(t,x)

∂t
+ ∇ · Ai(t,x)

)

=
∫

d3x∂µAiµ (11.71)

then converts Eq. (11.71) into

∂λAiλ = −i
[
F 5

i ,H′] . (11.72)

From Eq. (11.72), we have
〈
0

∣∣[F 5
j , ∂λAiλ

]∣∣ 0
〉

= −i
〈
0

∣∣[F 5
j ,

[
F 5

i ,H′]]∣∣ 0
〉
. (11.73)

Using Eq. (11.52), namely

F 5
j |0〉 = −i

fπ

2
√

2
|πj〉

〈0|F 5
j =

i

2
√

2
〈πj | fπ, (11.74)

we obtain
i

2
fπ√

2

[〈
πj

∣∣∂λAiλ

∣∣ 0
〉

+
〈
0

∣∣∂λAiλ

∣∣ πj

〉]
= −i

〈
0

∣∣[F 5
j ,

[
F 5

i ,H′]]∣∣ 0
〉
.

(11.75)
The use of PCAC relation ∂λAiλ =

(
fπ/

√
2
)
m2

i πi, then gives [m2
ij is sym-

metric in i and j].

m2
ij = − 2

f2
π

〈
0

∣∣[F 5
j ,

[
F 5

i ,H′]]∣∣ 0
〉

(11.76)

where H′ is given in Eq. (11.69). Substituting it into Eq. (11.76) and using
Eqs. (11.68) and (11.62), one obtains

m2
π0 = m2

π+ =
2
f2

π

(mu + md) v

m2
K+ =

2
f2

π

(mu + ms) v, m2
K0 =

2
f2

π

(md + ms) v

m2
π0η = m2

ηπ0 =
2√
3f2

π

(mu − md) v

m2
η =

2
3f2

π

(mu + md + 4ms) v (11.77)

Let ∆ be the electromagnetic contribution due to photon exchange to m2
π± .

Since π+, K+ form a U-spin multiplet the electromagnetic contribution to
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m2
K± is also ∆ while it is zero for m2

π0 , m2
K0 , m2

η, so that adding ∆ in Eq.
(11.77) for π+, K+, we get

md

mu
=

m2
K0 − m2

K+ + m2
π+

2m2
π0 − m2

π+ + m2
K+ − m2

K0

≈ 1.8

ms

md
=

m2
K0 + m2

K+ − m2
π+

m2
K0 − m2

K+ + m2
π+

≈ 20.1 (11.78)

Here we have used the explicit breaking of chiral symmetry in calculating
the current quark mass ratios in terms of masses of pseudoscalar mesons.
When quark masses go to zero pseudoscalar mesons become zero mass
Nambu-Goldstone bosons required by spontaneously broken chiral sym-
metry.

11.4.2 An Application of Chiral Symmetry to Non-Leptonic

Decays of Hyperons

Consider the matrix elements [where Br and Bs are members of the same
baryon octet]:〈

Bs (p′)
∣∣[F 5

i , HW

]∣∣ Br (p)
〉

=
〈
Bs (p′)

∣∣F 5
i HW − HW F 5

i

∣∣ Br (p)
〉

(11.79)

where i = 1, 2, 3. Using Eq. (11.74) and its hermitian conjugate, we can
write it as〈

Bs (p′)
∣∣[F 5

i , HW

]∣∣ Br (p)
〉

=
i

2
fπ√

2
[〈Bs (p′) πi(0) |HW |Br (p)〉 + 〈Bs (p′) |HW |πi(0)Br (p)〉]

= i
fπ√

2
〈Bs (p′) πi(0) |HW |Br (p)〉 . (11.80)

In other words in the limit qµ = (p− p′)µ → 0 [called the soft pion limit], if
the matrix elements 〈Bs (p′) πi(q) |HW |Br (p)〉 are non-singular, then Eq.
(11.80) gives

lim
q→0

〈Bs (p′) πi(q) |HW |Br (p)〉 = −i

√
2

fπ

〈
Bs (p′)

∣∣[F 5
i , HW

]∣∣ Br (p)
〉
.

(11.81)
Now HW = Hp.c

W +Hp.v
W [cf. Chap. 10] and it can be shown that for s-waves

[Hp.v
W ], the amplitude on the left-hand side of Eq. (11.81) is non-singular

[see below] and we have

lim
q→0

〈Bs (p′) πi(q) |Hp.v
W |Br (p)〉 = −i

√
2

fπ

〈
Bs (p′)

∣∣[F 5
i , Hp.v

W

]∣∣ Br (p)
〉
.

(11.82)
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For p-waves [Hp.c
W ], one can apply the result (11.81) to

lim
q→0

[〈Bs (p′) πi(q) |Hp.c
W |Br (p)〉

− 〈Bs (p′) πi(q) |Hp.c
W |Br (p)〉Born

]

= −i

√
2

fπ

〈
Bs (p′)

∣∣[F 5
i , Hp.c

W

]∣∣ Br (p)
〉

(11.83)

where the Born terms are shown in Fig. 11.1.

Fig. 11.1 Pole diagram in hyperon decay.

These are singular for Hp.c
W in the limit qµ → 0 where mB = m′

B as they
behave like 1/ |mB − m′

B | but for Hp.v
W they behave like 1/ |mB + m′

B | and
are non-singular. Now as we have seen in Chap. 10 [cf. Eq. (10.28)], the
|∆S| = 1 non-leptonic Hamiltonian is

HW =
GF√

2
sin θc cos θc [s̄γµ(1 − γ5)u] [ūγµ(1 − γ5)d] . (11.84)

This being the product of two left-handed currents [FR = Fi + F 5
i ] satisfy

[FR
i , HW ] = 0

or
[F 5

i , HW ] = −[Fi, HW ],
i.e. [

F 5
i , Hp.v,p.c

W

]
= − [Fi, H

p.c,p.v
W ] (11.85)

Further Fi (being the generator of SU(3) flavor group) acting on |Br〉 or
|Bs〉 produces a member of the same octet. To illustrate this point, consider
for example, |Br〉 = |Λ〉 and 〈Bs| = 〈p| , i = 1+i2√

2
. Then

F1+i2 |Λ〉 = 0 and 〈n| = 〈p|F1+i2

Thus for s-wave from Eqs. (11.82) and (11.85)
〈
p (p′) π−(q) |Hp.v

w |Λ0 (p)
〉

=
i

fπ
〈n |Hp.c

w |Λ〉 (11.86)

Also as shown in Chap. 10, in the exact SU(3) limit 〈Bs |Hp.v
w |Br〉 = 0.

Thus the p-wave non-leptonic decays are given by the Born terms which
are also determined by 〈Bs |Hp.c

w |Br〉 as far as weak vertices are concerned.
These were the results which we employed in Sec. 10.5.3.
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11.5 Axial Anomaly

As seen in Chap. 7, π0 → 2γ is given by the triangle graph of Fig. 11.2.

Fig. 11.2 Triangle diagram for π0 → 2γ decay.

In the chiral limit (mu = md = 0), this triangle graph gives a finite value
for the π0 → 2γ amplitude:

M(π0 → 2γ) = εµ∗(k1)εν∗(k2)εµναβkα
1 kβ

2 Fπ0γγ(q2), (11.87)

with

Fπ0γγ(0) = Nc[e2
u − e2

d]
(
−α

π

)
gπqq

mq
, (11.88)

where Nc is the number of colors, e.g. 3, eu = 2/3, ed = −1/3 while the
Goldberger-Trieman relation for 〈q|A3µ|q〉 with A3µ = 1

2

(
ūγµγ5u − d̄γµd

)
gives (fπ/

√
2)gπqq = mq so that Eq. (11.87) gives

Fπγγ(0) =
−
√

2α

πfπ
(11.89)

It is important to remark that the result (11.89) is unaltered by radiative
corrections to the quark triangle and Eq. (11.89) is independent of the
masses of fermions in the loop. Equation (11.89) gives

Γπγγ ≡ F 2
πγγ

m3
π0

64π
= 7.58 eV (11.90)

which is remarkably close to experiment with only 2% PCAC correction to
the amplitude.

The above result is often stated in terms of contribution to the amplitude
due to an axial-vector “anomalous” divergence:

∂λA3λ =
α

4π
FµνF̃µν , (11.91)
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where Fµν = ∂µaν − ∂νaµ [aµ being electromagnetic potential] and F̃µν =
1
2εµναβFαβ . Note that Eq. (11.91) does not arise from equations of motion
(11.71). That is why it is called “anomalous” divergence. Combining Eqs.
(11.72) and (11.91), we have

∂λAiλ = −
[
F 5

i , H′] + δi3
α

4π
FµνF̃µν . (11.92)

The first term on the right-hand side of Eq. (11.92) vanishes in the chiral
limit but it is not so for the second term. The PCAC relation for A3λ thus
becomes

∂λA3λ(x) =
fπ√

2
m2

ππ0(x) +
α

4π
FµνF̃µν . (11.93)

The “anomalous” divergence equations for η8 and η0 are

∂λAkλ =
α

4π
Sk

P FµνF̃µν , (11.94)

where k = 8 or 0 and

Sη8 = Nc

(
1√
3

) [
e2

u + e2
d − 2e2

s

]
=

1√
3

Sη0 = Nc

(√
2
3

)[
e2

u + e2
d + e2

s

]
= 2

2√
3
. (11.95)

Similar considerations show that in QCD, the flavor SU(3) singlet cur-
rent

A0µ = q̄
λ0

2
γµγ5q =

1
2

√
2
3

[
ūγµγ5u + d̄γµγ5d + s̄γµγ5s

]

has “anomalous” divergence

∂λA0λ =

√
2
3

3αs

4π
Gµν · G̃µν (11.96)

where

G̃µν =
1
2
εµναβGαβ (11.97)

and Gµν involving gluon field has been defined in Chap. 7 [cf. Eq. (7.51c)].
Thus

∂λA0λ =

√
2
3

[
muūiγ5ū + mdd̄iγ5d + mss̄iγ5s

]

+

√
2
3

3αs

4π
Gµν · G̃µν (11.98)

It is clear from Eq. (11.98) that the SU(3) singlet current is not conserved
in chiral SU(3) × SU(3) limit. An application of this will be considered in
Chap. 14.
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11.6 QCD Sum Rules

We have seen in Chap. 7 that the asymptotic freedom property of QCD
makes it possible to calculate processes at short distances or for large q2, q2

being the square of the momentum transfer. On the other hand, bound
states of quarks and gluons (hadrons or hadron resonances) arise because of
large distance confinement effects, i.e. strong coupling effects, which cannot
be treated in perturbation theory. The idea of QCD sum rules is to calculate
resonance parameters (masses, width) in terms of QCD parameters (αs,
quark masses and number of other matrix elements which are introduced
to parametrize the non-perturbative effects). We have also seen previously
that in the absence of quark masses, the QCD Lagrangian shows a global
chiral symmetry, i.e. it is invariant under a global SUL(3)×SUR(3) group.
But this chiral symmetry is spontaneously broken, i.e. the ground state is
not invariant under this symmetry. This gives rise to [q = u, d, s] [cf. Eq.
(11.61)]

〈0 |q̄q| 0〉 �= 0

leading to an octet of zero mass pseudoscalar mesons (so-called Nambu-
Goldstone bosons; such bosons acquire masses when QCD Lagrangian is
explicitly broken by the quark mass terms). The non-vanishing of the
above quark condensate is a non-perturbative effect and gives rise to power
corrections to asymptotic freedom effect, which is logarithmic. The essential
point of the QCD sum rules, i.e. to relate QCD and non-perturbative
parameters of the above type with resonance parameters, is illustrated by
the simplest of sum rules, i.e. for a two-point function:

∆
(
q2

)
=

1
π

∫
Im∆

(
q2

)
s − q2

=
∑

i

Ci

(
q2

)
〈0 |Oi| 0〉 (11.99)

The left-hand side is saturated with resonance so that

l.h.s. =
∑

i

g2
i

m2
i − q2

(11.100)

where (gi, mi) are resonance parameters. The right-hand side is useful only
for large q2 in which limit the perturbative QCD allows us to calculate the
coefficients Ci(q2) in the operator product expansion. In practice we want
to saturate l.h.s. by a few low lying resonances. Thus we should use some
weighting factor to suppress large s contributions on l.h.s. This is done
by using Borel transform of the sum rule, which introduces a weighting
factor involving a mass parameter M2, which should be sufficiently large
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to suppress non leading terms on r.h.s. of Eq. (11.100) but not too large in
order to suppress contribution from higher hadron states on l.h.s. Thus the
problem in practice reduces to finding a region of stability point for M2 so
that a small variation in M2 will not affect the physical parameters. In this
way from QCD sum rules for two point and three point functions, a large
number of constraints on hadron spectrum have been obtained providing
not only a consistency check but also a useful phenomenological information
on resonance as well as QCD parameters and on 〈0|q̄q|0〉. For details see
the bibliography.

11.7 Problems

(1) Use Dirac Equation, to show that

(a)
iū(p′)σλν (p′ + p)ν u(p) = ū(p′) (p′ − p)λ

u(p)
(b)

ū(p′)γµu(p) = ū(p′)
[
(p′ + p)µ

2m
+

i

2m
σµν (p′ − p)ν

]
u(p).

(c) Using Lorentz invariance, show that most of the general matrix
elements are of the form:
〈
p′

∣∣Jλ
em

∣∣ p
〉

=
1

(2π)3

√
m2

p0p′0
ū(p′)

[
F1γ

λ +
i

2m
F2σ

λνqν + F3q
λ

]
u(p)

(2) Using the conservation of electromagnetic current viz
∂λJλ

em(x) = 0
Show that F3 = 0.

Finally [P = p′ + p] , show that alternatively
〈
p′

∣∣Jλ
em

∣∣ p
〉
∼ ū(p′)

[
F1

2m
Pλ +

i

2m
(F1 + F2)σλνqν

]
u(p)

∼ ū(p′)
[
(F1 + F2) γλ − F2

2m
Pλ

]
u(p)

(3) Determine the commutation relations (11.62).
Hint: Use equal-time anticommutation relations of Dirac fields[

qi(x), q†j(y)
]
x0=y0

= δijδ3(x − y)
to show that[

q†(x)Oq(x), q†(y)O′q(y)
]

= δ3(x − y)q†(x) [O,O′] q(y)
and take operator O and O′ approximate to various quantities in
(11.62).
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Chapter 12

Neutrino

12.1 Introduction

Experimental puzzles in the past have led to some important discoveries
in Physics. Neutrino, which has spin 1/2, was invented in 1930 by Pauli
as the explanation of such a puzzle, namely the conservation of angular
momentum and energy in β-decay

n → p + e−,

require such a particle, so that

n → p + e− + ν̄e.

Its direct observation was made much later. The electron type anti-
neutrinos are thus produced by the decay of pile neutrons in a fission reac-
tor. These can be captured in hydrogen giving the reaction:

ν̄e + p → e+ + n,

whose cross-section was measured by Reines and Cowan

σexp = (11 ± 2.5) × 10−44 cm2

to be compared with the theoretical value

σth = (11 ± 1.6) × 10−44 cm2.

Note the extreme smallness of the cross-section. It is a reflection of the fact
that neutrino has only weak interaction.
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12.2 Intrinsic Properties of Neutrinos

(a) Neutrinos are elementary particles with spin 1
2 , electrically neutral and

obey Fermi Dirac statistic.
(b) All neutrinos detected are left-handed (see Sec. 10.1.1), i.e. their spin

points in the opposite direction from their momenta. All anti-neutrinos
are right-handed.

(c) Neutrinos occur in three flavors νe, νµ, ντ associated with the corre-
sponding charged leptons e−, µ−, τ− respectively. Neutrinos “oscillate”
from one specie to another with a high probability (see Sec. 12.4). This
means that neutrinos produced in a well-defined weak eigenstate να can
be detected in a distinct weak eigenstate νβ later. This phenomenon
of neutrino oscillation is possible if one or more neutrinos have non-
vanishing mass.

(d) The discovery of neutrino mass raises the question whether each mass
eigenstate νi is identical to its antiparticle ν̄i or is distinct from it.
If ν̄i = νi, we call the neutrinos Majorana particles, while if ν̄i �= νi

they are called Dirac particles. Usually conserved charges distinguish a
particle from its antiparticle. For example electric charge distinguishes
electron from positron. But neutrinos carry no electric charge and
might not carry any other conserved charge like quantum number. It
might be thought that there is a conserved lepton charge (see Sec. 4.1)
that distinguish νe, e− from ν̄e, e+. However conservation of lepton
charge is not protected by any gauge symmetry. If such a conserved
charge does not exist, then there is nothing to distinguish ν̄i and νi.
Then neutrino may very well be a Majoran particle.

12.3 Mass

The question of neutrino mass is one
indexNeutrino Mass of long standing. In the context of the standard model
of unified electroweak interactions (Chap. 13), there is no understanding of
the origin of masses of elementary fermions. In this category the question
of neutrino mass also arises. It has an added importance for the following
reasons:

(a) The fact that neutrinos occur asymmetrically in one (left handed) he-
licity state with lepton number conservation imply that mν = 0 (see
below). However, there is no local gauge symmetry and no massless
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gauge boson coupled to the lepton number L to guarantee the mass-
lessness of neutrino and lepton number conservation in contrast to the
photon where both the masslessness of photon and charge conservation
are consequences of local gauge invariance of Maxwell’s equations. One
may thus expect a finite mass for neutrino. But the intriguing question
is why m(νe) � m(e).

(b) Non-vanishing neutrino mass has important implications in Astro-
physics. It is a candidate for hot dark matter. It affects history, struc-
ture and fate of the universe as we shall seen in Chap. 18.

Experimentally the question of neutrino mass is still open. This is
because

(i) mν is small and a smaller quantity is more difficult to measure with
high precision than a bigger quantity.

(ii) Neutrino has only weak interaction with matter which implies in prac-
tice that no direct measurement of mν is possible.

12.3.1 Constraints on Neutrino Mass

12.3.1.1 Direct Limits

We first confine to electron anti-neutrino (ν̄e). ν̄e comes out in β-decay of
Tritium

3H → 3He + e− + ν̄e.

Electrons from this decay has a very low end-point energy (18.6 keV). As
such this process is ideal to look for a possible finite mass of neutrino. If
mν = 0,

[
dΓ

p2
edpe

]1/2

∝ (Emax − Ee).

Kurie plot is thus a straight line. If mν �= 0,
(

dΓ
p2

edpe

)1/2

∝ (Emax − Ee)1/2
[
(Emax − Ee)2 − m2

ν

]1/4

This equation also illustrates why the end point energy range is important
for determining mν = 0. This gives a distortion at the extreme end of the
Kurie plot (see Fig. 2.6). Thus one has to look for such a distortion, but
note that the deviation is in fact quite small and the experiment is thus
quite difficult. An added complication is the presence of final state ionic
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and/or molecular effects that are not well understood. Anyway, the present
limit on the so called effective mass of electron neutrino [for the definition
of Uei see Sec. 12.4] placed

mνe
=

√∑
i

|Uei|2 mi < 2 eV : mνe
� me

The Katrin experiment is expected to improve the limit to ∼ 0.2 eV. Direct
limits on the other two types of neutrinos are

π → µνµ : mνµ
< 190 keV : mνµ

� mµ

τ → 5πντ : mντ
< 18.2 MeV : mντ

� mτ

12.3.1.2 Double β-Decay

The double β-decay is another way to look for a finite mass of neutrino.
Two kinds of double β-decay can be considered:

(2ν) (A, Z) → (A, Z + 2) + 2e− + 2ν̄e (12.1)

(0ν) → (A, Z + 2) + 2e−.

Usually the neutrinos are assumed to be Dirac particles, that is, neutrino
ν and its anti-neutrino ν̄ are distinct. There is another picture of neutrinos,
called Majorana in which ν and ν̄ are identical. This implies

n → p + e− + ν̄L ≡ p + e− + νL

νL + n → p + e−, (12.2)

so that (2n) → (2p) + 2e− as shown in Fig. 12.1.

Fig. 12.1 Basic reactions in double β-decay.

The important physics issues in (0ν) double β-decay are:

(i) Lepton number must not be conserved, which is possible if neutrinos
are Majorana particles: ν ≡ ν̄.
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(ii) Helicity of the neutrino cannot be exactly −1, this can be satisfied if
mν �= 0.

Thus (0ν)β β decay is especially interesting in determining mν as half life

T1/2 ∝ Q−5 < mν >−2, (12.3)

where Q is the Q-value of the reaction involved.
There is now distinct evidence of (2ν) β-decay:

82Se → 82Kr

T1/2 =
(
1.1+0.8

−0.3

)
× 1020 Yrs. (12.4)

Incidently this is the rarest natural decay process ever observed directly
in a laboratory. This would help to provide a standard by which to test
the double β-decay matrix elements of nuclear theory. From the limit on
half-life on (0ν)β β decay process 76Ge →76 Se + 2e−,

T1/2 > 1.9 × 1025 Yrs,

the Heidelberg-Moscow experiment gives the best present bound on mνe
:

mνe < (0.35 − 0.5) eV

Part of the collaboration claims an evidence for the positive signal which
would correspond to mνe

∼ 0.4 eV. Actually, if there is a mixing among
neutrinos (see Sec. 12.4 below), then mνe

=
∑

i λi|Uei|2mνi
, where λi is a

possible sign since Majorana neutrinos are CP eigenstates and Uei arises
due to two vertices.

12.3.1.3 Cosmology

Non-zero neutrino mass alters large scale structure formation within the
standard cosmology. The cosmological observations put a bound on the
sum of neutrino mass

3∑
i=1

mi ≤ 0.17 − 1.2 eV



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

336 Neutrino

12.3.1.4 Astrophysical Constraints

As will be shown in Chap. 18, the mass density of all fairly light (mν < 1
MeV) stable neutrinos is

ρ0
ν =

∑
i

(
n0

ν

n0
γ

)
n0

γmνi

=
3
11

n0
γ

∑
i

mνi

=
∑

i

2mνi(eV ) × 10−31 gm/cm3
, (12.5)

where n0
γ = 400 cm−3 is the present photon number density. Now the

average mass density of the universe is
ρ0 = Ω0ρc0,

where Ω0 ≤ 1 and ρc0 is the critical density

ρc0 =
3H2

0

8πGN
. (12.6)

Here H0 is the Hubble parameter, H0 = 3 × 10−18ho sec−1[
100 h km g−1 Mpc−1

]
, with ho = 0.71 ± 0.01 and GN is Newton’s gravi-

tational constant. Thus
ρc0 = 1.88 × 10−29h2

0 gm/cm3

= 1.05 × 10−5h2
0 GeV/cm3 (12.7)

This together with Eq. (12.5) gives

Ωνh2
0 =

ρ0
ν

ρc0
h2

0 = 1.06 × 10−2
∑

i

mνi
eV

The sum of the masses of all stable neutrinos is constrained by the WMAP
data (see Chap. 18) which gives

Ωνh2
0 ≤ 0.0076

Hence ∑
i

mνi ≤ 0.72 eV

We may also mention here that the big-bang nucleosynthesis puts con-
straints on the mass of any metastable (m.s) neutrinos which are

mνm.s (Dirac) > 32 MeV or < 0.95 MeV

mνm.s
(Majorana) > 25 MeV or < 0.37 MeV

Both the lower limits are in conflict with mντ < 18.2 MeV, mentioned
earlier, implying that mντ

must actually be below 1 MeV.
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12.3.2 Dirac and Majorana Masses

It is a general feature of weak interactions that only left handed neutrino
νL takes part in it (see Chap. 10). Let us write a Dirac spinor ψ as

ψ =
(

ξ

η

)
. (12.8)

In a representation in which γ5 is diagonal,

ψL =
1 − γ5

2
ψ =

(
ξ

0

)
, ψR =

1 + γ5

2
ψ =

(
0
η

)
, (12.9)

the Dirac equation for the two component spinors ξ and η can be written
as (

iσ · ∇ − i
∂

∂t

)
ξ = −mDη

(
−iσ · ∇ − i

∂

∂t

)
η = −mDξ (12.10a)

It is the mass which links ξ (or equivalently ψL) with η (or ψR).
These equations can also be written in the form

iσ̄µ∂µξ − mDη = 0

iσµ∂µη − mDξ = 0 (12.10b)

where

σµ = (1, σ) , σ̄µ = (1,−σ) (12.10c)

Under charge conjugation C (particle → antiparticle) ψ → ψc = −iγ2ψ∗

[see Appendix A], so that

ξ → ξc = −iσ2η∗

η → ηc = iσ2ξ∗ (12.11)

For massless neutrino, ξ and η decouple and we have from Eq. (12.10a)
(

iσ · ∇ − i
∂

∂t

)
ξ = 0 (12.12a)

(
−iσ · ∇ − i

∂

∂t

)
η = 0 (12.12b)

These are called the Weyl equations for massless spin 1
2 particles. It is easy

to see that Eqs. (12.12a) and (12.12b) are not disconnected. In fact, using
the usual representation of Pauli matrices σi, one verifies that, if ξ(x) is a
solution of Eq. (12.12a), σ2ξ

∗(x) is a solution of Eq. (12.12b). In order to
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see physical implications of Weyl Eq. (12.12a), we examine the plane wave
solution, given by

ξ(x) = w(p)e−ip·x = w(p)ei(p·x−Et) (12.13)
Then from Eq. (12.12a), we get

[σ · p+E]w(p) = 0 (12.14)
with E2 = p2. Let us denote the positive energy spinor by u(p) and
negative energy (E = −|p|) spinor by v(p). Thus we get

σ · p
|p|

u(p) = −u(p) (12.15)

σ · p
|p|

v(p) = v(p) (12.16)

Hence we get the important result: if neutrino is massless, then 2-
component Weyl field ξ(x) satisfying Eq. (12.12a) or equivalently, the chiral
projection 1

2 [(1 − γ5)ψ] of a four component field ψ(x) satisfying massless
Dirac equation, give a left-handed (helicity negative) neutrino and a right-
handed antineutrino. This is what is realized in nature. If we start with
η-field, then we have opposite case: a right-handed neutrino and left-handed
antineutrino. This case is not realized in nature. It is important to remark
[see Ref. [2]] that charge conjugation operators given in Eq. (12.11) are
not possible in the 2-component case.

If we allow both a finite mass and lepton number non-conservation, then
for an electrically neutral lepton, the Lagrangian is

L = Ψ̄ (iγµ∂µ − mD) Ψ +
mM

2
(
ΨT C−1Ψ − Ψ̄CΨ̄T

)
. (12.17)

The second term in Eq. (12.17) is the Majorana mass term and violates
lepton number conservation: ∆L = 2. Let us define the new fields φ1 and
φ2:

φ1 =
1√
2

(
ξ − iσ2η∗)

φ2 = − i√
2

(
ξ + iσ2η∗) . (12.18)

It then follows from Eq. (12.11) that under charge conjugation

φ1,2
C→ ±φ1,2, (12.19)

i.e. φ1,2 are eigenstates of C with eigenvalues +1 and −1 respectively. In
terms of φ1 and φ2, Eq. (12.11) becomes

L =
[
iφ†

1σ̄
µ∂µφ1 +

(
mD + mM

2
φT

1 (−iσ2)φ1 + h.c.

)

+ iφ†
2σ̄

µ∂µφ2 +
(

mD − mM

2
φT

2 (−iσ2)φ2 + h.c.

)]
. (12.20)
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If we start with ξ and η or equivalently νL and νR, then we can have two
Majorana particles of masses (mD ± mM )/2. If we start with νL only,
mD = 0, we have a Majorana neutrino of mass mM . In this case Eq.
(12.20) reduces to

L = iν†
Lσ̄µ∂µνL +

mM

2
(
νT

L (−iσ2)νL + h.c.
)

(12.21)

We get an important result: a two-component neutrino (νL) cannot have a
Dirac mass; it can only have Majorana mass, which violates lepton number
conservation. Thus one helicity state (−1 for neutrino) together with lepton
number conservation implies that mν = 0. It may be mentioned that if
neutrino is massless, there is no distinction between Majorana and Weyl
neutrino.

12.3.3 Fermion Masses in the Standard Model (SM) and

See-saw Mechanism

The fermion masses in the standard model are generated through a Yukawa
coupling of fermions with a Higgs scalar (see Chap. 13):

L = −gf f̄LφfR + h.c. (12.22a)

where φ develops a vacuum expectation value as shown in Fig. 12.2.

Fig. 12.2 Fermion mass generation.

Here fL and φ are doublets while fR is a singlet under SUL(2) of the
standard model group SU(2) ⊗ U(1), e.g.

fL =
(

νe

e−

)

L

, fR = eR. (12.22b)
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The SM conserves L, nor does it contain any chirally right-handed neutral
fields but only the left-handed ones νL. If, however, one allows right-handed
neutrinos NR which are SU(2) ⊗ U(1) singlets, then one can write the
Yukawa interaction

Lnew = LSM − gf f̄Lφ̃NR + h.c. (12.22c)

The above mechanism gives [fR = eR or NR]

LDirac
mass = −gf 〈φ〉0f̄LfR + h.c.,

leading to the Dirac mass

mf = gf 〈φ〉0

Thus mD(ν�) = g�〈φ〉0 where 〈φ〉o = 175 GeV and one thus expects
mD(ν�) ∼ mD(�), say within a factor of 10 or so. This does not explain
m (νl) � m (l). This would require

gν ≤ 10−13 − 10−12

which looks unnatural if NR is the same type of field as right-handed com-
ponents of other fermions. For the neutrino Eq. (12.22a) gives

LD
mass = −mD

[
ν̄LNR + N̄RνL

]
(12.23)

Note that Dirac mass does not mix neutrinos and antineutrinos and as such
conserve lepton number. The most economical way to add neutrino mass
term to the SM involving only light neutrinos is that the neutrinos have
Majorana mass arising from ∆L = 2 non-renormalizable interaction of the
form:

Leff =
G

M
(fLφ)T

C−1 (fLφ) + h.c. (12.24a)

After the electroweak symmetry breaking

Leff =
G

M
νT

L C−1νL〈φ〉20 (12.24b)

giving nothing but the neutrino mass

mν =
G

M
〈φ〉20 (12.24c)

and

LMajorana
mass (ν) = mLνT

L C−1νL + h.c. (12.25)

We may remark here that with G ≈ 1, 〈φ〉0 � 175 GeV, as in the standard
model, Eq. (12.24c) gives mν ≈ 10−5 eV for M ≈ 1019 GeV (Planck mass
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Fig. 12.3 Majorana mass generation.

scale) while for mν � 0.045 eV, M ∼ 1015 GeV not much different from
the Grand Unification (GUT) mass scale.

The above mass generation can be pictured as a two-step process shown
in Fig. 12.3. This process also gives a Majorana mass to NR

LMajorana
mass (N) = MR

(
NT

RC−1NR − NRCN
T

R

)

= MR

(
NC

R

)T
C−1NC

R + h.c. (12.26)

Such a mass term is allowed by the SM, since NR being the electroweak
isospin singlet, all the SM principles including electroweak isospin are pre-
served. In Eq. (12.26), the second step is obtained by using the charge
conjugate of NR

N
C

R = −NT
RC−1, NC

R = CN
T

R (12.27)

so that NRCN
T

R = −
(
NC

R

)T
C−1NC

R . Further

NRνL =
(
NC

R

)T
C−1νL

=
1
2

[(
NC

R

)T
C−1νL + νT

L C−1NC
R

]

Thus we rewrite Eq. (12.24a) in more convenient form

LDirac
mass (N) =

1
2
mD

[((
NC

R

)T
C−1νL + νT

L C−1NC
R

)
+ h.c.

]
(12.28)

Referring to Eqs. (12.25), (12.26) and (12.28) the mass matrix in 2-
component basis νLNC

R needs diagonalization. Denoting by prime fields
before diagonalization, we have in 2-component basis

LM =
(
ν′T

L

(
N ′C

R

)T
)

C−1

(
mL mD/2

mD/2 MR

) (
ν′

L

N ′C
R

)
(12.29)
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It is useful to consider various limits:

Majorana : mD → 0

Dirac : mL, MR → 0

See-saw : mL → 0, mD � MR

The diagonalization of the mass matrix (12.29) in the see-saw limit gives

νL = ν′
L − mD

2MR
N ′C

R

NC
R =

mD

2MR
ν′

L + N ′C
R (12.30)

By introducing the charge conjugate left handed component NL ≡ (NR)C

we can equivalently write the relation (12.29) in νL, NL basis giving

νL = ν′
L − mD

2MR
N ′

L

NL =
mD

2MR
ν′

L + N ′
L

Hence we have two Majorana neutrinos νL and NR with masses

mν � m2
D/4MR � mD

mN � MR (12.31)

Depending upon MR, νL could be extremely light and NR correspondingly
heavy. To summarize, in the Dirac case, one must answer the question why

(mν�
)Dirac � m� (12.32)

while in the Majorana case the see-saw mechanism sidesteps this question;
here one has

(mν�
)Majorana � m2

�

4M
� m� (12.33)

by requiring the existence of a large scale M , associated with some new
physics. Below we give some typical scales indicative of new physics and
the corresponding neutrino masses, which may be relevant for neutrino
oscillations (to be discussed below), dark matter and leptogenesis [Chap.
18]:

M (GeV) mνe
(eV) mνµ

(eV) mντ
(eV)

MPlank(1019) 10−14 4 × 10−10 10−5

MGUT (1016) 10−11 4 × 10−7 10−3

MR(1012) 10−7 4 × 10−3 1
106 10−1 4 × 103 106
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12.4 Neutrino Oscillations

If neutrinos are massless, then the neutrinos νe, νµ, ντ , which enter the
weak interaction Lagrangian are also the mass eigenstates. If anyone of
them have a mass, then it may be that the mass eigenstates which we denote
by νi(i = 1, 2, 3) are different from flavor eigenstates νw, (w = e, µ, τ). In
this case, we can get neutrino oscillations. The phenomenon of neutrino
oscillations can provide a mechanism to measure extremely small neutrino
masses. We note that two sets of states |νw〉 and |νi〉 are connected with
each other by a unitary transformation:

|νw〉 =
∑

i

Uwi|νi〉 (12.34)

∑
w

Uiw U∗
jw = δij . (12.35)

Now

H(k)|νi〉 = Ei|νi〉 (12.36)

Ei = (k2 + m2
i )

1/2 ≈ k +
m2

i

2k
, (12.37)

since k � mi and we take the extreme relativistic limit. Now at time
t, |ν(t)〉 satisfies the Schrödinger equation:

i
d

dt
|ν(t)〉 = H|ν(t)〉.

In νi basis, H is a diagonal matrix with eigenvalues E1, E2 and E3. Thus

|νi(t)〉 = e−iEit|νi(0)〉 ≡ e−iEit|νi〉.
Hence from Eq. (12.34), we can write

|νw(t)〉 =
∑

i

Uwie
−iEit|νi〉

and

〈νw′ |νw〉t =
∑

i

Uwie
−iEit〈νw′ |νi〉

=
∑

i

Uwie
−iEitU∗

w′i. (12.38)

Thus the probability that at time t, the neutrino of type w is converted to
the neutrino of type w′ is given by

Pw′w = |〈νw′ |νw 〉t|
2

=
∑

i

∑
j

(UwiU
∗
w′i)

(
UwjU

∗
w′j

)
cos(Ei − Ej)t.

(12.39a)
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Neglecting CP-violating phases so that U is real, it is convenient to rewrite
it as

Pww′ = δw′w − 4
∑
j>i

UwiUw′jUwjUw′j sin2(πL/λij) (12.39b)

where L is the distance traveled after which νw is converted to νw′ and

λij =
4πEν

∆ij
= 2.47m

(
Eν

MeV

)
eV 2

∆ij
(12.39c)

where we have used the relation L = ct,

λij =
2πc

Ei − Ej
,

(Ei − Ej)t =
L(m2

i − m2
j )

2Eν
(12.39d)

=
L∆ij

2Eν
.

The matrix U with matrix elements Uwi, commonly called PMNS
(Pontecorvo-Maki-Nakagawa-Sakata), mixing matrix is given by U =
U23U13U12

U =




1 0 0
0 c23 s23

0 −s23 c23







c13 0 s13e
−iδ

0 1 0
−s13e

iδ 0 c13







c12 s12 0
−s12 c12 0

0 0 1


 (12.40)

where δ is known as CP-violating Dirac phase. If neutrinos are Ma-
joran particles, the mixing matrix U is multiplied by Iφ, where Iφ =
diag

(
1, eiφ1 , eiφ2

)
is the diagonal matrix of the Majorana CP -violating

phases. They can be absorbed with the mass eigenvalues which can then
be considered as complex parameter. As a consequence of CPT and CP
invariance

Pνw′νw = Pν̄w′ ν̄w = Pνwνw′ = Pν̄w ν̄w′

The form of transition probability (12.39b) depends on the spectrum of
∆m2 or ∆ij chosen and the explicit form of U . If ∆m2 is chosen such
that λ >> L, then the oscillator term sin2 πL

λ → 0. On the other hand, if
λ � L, one has a large number of oscillations and sin2 πL

λ averages out to
1
2 .

For the conversion of νe to νx (x = µ or τ),

U =
(

cos θ sin θ

− sin θ cos θ

)
(12.41)
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Fig. 12.4 The neutrino oscillations.

and

Pνe→νx = sin2 2θ sin2

[
1.27

∆m2

Eν
L

]
(12.42)

while the survival probability is Pνe→νe
= 1−Pνe→νx

. Here θ is the vacuum
mixing angle. Pνe→νe and Pνe→νx oscillate with L as shown in Fig. 12.4.

The amplitude of the oscillations is determined by the mixing angle; the
wavelength of the oscillations is λ. Incidently the above result illustrates
the quantum mechanical phenomena of interferometry which provides a
sensitive method to probe extremely small effects.

To look for oscillations, one needs factors, which enhance tiny effects: a
coherent source (there are many, the sun, cosmic rays, reactors etc.), low
energy neutrinos, large base line (size of the sun and that of the earth),
large mixing angles and large flux.

12.4.1 Mikheyev-Smirnov-Wolfenstein Effect

First we write the Hamiltonian in νe, νx basis [x = µ or τ or s (sterile ν)]:

Hν(k) = UHU−1 (12.43)

where H is diagonal in ν1 − ν2 basis:

H =
(

E1 0
0 E2

)
= k

(
1 0
0 1

)
+

1
4k

(
−∆m2 0

0 ∆m2

)
(12.44)
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and

U =
(

cos θ sin θ

− sin θ cos θ

)
(12.45)

while Ei ≈ k + m2
i

2k and E2 − E1 = m2
2−m2

1
2k = ∆m2

2k . Then

Hν(k) = const.
(

1 0
0 1

)
+

(
−∆m2 cos 2θ

2k
∆m2 sin 2θ

4k
∆m2 sin 2θ

4k 0

)
(12.46)

where the first part of Eq. (12.46) is irrelevant for oscillations. Now in
traversing matter, neutrinos interact with electrons and nucleons of inter-
vening material and their forward coherent scattering induces an effective
potential energy. Such contributions of weak interaction in matter to Hν

arise due to Feynman diagrams shown in Fig. 12.5.

Fig. 12.5 Feynman diagrams for neutral current (n.c.) and charged current (c.c) weak
interactions which contribute to Hν for oscillations in matter, where x = e, µ, τ .

The first diagram contributes equally to νe, νµ and ντ and as such is not
relevant νµ ↔ νµ or ντ oscillations. This gives the effective Hamiltonian
[see Chap. 13]:

2GF√
2

[
f̄Lγµ

(
I3L − Q sin2 θW

)
fL

]
[ν̄γµ(1 − γ5)ν] (12.47)

where f = e−, p or n for which respectively I3L = − 1
2 , 1

2 , − 1
2 and Q =

−1, 1, 0. The second diagram after Fierz rearrangement gives the effective
Hamiltonian:

GF√
2

〈
ψe

∣∣e−γµ(1 − γ5)e
∣∣ ψe

〉
ν̄eγµ(1 − γ5)νe (12.48)

where ψe denotes the state of the medium. These diagrams give the poten-
tial energy

Vνe
=

√
2GF (nc.c.

e − 1
2
nn.c.

n )
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Vνµ,τ
= −

√
2GF

1
2
(nc.c.

n ) (12.49)

Vνs
= 0

where ne denotes the number of electrons per unit volume and nn that of
neutrons. Then the Hamiltonian in the matter is [k � E]

HM (k) = Hν(k) + HW

=

(
−∆m2 cos 2θ

2E +
√

2GF n ∆m2 sin 2θ
4E

∆m2 sin 2θ
4E 0

)
(12.50)

where

n = ne for νe ↔ νµ or ντ

= ne −
1
2
nn for νe ↔ νs

The diagonalization to ν1, ν2 basis gives:
(

νe

νx

)
=

(
cos θM sin θM

− sin θM cos θM

) (
ν1

ν2

)
(12.51)

with

sin 2θM = sin 2θ
lM
lV

,

cos 2θM = (cos 2θ − A)
lM
lV

(12.52)

∆E = E2 − E1 =
1

2lM
(12.53)

where

A = 2
√

2GF n
E

∆m2
(12.54)

lM =
E

∆m2

[
(A − cos 2θ)2 + sin2 2θ

]−1/2
, (12.55)

lV =
E

∆m2
(12.56)

For constant density n, the considerations of Sec. 12.3 give the conversion
probability

P (νe → νx) = sin2 2θM sin2

[
1.27

L

lM

]
(12.57)
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The following are useful limits:

(i) n → 0, θM = θ, ∆E =
∆m2

2E

(ii) n → ∞, HM →
(√

2GF n → 0
→ 0 0

)
(12.58)

∆E = 2
√

2GF n

θM =
π

2
, νe = ν2, νx = ν1

(iii) n = nres defined by
√

2GF (n)res =
∆m2 cos 2θ

2E

HM →

(
0 ∆m2 sin 2θ

4E
∆m2 sin 2θ

4E 0

)

∆Eres =
∆m2 sin 2θ

2E
(12.59)

θM =
π

4
, ν2 =

νe + νx√
2

, ν1 =
νe − νx√

2

Using the above limits, the plot of E versus n is shown in Fig. 12.6.

Fig. 12.6 Plot of neutrino energy E versus density n , showing conversion of νe, to νx

in matter.

Suppose νe is created at n0 > nres say at the center of the sun, and
then it propagates out. If there is no level crossing (shown by dotted lines
in Fig. 12.6, then ν(n = 0) � νx and undetectable. This conversion of νe

into νx is the cause of the depletion of observable neutrinos. Now neutrinos
of any energy will not go through the resonance. The resonance condition
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for any given neutrino energy E is:

nres(E) = cos 2θ
∆m2

2
√

2GF

(12.60)

We may remark here that for νe → νµ or ντ conversion,

n = ne =
(

ρ

mN

)
Y

where Y denotes the number of electrons per nucleon and is 1/2 for ordinary
matter. Then, the resonance condition (12.59) can be written as

ρres =
∆m2 cos 2θ

2
√

2GF

mN

Y

1
E

= 1.3 × 107 g/cc
1

2Y
cos 2θ

[
∆m2

(eV)2

] (
MeV
E

)
(12.61)

For ρres ≥ ρ (center of the sun) = 100 g/cc, we have(
E

MeV

)
≤ 1.3 × 105 ∆m2

(eV)2
(12.62)

Thus, for example, for ∆m2 ≥ 6× 10−6 eV2, we will not have resonance
for E ≤ 0.4 MeV and the resonance will be at least at E = 0.8 MeV. In
this case the resonance will not effect pp neutrino for which Emax = 0.44
MeV but can eliminate 7B neutrinos for which Eν ∼ 0.86 MeV.

12.4.2 Evolution of Flavor Eigenstates in Matter

The evolution of flavor eigenstates in matter is governed by the equation:

i
∂

∂x

(
νe(x)
νx (x)

)
= H(x)

(
νe(x)
νx (x)

)
(12.63)

where H(x) is given in Eq. (12.50). Note that the x dependence arises due
to the x dependence of the density n for varying density case. Using(

νe(x)
νx (x)

)
= U(x)

(
ν1(x)
ν2 (x)

)
(12.64)

with

U(x) =
(

cos θ(x) sin θ(x)
− sin θ(x) cos θ(x)

)
, (12.65)

we have

i
∂

∂x

(
ν1(x)
ν2 (x)

)
= U−1HU

(
ν1(x)
ν2 (x)

)
− iU−1 ∂U

∂x

(
ν1(x)
ν2 (x)

)

(12.66)
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where

U−1HU =
(

E1 0
0 E2

)

=
E1 + E2

2

(
1 0
0 1

)
+

(
−∆E

2 0
0 ∆E

2

)
(12.67)

and

U−1 ∂U

∂x
=

(
0 1
−1 0

)
θ′M (x) (12.68)

where (′) means differentiation with respect to x. Noting that the first part
of Eq. (12.67) is irrelevant for oscillations and using Eq. (12.52) we have

i
∂

∂x

(
ν1(x)
ν2 (x)

)
=

(
− 1

4lM (x) iθ
′

M (x)
−iθ

′

M (x) 1
4lM (x)

)(
ν1(x)
ν2 (x)

)
(12.69)

For the constant density case, θ′M (x) = 0 and lM is independent of x, so
that Eq. (12.69) has simple solutions

ν1(x) = ν1(0) exp
(

i
x

4lM

)

ν2(x) = ν2(0) exp
(
−i

x

4lM

)
(12.70)

where we have taken x = 0 as the initial point. Then Eq. (12.64) gives

νe(x) = cos θ(x)ν1(0) exp
(

i
x

4lM

)
+ sin θ(x)ν2(0) exp

(
−i

x

4lM

)

= cos θ(x) cos θ0
Mνe(0) exp

(
i

x

4lM

)

− sin θ(x) sin θ0
Mνe (0) exp

(
−i

x

4lM

)
(12.71)

where we have used the boundary condition νx (0) = 0 [see Eq. (12.64)].
Then the electron neutrino survival probability averaged over the detector
position L (from the solar surface) is given by

P (νe −→ νe) = cos2 θV cos2 θ0
M + sin2 θV sin2 θ0

M

=
1
2

+
1
2

cos 2θV cos 2θ0
M (12.72)

where θV ≡ θ is the vacuum mixing angle. In general when the density n

is a function of x one has to solve Eq. (12.69) and as a result P (νe → νe)
is given by the Parke formula:

P (νe → νe) =
1
2

+
(

1
2
− Pj

)
cos 2θ cos 2θ◦M (12.73)
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where θ0
M is the initial mixing angle and Pj ≡ exp

(
−π

2 γ
)

is the Landau-
Zener factor. Here

γ =
∆m2

E

sin2 2θ

cos 2θ

(
1
n

dn

dx

)−1

res

and is called the adiabaticity. In the adiabatic limit γ � 1 and Pj → 0 and
we recover the relation (12.72). The survival probability P (νe → νe) as a
function of vacuum oscillation length lv ∝ E/∆m is displayed for various
mixing angles in Fig. 12.7. The transition between the regime of vacuum
and matter oscillations is determined by the ratio lv/lM (see Eqs. (12.52-
12.56). If it is greater than 1 then matter oscillations dominate. If less than
cos 2θ vacuum oscillations dominate. Generally there is a smooth transition
between these two regimes.

12.5 Evidence for Neutrino Oscillations

One looks for neutrino oscillations in the following two types of experiments.

12.5.1 Disappearance Experiments

Reactors are source of ν̄e through the β-decay

n → p + e− + ν̄e

and experiment looks for possible decrease in the ν̄e flux as a function of
distance from the reactor, ν̄e → X [if converted to ν̄µ, say, one would see
nothing, ν̄µ could have produced µ+ but does not have sufficient energy to
do so].

KamLand experiment confirms that ν̄e do indeed disappear when the
reactor ν̄e’s have traveled ≈ 200km. ν̄e flux is only 0.658± 0.044± 0.047 of
what it would be if none of ν̄e’s were disappearing.

12.5.2 Appearance Experiments

Here one searches for a new neutrino flavor, absent initially, which can arise
from oscillations. Such experiments involve atmospheric neutrino studies,
K-2K and MINOS accelerator experiments, which are sensitive to ∆m2

23 =
m2

2−m2
3 and θ23 (atmospheric sector), and solar neutrinos. Solar neutrinos

and KamLand are sensitive mainly to ∆m2
21 = m2

2 − m2
1 and θ12 (solar

sector). The 1 − 3 mixing, if not zero, may give subleading effect. The
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reactor CHOOZ experiment gives a bound on θ13 as a function of ∆m2
31.

The physical effects involved are:

(i) vacuum oscillations for atmospheric neutrinos, K2K, MINOS, CHOOZ
and

(ii) MSW effect – see Fig. 12.7 – which illustrates the adiabatical conversion
of solar neutrino in the matter of the sun while at low energies solar
neutrinos undergo the averaged vacuum oscillations with small matter
effects.

Fig. 12.7 Schematic illustration of the survival probability of νe created at the solar
center. The curves are labeled by thesin2 2θ values [16].

We now consider some of the experiments and their analysis.

12.5.2.1 Atmospheric neutrino anomaly

Atmospheric neutrinos are produced in decays of pions (Kaon’s) that are
produced in the interaction of cosmic rays with the atmosphere:

p + A → π± + A′

π± → µ±νµ (ν̄µ)

→ e±νe (ν̄e) ν̄µ (νµ)
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These neutrinos are detected through the reactions νµ + n → µ− + p,
ν̄µ +p → µ+ +n and νe +n → e− +p, ν̄e +p → e+ +n and are respectively
called µ-like and e-like events. One would expect the ratio

N (νµ)
N (νe)

≡ N (νµ + ν̄µ)
N (νe + ν̄e)

� 2

However this ratio was measured in several detectors and it was found that
it is substantially reduced from the value ∼ 2. Indeed [MC for Monto Carlo]

R =
(µ/e) data
(µ/e) MC

= 0.658 ± 0.016 ± 0.035

which should be one in the absence of oscillation.
The results of global analysis gives for the dominant mode of the atmo-

spheric neutrino oscillation (νµ ↔ ντ oscillations)
∣∣∆m2

32

∣∣ =
(
2.39+0.11

−0.08

)
× 10−3eV2

sin2 θ23 = 0.466+0.073
−0.058 (12.74)

12.5.2.2 Solar neutrinos

Electron type antineutrinos are produced by the decay of pile neutrons in
a fission reactor: n → p + e− + ν̄e, e.g. KamLand. Electron type neutrinos
are produced from reactions in the sun called solar neutrinos. The energy
of the sun is generated in the reactions of pp and CNO cycles. Energy is
generated through nuclear burning involving the transitions of four protons
into 4He :

4p → 4He + 2e+ + 2νe + Q

where Q = 26.7 MeV is the energy release in the above transition. Thus
the generation of the energy of the sun is accompanied by the emission of
νe’s. The total flux of the neutrinos is connected to the luminosity of the
sun LO by the relation:

Q
∑

i

(
l − 2

Ēi

Q

)
Φi =

Lo

2πR2

where R is the sun-earth distance, Φi is the total flux of neutrinos from the

source i, and
−
Ei is the average energy.
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The most important sources of solar neutrinos in the pp cycle, which
dominates cooler stars, particularly the sun, are the following reactions:

pp → 2He+νe : Eν < 0.42 MeV

ppe− → 2Hνe : Eν = 1.442 MeV
7Be e− → 7Li νe : Eν ∼ 0.86 MeV
8B → 8B∗

ee+νe : Eν < 15 MeV

On the other hand, the CNO cycle dominates hot stars and the following
reactions are sources of νe’s:

13N → 13Ce+νe

15O → 15Ne+νe

The first reaction in the pp cycle is the main source of solar neutrinos.
The third reaction is a source of monochromatic neutrinos. This reaction
contributes about 10% to the total flux of solar neutrinos. The fourth
reaction contributes only about 10−4 to the total flux but it is the main
source of high energy solar neutrinos (up to 15 MeV).

Due to different detection thresholds, solar neutrinos from different
sources can be detected in different reactions. Thus the solar neutrinos
with energy > 0.814 MeV can be detected in 37Cl and Super-Kamiokande
and those > 0.233 MeV in 71Ga. In all experiments the observed event
rate is significantly smaller than the rate predicted by the standard solar
model:0.34± 0.04, 0.47± 0.08 and 0.53± 0.03 of the expected rate from the
standard solar model, respectively for 37Cl, Super Kamiokande and 71Ga.

Particular compelling evidence that the solar neutrinos change flavor has
been reported by Sudbury Neutrino Observatory (SNO). SNO measures the
high energy part of the solar neutrino flux

(
8B neutrinos

)
. The reactions

employed by SNO are

νd → νnp

→ epp

νe → νe.

SNO measured νe + νµ + ντ flux, φe + φµτ , and the νe flux, φe. From the
observed rates for the first two reactions, which involve respectively neutral
current and charge current, SNO finds that the ratio of two fluxes is

φe

φe + φµτ
= 0.340 ± 0.023 (12.75)
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This implies that the flux φµτ is not zero. Since all the neutrinos are born in
nuclear reaction that produces only electron neutrinos, it is clear that neu-
trinos change flavor. Corroborating information comes from the detection
reaction νe → νe, studied by both SNO and Super-Kamiokande. Incidently
the total neutrino flux φe+φµτ measured by SNO is

(
4.94 ± 0.21+0.38

−0.34

)
×106

cm−2s−1 is in agreement with the Standard Solar Model (SSM) value
φSSM =

(
5.49+0.95

−0.81

)
×106 cm−2s−1 or

(
4.34+0.71

−0.61

)
×106 cm−2s−1 depending

on assumption about solar heavy element abundances.
The global analysis of solar neutrino data as well as that of KamLand

give best values:

∆m2
12 =

(
7.67+0.16

−0.19

)
× 10−5eV2

sin2 θ12 = 0.312+0.018
−0.049 (12.76)

The CHOOZ experiment gives

sin2 θ13 ≤ 0.046 (12.77)

One may mention two more experiments, Los Alamos liquid scintillation
detector (LSND) and MiniBOONE experiment at Fermilab which search
for ν̄µ → ν̄e oscillations, and have found ν̄e candidate events. The data is
consistent with the ν̄µ → ν̄e oscillations in the 0.1 to 1.0eV2 range for ∆m2

and small mixing angle. It is not possible to accommodate this mass range
in the three known neutrinos picture. If these results are further confirmed,
it would require a mechanism to generate a third mass squared difference,
involving one or more sterile neutrinos or a new type of flavor transition
beyond oscillations.

12.6 Neutrino Mass Models and Mixing Matrix and Sym-
metries

Due to lack of precision in the data, several mass models and mixing pat-
terns are possible which can be limited by some symmetry conditions. From
the observed data one sees:

(i) Angle θ13 is suppressed while θ23 and θ12 are large.
(ii) r = ∆m2

o

|∆m2
atm| ≡

∆m2
21

|∆m2
32|

= (3.2 ± 0.2) × 10−2 � 1.

(iii) The sign of mass split ∆m2
32 determines the type of mass hierarchy. It

is customary to order the mass eigenstates such that m2
1 < m2

2, then
∆m2

32 > 0 give the normal hierarchy m2
3 > m2

2 > m2
1 while ∆m2

32 < 0
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gives inverted hierarchy m2
2 > m2

1 > m2
3. This is depicted in Fig. 12.8.

Fig. 12.8 Neutrino mass and flavor spectra for the normal (left) and inverted (right)
mass hierarchies. The distribution of flavors (colored parts of boxes) in the mass eigen-
states corresponds to the best-fit values of mixing parameters and sin2 θ13 = 0.05 [21].

The
∣∣∆m2

32

∣∣ given in Eq. (12.74) implies a lower bound on the heaviest
of neutrino mass

mh ≥
√
|∆m2

32| > 0.05eV (12.78)

By combining this and all other bounds discussed in Sec. 12.2.1 it is
safe to conclude that neutrino weighs less than 1 eV. Neutrino masses
may be qualitatively different from charged fermion masses. There
is an enormous gap between neutrino masses and the lightest charged
fermion (me) in contrast to that between me and mt which is populated.
Further

(mν)mass

me
< 2 × 10−6 (12.79)

which need to be understood. This is indication of the new mass scale
signifying new physics in nature but it has not yet been pinpointed.

(iv) The leptonic mass Lagrangian in see-saw model can be written as

L = − L̄i (Ml)ij eRj − L̄i (MD)ij NRj −
1
2
NT

RiC
−1 (MR)ij NRj + h.c.

(12.80)
where i, j are flavor indices, L = (eL, ν L) are lepton doublets, eR

charged lepton SUL (2) singlets with non-vanishing hyper charge, NR

are SUL (2) × U (1) singlets. It is convenient to have a basis in which
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Ml and MR are simultaneously diagonal

Ml → M̂l = UT
L MlUL

MR → M̂R = V T MRV. (12.81)

Correspondingly Li → ULLi, eiR → UReiR, i = e, µ, τ is the flavor
index. Then the effective Majorana mass matrix for the light neutrino
is

Mν = M̂DM̂−1
R M̂T

D (12.82)

where

M̂D = MDV ∗

is the Dirac matrix in
(
N̄1 N̄2 N̄3

)



νe

νµ

ντ


 basis.

Mν is diagonalized by PMNS mixing matrix given in (12.40)

M̂ν = UT MνU (12.83)

As seen from above the data are consistent with having the atmospheric
mixing angle θ23 maximal, the reactor angle θ13 zero. This indicates some
underlying symmetry. These are the consequences of νµ → ντ permutation.
The general form of such a matrix U is

Mν =




x y y

y z ω

y ω z


 (12.84)

which has µ − τ (or 2 − 3 symmetry): (Mν)22 = (Mν)33 and (Mν)1,2 =
(Mν)1,3. Such a matrix is diagonalized by

U =




c12 s12 0
− s13√

2
c12√

2
− 1√

2

− s12√
2

c12√
3

1√
2


 Iφ (12.85)

It must be emphasized that µ − τ symmetry cannot be simultaneously
imposed for Le and Lν . For example in the basis where the charged leptons
are diagonal, this would imply mµ = mτ . Deeper origin of µ− τ symmetry
is not yet known. Ignoring Majorana phases, we have in this case four real
parameters, three masses and solar angle.
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The diagonalization gives

x = c2
12m1 + s2

12m2

y =
1√
2
c12s12 (m2 − m1)

z =
1
2

(
s2
12m1 + c2

12m2 + m3

)

w =
1
2

(
s2
12m1 + c2

12m2 − m3

)
(12.86)

Furthermore

∆m2
32 + ∆m2

13 = ∆m2
12

and

r ≡ ∆m2
12

|∆m2
32|

= 0.033 ± 0.004 (12.87)

For normal hierarchy (m1 � m2 � m3), referring to Eqs. (12.84), (12.86),
Mν has the following texture

Mν =

√
∆m2

31

2




ε ε ε

ε 1 + ε −1
ε −1 1 + ε


 (12.88)

where ε � 2
√

r. A salient feature of this matrix is the dominant µ−τ block.
For inverted mass hierarchy (m1 � m2 � m3)

Mν =
√

∆m2
13




1 0 0
0 1/2 1/2
0 1/2 1/2


 + small corrections (12.89)

For degenerate case m1 � m2 � m3 = m0

Mν = m0




1 0 0
0 1 0
0 0 1


 + δM (12.90)

δM � m0

or

Mν =




1 0 0
0 0 1
0 1 0


 + δM (12.91)

in case of opposite CP-parity of ν2 and ν3 (m2 and m3 are of opposite sign).
Some new ingredients are needed to describe correctly the three mixing

angles. Two patterns can be considered:
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(i) The bimaximal mixing matrix (superscript m for maximal)

Ubm = Um
23U

m
12, U13 = 1 (12.92)

with maximal π
4 rotations in 2 − 3 and 1 − 2 spaces.

Ubm =




1 0 0
0 1√

2
1√
2

0 − 1√
2

1√
2







1√
2

1√
2

0
− 1√

2
1√
2

0
0 0 1




=




1√
2

1√
2

0
− 1

2
1
2

1√
2

1
2 − 1

2
1√
2


 (12.93)

Then from Eqs. (12.84), (12.86), x = ω + z, i.e. in addition to µ −
τ symmetry, there is an additional symmetry (Mν)1,1 = (Mν)2,2 +
(Mν)2,3. However identification of Ubm with UPMNS is not possible
owing to substantial deviation of sin2 θ12 from maximal value 1

2 . Yet
Ubm can play a dominant role, the correction might originate from
charged lepton (mass matrix) so that UPMNS = U ′Ubm, where U ′ �
U12 (α) with α ∼ O (θc) in analogy to the quark mixing, θc is the
Cabbibo angle so that θ12 + θc = π

4 . The U simultaneously generates
deviations according to the pattern: δ sin2 θ12 � θc while δ sin2 θ23 ≤ θ2

c

and δ sin2 θ13 ≤ θc. It is not trivial to achieve such a pattern.
(ii) The tri-bimaximal [TB] mixing matrix: The data suggest the approxi-

mate tri-bimaximal texture of Harrison, Perkin and Scott.

Ubm = Um
23U12 (θ12) ,

=




√
2

3
1√
3

0
− 1√

6
1√
3
− 1√

2

− 1√
2

1
3

1√
2


 Iφ (12.94)

with sin2 θ23 = 1
2 . sin2 θ12 = 1

3 and sin2 θ13 = 0, i.e. mixing parameters
are simple numbers 0, 1

3 , 1
2 . This requires x + y = z + w so that

MTB
ν =




x y y

y z x + y − z

y x + y − z z


 (12.95)

There have been many attempts to understand νµ − ντ symmetry and
TB. These involve auxiliary symmetries based on S3, A4, Z4, Z2 groups
which have been reviewed in recent review articles.
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12.7 Neutrino Magnetic Moment

With the definition

µν = κ
e�

2me
= κµB , (12.96)

where µB is Bohr Magneton, magnetic moment interaction is

Hmag = µνσ · B (12.97)

Here B is the solar magnetic field. The neutrino spin would then precess
in the magnetic field, some left handed (LH) neutrinos would become RH
and sterile to the detector as shown below in Fig. 12.9.

Fig. 12.9 The conversion of νL into νR in the solar magnetic field.

The conversion probability is determined by

κµBB

(
L

�c

)
. (12.98)

Now the solar magnetic field in the convective zone of thickness L ≈
2 × 108m is B = (1 − 5) × 103 gauss, so that the conversion probability is

κ(5.79 × 10−9eV/G)(1 − 5) × 103G
2 × 108m

[3 × 108m/s][6.6 × 10−16eV.s]

≈ κ(0.6 − 3)1010. (12.99)

This is O(1) if κ = (0.3 − 1) × 10−10 giving µν ≈ (0.3 − 1) × 10−10µB .
In the standard model,

(µν)SM = 3eGF
mν√
28π2

(12.100)

i.e.

(µν)SM ∼ 3 × 10−19µB(mν/eV ). (12.101)

So if µν ≈ 10−10µB , this would definitely indicate physics beyond the
standard model. Thus the question of dipole moment of neutrino is very
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important. What are the other limits on it? The best laboratory limit on
mν comes from reactor experiments. In addition to the usual electroweak
scattering via W± and Z0 bosons exchange, the process

ν̄e + e → ν̄e + e

could proceed via magnetic scattering which is large in the forward direction
and for small Eν . Consistency with measured cross-section requires

µνe
< 10−10µB . (12.102)

More stringent limits have, however, been quoted from astrophysics:
(a) Nucleosynthesis in the Early Universe

Presence of µν mediates νLe− → νRe− scattering. If this occurs fre-
quently in the era before the decoupling of the neutrinos, it doubles the
neutrino species and increases the expansion rate of the universe, causing
over abundance of helium. To avoid this,

µν < 8.5 × 10−11µB . (12.103)

(b) Stellar Cooling
Magnetic scattering of neutrinos produced in thermonuclear reactions

may occur, flipping the helicity [νL → νR] so that the outer regions of the
star will no longer be opaque to neutrinos and cooling will proceed much
faster. Applied to helium burning star in order that

εexotic < εHe

where εexotic denotes energy loss due to process of the above types while
εHe

denotes energy generation rate. This gives

µ < 10−11µB . (12.104)

(c) Limit on µν from Supernova 1987A
Neutrinos produced in the initial collapse state have high energies ∼

100 MeV. These high energy neutrinos could escape the following spin-flip
magnetic scattering [νL → νR]. Furthermore, a proportion can process back
νR → νL in the galactic magnetic fields and the result on earth could be a
signal of high energy (∼ 100 MeV) neutrino interactions in the underground
detector with a high rate [note that σ ∼ E2 in ν̄e + p → e+ + n]. The
observance of no signal implies

µν ≤ 10−12µB .

In view of the above upper limits on µν , the neutrino spin precession
mechanism does not appear to be a viable solution to the solar neutrino
problem.
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12.8 Problems

(1) Show that

(a)

ν̄LγµeL =
1
2
ν̄γµ(1 − γ5)e

(b)

ēc
Rγµνc

R =
1
2
ēcγµ

(
1 + γ5

)
νc = −1

2
ν̄γµ

(
1 − γ5

)
e = −ν̄LγµeL

= −ν̄LγµeL

(c) The same result follows using,

νc
R = Cν̄T

L

ec
R = CēT

L

ēc
R = −eT

LC−1

νcT

R C−1NR = −ν̄LNR.

(2) (a) Show that the Dirac mass term

mDψ̄ψ =
1
2
mD

(
ψ̄ψ + ψ̄cψc

)

=
1
2
mD

(
ψ̄LψR + ψ̄RψL + ψ̄c

Rψc
L + ψ̄c

Lψc
R

)

(b) Show that the Majorana mass term:

mM

[
ψT C−1ψ + h.c

]
= mM

[
ψT C−1ψ − ψ̄Cψ̄T

]

= −mM

[
ψ̄cψ + ψ̄ψc

]

= mM

[
ψT

LC−1ψL + ψT
RC−1ψR + h.c.

]

= −mM

[
ψc

LψR + ψ̄c
RψL + h.c.

]

For neutrino ν : ψL = νL, ψR = 0. Hence for neutrino ν, the
Majorana mass

−mM [ν̄c
RνL + h.c.] = mM

[
νT

L C−1νL + h.c.
]
.

(3) From equation
σ · p
|p|

u(p) = −u(p)

derive
σ · p
|p|

v(p) = v(p).
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Chapter 13

Electroweak Unification

13.1 Introduction

The Fermi theory of β-decay cannot be the fundamental theory of weak
interactions. It leads to many difficulties; it is non-renormalizable theory.
In this theory the scattering cross section for the process νµ +e− → νe +µ−

is given by Eq. (2.155):

σs =
G2

F

π
s. (13.1)

The above scattering is purely S-wave. Now Eq. (3.177) [λ1 = λ2 = ±1/2]
gives σs = 4π

2

∣∣2F 0
∣∣2 [the factor 2 in the denominator is average over initial

electron spin], where F 0 = η0 e2iδ0−1
2ip . Now the maximum absorption occurs

when η0 = 0, so that
∣∣F 0

∣∣2 ≤ 1
4p2 = 1

s . Thus the partial wave unitarity gives

σs = 8π
∣∣F 0

∣∣2 ≤ 8π

s
(13.2)

so that from Eq. (13.1)

G2
F

π
s ≤ 8π

s

or
GF s

2
√

2 π
≤ 1. (13.3)

Hence Fermi theory breaks down for s > (2
√

2/GF ) = (0.9 TeV)2. There-
fore, we need a cut-off ΛF signifying new physics beyond ΛF where from
Eq. (13.3)

ΛPWU
F ≤ 0.9 TeV. (13.4)
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Here PWU signifies that this has been obtained from partial wave unitarity.
On the other hand, if weak interactions are mediated through vector boson
W , then instead of Eq. (13.1),

σs =
(

g2
W

4π

)2 32 π s

(s + m2
W ) m2

W

=
G2

F

π

s(
1 + s

m2
W

) (13.5)

which is finite for all energies, approaching the limiting value

σ →
(

G2
F

π

)
m2

W .

Thus we see from Eq. (13.1) that the W-boson mass mW provides the
cut-off ΛF . As we shall see mW ≈ 80 GeV, so that mW � ΛF = 0.9 TeV.

The charged weak interactions like electromagnetic interaction are vec-
tor in character (V −A) and if the mediators of these interactions are vector
bosons, then the universality of weak interactions suggests that the under-
lying theory of these interactions is a gauge theory. Since weak interactions
have short range, the vector bosons associated with them must be massive.
But the mass term is not gauge invariant. However, if the gauge symmetry
is spontaneously broken, then the gauge vector bosons acquire mass. In
this way all the desirable features of a gauge theory like universality and
renormalizability are preserved.

13.2 Spontaneous Symmetry Breaking and Higgs Mecha-
nism

Consider the Lagrangian for the scalar field φ(x)

L = ∂µ φ̄ ∂µ φ − µ2 φ̄ φ − λ
(
φ̄ φ

)2 (13.6)

V (φ) = µ2 φ̄ φ + λ
(
φ̄ φ

)2

The above Lagrangian is invariant under the global gauge transformation

φ(x) = eiΛφ(x) (13.7)

Now
∂V

∂φ
= φ̄

[
µ2 + 2λ φ̄ φ

]
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It is usual to choose λ > 0, since for λ < 0, V (φ) would have no minimun.
For µ2 > 0, ∂V

∂φ = 0 at φ = 0. Then we have ordinary field theory of scalar
particles of mass µ and V (φ) has a local minimum at φ = 0. For µ2 < 0,
∂V
∂φ = 0 gives

φ̄ φ = |φ|2 = −µ2

2λ
= φ2

0 (13.8)

For this case V (φ) has a local minimum at |φ|2 = −µ2

2λ , φ = ±
√
−µ2

2λ and
the vacuum is degenerate (see Fig. 13.1.). This is a classical approximation
to the vacuum expectation value of φ :

〈0 |φ(x)| 0〉 =

√
−µ2

2λ
≡ v√

2
. (13.9)

Although the Lagrangian in Eq. (13.6) is invariant under the gauge trans-
formation Eq. (13.7), but the ground state is not. This can be seen as
follows.

〈0 |φ(x)| 0〉 =
〈
0

∣∣U−1Uφ(x)U−1U
∣∣ 0

〉

=
〈
0

∣∣U−1UeiΛφ(x)U−1U
∣∣ 0

〉
If U |0〉 = |0〉, i.e. if the vacuum is invariant under the gauge transformation,
then

〈0 |φ(x)| 0〉 = eiΛ 〈0 |φ(x)| 0〉 ,

i.e. if 〈0 |φ(x)| 0〉 �= 0 , eiΛ = 1, for every Λ, a contradiction. Hence U |0〉 �=
|0〉 , i.e. the vacuum is not invariant under the gauge transformation. This
is the case for spontaneous symmetry breaking. Now φ(x) can be written
in the form

φ(x) =
1√
2

(v + H(x) + iη(x)) (13.10)

〈0 |H + iη| 0〉 = 0

For the case of the spontaneous breaking, L in terms of the fields H(x)
and η(x) is given by

L =
1
2
∂µH ∂µ H +

1
2
∂µη ∂µ η − 1

2
(2λ v2)H2

−λ

4
[
4vH(H2 + η2) + (H2 + η2)2

]
− 1

4
λv4 (13.11)

Note that 1
4λv4 is the vacuum energy. Thus we have a massive scalar

particle H with mass m2
H = 2λ v2 and a massless scalar particle η, so-

called Goldstone boson. Hence the “Spontaneous symmetry breaking”of
a global symmetry implies the existence of a massless spin zero particle
(Goldstone boson). The symmetry that is spontaneously broken is still a
symmetry of the Lagrangian but not of the Hamiltonian.
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Fig. 13.1 Effective potential V (φ) for µ2 < 0, showing local minima.

13.2.1 Higgs Mechanism

For the local gauge transformation

U(x) = eiΛ(x), φ(x) → eiΛ(x)φ(x) (13.12)

the situation becomes quite different. Gauge invariance requires a massless
vector field Bµ :

Bµ → Bµ − 1
g
∂µ Λ (13.13)

Then we can write the gauge invariant Lagrangian by replacing ∂µ by the
covariant derivative in Eq. (13.6)

∂µφ → Dµφ = (∂µ − igBµ) φ

L = −1
4
Bµν Bµν + (∂µ + igBµ) φ̄ (∂µ − igBµ) φ − V (φ) (13.14)

where

Bµν = ∂µBν − ∂νBµ

The unwanted zero mass mode due to spontaneous symmetry breaking can
be eliminated by means of field dependent gauge transformation:

φ(x) → 1√
2

[v + H(x)] eiη(x)/v

Bµ(x) → Bµ(x) +
1
vg

∂µη(x)

Dµφ̄ ≡ (∂µ + igBµ) φ̄ ⇒ e−iη/v 1√
2

[∂µH + ig(v + H)Bµ]

Dµφ ≡ (∂µ − igBµ)φ ⇒ eiη/v 1√
2

[∂µH − ig(v + H)Bµ] (13.15)
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Hence we have

L = −1
4
Bµν Bµν +

1
2
∂µH ∂µ H +

1
2
g2(v2 + 2vH + H2)BµBµ

−1
2
(λ v2)H2 − λ

4
H3(H + 4v) − 1

4
λv4 (13.16)

where m2
B = 1

2g2v2, m2
H = 2λ v2 and vacuum energy = 1

4λv4. The vector
boson becomes massive, would be Goldstone field η(x) has been transformed
away, it has been eaten away by Bµ to give it a longitudinal component.

13.2.2 Gauge Symmetry Breaking for Chiral U1⊗U2 Group

Consider a simple Lagrangian

L = Ψ̄ iγµ ∂µ Ψ + ∂µ φ̄ ∂µ φ − hΨ̄L ΨR φ

−hΨ̄R ΨL φ̄ − µ2 φ̄ φ − λ
(
φ̄ φ

)2

= Ψ̄L iγµ ∂µ ΨL + Ψ̄R iγµ ∂µ ΨR + ∂µ φ̄ ∂µ φ

−hΨ̄L φ ΨR − hΨ̄R φ̄ ΨL − V (φ) (13.17)

where

ΨL =
1
2

(1 − γ5) Ψ (13.18a)

ΨR =
1
2

(1 + γ5) Ψ (13.18b)

are left-handed and right-handed fermion fields respectively. φ is a complex
scalar field interacting with fermion having a coupling strength h. V (φ) is
given by

V (φ) = µ2 φ̄ φ + λ
(
φ̄ φ

)2
. (13.19)

Consider the gauge transformations

ΨL → eiΛ1(x) ΨL,

ΨR → eiΛ1(x) ΨR, (13.20a)

φ → φ

ΨL → eiΛ2(x) ΨL,

ΨR → e−iΛ2(x) ΨR, (13.20b)

φ → e2iΛ2(x) φ.

Obviously the Lagrangian in Eq. (13.17) is invariant under the gauge
transformations (13.20a) if Λ1 and Λ2 are constants. The gauge group
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corresponding to gauge transformations (13.20b) is U1(1) ⊗ U2(1), where
we identify U1 with Uem. If we require the Lagrangian in Eq. (13.17) to be
local gauge invariant, then we must introduce two massless gauge fields Aµ

and Bµ, which transform as

Aµ → Aµ − 1
e
∂µ Λ1 (13.21a)

Bµ → Bµ +
1
g
∂µ Λ2. (13.21b)

Then we can write the gauge invariant Lagrangian by replacing ∂µ by the
covariant derivatives:

∂µ ΨL → DµΨL = (∂µ + ieAµ − igBµ) ΨL,

∂µ ΨR → DµΨR = (∂µ + ieAµ + igBµ) ΨR,

∂µ φ → Dµφ = (∂µ − 2igBµ) φ

in Eq. (13.6). Hence the gauge invariant Lagrangian is given by

L = −1
4
Aµν Aµν − 1

4
Bµν Bµν + Ψ̄L iγµ (∂µ + ieAµ − igBµ) ΨL

+Ψ̄R iγµ (∂µ + ieAµ + igBµ) ΨR − h
(
Ψ̄LφΨR + Ψ̄Rφ̄ΨL

)

+ (∂µ + 2igBµ) φ̄ (∂µ − 2igBµ) φ − V (φ) . (13.22)

U(Λ2) |0〉 �= |0〉 , and the gauge symmetry is spontaneously broken, i.e.
U1 × U2 → U1, U1 is unbroken.

For spontaneous symmetry breaking we write

φ = φ′ +
v√
2

=
H + iη√

2
+

v√
2

〈0 |φ| 0〉 =
v√
2

(13.23)

where H and η are hermitian fields with zero expectation values. The
Lagrangian (13.17), in terms of the fields H and η has the form

L = −1
4
Aµν Aµν + Ψ̄

(
iγµ∂µ − hv√

2

)
Ψ − eΨ̄γµΨAµ

−gΨ̄γµγ5ΨBµ − h√
2
Ψ̄ (H + iγ5η) Ψ + LB − Ṽ (φ) (13.24)

where

LB = −1
4
Bµν Bµν +

1
2
(∂µH + 2gBµη)2 +

1
2
(∂µη − 2gBµ(v + H))2

(13.25)

Ṽ (φ) =
1
2

(
2λv2

)
H2 + λvH(H2 + η2) +

λ

4
(H2 + η2)2 − λ

4
v2 (13.26)
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If U2 is a global gauge group, then as already seen in previous section we
have the Goldstone-Nambu theorem. A spontaneous breakdown of global
symmetry leads to a massless scalar particle. But when U2 is a local gauge
symmetry, then due to the presence of the term 2gvBµ∂µη in LB a straight-
forward interpretation of (13.24) is not possible. But we can eliminate this
term by a field dependent gauge transformation. Actually what happens
is that ∂µ η combines with Bµ (which has only transverse components) to
form a single massive spin 1 field, ∂µ η now becomes longitudinal mode
of spin 1 field. This can explicitly be seen as follows: Choose the gauge
function Λ2(x) to be η(x)

2v . Then under the gauge transformations

ΨL = e
iη(x)
2v Ψ̂L , ΨR = e

−iη(x)
2v Ψ̂R

Aµ = Âµ , Bµ = B̂µ +
1

2vg
∂µη (x)

φ (x) =
1√
2

[v + H (x)] e
iη(x)

V , (13.27)

the Lagrangian (13.24) becomes (removing ˆ):

L = −1
4
Aµν Aµν − 1

4
BµνBµν +

1
2

(
4g2v2

)
BµBµ

+Ψ̄
(

iγµ∂µ − hv√
2

)
Ψ − eΨ̄γµΨAµ − gΨ̄γµγ5ΨBµ

− h√
2
Ψ̄ΨH +

1
2

(∂µH)2 − 1
2

(
2v2λ

)
H2

+2g2BµBµ

(
H2 + 2vH

)
− vλH3 − 1

4
λH4. (13.28)

It is clear from Eq. (13.28), that the would be Goldstone boson field
η(x) has been transformed away; it has been eaten away by the field Bµ to
give a longitudinal component. This mechanism is called the Higgs-Kibble
mechanism. The massive scalar particle H is called the Higgs particle.
To summarize: (i) No massless scalar boson appears. (ii) Aµ which is
associated with unbroken gauge symmetry (electric charge conservation)
has zero mass. (iii) The vector boson Bµ has acquired a mass mB =
2gv. (iv) The fermion field has acquired a mass mf = hv√

2
(v) Both the

masses of Bµ and Ψ arise due to the same symmetry breaking mechanism.
(vi) A massive scalar particle with mass

√
2λv2 appears. This particle is

called Higgs particle. Presence of Higgs scalar is an essential feature of
spontaneously broken gauge symmetry.
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13.3 Renormalizability

We give here few remarks about the renormalizability of a gauge theory.
Now the fields Aµ and Bµ cannot be determined uniquely by field equations.
In order to quantize these fields, one has to fix a gauge that is to say break
gauge invariance. For the photon field Aµ, a term added to the Lagrangian
for this purpose is −1

2ξ−1 (∂µAµ)2 . Photon propagator is then given by

i

[
−gµν + (1 − ξ)

kµkν

k2

]
1
k2

.

For the field Bµ, the gauge fixing term is

−1
2
ξ−1 (∂µBµ − ξmBη2)

2
. (13.29)

It is so chosen that it cancels awkward looking mixing term Bµ∂µη in the
Lagrangian (13.25). ξ is a parameter which determines the gauge.

The quadratic part of the Lagrangian (13.25) is then given by

L2 = −1
2
Bµ[−gµν∂2 +

(
1 − 1

ξ

)
∂µ∂ν − (2gv)2gµν ]Bν

+
1
2

(∂µH)2 − 1
2
m2

HH2 +
1
2

(∂µη)2 − ξ

2
(2gv)2η2 (13.30)

where mB = 2gv,m2
η = ξ(2gv)2 = ξm2

B . For this Lagrangian, we have
Feynman rules:

(i) gauge boson propagator

i

[
−gµν + (1 − ξ)

kµkν

k2 − ξm2
B

]
1

k2 − m2
B

which is the inverse of

−i

[
gµν(k2 − m2

B) + kµkν(1 − 1
ξ
)
]

(ii) η (Goldstone) boson propagator

i

k2 − ξ m2
B

(iii) Higgs boson propagator

i

k2 − m2
H
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These forms of propagators are expected to give a renormalizable theory
for any finite value of ξ since they have a good high k2 behavior, falling like
1
k2 . This is called R-gauge. The fields Bµ and η separately have no physical
significance. In particular the poles at k2 = ξm2

B are unphysical and are
canceled out in any S-matrix element, which is also independent of ξ. To
see this let us consider fermion-fermion scattering through B −meson, η−
meson as represented by the Feynman diagrams, Fig. 13.2: The scattering
(T ) matrix, using the Lagrangian (13.24), for the relevant vertices for the
first diagram is given by

iT (1) = (ig)2ū(ṕ2)γµγ5u(p2)
−i

k2 − m2
B

×
[
gµν − (1 − ξ)

kµkν

k2 − ξm2
B

]
ū(ṕ1)γνγ5u(p1) (13.31)

The expression in square brackets can be written as

Fig. 13.2 Fermion-fermion scattering through B-meson, η-meson.

[
gµν − kµkν

m2
B

+ kµkν(
k2 − m2

B

m2
B (k2 − ξm2

B)

]
(13.32)

Further by using the Dirac Equations

(� p − m) u(p) = 0, ū(p)(� p − m) = 0,

we can write

ū(ṕ2) � kγ5u(p2) = 2mf ū(p′2)γ5u(p2)

ū(ṕ1) � kγ5u(p1) = −2mf ū(p′1)γ5u(p1),

where

mf =
�fv√

2
, mB = 2gv

and

4g2m2
f = m2

B

h2
f

2
.
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Thus the second term in Eq. (13.32) gives

−
h2

f

2
ū(ṕ2)γ5u(p2)

−i

k2 − ξm2
B

ū(ṕ1)γ5u(p1) (13.33)

which precisely cancels the contribution of the Goldstone boson η. Thus
the fermion-fermion amplitude is independent of ξ and no physical pole
at k2 = ξm2

B appears. The result obtained is one which we would have
found by neglecting the Goldstone boson and computing the gauge boson
exchange by using the uniterilized propagator −i

k2−m2
B

(gµν − kµkν

m2
B

). The ten-
sor structure represents a gauge boson polarization sum

∑
εµ(k)ε∗ν(k) =

−
(
gµν − kµkν

m2
B

)
for vector boson on the mass shell having 3 polarization

directions. Thus in the cancellation of the ξ-dependent part of the gauge
propagator, we also find that the Goldstone diagram cancels the contri-
bution of the unphysical time like polarization state of the gauge boson,
leaving over the sum required to three physical polarizations.

13.4 Electroweak Unification

As we have discussed in Chap. 10, the leptonic charged current of weak
interactions has the form ν̄eγµ

(1 − γ5) e = 2ν̄eLγµeL. The corresponding
hadronic charged weak current can be written as ūγµ (1 − γ5) d′ = 2ūLγµd′L.

Here d′ means that it is not mass eigenstate. This suggests that we consider(
νe

e

)

L

,

(
u

d′

)

L

as left handed doublets in a weak isospin space. The weak currents are
then associated with weak isospin raising and lowering operators

J (+)
µ = Ψ̄L

τ+

2
γµΨL, J (−)

µ = Ψ̄L
τ−

2
γµΨL, (13.34)

where ΨL is any of the above doublets, τ+ = (τ1 + iτ2) and τ− = (τ1 − iτ2).
Let the charges associated with these currents be Q+ and Q− . These
charges generate an SUL(2) algebra

[Q+, Q−] = 2Q3. (13.35)

The current associated with the charge Q3 is given by

J3
µ = Ψ̄L

1
2
τ3γµΨL. (13.36)

The gauge transformation corresponding to the group SUL(2) is

ΨL (x) → ΨL (x) = exp
(
i
τ

2
· Λ (x)

)
ΨL (x) . (13.37)
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Then the Lagrangian

L = Ψ̄LiγµDµΨL − 1
4
Wµν · Wµν , (13.38)

where

Dµ = ∂µ + ig
1
2
τ · Wµ = ∂µ + igWµ,

(
Wµ =

1
2
τ · Wµ

)

Wµν = ∂µWν − ∂νWµ − gWµ × Wν (13.39a)

Wµν ≡ 1
2
τ · Wµν = DµWν − DνWµ

= ∂µWν − ∂νWµ + ig [Wµ, Wν ] , (13.39b)

is invariant under the gauge transformations [see Chap. 7]:

ΨL (x) → U ΨL (x)

Wµ → UWµU† − i

g
U∂µU† (13.40a)

where U is given in Eq. (13.37). For Λ infinitesimal, we get

ΨL (x) →
(
1 + i

τ

2
· Λ (x)

)
ΨL (x)

Wµ → Wµ − Λ × Wµ − 1
g
∂µΛ. (13.40b)

The gauge group SUL(2) leads to a neutral current J3
µ which is neither

observed experimentally nor is identical with the electromagnetic current.
It is possible to unify weak and electromagnetic forces into a single gauge
force, if we extend the gauge group to SUL(2) × UY (1). For this group
we have two gauge couplings g and g′ associated with SUL(2) and UY (1)
respectively. The weak hypercharge Y is defined by the relation

Q = t3 +
1
2
Y =

1
2
τ3 +

1
2
Y.

The gauge vector bosons W±, W 0 belong to the adjoint representation of
SUL(2) and vector boson Bµ is associated with UY (1).

Fermions belong to either fundamental representation [doublet] or trivial
representation [singlet]. In view of the structure of charged weak currents
given in Eq. (13.34), it is natural to put left-handed fermions into a doublet
while the right-handed fermions (except neutrinos, which exist only in left-
handed chiral state) are put in the singlet representation of SUL(2). Thus
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in the Standard Model, the fermions for each generation belong to the
following representations of the group SUC(3) ⊗ SUL(2) ⊗ UY (1)

ΨL :
(

ui

d́i

)

L

: 3, 2, 1
3

:
(

νi

ei

)

L

: 1, 2 −1

ΨR :
uiR

d́iR

eiR

:
3, 1, 4

3

3, 1, −2
3

1, 1, −2
(13.41)

where i is the generation index and hypercharges Y are fixed by Q = I3+ 1
2Y.

The group SUC(3) is essential as the color plays a crucial role in the cancel-
lation of gauge anomalies (see Sec. 13.12) needed for the renormalizability
of the model. Except for this, it does not play any other rule in electroweak
interaction and as such we now confine to the electroweak unification group
SUL(2) ⊗ UY (1). The three generations are

Quarks : Leptons
(

u c t

d s b

)
:
(

νe νµ ντ

e µ τ

)
(13.42)

The weak eigenstates d′, s′, b′ are not identical with mass eigenstates d, s, b

but are related by a unitary matrix Vd and similarly for u, c, t.



d′

s′

b′


 = Vd




d

s

c







u′

c′

t′


 = Vu




u

c

t


 (13.43)

The CKM matrix is

VCKM = V †
u Vd = V =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


 (13.44)

We can do the same thing for the leptons as was discussed in Chap. 12.
However, as neutrino masses are negligible compared to the corresponding
charged lepton masses, we would not consider it further in what follows.
We can select a basis in which Vu is diagonal. Then there is no need to put
primes on u, c, t and VCKM is essentially Vd.
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In order to break the gauge symmetry spontaneously so that weak vector
bosons acquire their masses and fermions also get masses, we need Higgs
doublet φ :

φ =
(

φ+

φ0

)
, Y = 1. (13.45)

The Lagrangian invariant under local gauge transformations

ΨL → exp
(

i

2
τ · Λ +

i

2
YLΛ0

)
ΨL

ΨR → exp
(

i

2
YRΛ0

)
ΨR (13.46)

is given by

L = Ψ̄Liγµ

(
∂µ +

i

2
gτ · Wµ +

i

2
g′YLBµ

)
ΨL + Ψ̄Raiγµ

(
∂µ +

i

2
g′YRaBµ

)
ΨRa

+
(

∂µφ̄ − i

2
gφ̄τ · Wµ − i

2
g′φ̄Bµ

) (
∂µφ +

i

2
gτ · Wµφ +

i

2
g′Bµφ

)

−h1

[
Ψ̄LφΨR1 + Ψ̄R1φ̄ΨL

]
− h2

[
Ψ̄LφΨR2 + Ψ̄R2φ̃ΨL

]

−1
4
Wµν · Wµν − 1

4
Bµν · Bµν − V (φ) (13.47)

where Wµν is given in Eq. (13.39b) and

Bµν = ∂µBν − ∂νBµ (13.48)

V (φ) = µ2φ̄φ + λ
(
φ̄φ

)2 (13.49)

φ̃ = iτ2φ̄ =
(

φ̄∗
0

−φ−

)
(13.50)

a = 1, 2 with ΨR1 = eR or dR,ΨR2 = uR. Under infinitesimal gauge
transformation, vector fields Wµ transform as given in Eq. (13.40a), but
Bµ transforms as

Bµ → Bµ − 1
g′

∂µΛ0. (13.51)

In order to break the gauge symmetry spontaneously, assume that

〈φ〉0 =

(
0
v√
2

)
, (13.52)

where v =
√
−µ2/λ, 〈φ〉0 = 〈0 |φ| 0〉. In this way, not only SUL(2) is

broken but UY (1) is also broken, but it leaves the group U(1) corresponding
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to electric charge unbroken viz SUL(2)×UY (1) is broken to UQ(1). We can
now write Eq. (13.45) as

φ =

(
φ+

(φ1+iφ2)√
2

+ v√
2

)
, (13.53)

where φ+ and hermitian fields φ1 and φ2 have zero vacuum expectation
values. We can select a gauge such that φ+ and φ2 disappear from the
theory. Instead ∂µφ± and ∂µφ2 provide longitudinal components to W±

and one of neutral vector bosons respectively. Thus out of the four gauge
vector bosons, three become massive and the remaining one remains mass-
less. This massless vector boson is the photon corresponding to unbroken
UQ(1) symmetry. All this amounts to replacing φ given in Eq. (13.53) by
(φ1 = H)

φ =

(
0

H+v√
2

)
. (13.54)

With Eq. (13.54), the following term of the Lagrangian (13.47)[
∂µφ̄ − i

2
gφ̄τ · Wµ − i

2
g′φ̄Bµ

] [
∂µφ +

i

2
gτ · Wµ +

i

2
g′Bµφ

]

gives

LW−H =
1
2
∂µH∂µH +

g2

8
(
H2 + 2vH + v2

) (
2W+

µ Wµ− + W 3µW3µ

)

+
g′2

8
(
H2 + 2vH + v2

)
BµBµ − gg′

4
(
H2 + 2vH + v2

)
W 3µBµ,

(13.55)

where W±
µ = (W1µ ∓ iW2µ)/

√
2, τ · Wµ =

(
W3µ

√
2W+

µ√
2W−

µ −W3µ

)
. From this

equation, it is clear that vector bosons W±
µ have acquired a mass:

m2
W =

1
4
g2v2. (13.56a)

For the neutral vector bosons, the mass terms in Eq. (13.55) give the matrix

M2 =
1
4

(
g2v2 −gg′v2

−gg′v2 g′2v2

)
. (13.56b)

Since det (M2) = 0, therefore one of the eigenvalues of M2 is zero. The
mass matrix (13.56b) can be diagonalize by defining the physical fields Aµ,
Zµ:

Aµ = cos θW Bµ + sin θW W3µ,

Zµ = − sin θW Bµ + cos θW W3µ. (13.57)
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Then we get

m2
A = 0, Aµ : photon (13.58)

m2
Z =

1
4

(
g2 + g′2

)
v2

=
1
4
g2v2

(
1

cos2 θW

)
(13.59)

where

tan θW =
g′

g
(13.60)

and the parameter

ρ ≡ m2
W

m2
Z cos2 θW

= 1. (13.61)

The fermion masses are given by

mi = hi
v√
2

(13.62)

Note that each fermion mass has a new coupling, indicating that fermion
masses need a more fundamental theory. Further V (φ) goes into

µ2(
H + v√

2
)2 + λ(

H + v√
2

)4

giving the Higgs mass

m2
H = µ2 + 3λv2 = 2λv2, v =

√
−µ2�λ (13.63)

From Eq. (13.47), using Eqs. (13.54), (13.57), (13.58) and (13.62), and
Q = T 3 + 1

2Y, the Lagrangian for the fermions can be written as:

LF = Ψ̄i

(
iγµ ∂µ − mi −

gmi

2mW
H

)
Ψi

− g

2
√

2
Ψ̄i γµ (1 − γ5)

(
T+W+

µ + T−W−
µ

)
Ψi

−e Ψ̄i γµ Qi Ψi Aµ − g

2 cos θW
Ψ̄i γµ

(
gV i − γ5gAi

)
Ψ̄i Zµ

(13.64)

where Ψi =
(

νi

li

)
and

(
ui

d′i

)
, e = g′ cos θW = g sin θW = gg′√

g2+g′2
,

d′i = Vij dj (V : CKM matrix) , mi is the mass of ith fermion and Qi is its
charge. gV i and gAi are given by

gV i =
(
T 3

i − 2Qi sin2 θW

)
, gAi = T 3

i (13.65a)

T± =
1
2
τ±, T 3 =

1
2
τ3 (13.65b)
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We note that the interaction part of the Lagrangian can be written as

Lint = −g sin θW Jµ
em Aµ − g

2
√

2

(
J+µ W+

µ + h. c.
)
− g

cos θW
JZµ Zµ

−g
mi

2mw
Ψ̄iHΨi (13.66a)

where
Jµ

em = Ψ̄i γµ Qi Ψi

=
(
−ē γµ e +

2
3
ū γµ u − 1

3
d̄ γµ d

)
+ · · · (13.66b)

J+µ =
1
2

Ψ̄i γµ
(
1 − γ5

)
τ+Ψi

=
(
ν̄e γµ

(
1 − γ5

)
e + ū γµ

(
1 − γ5

)
d′

)
+ · · · (13.66c)

JZµ =
1
2

Ψ̄i

(
gV i γµ − gA γµ γ5

)
Ψi

=
1
2
J3µ − sin2 θW Jµ

em

=
1
2

[
Ψ̄i

(
γµ

(
1 − γ5

) τ3

2
− 2 sin2 θW Qi γµ

)
Ψ̄i

]

=
1
4

[
ν̄eγ

µ
(
1 − γ5

)
νe − ē γµ

(
1 − γ5

)
e

+ ū γµ
(
1 − γ5

)
u − d̄ γµ

(
1 − γ5

)
d

− 4 sin2 θW

(
−ē γµ e +

2
3
ū γµ u − 1

3
d̄ γµ d

)]
+ · · · (13.66d)

where ellipses in Eqs. (13.66) indicate repetition for the second and third
generations.

For low momentum transfer phenomena, q2 � m2
W , m2

Z , we can write
g2

8m2
W

=
GF√

2
(13.67)

m2
W =

√
2e2

8GF sin2 θW

=
πα√

2GF sin2 θW

(13.68)

mW =
37.3 GeV
sin2 θW

≥ 37.3 GeV (13.69)

ρ = 1; mZ =
mW

cos θW
=

74.6 GeV
sin2 θW

≥ 74.6 GeV. (13.70)

Note that ρ = 1 is a consequence of the fact that Higgs scalar φ is an
SUL(2) doublet. The effective neutral current coupling [see Eq. (13.66a)]
is

g2

m2
Z cos2 θW

= ρ
g2

m2
W

= 8ρ
GF√

2
. (13.71)
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Finally, we note that for the Higgs vacuum expectation value v , using Eqs.
(13.56a) and (13.71), we get

v2 =
1√
2GF

≈ (246 GeV)2 . (13.72)

This gives the electroweak unification scale, i.e. the energy scale after which
the weak interactions become as strong as electromagnetic interaction.

The fermion masses are given by

m2
i = h2

i

v2

2
= h2

i

1
2
√

2GF

h2
i = 2

√
2 GF m2

i , (13.73)

i.e. the Yukawa couplings are very weak except for the top quark.
We conclude this section with the following remarks:

(i) A definite prediction of electroweak unification is the existence of weak
neutral current JZ

µ with the same effective coupling as charged currents
J±

µ . This current has been found experimentally.
(ii) The existence of vector bosons W±, Z, with definite masses given in

Eqs. (13.69) and (13.70).
(iii) The theory has one free parameter sin2 θW .

At low energies q2 � m2
W , one test of the model is to determine sin2 θW

from different classes of experiments. If sin2 θW comes out to be the same in
all these experiments, it will support the model. The true test of the model
is the existence of vector bosons. This requires much higher energies. We
first discuss low energy consequences of the electroweak unification. The
vector bosons W± and Z have been found experimentally with masses
predicted by the model.

13.4.1 Experimental Consequences of the Electroweak Uni-

fication

Low energy phenomena q2 � m2
W : From the Lagrangian (13.66a), for low

momentum transfer phenomena [q2 � m2
W , m2

Z ] we can write the effective
Lagrangians for charged and neutral currents:

LCC
eff =

GF√
2

J+µ J−
µ (13.74)

LNC
eff = ρ

GF√
2

8JZµ J̄Z
µ . (13.75)
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It is convenient to write JZ
µ :

JZ
µ = JZ

µ (ν) + JZ
µ (e) + JZ

µ (h) , (13.76)

where

JZ
µ (ν) =

1
4

[ν̄γµ (1 − γ5) ν] (13.77)

2JZ
µ (e) = [εL (e) ēγµ (1 − γ5) e + εR (e) ēγµ (1 + γ5) e] (13.78)

2JZ
µ (h) =

∑
i=u,d,s,···

[εL (i) q̄iγµ (1 − γ5) qi + εR (i) q̄i γµ (1 + γ5) qi] (13.79)

Table 13.1
e u d

εL − 1
2

+ sin2 θW
1
2
− 2

3
sin2 θW − 1

2
+ 1

3
sin2 θW

εR sin2 θW − 2
3

sin2 θW
1
3

sin2 θW

gA − 1
2

1
2

− 1
2

gV − 1
2

+ 2 sin2 θW

1
2
− 4

3
sin2 θW

C1u = 2ge
A gu

V
C2u = 2ge

V gu
A

− 1
2

+ 2
3

sin2 θW

C1d = 2ge
A gd

V
C2d = 2ge

V gd
A

Since the net strangeness of the proton is zero, we will assume that
strange quark s and heavy flavor quarks c, b etc. make negligible contribu-
tion to JZ

µ (h) for proton and neutron targets. Then we can write effective
Lagrangians for various neutral current processes as follows:

Lνe = ρ
GF√

2
ν̄ γµ (1 + γ5) ν

(
2JZ

µ (e)
)

(13.80)

Lνh = ρ
GF√

2
ν̄ γµ (1 − γ5) ν

(
2JZ

µ (h)
)

(13.81)

Leh = −ρ
GF√

2

∑
i

−
[
C1iēγ

µγ5eq̄iγµqi + C2iēγ
µeq̄iγµγ5qi

]
. (13.82)

From Eqs. (13.65a), we can determine the parameters εL(e), εR(e), εL(i),
εR(i), C1i, and C2i(e), (i = u, d). They are given in Table 13.1.

13.4.2 Need for Radiative Corrections

Before we discuss the experiments in support of the standard model, let
us summarize here the three parameters (not counting Higgs meson mass
mH and the fermion masses) which the minimal model (with ρ = 1) has:
(a) fine structure constant α = 1/137.035999679(94) determined from the
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Josephson effect (b) the Fermi coupling constant GF = 1.166367(5)× 10−5

GeV−2 determined from the muon life-time {including lepton mass and
O(α) radiative corrections [cf. Eq. (10.40c) ]} and (c) sin2 θW , determined
from neutral current processes or the W and Z masses. Now a best fit to
the neutral current neutrino reactions data gives

sin2 θW = 0.2255 ± 0.0021 (13.83)
This implies that the theory without radiative corrections gives through
the relations [cf. Eqs. (13.68) and (13.70)]

m2
W =

(
πα√
2GF

)
/ sin2 θW =

A2
0

sin2 θW

m2
Z =

m2
W

cos2 θW
, (13.84a)

where

A0 =
(

πα√
2GF

)1/2

= 37.2802 GeV, (13.85)

mW = 78.42 GeV, mZ = 89.14 GeV. (13.86)
These values are to be compared with the experimental ones mW = 80.39±
0.06 GeV and mZ = 91.1867 ± 0.002 GeV. This shows a need for radiative
corrections. First we note that the two coupling constants g and g′ which
determine the strength of weak interactions are related to e through e =
g g′/(g2+g′2). Since most measurements are made at Z peak, therefore most
convenient mass scale for these couplings is at mZ . Thus one should take
into consideration the running of QED coupling constant [see Appendix B]
which gives the value of α at mZ :

α (mZ) =
α

1 − ∆α
=

α

1 − (Πγγ (mZ) − Πγγ (0))

=
α

1 − α
3π

∑
f

Q2
f Ncf

(
− 5

3 + ln m2
Z

m2
f

) , (13.87)

where f = e, µ, τ, u, d, s, c and b and Ncf = 3 for quarks and 1 for lep-
tons. Equation (13.87) can be directly evaluated for leptons, since their
masses are well known. For the light hadronic part, quark masses are not
available as reasonable input parameters. The 5-flavor contribution to Πγγ

is extracted from the experimental data on e+e− → hadrons. The best
estimate leads to

α (mZ) =
1

127.909 ± 0.019

∆α = 1 − α

α (mZ)
= 0.0666 ± 0.0007 (13.88)
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Thus knowing GF , α (mZ) and mZ , one should be in a position to predict all
electroweak observables, including the mixing angle sin2 θW = e2

g2 . However,
the lowest order relation mW / mZ = cos θW and some other lowest order
relations are affected by the fermion loops in gauge bosons propagators.
Thus the relation (13.61) is modified to

m2
W

m2
Z cos2 θW

= ρ = (1 + ∆ρ) (13.89)

The leading contribution to ∆ρ comes from the top quark loop (mb � mt)
to the self energies of W and Z bosons (see Fig. 13.3):

Fig. 13.3 Top and bottom quarks loop contribution to W and Z boson self energies.

∆ρ =
3GF

8π2
√

2
m2

t = 0.0092 ± 0.0002 (13.90)

for mt = 172.0±2.2 GeV. By contrast, the Higgs boson contribution to ∆ρ

at the one loop level is logarithmic:

(∆ρ)Higgs = −GF m2
W

12π2
√

2
tan2 θW

[
5 ln

m2
H

m2
W

]
(13.91)

Radiative corrections are scheme dependent, leading to sin2 θW values
which differ by small factors which depend on mt and mH . A useful
scheme [called the on shell scheme] is to take tree level formula sin2 θW =
1 − m2

W / m2
Z as the definition of renormalized sin2 θW to all orders in

perturbation theory, i.e. sin2 θW → s2
W = 1 − m2

W / m2
Z .

Now the tree level expression (13.85) is modified to

A2
0 → A2

0

α (mZ)
α

= A2
0

1
1 − ∆α

while using Eq. (13.89),

sin2 θW → s2
W = 1 − m2

W

m2
Z

= 1 − m2
W

m2
Z cos2 θW

cos2 θW

=
(
1 − cos2 θW

)
+ cos2 θW

(
1 − m2

W

m2
Z cos2 θW

)

= sin2 θW − ∆ρ cos2 θW (13.92)
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Thus the tree level expressions (13.84a) are modified to
(

1 − m2
W

m2
Z

)
m2

W ≡ m2
W s2

W = m2
Z s2

W c2
W =

A2
0

1 − ∆r
(13.93)

where

∆r = ∆α − ∆ρ cot2 θW + (∆r)remainder

= ∆α − c2
W

s2
W

∆ρ + (∆r)remainder (13.94)

where (∆r)remainder contains all possible contributions not included in the
fermionic contributions ∆α and ∆ρ. Likewise, taking into account radiative
corrections, the relationship between the W±-boson mass, s2

W and G2
F in

the standard model gets modified

m2
W =

A2

s2
W (1 − ∆rW )

(13.95)

where A2 = A2
0

α(Z)
α = A2

0
1

1−∆α , so that from Eqs. (13.93), (13.94) and
(13.95)

(1 − ∆r) = (1 − ∆α) (1 − ∆rW ) ,(
1 − m2

W

m2
Z

)
m2

W

m2
Z

= s2
W c2

W = A2
0

α (mZ)
α m2

Z

1
1 − ∆rW

=
πα (mZ)√

2GF m2
Z (1 − ∆rW )

=
s2
0 c2

0

1 − ∆rW
(13.96)

where we have used Eq. (13.85) and have defined

s2
0 c2

0 =
πα (mZ)√
2GF m2

Z

(13.97)

The relation (13.95) defines ∆rW , which is completely determined by purely
weak correction, once α (mZ) is specified. For LEP physics, sin2 θW is
usually defined from Z → µ+ µ− effective vertex. At the tree level we have
[cf. Table 13.1]

Z → f f̄ :
g

2 cos θW
f̄ γµ

(
gf

V − gf
A γ5

)
f

=
(√

2GF m2
Z

)1/2

f̄
[(

If
3 − 2Qf sin2 θW

)
γµ − If

3 γµ γ5

]
f

(13.98)
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The weak (non-QED) connections to the Z → f f̄ effective vertex can be
conveniently written as

(√
2GF m2

Z ρf

)1/2

f̄
[(

If
3 − 2Qf s2

f

)
γµ − If

3 γµ γ5

]
f (13.99)

where ρf = 1
1−∆ρ , ∆ρ being given in Eq. (13.90) and [cf. Eq. (13.92)]

s2
W = s2

f − c2
f

∆ρ

1 − ∆ρ

s2
f = s2

W + c2
W ∆ρ (13.100)

Thus
[
Iµ
3 = −1

2 , Qµ = −1
]

gµ
V /gµ

A = 1 − 4s2
f (13.101)

gµ
A = −1

2
ρ
1/2
f = −1

2

(
1 +

∆ρ

2

)
(13.102)

The radiative correction functions ∆rW , (ρf − 1) become the basis on which
the corrected standard model and experiments are confronted. These func-
tions involve, among other parameters, the top quark mass mt whose value
due to quadratic dependence of some of these functions on mt is numerically
important and the Higgs boson mass which enters only through logarithm
and hence is not effectively bounded.

Now if we use the LEP value s2
f = 0.231119 ± 0.00014 for leptons, we

can obtain s2
W = 0.22308 ± 0.00030 from Eq. (13.100), with ∆ρ given in

Eq. (13.89) and hence mW through the relation (mZ = 91.1876) s2
W =

1 − m2
W /m2

Z : mW = 80.375 ± 0.015 GeV which is consistent with the
direct vector boson mass measurements: mW = 80.398 ± 0.025 GeV and
the standard model best fit value: mW = 80.376±0.033 GeV obtained from
Eq. (13.93) (including higher order terms) from mZ , GF , α and mt, mH.

Finally including mt, mW from the direct experimental measurement,
together with s2

W from neutrino scattering, global fits of the standard model
parameters to electroweak precision data give

mt = 173.3 ± 1.1 GeV

mH = 87+35
−26 GeV

αs (mZ) = 0.119 ± 0.003 GeV (13.103)

The upper limit on mH at the 95 % CL is mH < 185 GeV after including the
information from the 114.4 GeV bound given by LEP, where the theoretical
uncertainty is included.
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13.4.3 Experiments which Determine sin2 θW

We now discuss three sets of experiments to determine sin2θW .
1. Consider the process

νµ + e− → νµ + e−.

This process can occur only through Z exchange (Fig. 13.4). The effective

Fig. 13.4 νµ-electron scattering through Z-boson exchange.

Lagrangian for this process is given by Eq. (13.80). For this case the
laboratory cross-section for Eν � me give

σνµ,ν̄µ =
G2

F meEν

2π

[
(ge

V ± ge
A)2 +

1
3

(ge
V ∓ ge

A)2
]

, (13.104)

where the upper (lower) sign refers to νµ (ν̄µ) , Eν is the incident energy
and G2

F me/2π = 4.31 × 10−42 cm2/GeV. The expressions for ge
V and ge

A

in terms of sin2 θW are given in Table 13.1. The most accurate leptonic
measurements of sin2θW are from the ratio

R =
σνµe

σν̄µe

=
3 − 12 sin2 θW + 16 sin4 θW

1 − 4 sin2 θW + 16 sin4 θW

. (13.105)

The most precise experiment (Charm II) determined not only sin2 θW but
ge

V ,A as well. The experimental results are

ge
V = −0.035 ± 0.017, ge

A = −0.503 ± 0.017

sin2 θW = 0.2326 ± 0.0084 (13.106)

2. The deep inelastic neutrino scattering νµ + N → νµ + X (isoscalar
target), gives a precise determination of sin2 θW on the mass shell, i.e. s2

W .
The relevant Lagrangian is given in Eq. (13.81). The ratio Rν ≡ σNC

νN /σC
νN

of neutral to charged cross-section has been measured to 1% accuracy. A
simple zeroth order approximation gives [see Eqs. (14.79)-(14.80)]

Rν = g2
L + g2

R r, Rν̄ = g2
L + g2

R / r, (13.107a)
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where

g2
L = εL (u)2 + εL (d)2 ≈ 1

2
− sin2 θW +

5
9

sin4 θW

g2
R = εR (u)2 + εR (d)2 ≈ 5

9
sin4 θW (13.107b)

and r ≡ σC
ν̄N / σC

νN is the ratio of ν̄ and ν charged current cross-sections,
which can be measured directly. In parton model r ≈

(
1
3 + ε

)
/

(
1 + 1

3ε
)
,

where ε ≈ 0.125 is the ratio of the fraction of the nucleon’s momentum
carried by antiquarks to that carried by quarks. Now from Eqs. (13.107a)-
(13.107b) on using Eq. (13.89) and (13.92) we can write

Rν =
1
2
− s2

W + (1 + r)
5
9
s4

W + s2
W

(
−1 +

10
9

(1 + r)
)

∆ρ (13.108a)

Rν̄ =
1
2
− s2

W +
(

1 +
1
r

)
5
9
s4

W + s2
W

(
−1 +

10
9

(
1 +

1
r

))
∆ρ (13.108b)

Rν − rRν̄ = (1 − r)
[
1
2
− s2

W (1 + ∆ρ)
]

(13.109)

It is clear from Eq. (13.108a) that dependence of Rν on ∆ρ is weak.
Hence this equation is useful to determine s2

W . Using the experimen-
tal values Rν = 0.317 ± 0.003, r = 0.440, and ∆ρ = 0.0096 we ob-
tain from Eq. (13.108a) s2

W = 0.2242 ± 0.0022, and (with mZ = 91.187)
mW = 80.32± 0.11 GeV. The recent value quoted for s2

W from νN scatter-
ing is 0.2255± 0.9021, which gives mW = 80.25± 0.11 GeV fully consistent
with the directly measured value for mW = 80.39 ± 0.06 GeV. We note
from Eq. (13.109), that if we plot Rν versus Rν̄ it gives a straight line with
a slope determined by r. This provides an accurate method to determine
ρ s2

W from the experimental data.
3. Parity violating deep inelastic eD scattering: The relevant La-

grangian for this process through Z exchange, which is parity violating,
is given in Eq. (13.82). There is an interference with the parity conserv-
ing process through photon exchange. This gives us the parity-violating
asymmetry

A =
σR − σL

σR + σL
, (13.110)

where σR,L is the cross-section for the deep inelastic scattering of a right
(left)-handed electron eR,LN → eX. In the quark parton model (see Chap.
14 for this model)

A

q2
= a1 + a2

1 − (1 − y)2

1 + (1 − y)2
, (13.111a)
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where q2 < 0 is the momentum transfer and this essentially comes through
the photon propagator which appears in the photon exchange process. Here
y is the fractional energy transfer from the electron to hadrons. For the
deuteron or other isoscalar target neglecting the s quark and antiquarks,

a1 =
3GF

5
√

2πα

(
C1u − 1

2
C1d

)
≈ 3GF

5
√

2πα

(
−3

4
+

5
3

sin2 θW

)

a2 =
3GF

5
√

2πα

(
C2u − 1

2
C2d

)
≈ 9GF

5
√

2πα

(
sin2 θW − 1

4

)
(13.111b)

where we have used Table 13.1 in the second step of these formulae. The
experimental values for a1 and a2 can be used to determine the mixing
angle sin2 θW .

13.5 Decay Widths of W and Z Bosons

Consider the decay W− → e− + ν̄e:

Fig. 13.5 W -boson decay.

From Eqs. (13.65b) and (13.66c), the decay amplitude F is given by

F =
−g

2
√

2
ū (k1) γλ

(
1 − γ5

)
v (k2) · ελ, (13.112a)

where ελ is the polarization of W-boson. From Eq. (13.112a), the decay
width can be easily calculated and is given by [ in the limit when we neglect
the lepton masses as compared with mW ] :

Γ
(
W− → e− + ν̄e

)
=

(
g2

8

)
mW

3 (2π)2
· 2π

=
GF m3

W

6
√

2π
. (13.112b)

We can also calculate the hadronic decays of W− from the basic processes
like W− → ū d, c̄ s. Again we get an expression like (13.112b), except that
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we multiply it by a factor Nc = 3
(
1 + αs(mW )

π

)
≈ 3.12, where the factor 3

is due to color and the factor in the parenthesis is a QCD correction. In
this case we also neglect quark masses as compared with W -mass. This is a
good approximation with the exception of t-quark which channel is not open
as mt = 172.0 ± 2.2 GeV. Since in weak interactions a linear combination
of mass eigenstates d, s and b enters, therefore, we have to multiply the
decay rates by square of such factors as |Vud|2, |Vcs|2, |Vus|2, etc. [see Sec.
13.10]. The link of one generation to succeeding generations is very weak,
therefore, we will put |Vud|2 ≈ cos2 θc ≈ 1, |Vcs|2 ≈ cos2 θc ≈ 1, |Vus|2 ≈
sin2 θc ≈ 0, |Vcb|2 ≈ sin4 θc ≈ 0. Hence the relative decay widths for three
generations are given by:

e−ν̄e µ−ν̄µ τ−ν̄τ ū d c̄ s

1 1 1 3
[
1 + αs

π

]
3

[
1 + αs

π

] .

Thus we get

Γ
(
W+ → l+νl

)
≈ 227.5 ± 0.3 MeV,

Γ
(
W+ → uidi

)
≈ (708 ± 1) MeV

Γtot
W ≈ 2.098 GeV, (13.113)

to be compared with the experimental value 2.141 ± 0.041 GeV.
For the decay Z → f + f̄ , the decay amplitude F is given by [from Eqs.

(13.65b) and (13.66d)]

F =
−g

cos θW
ū (k1)

[
gV f γµ − gAf γµ γ5

]
v (k2) εµ (13.114)

and the decay width is given by

Γ
(
Z → ff̄

)
=

g2

8 cos2 θW m2
Z

m3
Z

6π

[
g2

V f + g2
Af

]
Nf

c

=
GF√

2
m2

Z

6π

[
g2

V f + g2
Af

]
Nf

c (13.115)

where Nf
c = 1 or 3 (1 + αs/π) for f = lepton (l) or quark q. First we

note that gAf = − 1
2 , gV f =

(
−1/2 + |Qf | 2 sin2 θW

)
. In the presence of

radiative corrections, we have [cf. Eqs. (13.99) , (13.101) and (13.102)]

gAf = −1
2
√

ρf ≈ −1
2

(
1 +

1
2
∆ρ

)
, x =

gV f

gAf
= 1 − 4 |Qf | s2

f (13.116)
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Thus we get

Γ
(
Z → ll̄

)
=

GF√
2

m3
Z

24π
[1 + ∆ρ]

[
1 +

(
1 − 4s2

f

)2
]

(13.117a)

Γ (Z → qq̄) =
GF√

2
m3

Z

24π
Nc [1 + ∆ρ]

[
1 +

(
1 − 4 |Qf | s2

f

)2
]
(13.117b)

Γ (Z → νν̄) =
GF√

2
m3

Z

24π
[1 + ρ] × 2 (13.117c)

It is convenient to write

s2
f = (1 + ∆k) s2

o (13.118)

where ∆k signifies non-QED corrections and s2
o is given in Eq. (13.97) and

has the value 0.2311 for mZ = 91.187 GeV. Then

Γ
(
Z → ff̄

)
=

GF√
2

m3
Z

24π
[1 + ∆ρ]Ncf

×
[
1 +

(
1 − 4 |Qf | (1 + ∆k) s2

0

)2
]

(13.119)

Let us write [subscript o indicates neglecting ∆k]

Γ0

(
Z → ll̄

)
=

GF√
2

m3
Z

24π

[
1 +

(
1 − 4s2

0

)2
]

(13.120a)

Γ0 (Z → qq̄) =
GF√

2
m3

Z

24π

[
1 +

(
1 − 4 |Qq| s2

0

)2
]
3

(
1 +

αs

π

)
(13.120b)

From Eqs. (13.120a)-(13.120b), we get on using s2
0 = 0.2311,

Γ0 (Z → νν̄) = 165.9 MeV (13.121a)

Γ0

(
Z → e−e+

)
= Γ0

(
Z → µ̄µ+

)
= Γ0

(
Z → τ−τ+

)

= 83.4 (83.984 ± 0.086) MeV (13.121b)

Γ0 (Z → uū) = Γ0 (Z → cc̄) = 296.9 MeV (13.121c)

Γ0

(
Z → dd̄

)
= Γ0 (Z → ss̄) = Γ0

(
Z → bb̄

)
= 382.6 MeV (13.121d)

Thus

Γ0 (Z → hadrons)1.742 (1.7444 ± 0.0020) GeV (13.122a)

Γ0 (Z → invisible) = ΓZ − (Γhad + 3Γe+e−)

= (2.4952) − (1.742 + 0.250)

= 502(499.0 ± 1.5) MeV (13.122b)

where experimentally ΓZ = 2.4952±0.0023 GeV. The values given in paren-
thesis are experimental values. Now 3Γ0 (Z → νν̄) = 498 MeV; hence one
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concludes that Nν = 3, i.e. there are three generations of neutrinos or
three generations of fermions. It may be noted that in calculating the
decay widths we have put fermion masses zero. This is a very good ap-
proximation; the decay width for Z → bb̄ may need some improvement
if mb is not neglected. Even the theoretical values as given by the Born
approximation Γ0 are not bad, the small discrepancy can be explained by
taking into account the radiative corrections in Eq. (13.121a) . We can
also use Eq. (13.119) to constrain ∆k and ∆ρ by using the exprimental
for Γ (Z → e+ e−) .

Another important observable is forward-backward asymmetry mea-
sured at LEP. Consider the process e−e+ → ff̄ as depicted in Fig. 13.6.

Fig. 13.6 Production of Z in e−e+ collision and its decay into ff̄ pair.

The cross-section for e−e+ → ff̄ can be easily calculated by using Eq.
(13.114). It is given by (in the limit s � 4m2

e, 4m2
f , βe ≈ 1, βf ≈ 1)

dσ

dΩ
=

α2Nf
c

4s

{ (
1 + cos2 θ

) [
Q2

f − 2
Qf vevf

16 sin2 θW cos2 θW

�χ (s)

+

(
v2

e + a2
e

) (
v2

f + a2
f

)

(
16 sin2 θW cos2 θW

)2 | χ (s) |2
]

+ cos θ

[
− 4Qf aeaf

16 sin2 θW cos2 θW

�χ (s)

+
8vevfaeaf(

16 sin2 θW cos2 θW

)2 | χ (s) |2
]}

, (13.123a)
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where

χ (s) =
s

s − m2
Z + imZ ΓZ

, (13.123b)

ve = 2gV e = −1 + 4 sin2 θW , ae = 2gAe = −1

vf = 2gV f = 2T f
3L − 4Qf sin2 θW , af = 2gAf = 2T f

3L.

(13.123c)

σ =
4πα2

3s
Nf

c

[
Q2

f − 2Qf
4gV egV f

16 sin2 θW cos2 θW

s(s − m2
Z)

(s − m2
Z)2 + m2

ZΓ2
Z

+
16(g2

V e + g2
Ae)(g

2
V f + g2

Af )

(16 sin2 θW cos2 θW )2
s2

(s − m2
Z)2 + m2

ZΓ2
Z

]
(13.124)

Here near and on the peak, integrated cross section is dominated by Z-
exchange and we get from Eq. (13.115):

σf = σ0
peak

∣∣∣∣
sΓZ / mZ

s − m2
Z + imZ ΓZ

∣∣∣∣
2

(1 + δ (s)) (13.125a)

where

σ0
peak =

12π

m2
Z

ΓeΓf

Γ2
Z

(13.125b)

and the effect of radiative corrections are contained in δ(s), the large effects
due to initial e± bremsstrahlung are represented in δ. The other radiative
corrections which lead to improved Born approximation have already been
discussed in Secs. 3.2 and 3.4.

The LEP data is fitted with an additional modification, i.e. by replacing
s−m2

Z + imZΓZ by s−m2
Z + i s

mZ
ΓZ . Note that the expression for Γf is

given in Eq. (13.115). Thus by measuring σ0
peak for a particular final state

e.g. e+e− itself, one can directly obtain Γee/ΓZ or Γee / Γff̄

ΓZ
and therefore

Γff̄ . These widths have already been discussed in the beginning of this
section.

The forward-backward asymmetry is defined as:

AFB =

∫ π/2

0

(
dσ
dΩ

)
dΩ −

∫ π

π/2

(
dσ
dΩ

)
dΩ∫ π

0

(
dσ
dΩ

)
dΩ

(13.126)

It is clear that this asymmetry is given by cos θ term in Eq. (13.123). Near
and on the Z-peak, we get from Eqs. (13.126) and (13.123c)

AFB = 3
(gVe

gAe
)
(
gVf

gAf

)
(
g2

Ve
+ g2

Ae

) (
g2

Vf
+ g2

Af

) . (13.127)
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For leptons

Al
FB =

3g2
Vl

/ g2
Al

(1 + g2
V l / g2

Al)
2 (13.128)

Taking into account the radiative corrections [cf. Eqs. (13.116) and
(13.118)], we get from Eq. (13.128)

Al
FB =

3
(
1 − 4s2

f

)2

[
1 +

(
1 − 4s2

f

)]2

=
3

(
1 − 4 (1 + ∆k) s2

o

)2

[1 + 4 (1 + ∆k) s2
o]

2 , (13.129)

where s2
o = 0.23116 and

Al
FBO

=
3

(
1 − 4s2

o

)2

[
1 + (1 − 4s2

o)
2
]2 = 0.01685 (0.01683 ± 0.00096) (13.130)

The value in parentheses is the experimental value. The agreement is quite
good.

Finally we discuss the longitudinal polarization of a fermion in the pro-
cess e−e+ → ff̄ . Near and on Z-peak, the cross sections for positive and
negative helicities are given by

dσ(+)

dΩ
− dσ(−)

dΩ
=

2α2

4s

1(
16 sin2 θW cos2 θW

)2

∣∣∣∣∣
s

s − m2
Z + i s

mZ
ΓZ

∣∣∣∣∣
2

×
[
−2

(
v2

e + a2
e

)
af vf

(
1 + cos2 θ

)
− 4

(
v2

f + a2
f

)
aeve cos θ

]
(13.131a)

dσ(+)

dΩ
+

dσ(−)

dΩ
= 2

(
dσ

dΩ

)
. (13.131b)

Hence the polarization at s = m2
Z is given by

−Af =

∫ π

o

(
dσ(+)

dΩ − dσ(−)

dΩ

)
dΩ

2
∫ π

o

(
dσ
dΩ

)
dΩ

= − 2vf af

v2
f + a2

f

,= −2
gV f/gAf

1 + g2
V f/g2

Af

(13.132)

We can also write Eq. (13.132) in terms of effective mixing angle sf :

Al = 2
1 − 4s2

f

1 +
(
1 − 4s2

f

)2 (13.133)

Using the value Aτ = 0.1431± 0.0046 we obtain s2
f = 0.23201± 0.00057 to

be compared with s2
0 = 0.23116 ± 0.00022.
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13.6 Tests of Yang-Mills Character of Gauge Bosons

The vector bosons self-couplings are given by the Lagrangian (13.47)

LW = −1
4

[∂µWν − ∂νWµ − g (Wµ × Wν)]2 . (13.134a)

This gives the trilinear W+W−W3 coupling as

LW = i
g

2
[
(∂µW3ν − ∂νW3µ)

(
W−µW+ν − W+µW−ν

)

+
(
∂µW+

ν − ∂νW+
µ

) (
W 3µW−ν − W 3

ν W−µ
)

−
(
∂µW−

ν − ∂νW−
µ

) (
W 3µW+ν − W 3

ν W+µ
)]

.

(13.134b)

Using W 3
ν = sin θW Aν +cos θW Zν , the above equation gives for the γ, Z(λ,

q) → W−(k1, µ)+ W+(k2, µ) vertices

L =
(
−g sin θW

−g cos θW

) [
gµν (k1 + k2)

λ + gνλ (q + k2)
µ + gλµ(−q − k1)

]
,

(13.134c)
where µ, ν and λ are the indices of polarization vectors of W−, W+, W 3

respectively. On the other hand, from Eq. (13.55), the Higgs coupling to
gauge bosons is given by

LW−H =
g2

8
(H + v)2

[
2W+

µ W−µ +
1

cos2 θW
ZµZµ

]
(13.135a)

and the Yukawa coupling of Higgs to leptons is given by

LllH =
−1√

2
hl l̄ lH, (13.135b)

where

hl =
√

2
v

ml =
(
2
√

2GF

)1/2

ml. (13.136)

One process in which the trilinear couplings can be tested directly is

e+ + e− → W+ + W−.

In the lowest order of g, the diagrams shown in Fig. 13.7 contribute to this
process.

We are interested in the high energy behavior of the amplitude M .
The bad behavior comes from the longitudinal polarization of W s. The
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longitudinal polarization vector εL
µ for a W -boson of four-momentum kµ is

given by

εL
µ =

1
mW

(
|k| , kok̂

)

=
kµ

mW
+

mW

ko + |k|

(
−1,−k̂

)

=
kµ

mW
+ 0

(
mW

Ek

)
(13.137)

εL.k = 0

Fig. 13.7 Production of W−W+ pair in e−e+ collision through νe, γ and Z boson
exchange [(a), (b), (c)] and production of W−W+ through Higgs boson exchange (d).

It is the first term in Eq. (13.137) viz kµ

mW
which gives the worst high

energy behavior. The amplitude may grow with high energy due to this
term, if it is not compensated. The amplitude is given by

iT = iTµνεµ(k1)εν(k2)

= iTµν k1µ

mW

k2ν

mW
= iTLL
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where TLL for the diagrams of Fig. 13.7 are given by

TLL (a) = − g2

4m2
W

v̄ (ṕ)
{

(� k1− � k2)
(1 − γ5)

2
+ me

}
u (p) (13.138)

TLL (b) =
e2

2m2
W

v̄ (ṕ) (� k1− � k2) u (p) (13.139)

TLL (c) = −g2 sin2 θW

2m2
W

v̄ (ṕ) (� k1− � k2)

×
[
1 − 1

4 sin2 θW

(1 − γ5)
]

s

s − m2
Z

u (p) (13.140)

It is clear from Eqs. (13.138) and (13.139), that there is no possibility
of cancellation between TLL (a) and TLL (b) even if e = g sin θW . The
third diagram, arises due to trilinear couplings - a feature of gauge theory.
Adding all the three contributions with e = g sin θW .

TLL = − e2

2m2
W

v̄ (ṕ) (� k1− � k2)
[
1 − 1

4 sin2 θW

(1 − γ5)
]

u (p)
m2

Z

s − m2
Z

− e2

4 sin2 θW

me

m2
W

v̄ (ṕ) u (p) (13.141)

Thus all the three diagrams together cancel the bad high energy behavior
except for the last term in Eq. (13.141), which gives S-wave cross-section
for s � m2

W , σs = G2
F

4π s. This is in conflict with the unitarity constraint
[Eq. (13.2)] σs ≤ 8π

s . This conflict thus starts at

s =
4
√

2
GF

π = (1.2 TeV)2 . (13.142)

However, even this term is canceled by the diagram (Fig. 13.7d) due to
Higgs exchange. This is because this diagram gives

TH = εL
µ(k1)εL

ν (k2)T
µν
H

with

Tµν
H =

2g2

g2v2
m2

W v̄ (ṕ) u (p)
gµν

s − m2
Z

giving

TH =
e2

4 sin2 θW

me

m2
W

v̄ (ṕ) u (p)
s − 2m2

W

s − m2
H

(13.143)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

398 Electroweak Unification

For s � m2
H , TH = e2

4 sin2 θW

me

m2
W

v̄ (ṕ) u (p) which cancels the last term in
Eq (13.141). Thus for all s → ∞

TLL → −e2m2
Z

2m2
W

1
s
v̄ (ṕ) (� k1− � k2)

[
1 − 1

4 sin2 θW

(1 − γ5)
]

u (p) (13.144)

Thus there is no trouble with the high energy behavior in the standard
model if m2

H < (1.2 TeV)2 . There is similar cancellation for the am-
plitude TLT , which for each individual diagram goes as constant when
s → ∞. σ(e+e− → W− W+) depends crucially on gauge cancellation dis-
cussed above. For example, σ(ν - exchange) for s � m2

W ≈ πα2s
96 sin4 θW m2

W
,

this would be the only contribution without W− W+γ and W− W+Z

vertices. On the other hand, with the above cancellation

σs→∞ (SM) =
πα2

2 sin4 θW

1
s

ln
s

m2
W

. (13.145)

The cross section also contains the threshold factor
√

1 − 4m2
W

s which tends
to 1 as s → ∞. Thus the cross section grows near the threshold and then
falls like 1

s at large values of
√

s � mW . The cross section is ∼ 10−35cm2

at its maximum which occurs at about 40 GeV above W+W− threshold.
The situation is shown in Fig. 13.8.

Fig. 13.8 Behavior of σSM with energy E [6,7].



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

13.7. Higgs Boson Mass 399

13.7 Higgs Boson Mass

The Higgs potential

V (φ) = µ2φ2 + λφ4, φ2 = φ̄φ (13.146)

on using Eq. (13.54) goes over to

V (H) =
1
2

(
2λv2

)
H2 + λvH4 +

1
4
λH4 +

1
4
λv4 (13.147a)

when the symmetry is spontaneously broken; µ2 = −λv2 (λ > 0) . Thus we
see that the Higgs boson mass

m2
H = 2λv2 ≡ 1

2

∣∣∣∣
∂2V

∂φ2

∣∣∣∣
φ= v√

2

(13.147b)

is arbitrary. We now discuss theoretical bounds on the Higgs boson mass:

13.8 Upper Bound

13.8.1 Unitarity

We have seen in Sec. 13.6 that the Higgs boson contribution to the cross
section for the process

e− + e+ → W+
L + W−

L

for s � m2
H is given by

σS =
1
4π

(
GF√

2

)2

s. (13.148)

Then comparing Eq. (13.2), we get
(

1
4π

) (
GF√

2

)2

s ≤ 8π

s
(13.149)

This requires a “cut-off” (signaling new physics beyond ΛSB):

ΛPWU
SB ≤

(
4
√

2π/GF

)1/2

= (1.2 TeV) . (13.150a)

To avoid this conflict, the Higgs mass mH should be such that

mH < ΛPWU
SB = (1.2 TeV) . (13.150b)

We saw at the beginning of this chapter that mW � ΛPWU
SB . Whether

similar thing happens or not for mH only experiments will tell.
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13.8.2 Finiteness of Couplings

The Higgs-self coupling λ is not asymptotically free. In λ φ4 theories, the
renormalized group equation gives (see appendix B)

d

d ln q2
λ

(
q2

)
=

3
4π2

λ2
(
q2

)
(13.151)

This gives

λ
(
q2

)
=

λ
(
v2

)

1 − 3
4π2 λ (v2) ln q2

v2

. (13.152)

The minus sign in this equation indicates that the Higgs coupling is not
asymptotically free. In fact it implies that regardless of how small λ

(
v2

)
is, λ

(
q2

)
will eventually blow up at some large energy scale q = Λ. In order

to avoid this and to guarantee positivity of λ (Λ) : λ (Λ) < ∞, λ
(
v2

)
<

4π2

3
1

ln Λ2

v2
, giving m2

H :
[
v2 = 1√

2GF

]

m2
H ≡ 2λ

(
v2

)
v2 =

√
2
λ

(
v2

)
GF

<
4
√

2π2

3GF

1
ln Λ2

v2

(13.153)

The upper bound on mH is related logarithmically to the scale Λ up to
which the standard model is assumed to be valid which is very high. For
some values of Λ, the upper bound on mH is given below

Λ mH

1 TeV 753 GeV
1016 GeV 159 GeV
1019 GeV 144 GeV

Thus we see that if we assume the standard model to be valid up to Planck
scale, then mH ≤ 144 GeV. We also notice that as Higgs mass goes above
800 GeV, Λ comes down to Higgs mass. We conclude that as Higgs mass
increases, so is the self coupling λ; the Higgs mass blow up at relatively low
energy scale Λ, heralding the appearance of new non-perturbative physics.
We also note that non-perturbative effects as the quartic Higgs coupling
becomes large have also been estimated, mostly in the context of the lattice-
Higgs model. Again a cut off on the parameter λ (v) provides an upper
bound on mH : mH < 700 GeV.

Finally, we note that the top quark Yukawa coupling ht =
√

2mt/v,

for mt = 172 GeV, can be of order 1. Top quark coupling modifies the
renormalization group equation for the Higgs boson coupling λ. Top loop
corrections reduce λ for increasing top-Yukawa coupling. Hence for small
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mH (small λ), the negative renormalization by t-quark coupling derives
λ < 0, leading to instability of electroweak vacuum.

Only a narrow range [11, 12] 130GeV ≤ mH ≤ 180GeV is compatible
with the validity of the standard model up to Planck scale.

Finally the precision electroweak data give as previously noted

mH ≤ 185GeV (13.154)

The most recent limit, reported at ICHEP 10 is 158 < mH < 175 GeV.

13.9 Standard Model, Higgs Boson Searches, Production
at Decays

The search for Higgs is one of the objectives of new accelerators.

13.9.1 LEP-2

The dominant production mechanism in LEP2, is e−e+ → Z → ZH. The
tree level cross section is given by

σ
(
e−e+ → ZH

)
=

G2
F m4

Z

96πs

[
v2

e + a2
e

]
Q1/2 Q + 12m2

Z / s

(1 − m2
Z / s)2

Here the standard model couplings [cf. Eqs.(13.65a) and (13.135a)]

g2
Ze−e+ =

(
v2

e + a2
e

)
=

[(
1 − 4 sin2 θW

)2
+ 1

]

gZZH =
g2v

2 cos2 θW

=
gmZ

cos θW
(13.155)

have been used. Q is the phase space factor

Q ≡

[
1 − (mH + mZ)2

s

] [
1 − (mH − mZ)2

s

]
(13.156)

The LEP has established the lower limit

mH > mZ +
√

s ≥ 114.4 GeV (13.157)

for LEP2
√

s =34 GeV.
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13.9.2 LHC and Tevatron

The basic processes for the Higgs boson production are [12]:

gg → H

→ qqV (∗)V (∗)

→ qqH

qq → V (∗) → V H

gg, qq → ttH

where V = W or Z, V (∗) is virtual (off-mass shell gauge boson). The
corresponding diagrams are shown in Fig. 13.9.

Fig. 13.9 The basic processes for the Higgs boson production.

The SM Higgs production cross-sections at Tevatron for pp collision for√
s = 1.96 TeV are shown in Fig 13.10. The SM Higgs production cross-

sections for
√

s = 14 TeV are shown in Fig 13.11. The comparison between
Figs. 13.10 and 13.11, shows that SM Higgs production cross-section are
significantly larger at LHC than at Tevatron. Thus the chance of SM Higgs
discovery at LHC is significant. The SM Higgs being neutral, its detection
is only possible through its decay channels.

We now discuss the decays of Higgs, since Higgs searches involve its
decay widths.
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Fig. 13.10 SM Higgs boson production cross sections for pp̄ collisions at 1.96 TeV [10].

(i) For H → ff̄ , the coupling involved is [cf. (13.73)]

h2
f =

2m2
f

v2
= 2

√
2m2

fGF , (13.158)

giving

Γ
(
H → ff̄

)
= Nf

c

GF m2
f

4
√

2π
mH β3

f (13.159)

where

Nf
c = 1
= 3

for
for

f = l±

f = q

βf =
(
1 − 4m2

f / m2
H

)1/2
. (13.160)

It may be noted that there are important QCD corrections for H → qq̄. The
bulk of QCD radiative corrections can be mapped into the scale dependence
of the quark mass, evaluated at the Higgs mass, i.e. use mf at mH , i.e.
mf (mH) in Eq. (13.159) [see Eq. (B. 47)], since Γ(H → ff) is proportional
to m2

f , the decay channels H = bb and H = τ+τ− are more promising for
the SM Higgs detected. (ii) For H → W+W− and ZZ̄, if mH > 2mW ,
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Fig. 13.11 SM Higgs boson production cross sections for pp̄ collisions at 14 TeV [10].

2mZ , most promising decay channels are H = W+W− and ZZ for which
the couplings are given by [cf. Eq. (13.135a)]

gWWH = g mW , gZZH =
g mZ

cos θW
, (13.161a)

where g2

8m2
W

= GF√
2
, g2 = e2

sin2 θW
. These give the widths

Γ
(
H → W+W−)

=
GF

8
√

2π
m3

H (1 − xW )1/2
rW (13.161b)

Γ (H → ZZ) =
GF

16
√

2π
m3

H (1 − xZ)1/2
rZ , (13.161c)

where

rW,Z = 1 − xW,Z +
3
4
x2

W,Z

xW,Z =
4m2

W,Z

m2
H

. (13.162)

It is of interest to consider H → W+
L W−

L

Γ(H → W+
L W−

L ) =
α

16 sin2 θW

m3
H

m2
W

(1 − xW )1/2(1 − 1
2
xW )2 (13.163)

Thus we see that for mH � mW the dominant contribution to the decay
comes from the production of the longitudinal polarized W boson. In this
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Fig. 13.12 Branching ratios for the main decays of the SM Higgs boson [10].

connection consider the decay of top quark t → bW+ for which in the
unitary gauge

Γ(t → bW+) =
α

16 sin2 θW

m3
t

m2
W

(1 − m2
W

m2
t

)2(1 +
m2

W

2m2
t

),

while

Γ(t → bW+
L ) =

α

16 sin2 θW

(1 − m2
W

m2
t

)2 = Γ(t → b + φ+),

where φ+ is the Goldstone boson. Thus the top quark decay is expected to
be dominated by the emission of longitudinally polarized W-boson and if it
turns out to be so, this would be an indirect evidence of Higgs mechanism.
One can also show that

Γ(H → W+
L W−

L ) = Γ(H → φ+φ−, W+
L φ−, φ+W−

L ).
It is useful to remember that for mH ≈ 1.4 TeV,

Γ (H → V V ) ≈ 1
2
m3

HGF ∼ mH . (13.164)

(iii) H → gg, γγ. The amplitudes for these decays are generated by Feyn-
man diagrams involving triangular quark loops [see Fig. 13.9], while for
γγ mode the contribution also comes from loop involving W bosons. The
decay rates are given by

Γ(H → 2g) =
GF

4
√

2π
m3

H

α2
s

9π2

∣∣∣∣∣
∑

q

I(x)

∣∣∣∣∣
2

(13.165)
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Fig. 13.13 The total decay width of the SM Higgs boson, shown as a function of mH

[10].

where x = m2
H

mq
q

and I(x) is a form factor that → 1 as x → 0 and → 0 as
x → ∞. Thus the dominant contribution comes from very heavy quarks, in
particular t-quark.

Γ(H → 2γ) =
GF

4
√

2π
m2

H

α2

18π2

∣∣∣∣∣∣
∑

f

Q2
fNC(f) − 1

4

∣∣∣∣∣∣

2

(13.166)

The branching ratios for various decay modes of the SM Higgs are shown
in Fig. 13.12 and total decay width in Fig. 13.13.

To sum up the standard model is in very good shape, but Higgs boson
H is still a missing link.

13.10 Two Higgs Doublet Model (2HDM)

Although the Standard Model (SM) requires a single Higgs for electroweak
symmetry breaking, it is interesting to study two Higgs model per se al-
though they may be needed in some extensions of SM. In particular minimal
supersymmetric model (MSSM) [see Chap. 17] provides a strong motivation
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to go beyond one Higgs doublet. In the standard model, Higgs doublet

φ =
(

φ0

φ+

)
, Y = 1

is coupled to down-quarks and up-quarks (and corresponding leptons)
(
ψ̄LφdR + h.c

)
+

(
ψ̄Liτ2φ̄uR + h.c

)

Note that iτ2φ̄ has Y = −1. However, in MSSM two independent Higgs
doublets φ1 and φ2 are coupled to down-quarks and up-quarks (and corre-
sponding leptons) respectively;

(
ψ̄Lφ1dR + h.c.

)
+

(
ψ̄Liτ2φ̄2uR + h.c.

)

Here φ2 cannot be replaced by φ1; with this replacement, LHiggs ff̄ will
no longer be supersymmetric. A consequence of supersymmetry is that
bosonic particles are naturally paired with fermions. Thus corresponding
to two different Higgs muliplets φ1 and φ2, there are two left-handed fermion
multiplets φ̃1 and φ̃2. The triangular anomaly arising from φ̃1 is canceled
by φ̃2. This cancellation is not possible with one Higgs doublet φ1 only [4].
In this section, we are interested in the experimental consequences of two
Higgs multiplets required by supersymmetry. Two Higgs doublets (φ1, φ2)
potential is given by

V (φ1, φ2) = µ2
1

(
φ̄1φ1

)
+ λ1

(
φ̄1φ1

)2 + µ2
2

(
φ̄2φ2

)
+ λ2

(
φ̄2φ2

)2

−µ2
3

1
2

(
φ̄1φ2 + φ1φ̄2

)
+

1
4
λ3

(
φ̄1φ2 + φ1φ̄2

)2

−1
4
λ4

(
φ̄1φ2 − φ1φ̄2

)2 + λ5

(
φ̄1φ1φ̄2φ2

)
(13.167)

Minima of V (φ1, φ2) are given by

1√
2
v1

[
µ2

1 + λ1v
2
1 +

1
2

(λ3 + λ5) v2
2

]
− 1

2
√

2
v2µ

2
3 = 0 (13.168a)

1√
2
v2

[
µ2

2 + λ1v
2
2 +

1
2

(λ3 + λ5) v2
1

]
− 1

2
√

2
v1µ

2
3 = 0 (13.168b)

where 〈φ1〉0 = v1, 〈φ2〉0 = v2.
After spontaneous symmetry breaking, one can write φ1 and φ2 as:

φ1 =

(
H+

1
1√
2

(v1 + h1 + ia1)

)
(13.169a)

φ2 =

(
H+

2
1√
2

(v2 + h2 + ia2)

)
(13.169b)
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It is convenient to introduce an angle β such that,

tanβ = v2/v1, v2 = v sinβ, v1 = v cos β

v2 = v2
1 + v2

2 (13.170)

The physical fields can now be written in the form

H+ = − sinβH+
1 + cos βH+

2

G+ = cos βH+
1 + sinβH+

2 (13.171)

The charged Higgs scalars G± (Goldstone-bosons) are absorbed in W±
µ

gauge vector bosons to give them the longitudinal degrees of freedom and
to give them masses. For CP odd Higgs scalars a1, a2, the physical scalars
can be written as

A0 = − sinβa1 + cos βa2 (13.172a)

G0 = cos βa1 + sinβa2 (13.172b)

where G0 (Goldstone boson) is absorbed in the vector boson Zµ to give its
mass. The other CP -even Higgs scalars h1 and h2 become massive; the
physical CP -even Higgs scalars are put in the form

H0 = cos αh1 + sinαh2 (13.173a)

h0 = − sinαh1 + cos αh2 (13.173b)

In MSSM: φ1 is coupled to down quarks and leptons only; φ2 is coupled to
up quarks and leptons only and the Higgs self-couplings λs are related to
gauge couplings:

λ3 = λ4 = −1
2
g2

λ1 = λ2 =
1
8

(
g2 + g′2

)

λ5 =
1
4

(
g2 − g′2

)

λ3 + λ5 = −1
4

(
g2 + g′2

)

m2
Z =

1
4

(
g2 + g′2

)
v2 (13.174)

m2
W =

1
4
g2v2 (13.175)
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For MSSM Higgs, we have

m2
H± =

1
4
gv2 + m2

A0 = m2
W + m2

A0 (13.176)

m2
H0,h0 =

1
2

{(
m2

Z + m2
A0

)
±

√(
m2

Z + m2
A0

)2 − 4m2
Zm2

A0 cos2 2β

}

(13.177)

tan 2α = tan 2β
m2

Z + m2
A0

m2
A0 − m2

Z

(13.178)

These are tree level mass relations subject to radiative corrections. It is
clear from the above expressions that two parameters are required to fix
all the Higgs masses. A convenient choice is tan β,mA0 . Also the following
ordering of masses is valid at tree level.

mh0 < mZ , mA0 < mH0 , mW < mH0

The tree level mass relations are modified by radiative corrections. The
largest contribution is a consequence of the incomplete cancellation between
t quark and its superpartner (which would be an exact cancellation if super-
symmetry were unbroken). After radiative corrections, one gets mh0 ≤ 130
GeV. This upper bound is reached, when tanβ >> 1 and mA0 >> mZ [12].
This is a definite prediction of MSSM which will soon be tested at LHC.

In MSSM, the couplings of Higgs to W± and Z are given by
(V = A, W, Z)

LHV V =
ig

2
√

2






− sin (β − α)

(
H0∂µH− − H−∂µH0

)
+ cos (β − α)

(
h0∂µH− − H−∂µh0

)
+i

(
A0∂µH− − H−∂µA0

)


W+

µ + h.c.




+ie
[
H+∂µH− − H−∂µH+

]
Aµ

+
i

2
g

cos θW







(
cos2 θW − sin2 θW

)
(H+∂µH− − H−∂µH+)

+i sin (β − α)
(
A0∂µH0 − H0∂µA0

)
−i cos (β − α)

(
A0∂µh0 − h0∂µA0

)


Zµ




+
1
4
g2





H−H+ +

1
2




v2 + H02
+ h02

+A02
+ 2v cos (β − α)H0

+2v sin (β − α)h0





 2W+µW−

µ




+e2H−H+

{[
Aµ +

cos2 θW − sin2 θW

2 sin θW cos θW
Zµ

]2
}

+
1
8

g2

cos2 θW







v2 + H02
+ h02

+A02
+ 2v cos (β − α)H0

+2v sin (β − α) h0 + · · ·


ZµZµ




(13.179)
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where ellipses denote higher order terms.
From the Lagrangian (13.179), we see that tree level MSSM Higgs

H0 and h0 couplings to gauge vector bosons contain the angular fac-
tors cos (β − α) and sin (β − α) respectively. The charged Higgs bosons
couplings H+H−γ, H+H−Z and those involving W± and Higgs bosons
H∓ (

h0, H0, A0
)

are independent of angular factors.
The MSSM Higgs bosons couplings to fermion pairs are proportional to

fermion masses, hence are more relevant for τ, top and bottom quarks. The
couplings are given by

LHff̄ = − g√
2mW




mτ tanβ [(τ̄RντL)H− + h.c.]
+

[(
mb tanβb̄RtL + mt cot βb̄LtR

)
H− + h.c

]

1√
2




(
mτ τ̄ τ + mbb̄b

) (
sin α
cos β h0 − cos α

cos β H0
)

−mtt̄t
(

cos α
sin β h0 − sin α

sin β H0
)




+ i√
2

[(
tanβ

(
mτ τ̄ γ5τ + mbb̄γ

5b
)

+ mt cot β t̄γ5t
)
A0

]




(13.180)
We now discuss the decoupling limit. In the limit mH0 , mH± � mZ from
Eqs. (13.176) and (13.177),

m2
H± = m2

A0

(
1 + m2

W /m2
A0

)

m2
H0 ≈ m2

A0

(
1 + sin2 2β

m2
Z

m2
A0

)

m2
h0

≈ m2
Z cos2 2β (13.181)

tan 2α ≈ tan 2β

The last equation gives

β − α = ±nπ

2
, n = 0, 1, · · ·

The value β − α = π/2 is interesting, as for this value cos (β − α) → 0,

sin (β − α) → +1 and Higgs scalar h0 is decoupled from the heavy Higgs
H0, H± and A0as can be easily seen from Eqs. (13.179) and (13.180). As
a consequence gh0V V and gh0ff reduce to those for the SM Higgs. Hence
we conclude that in MSSM, there exists a parameter regime, in which by
formally integrating out the heavy scalar state one gets an effective low-
energy theory which is precisely that of SM Higgs. In most MSSM models,
1 ≤ tanβ ≤ mt/mb.

Finally in the decoupling limit, the MSSM Higgs scalar couplings to
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vector bosons and fermion pairs are given by :
gH0WW = 0, gh0WW = gmW

gH0ZZ = 0, gh0ZZ =
g

cos θW
mZ

gH−τ+ντ
=

g√
2mW

mτ tanβ τ̄
1
2

(1 − γ5) ντ

gH−tb̄ =
g√

2mW

[
mb tanβ b̄ 1

2 (1 − γ5) t

+mt cot β b̄ 1
2 (1 + γ5) t

]

gh0ττ̄ = mτ τ̄ τ, gH0ττ = 0

gh0bb̄ = mbb̄b, gH0bb = 0
We conclude that the above decay channels are relevant for the detection
of MSSM Higgs scalar at LHC.

13.11 GIM Mechanism

Since in weak interactions the flavor quantum numbers are not conserved,
weak interaction eigenstates of different generations, d′, s′ and b′ are not
identical with mass eigenstates d, s and b. These states are linear combi-
nation of d, s and b. Thus we can write [cf. Eq. (13.44)]

d′ = Vud d + Vus s + Vub b

s′ = Vcd d + Vcs s + Vcb b

b′ = Vtd d + Vts s + Vtb b (13.182)
The quarks of one generation are linked to those of the succeeding genera-
tions with decreasing strength. Thus for example Vub � Vus < Vud. This
is illustrated by the diagram [Fig. 13.14]. If we confine ourselves to ordi-
nary and strange hadrons, then we can safely put Vub = 0, but we cannot
ignore Vcs, since charmed quark is linked to strange quark with maximum
strength.

As a first approximation, we can ignore the third generation completely
and can put Vud = cos θc, Vus = sin θc, as given by Cabibbo theory. Thus
we can write d′ = d cos θc + s sin θc. In the weak neutral current, we have
a term of the form

d̄′ γµ (1 − γ5) d′

= cos2 θc d̄ γµ (1 − γ5) d + sin2 θc s̄ γµ (1 − γ5) s

+ sin θc cos θc

[
d̄ γµ (1 − γ5) s + s̄ γµ (1 − γ5) d

]

(13.183)
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Fig. 13.14 Relative strengths of flavor changing transitions.

which arises from the doublet
(

u

d′

)
. The above term can give rise to the

following processes (Fig. 13.15).

Fig. 13.15 Decay K+ → π+ + ν + ν̄ through neutral current and K+ → π0 + e+ + νe

through charged current.

It is clear from Fig. 13.15 that both the processes

K+ → π+ + ν + ν̄

K+ → π0 + e+ + νe

occur with equal strength. But experimentally

Γ (K+ → π+νν̄)
Γ (K+ → π0e+νe)

< 1.2 × 10−5,

i.e. the strangeness changing neutral current is very much suppressed com-
pared with the strangeness changing charged current. Here the charmed
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quark c comes to the rescue. If we put Vcd = − sin θc and Vcs = cos θc, then
s′ = −d sin θc + s cos θc and we get a term

s̄′ γµ (1 − γ5) s′ = sin2 θc d̄ γµ (1 − γ5) d + cos2 θc s̄ γµ (1 − γ5) s

− sin θc cos θc

[
d̄ γµ (1 − γ5) s + s̄ γµ (1 − γ5) d

]
(13.184)

from the doublet
(

c

s′

)
. From Eqs. (13.183) and (13.184), it is clear

that strangeness changing terms are canceled and JZ
µ does not contain any

strangeness changing term. This mechanism to eliminate the strangeness
changing neutral current in tree approximation was suggested by Glashow,
Iliapoulas and Maiani (GIM) before the experimental discovery of charm.

The ∆S = 2, K0 → K̄0 transition shown in Fig. 13.16 is second order
in GF . With GIM mechanism, a complete cancellation between u and
c couplings occur if mc = mu. With the known experimental value for
this transition, a limit on the mass of mc can be put and it was predicted
that mc must be less than a few GeV and this is what was found later
experimentally.

Fig. 13.16 Box diagrams for ∆S = 2, K0 − K̄0 transitions.



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

414 Electroweak Unification

13.12 Cabibbo-Kobayashi-Maskawa Matrix

Three generations of fermions are linked with each other by weak interac-
tions. The states d′, s′, and b′ are not mass eigenstates. They are related
to mass eigenstates d, s and b as follows [cf. Eqs. (13.43) and (13.44)]:




d′

s′

b′


 = V




d

s

b


 (13.185)

where V is a 3 × 3 matrix:

V =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


 (13.186)

called ‘Cabibbo-Kobayashi-Maskawa’ (CMK) matrix. The hadronic
charged weak current can be written as

JW
µ (h) = (ū, c̄, t̄) γµ (1 − γ5) V




d

s

b


 (13.187)

and J3
µ (h) which is a part of the neutral current:

J3
µ(h) = (ū, c̄, t̄) γµ (1 − γ5)




u

c

t




+
(
d̄, s̄, b̄

)
γµ (1 − γ5) V †V




d

s

b


 . (13.188)

We want weak neutral currents to be flavor diagonal as flavor changing
neutral currents are very much suppressed. Hence we must have

V †V = V V † = 1, (13.189)

i.e. V must be a unitary matrix. Thus the matrix has nine real parameters.
These parameters are the same in number as unitary group U3. Now U3

has three diagonal matrices, so that we can write

V = eiθλ0 eiαλ3 eiβλ8 C eiα′λ3eiβ′λ8 , (13.190)

where C is a 3 × 3 unitary matrix with 4 real parameters. The five pa-
rameters θ, α, β, α′ and β′ can be absorbed into redefinitions of phases of
u, c, t and d, s, b quarks. Thus we can write

V = R2R1C̃R3 (13.191)
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where R1, R2 and R3 are 3 × 3 rotation matrices:

R1 =




c1 s1 0
−s1 c1 0
0 0 1


 , R2 =




1 0 0
0 c2 s2

0 −s2 c2


 ,

R3 =




1 0 0
0 c3 s3

0 −s3 c3


 , (13.192)

and C̃ is a unitary matrix which can be written as

C̃ =




1 0 0
0 1 0
0 0 eiδ


 . (13.193)

Hence we have

V =




c1 s1c3 s1s3

−s1c2 c1c2c3 − s2s3 eiδ c1c2s3 + s2c3 eiδ

s1s2 −c1s2c3 − c2s3 eiδ −c1s2s3 + c2c3 eiδ


 , (13.194)

where

ci = cos θi, si = sin θi (13.195)

There is an arbitrary phase δ, which makes the Lagrangian density
non-real. Thus the Lagrangian density violates time-reversal invariance.
By CPT theorem, it violates CP invariance. Thus there is an attractive
possibility of accommodating CP violation in three-generation model; this
cannot be done in two-generation model.

If we consider the three generations, the fermion mass matrix for u, c,
t and d, s, b quarks can be written as

Lq
mass =

v√
2

[
Ψ̄u

Li
hij qu

Rj
+ Ψ̄′d

Li
h̃ij qd

Rj

]
+ h.c.

=


(ūL, c̄L, t̄L) Mu




uR

cR

uR







+


(

d̄′L, s̄′L, b̄′L
)
M̃




d′R
s′R
b′R





 + h.c. (13.196)

Without any loss of generality, we can take Mu to be diagonal matrix viz

Mu =




mu

mc

mt


 . (13.197)
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It is clear from Eqs. (13.185) and (13.196) that

V †M̃V = Md, (13.198)

where Md is now diagonal matrix.
Below we give the experimental values of CKM matrix elements [10]:

Matrix element Experimental value
|Vud| 0.97425 ± 0.00022
|Vus| 0.2252 ± 0.00109
|Vub| (3.89 ± 0.44) × 10−3

|Vcd| 0.230 ± 0.011
|Vcs| 1.023 ± 0.036
|Vcb| (40.6 ± 1.3) × 10−3

|Vtd| (8.4 ± 0.6) × 10−3

|Vts| (38.7 ± 2.1) × 10−3

|Vtb| 0.88 ± 0.07

Note that |Vud|2+|Vus|2+|Vub|2 is consistent with 1 as required by unitarity.

13.13 Axial Anomaly

For a theory to be renormalizable, it is essential that vector and axial vector
currents are conserved. In electroweak gauge theories, before spontaneous
symmetry breaking, fermions are massless and it is, therefore, expected
that axial vector current is also conserved. But this is not so, in fact as
seen in Chap. 11, axial vector current receives anomalous contribution from
the triangle graph: a closed fermion loop with one axial-vector vertex and
two vector vertices as shown in Fig. 13.15. This anomalous contribution

Fig. 13.17 Axial vector current anomaly from the triangle graph.
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is equivalent to the statement that in the zero fermion mass limit, the
divergence of axial vector current is given by

∂µAµ =
g2

16π2
εµναβFµνFαβ (13.199)

where Fµν is the field tensor of the vector field and g is the coupling constant
as shown in Fig. 13.17.

The contribution from ∆ graph arises only if ∆ graph is odd in axial
couplings. This contribution is independent of fermion masses and is un-
altered by radiative corrections. In QED, such graphs do not cause any
trouble as photon is not coupled to axial current. Nor does it cause any
problem if one or more of the currents is associated with a global symmetry
of the theory. In such a case, it can even be useful as for example the case
for π0 → 2γ, which arises due to the anomaly as discussed in Chap. 11.

In electroweak theory, such graphs are not absent. For example, in the
process e−e+ → γγ shown in Fig. 13.18, the ∆ graph can cause trouble as
it would give bad high energy behavior.

Fig. 13.18 Process e−e+ → 2γ through ∆ graph.

To ensure the renormalizability of electroweak theory, it is, therefore,
essential to ensure the cancellation of ∆ anomalies. To see this, from Eqs.
(13.65a) and (13.65b), we note that current to which Z is coupled is

f̄
[(

T 3 − 2Qf sin2 θW

)
γµ + T 3γµγ5

]
f

and the anomaly arises from a fermion loop with one axial vector and two
vector vertices. Thus for the above diagram the absence of the anomaly
requires that

∑
f

T3Q
2
f ,

∑
f

T 3
3 ∝

∑
f

T3,
∑

f

T 2
3 Qf ∝

∑
f

Qf
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should vanish. However, while
∑
f

T3 does vanish but none of the other two

do either for leptons or quarks; for the former,
∑
f

T3Q
2
f is 3

[
− 1

2 (1)
]

= −3/2

and for the latter it is 3 ·3
[

1
2

4
9 − 1

2
1
9

]
= 3/2, where factor 3 is the number of

generations and another factor 3 in the quark sum is for color. However, it
does vanish when the sum is taken over lepton doublets and quark doublets
with a factor of 3 for color. The same is the case for the vanishing of∑
q

Qf . Thus weak interaction gauge theory can be consistently combined

with QED if the theory contains equal number of quarks (each having 3
color) and lepton doublets, showing necessity of quark-lepton symmetry.
Below we consider cancellation of anomalies in a general way.

Consider a gauge group G, where the coupling of the fermions to gauge
bosons is given by

Lint = Ψ̄Liγµ
(
∂µ + igΛL

a Waµ

)
ΨL+Ψ̄Riγµ

(
∂µ + igΛR

a Waµ

)
ΨR. (13.200)

The current coupled to gauge bosons is given by

Ja
µ =

1
2
Ψ̄γµ (1 − γ5) ΛL

a Ψ +
1
2
Ψ̄γµ (1 + γ5) ΛR

a Ψ. (13.201)

Here ΛL
a and ΛR

a are hermitian matrices; they satisfy the following commu-
tation relations

[
ΛL

a , ΛL
b

]
= ifabc ΛL

c[
ΛR

a , ΛR
b

]
= ifabc ΛR

c . (13.202)

ΨL and ΨR need not transform in the same way under G as is the case in
electroweak group. ΛL

a �= ΛR
a in general. The ∆-anomaly (being indepen-

dent of fermion masses) is proportional to

AL
abc − AR

abc

where – sign arises since it is odd axial vector vertices which give anomaly
and it has to be symmetric in two indices say a and b. Thus [ { } denotes
anticommutator]

AL
abc = Tr

({
ΛL

a , ΛL
b

}
ΛL

c

)
(13.203a)

AR
abc = Tr

({
ΛR

a , ΛR
b

}
ΛR

c

)
. (13.203b)

Theory is thus anomaly free when

Tr
({

ΛL
a , ΛL

b

}
ΛL

c

)
− Tr

({
ΛR

a , ΛR
b

}
ΛR

c

)
= 0 (13.204)
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for all values of a, b, c.
Examples
(i) Vector or vector like gauge theory:

AL = AR �= 0. (13.205)

For such theories either

ΛL
a = ΛR

a (13.206)

or

ΛL
a = U−1ΛR

a U, (13.207)

where U is a fixed unitary matrix. The gauge current is given by

Ja
µ = Ψ̄LγµΛL

a ΨL + Ψ̄RγµΛR
a ΨR

= Ψ̄LγµΛL
a ΨL + Ψ̄RγµUΛL

a U−1ΨR

= Ψ̄γµΛaΨ, (13.208)

where

Ψ = ΨL + U−1ΨR, Λa = ΛL
a , (13.209)

is a pure vector. Note that in general the redefinition of Ψ generates γ5

terms in the fermion mass matrix. Such a theory is called vector-like.
In QCD, the left-handed and right-handed quarks belong to the fun-

damental representation 3 of SUc(3). Thus it is a vector theory and is
anomaly free.
(ii) AL = AR = 0.
In this case, fermion representation is such that anomalies cancel separately
for left-handed and right-handed fermions. This is the case for example for
SU(2). For the fundamental representation 2 of SU(2), Λa = 1

2τa and since
τaτb + τbτa = 2δab,

Aabc = Tr [{τa, τb} τc] = 0. (13.210)

The representation 2 is a real representation in SU(2). But this is not the
case for SU(n), n > 2, e.g. representation 3 of SU(3) is not equivalent
to 3∗. Thus for SU(n), n > 2 is not safe in general. However, fermions
belonging to an octet representation of SU(3) are anomaly free since octet
representation is real. This can be seen as follows:

If Λa form a representation, −Λ∗
a also form a representation. The neg-

ative sign arises, since matrices Λ∗
a satisfy the commutation relation

[Λ∗
a, Λ∗

b ] = −i fabcΛ∗
c . (13.211)
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Hence −Λ∗
a form a representation conjugate to Λa. If (as in the case for real

representation),
Λa = −U−1Λ∗

aU, (13.212)
where U is a unitary matrix, then

Aabc = Tr [{Λ∗
a, Λ∗

b}Λ∗
c ]

= −Aabc. (13.213)
Thus in general real representations are safe. They do not produce axial
anomaly. However, a safe representation need not be real.
(iii) The standard model SUc(3) × SU(2) × U(1).

We need to consider SU(2)×U(1) only as SUc(3) is anomaly free. The
matrices ΛL

a and ΛR
a are given by

ΛL
a :

1
2
τL
a ,

1
2
YL, ΛR

a :
1
2
YR

Q =
1
2
τ3 +

1
2
Y. (13.214)

Now
TR

({
τL
a , τL

b

}
τL
c

)
= 0 (13.215)

so that from Eq. (13.204), we have to show that
Tr

({
τL
a , τL

b

}
YL

)

= 2δab Tr YL

= 2δab Tr [2Q − τ3] = 4δab Tr Q = 0 (13.216)
and

Tr
[
Y 3

L

]
− Tr

[
Y 3

R

]
= 0 (13.217)

for the cancellation of anomalies. Now
Tr

[
Y 3

R

]
= 8Tr

[
Q3

]

Tr
[
Y 3

L

]
= Tr

[
8Q3 + 6Q τ2

3 − 6Q2 τ3 − τ3
3

]

= 8TrQ3 + 6TrQ − 6Tr
(
Q2 τ3

)
. (13.218)

But
Tr

[
Q3

]
∝ TrQ

Tr
[
Q2τ3

]
∝ Trτ3 = 0 (13.219)

Hence for the cancellation of anomaly, we must have
Tr Q = 0 (13.220)

Now
Tr Q = [0 − 1 + 3(

2
3
− 1

3
)] = 0 (13.221)

Hence in the standard model, lepton anomalies cancel quark anomalies.
Note that in the cancellation of anomalies, color plays a crucial role. Left-
handed fermions anomalies cancel among themselves and so do the right-
handed fermions anomalies.
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13.14 Problems

(1) In the Standard Model, the symmetry is spontaneously broken by in-
troducing a scalar doublet Φ : (I = 1/2, Y = 1)

ΨL =
(

νe

e−

)

L

, eR.

Suppose we introduce a scalar triplet

χ ≡ (χ1, χ2, χ3) , I = 1, Y = 2.

Write χ as a 2 × 2 matrix

χ = τ · χ

Write down the Yukawa coupling of χ for the doublet ΨL. Show that
neutrino acquires a Majorana mass for

〈
χ0

〉
�= 0. Write its contribution

to W± and Z.

(2) Consider high energy neutrino-parton scattering

νµd → µ−u

ν̄µu → µ+d

Show that
dσνµ

dQ2
=

G2
F

2π

dσν̄µ

dQ2
=

G2
F

2π

u2

s2

In the Lab. frame
dσνµ

dQ2
=

G2
F

2π
, σνµ =

G2
F

π
mE

mu ≈ md = m

dσν̄µ

dQ2
=

G2
F

2π

E′2

E2
, σν̄µ =

G2
F

π
m

1
3
E

(3) Show that for high energy neutrino scattering:

νµ(ν̄µ) + e− → νµ(ν̄µ) + e−

dσν,ν̄

dQ2
=

G2
F

4π

1
s2

[
(gV e ± gAe)

2
s2 + (gVe

∓ gAe
)2 u2

]

In the Lab. frame, show that

σν,ν̄ =
G2

F meEν

2π

[
(gVe

± gAe
)2 ± 1

3
(gVe

∓ gAe
)2

]
.
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(4) For high energy neutrino scattering on parton (quark)

ν (ν̄) + qi → ν (ν̄) + qi.

Show that

dσν,ν̄

dQ2
=

G2
F

4π

1
s2

[
(gVi

± gAi
)2 s2 + (gVi

∓ gAi
)2 u2

]

=
G2

F

4π

[
(gVi

± gAi
)2 + (gVi

∓ gAi
)2 (1 − y)2

]

=
G2

F

4π

[(
g2

Vi
+ g2

Ai

) (
1 + (1 − y)2

)
± 2gVi

gAi
±

(
1 − (1 − y)2

)]

where

y =
ν

E
, ν = E − E′,

u

s
= (1 − y)

in the Lab. frame.
(5) From Eq. (13.104), show that

[
σνµe + σν̄µe

]
± 2

[
σνµe − σν̄µe

]
=

4
3

(gVe
± gAe

)2

In terms of sin2 θW

(gVe
+ gAe

) =
(
−1

2
+ sin2 θW

)

(gVe − gAe) = sin2 θW .

(6) Show that the decay width for the decay

t → b + W

for the transverse and longitudinal W is given by

Γ
(
t → b + W⊥)

=
GF√

2
|k|2

2π
mt

(
2m2

W

m2
t

)

Γ
(
t → b + W ‖

)
=

GF√
2
|k|2

2π
mt

Γ (t → b + W ) =
GF√

2
|k|2

2π
mt

(
1 +

2m2
W

m2
t

)

=
GF√

2
|k|3

8π

(
1 − m2

W

m2
t

)2 (
1 +

2m2
W

m2
t

)
.
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(7) Show that the longitudinal polarization of f in the process e−e+ → ff̄

near Z-peak is given by

Af =

∫ π

0

(
dσ(+)

dΩ − dσ(−)

dΩ

)

2
∫ π

0

(
dσ
dΩ

)
dΩ

= 2
gVf

/gAf

1 + g2
Vf

/g2
Af

Hint:-

Lλµ
e ∝

[(
g2

Ve
+ g2

Ae

) (
kλ
2 kµ

1 + kµ
2 kλ

1 − gµλk1 · k2 − 2igVegAeε
λµρσk1ρk2σ

)]

Lf
λµ ∝ Tr

[
(� p1 + mf )

(
1 + γ5 � s

2

)
γλ

(
gVf

− gAf
γ5

)

× (� p2 − mf ) γµ

(
gVf

− gAf
γ5

)]

For polarization only terms proportional to mf contibute. In Lλµ
e Lf

λµ,

only terms proportional to cos θ are relevant and thus only terms con-
taining εµλρσεµλρ′σ′ will contribute.
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Chapter 14

Deep Inelastic Scattering

14.1 Introduction

Lepton-nucleon scattering is an excellent tool to study the structure of nu-
cleon. Electron (muon) scattering clearly shows that nucleon has a struc-
ture. Consider for example the scattering

e + p → e′ + X.

Let E be the energy of the incident electron e and E′ be the energy of the
scattered electron. Let q = k − k′ be the momentum transfer. Then in the
lab. frame, the four momenta P, k and k′ of the target (proton), initial
electron and the scattered electron are given by

P ≡ (M,0), k = (E,k )

k′ ≡ (E′,k′).

Neglecting the mass of the lepton, we have

q2 = (k − k′)2 = −2EE′(1 − cos θ) = −4EE′ sin2 θ

2

k · k′ = EE′ cos θ (14.1a)

We define another invariant ν:

Mν = P · q. (14.1b)

In the lab. frame

ν = q0 = (E − E′). (14.1c)

We also define the invariant mass:

s = P 2
X = (q + P )2 = q2 + M2 + 2Mν. (14.1d)
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Note that 2Mν + q2 ≥ 0; for elastic scattering 2Mν = −q2.
The elastic scattering of electrons on spinless proton can be written in

terms of the Mott cross section:

dσ

dΩ
=

(
dσ

dΩ

)

M

∣∣F (q2)
∣∣2 (14.2a)

where
(

dσ

dΩ

)

M

=
α2 cos2 θ

2

4E2 sin4 θ
2

(14.2b)

The structure of the proton manifests itself in terms of the form factor
F (q2). In elastic scattering proton recoils as a whole and the scattering is
coherent. The form factor F (q2) measures the charge distribution of the
proton, viz

F (q2) =
∫

e−iq·rρ(r)d3r

=
∫

e−iq·rρ(r)r2dr dΩ (14.3a)

If we expand F (q2) in powers of q2, we get

F (0) =
∫

ρ(r)d3r = 1

∂F (q2)
∂q2

∣∣∣∣
q2=0

= −2π

∫
r4ρ(r)dr

〈
cos2 θ

〉
= −1

6
〈
r2

〉
. (14.3b)

〈
r2

〉
is called the mean square charge radius.

It is convenient to write the Mott cross section in the form
(

dσ

dq2

)

M

= −
(

4πα2

q4

)
E′

E
cos2

θ

2

= −4πα2

q4

[
1 +

q2

2mE
+

q2

4E2

]
(14.4)

This is the scattering cross section for the scattering of electrons on spin-
less (structureless) particles of mass m. The scattering cross section for
the scattering of electrons on structureless spin 1/2 particles of mass m

and charge eeq (called parton) can be calculated using the standard trace
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techniques and is given by
[
Q2 = −q2

]
(see Appendix A.7.2)

dσ

dQ2
=

4πα2e2
q

Q4

E′

E
cos2

θ

2

[
1 +

Q2

2m2
tan2 θ

2

]

= e2
q

(
dσ

dQ2

)

M

[
1 +

Q2

2m2
tan2 θ

2

]

=
4πα2e2

q

Q4

[
1 − Q2

2mE
− Q2

4E2
+

Q4

8m2E2

]

(
dσ

dQ2

)

M

=
4πα2

Q4

[
1 − Q2

2mE
− Q2

4E2

]
(14.5a)

For the longitudinally polarized parton
d∆σ

dQ2
=

4πα2

Q4

Q2

2mE2
e2

q (E + E′ cos θ) (14.5b)

14.2 Deep-Inelastic Lepton-Nucleon Scattering

We now consider the inelastic scattering of electrons on nucleons (see Fig.
14.1). For this case the matrix elements are

Fig. 14.1 Inelastic charged lepton-proton scattering.

T =
e2

q2

1
(2π3)

me√
EE′

ūe(k′)γµue(k) 〈X |jµ
e.m|P 〉 (14.6a)

The cross-section is given by [cf. Chap. 2]

dσ =
1

vin

d3k

(2π)3
d3PX

(2π)3
e4

q4
(2π)4δ(PX + k′ − k − P )

m2
e

EE′LµνWµν , (14.6b)

where [see Appendix A.7]

vin =
|k|
E

Lµν =
1

2m2
e

[
kµk′

ν − gµνk · k′ + kνk′
µ + imeεµνλρq

λnρ
]

(14.6c)
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and nρ is the polarization of the electron beam, with nµnµ = −1, nµkµ = 0

Wµν(q, p, S) = (2π)6
P0

M

∑
n

(2π)4δ4(P+q−PX) 〈P, S |jµ
em|X〉 〈X |jν

em|P, S〉 .

(14.6d)
Here S denotes the spin of the target and

∑
n denotes the sum over all

the quantum numbers of state X and integration over d3PX . Then the
differential cross-section is given by

d2σ

dΩdE′ = E′(E′2 − m2
e)

1/2 1
(2π)3

e4

q4

m2
e

EE′LµνWµν . (14.6e)

Assuming invariance under C, P and T and conservation of the electro-
magnetic current ∂µjem

µ = 0, the Lorentz structure of Wµν is

MWµν

2π
=

(
−gµν +

qµqν

q2

)
F1(q2, ν)

+
1

Mν

(
Pµ − P · q

q2
qµ

) (
P ν − P · q

q2
qν

)
F2(q2, ν)

+
i

ν
εµναβqαSβg1(ν, q2) +

i

ν
εµναβqα

(
Sβ − q · S

P · q
Pβ

)
g2(ν, q2).

(14.7)

Here S2 = SµSµ = −1, SµPµ = 0 and F1 and F2 are spin averaged struc-
ture functions: MW1 ≡ F1 and νW2 ≡ F2 while the remaining two are spin
dependent structure functions. In Fig. 14.2, we show the plot of Q2(= −q2)
versus 2Mν where we have defined the variables:

x =
Q2

2Mν
, y =

ν

E
=

E − E′

E

0 ≤ y ≤ 1. (14.8a)

Now

(P + q)2 ≥ M2,

so that

2P · q − Q2 ≥ 0 or 0 ≤ x ≤ 1. (14.8b)

If hadron masses are not important, F ’s dependance on Q2 is unim-
portant, one might expect that scale invariance holds in the asymptotic
(Bjorken) limit Q2, ν → ∞ with x fixed. In the “naive”quark model
(where the virtual photon interacts with point like constituents), in the
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Fig. 14.2 Plot of momentum transfer Q2 versus energy transfer ν = E −E′ in charged
lepton-proton scattering, showing various kinematic regions.

limit of quark masses → 0, there are no dimensions and this suggests that
in the asymptotic limit the structure functions scale:

MW1(ν, Q2) ≡ F1(ν, Q2) → F1(x)

νW2(ν, Q2) ≡ F2(ν, Q2) → F2(x)

g1,2(ν, Q2) → g1,2(x). (14.9)

In QCD, however, this scaling is broken but only by logarithms of
Q2/Λ2

QCD.
From Eqs. (14.6) and (14.7), the spin averaged cross-section is given by

d2σ

dΩ dE′ =
(

dσ

dΩ

)

M

[
W2(ν, Q2) + 2 tan2 θ

2
W1(ν, Q2)

]
. (14.10a)

It is instructive to write this cross-section in the form
d2σ

dQ2 dν
=

(
dσ

dQ2

)

M

[
W2(ν, Q2) + 2 tan2 θ

2
W1(ν, Q2)

]
. (14.10b)

We now define right and left polarized cross-sections as

σR, L = σ ± ∆σ,

where d2σ/dQ2 dν is given in Eq. (14.10) and

d2∆σ

dQ2 dν
=

4πα2

E2Q4

(
Q2

2Mν

)
cos β

{
[E + E′ cos θ] g1(ν, Q2)

−
[
(
E + E′

ν
)(E − E′ cos θ) − (E + E′ cos θ)

]
g2(ν, Q2)

}
(14.11)

where β is the angle between k and the spin quantization direction S. It
is instructive to compare Eq. (14.10b) with cosβ = 1, which corresponds
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to longitudinally polarized target, with the expressions (14.5a) and (14.5b)
for structureless spin 1

2 parton of mass m and charge eeq, showing that the
structure of the target is reflected in terms of the form factors W1, W2, g1,
and g2. In terms of the variables x, y and K = (1− Q2

ν2 )[= 1− 2M2x2

Q2 → 1 in
the scaling limit and is a measure of how close one is to the limit Q2 → ∞],
we have

d2σ

dx dy
=

4πα2

Q4
ME

[
2xy2F1 +

(
2(1 − y) +

1
2
y2(K − 1)

)
F2

]
(14.12)

and polarized asymmetry ∆σ = (σR − σL)/2 is given by

d∆σ

dx dy
=

4πα2

Q4
ME

[
xy cos β

{
2

(
1 − y

2
+

y2

4
(K − 1)

)
g1 + y(K − 1)g2

}]
.

(14.13)
At high energies y → 0 and F2 and g1 dominate. It may be noted that g2

has never been measured.
The presence of the structure functions in Eq. (14.10) indicates that

proton is not a point particle. The structure of the proton can be probed
in two ways, one by elastic lepton-nucleon scattering and second by deep
inelastic lepton-nucleon scattering. First we discuss the elastic scattering
for which ν = Q2/2M . For this case the structure functions are given by

W2 =
[
F 2

1 (Q2) + τF 2
2 (Q2)

]
δ

(
−ν +

Q2

2M

)

W1 = τ
[
F 2

1 (Q2) + F 2
2 (Q2)

]2
δ

(
−ν +

Q2

2M

)
(14.14)

where τ = Q2/2M . Thus from Eq. (14.10), we have

dσ

dQ2
=

(
dσ

dQ2

)

M

{[
F 2

1 (Q2) + τF 2
2 (Q2)

]
+ 2τ tan2 θ

2
[
F1(Q2) + F2(Q2)

]2}

(14.15)
The form factors for the proton are normalized to F p

1 (0) = 1, F p
2 (0) = κp

and for the neutron Fn
1 (0) = 0, Fn

2 (0) = κn where κp = 1.792 and κn =
−1.913 are anomalous magnetic moments of the proton and the neutron
respectively. Experimental data is analyzed in terms of Sachs form factors

GE(Q2) = F1(Q2) − τF2(Q2)

GM (Q2) = F1(Q2) + F2(Q2) (14.16)

These form factors are normalized as follows: Gp
E(0) = 1, Gp

M (0) = µp =
2.792, Gn

E(0) = 0 and Gn
M (0) = µn. In terms of GE and GM , the elastic
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scattering cross-section is given by

dσ

dQ2
=

(
dσ

dQ2

)

M

{[
G2

E(Q2) + τG2
M (Q2)

]
1 + τ

+ 2τ tan2 θ

2
G2

M (Q2)

}
.

(14.17)
The experimental data is fitted remarkably well by a single form factor

Gp
E(Q2) =

Gp
M (Q2)
µp

=
Gn

M (Q2)
µn

=
1

[1 + Q2/m2
V ]2

Gn
E(q2) = 0, (14.18)

where m2
V = 0.71 GeV2. From Eq. (14.15), we get [cf. Eq. (14.3b)]

〈
r2
E

〉
p

=
12
m2

V

= 0.66 fm2,
〈
r2
E

〉
n

= 0. (14.19)

Now Eqs. (14.14) and (14.15) clearly show that dσ
dQ2 →

(
dσ

dQ2

)
M

as Q2 →
∞, i.e. cross section rapidly falls as Q2 become large, clearly showing that
the nucleon has a “diffused” structure in the elastic region.

But the behavior of the structure functions W2 and W1 is quite different
in the deep inelastic region. The experimental data in this region indicate
that the cross section stays large and is of the order of

(
dσ

dQ2

)
M

, charac-
teristics of a point particle. This clearly indicates that in this region the
scattering is incoherent and is what one would expect if a nucleon consists
of non-interacting or weakly interacting point like constituents called par-
tons (quarks). This scattering region thus gives us information about the
elementary constituents of nucleon, i.e. about their charges, spin and flavor.
Moreover, the structure functions νW2 and MW1 show Bjorken scaling, i.e.
νW2 and MW1 → F2(x) and F1(x) as Q2, ν → ∞ where x = 2Mν

Q2 is fixed.
This is clearly indicated in Fig. 14.3 where F2(x) is plotted against Q2 for
various values of x. The above characteristics lead to parton model of deep
inelastic scattering which we now discuss.

14.3 Parton Model

Partons are quarks (spin 1/2), antiquarks (spin 1/2) and gluons (spin 1).
Gluons do not contribute here since they carry no electric charge. Thus we
shall deal with spin 1/2 partons. If the target is a free quark of flavor i, of
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Fig. 14.3 The structure function F2 (a) proton (b) nucleon in deuterium [18].

mass m and charge ei, we have from Eqs. (14.5a) and (14.5b)

dσi

dQ2
=

2πα2e2
i

Q4

[
1 + (1 − y)2 +

1
2
(K − 1)y2

]

d∆σi

dQ2
=

4πα2e2
i

Q4
y

[
1 − y

2
+

1
4
(K − 1)y2

]
(14.20)

with y = ν/E, K = (1 − Q2

ν2
)

Further from Eq. (14.6d)

mWµν
i

2π
=

m

2π
(2π)6

p0

m

∫
(2π)4

d3pn

(2π)3

×
∑

〈p, s |jµ
em| pn〉 〈pn |jν

em| p, s〉 δ4(p + q − pn)

= me2
i

∫
m

d3pn

pn0

ū(ps)γµ m + p/n

2m
γνu(ps)δ4(p + q − pn).

(14.21a)

Now d3pn

pn0
= d4pnδ[p2

n − m2] and we obtain from Eq. (14.21a)

m

2π
Wµν

i = me2
i ū(ps)γµ [p/ + q/ + m] γνu(p, s)δ(2p · q − Q2). (14.21b)
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To proceed further, we make use of the following identities of Dirac matrices
algebra [see Appendix A.2],

γµγν = gµν − iσµν

γµγργν = gµργν − gµνγρ + gνργµ + iεµρνσγ5γσ

ū(p, s)γ5γ
µu(p, s) = −sµ

ū(p, s)γµu(p, s) =
pµ

m

ū(p, s)iσµνu(p, s) = − i

m
εµναβγ5γβpα (14.22)

Then Eq. (14.21b) becomes
m

2π
Wµν

i = e2
i δ(2p · q − Q2)

×
[
−gµνp · q + 2pµpν + qµpν + pµqν + imεµναβqαsβ

]
.

(14.23a)

Thus the comparison with Eq. (14.7) gives

F1i =
1
2
δ(x − 1)e2

i , F2i = δ(x − 1)e2
i

g1i =
1
2
δ(x − 1)e2

i , g2i = 0. (14.23b)

Hence from Eqs. (14.12) and (14.13) for a spin 1
2 parton i,

d2σi

dx dy
=

4πα2

Q4
e2

i mE

[
1 + (1 − y)2 +

1
2
y2(K − 1)

]
δ(x − 1) (14.24a)

d2∆σi

dx dy
=

4πα2

Q4
e2

i mE (cos β) y

[
1 − y

2
+

y2

4
(K − 1)

]
δ(x − 1) (14.24b)

which are the same as Eq. (14.20) if we integrate over x. The comparison of
Eq. (14.23) with Eqs. (14.12) and (14.13) clearly shows that if we replace
δ(1 − x) in Eq. (14.23) by some distribution functions F (x) and g(x) we
get Eqs. (14.12) and (14.13). Hence it follows that in the scaling region,
the nucleon is behaving as if it consists of point-like constituents and the
structure function F2i(x) or F1i(x) or g1i(x) gives us the x-distribution of
point-like constituents inside the nucleon. The point-like constituents have
been assumed to be free, i.e. interaction between them can be neglected in
the scaling region. This is compatible with QCD, as QCD is asymptotically
free. More accurately one can write F2 and F1 as F2(x, Q2), F1(x, Q2); but
the dependence on Q2 is very weak (logarithmic). The following physical
picture emerges. In the deep inelastic region, the virtual photon interacts in
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an incoherent manner and probes roughly the instantaneous construction
of proton. In the center-of-mass frame of electron and proton, we can write
(neglecting lepton mass):

k ≡ (P, 0, 0, P ), P ≡
[
(M2 + P 2)1/2 � P

(
1 +

M2

2P

)
, 0, 0,−P

]

q0 =
2Mν − Q2

4P
Let us assume that the target (proton) has point-like constituents called
partons of flavor, i. Neglecting any parton momentum transverse to the
target, let us assume that the longitudinal momentum of a parton is given
by p = xP . The time of interaction of photon is given by

τ =
1
q0

=
4P

2Mν − Q2
=

2P

Mν(1 − x)
.

The energy of a parton =
√

p2
z + p2

⊥ + m2 ≈ xP
(
1 + p2

⊥+m2

2x2P 2

)
, so that the

lifetime of virtual parton states is

T =
1

∑
xP

(
1 + p2

⊥+m2

2x2P 2

)
− P

(
1 + M2

2P 2

)

=
2P

∑ p2
⊥+m2

x − M2
.

For x not going to 0 or 1, τ � T in the deep inelastic region so that one can
consider the partons contained in the proton as free during the interaction.
Hence in the deep inelastic region the photon interacts with the constituents
of proton as depicted in Fig. 14.4.

Fig. 14.4 The parton model.

If the target is built from partons of type i and the probability for a
parton i to have momentum fraction x′ to x′ + dx′ is fi(x), then p · q =
x′P · q = Mνx′,

νparton =
p · q
m

=
M

m
νx′,

δ(Q2 − 2p · q) = δ(Q2 − 2Mνx′) =
1

2Mν
δ(x − x′)
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and Eq. (14.23a) becomes

m

2π
Wµν

i = e2
i

[
−gµν x′

2
+

1
Mν

x
′2PµP ν + · · · + iεµναβqαsβ

x′

2ν

]
δ(x − x′).

(14.24)
Since d2σ

dQ2 dν ∝ Wµν , we should write

dWµν

dν
=

1
dνparton

∑
i

∫
Wµν

i fi(x′) dx′,

or, on using Eq. (14.24),

MWµν

2π
= M

∫
dν

M
m x′ dν

∑
i

Wµν
i

2π
fi(x′) dx′

=
∫ ∑

i

e2
i

[
−gµν 1

2
+

1
Mν

x′PµP ν + · · ·
]

δ(x − x′)fi(x′) dx′.

(14.25)

Using then the expression (14.7) for MWµν/2π, it follows that in the parton
model:

F2(x) =
∑

i, spin
e2

i x fi(x)

=
∑

i

e2
i x (fi↑(x) + fi↓(x))

= 2xF1(x), (14.26)

while [cf. Eqs. (14.24) and (14.7)]

g1(x) =
∑

i

e2
i x (fi↑(x) − fi↓(x)) .

g2(x) = 0, (14.27)

where ↑ and ↓ denote respectively parton spin parallel and antiparallel to
proton spin S.

The relation F2(x) = 2xF1(x), which is a consequence of parton having
spin 1

2 , is well satisfied experimentally. For the proton target [denoting
fi(x) conveniently by q(x) + q̄(x), ei → eq and with spin sum understood],
we have from Eq. (14.20)

F ep
2 =

∑
q=u, d, ···

xe2
q [q(x) + q̄(x)] . (14.28a)

In other words,

F ep
2 = x

[
4
9

(u(x) + ū(x)) +
1
9

(
d(x) + d̄(x)

)
+ · · ·

]
. (14.28b)
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Applying isospin conservation so that the u(d) flavored parton distribution
in the proton is the same as d(u) flavored parton distribution in the neutron,
whilst the s and c · · · , distributions remain unchanged being isoscalar, the
neutron structure function becomes:

F en
2 = x

[
4
9

(
d(x) + d̄(x)

)
+

1
9

(u(x) + ū(x)) + · · ·
]

. (14.28c)

In the above equations u(x), d(x), · · · , are the probabilities that parton
(antiparton) of flavor u, d, · · · , carries a fraction x of the momentum of the
proton or the neutron.

For an isosinglet target N , we get

F eN
2 (x) ≡ 1

2
(F ep

2 (x) + F en
2 (x))

= x

{
5
18

[
u(x) + ū(x) + d(x) + d̄(x)

]
+

1
9

[s(x) + s̄(x)] + · · ·
}

.

(14.28d)

Here · · · means the contributions of other quarks like c, b, t. Note that 5
18

is just the average squared charge of the u, d quarks.
We have thus seen that the parton model leads to the Bjorken scaling

of the structure functions in the deep inelastic scattering.

14.4 Deep Inelastic Neutrino-Nucleon Scattering

Let us consider the processes

ν̄� + N → �+ + X

ν� + N → �− + X

The matrix elements are given by

Tν̄ = −GF√
2

1
(2π)3

√
m�mν

EE′ v̄(k′)γµ(1 − γ5)v(k′) 〈X |Jµ|N(P )〉 ,(14.29a)

Tν = −GF√
2

1
(2π)3/2

√
m�mν

EE′ ū(k′)γµ(1 − γ5)u(k′)
〈
X

∣∣Jµ†∣∣ N(P )
〉
,

(14.29b)

where Jµ = V µ − Aµ. Then we have to replace in Eq. (14.6b) e4/q4 by
G2

F /2 and Lµν by

Lν, ν̄
µν =

2
memν

[
kµk′

ν − gµνk · k′kνk′
µ ± iεµναβkαk′β]

, (14.29c)
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while Wµν now contains for the spin averaged case three structure functions
W1, W2 and W3. The third function W3 arises due to V − A interference
term and appears in Eq. (14.7) as 1

2Mν εµναβPαqβF3, with νW3 = F3. The
cross-section is given by

d2σν̄,ν

dQ2dν
=

G2
F

2
1
π

E′

E

[
W ν̄,ν

2 (ν, Q2) cos2
θ

2
+ 2W ν̄,ν

1 (ν, Q2) sin2 θ

2

∓E + E′

M
W ν̄,ν

3 (ν, Q2) sin2 θ

2

]
. (14.30)

In order to discuss the scaling, we again express the cross-sections in terms
of the variables x and y. The structure functions show the following scaling
behavior in the deep inelastic region:

νW ν̄,ν
2 (ν, Q2) → F ν̄,ν

2 (x)

MW ν̄,ν
1 (ν, Q2) → F ν̄,ν

1 (x)

νW ν̄,ν
3 (ν, Q2) → F ν̄,ν

3 (x) (14.31)

The cross section can be written
d2σν̄,ν

dx dy
=

G2
F ME

π

[(
1 − y − M

2E
xy

)
F ν̄,ν

2 (x)

+
y2

2
2xF ν̄,ν

1 (x) ∓
(

y − y2

2

)
xF ν̄,ν

3 (x)
]

. (14.32)

For the basic processes

ν̄� + u → 
+ + d, ν̄� + d̄ → 
+ + ū

ν� + d → 
− + u, ν� + ū → 
− + d̄, (14.33)

we have (see problem (13.2)) in the high energy limit, for the first two
processes in the first and second line of Eq. (14.33)

d2σν̄,ν

dQ2
=

G2
F

2π

1
s2

1
2

[
(s2 + u2) ∓ (s2 − u2)

]
(14.34)

and similar expression for the other two precesses. They give

σν̄ =
G2

F

3π
mE, σν =

G2
F

π
mE,

σν̄

σν
=

1
3

(14.35a)

where mu � md = m. Now

(1 ± u2

s2
) = (1 ± E′2

E2
) = [1 ± (1 − y)2] (14.35b)

so that
dσν̄,ν

dQ2
=

G2
F

2π

[
1 + (1 − y)2

2
∓ 1 − (1 − y)2

2

]
(14.35c)
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Hence we have for large E (E >> m) for the two processes in the first and
second line of Eq. (14.33)

dσν̄,ν

dx dy
=

G2
F mE

π

[
1 + (1 − y)2

2
∓ 1 − (1 − y)2

2
x

]
δ(1 − x) (14.35d)

Thus corresponding to Eq. (14.23b), we have for parton i

F1i =
1
2
δ(x − 1) =

1
2
F2i

F3i = δ(x − 1) (14.36)

Thus the relation for F3 corresponding to the relation (14.28a) is

F3(x) = 2
∑

q

[q(x) − q̄(x)] . (14.37)

In view of Eq. (14.33) [note that the role of e2
q in Eq. (14.28a) is taken over

by the isospin raising and lowering operators, namely I±], we get

F2(x) = 2xF1(x)

F ν̄p
2 = 2x

[
u(x) + d̄(x) + c(x) + s̄(x) + t(x) + b̄(x)

]

F ν̄p
3 = 2

[
u(x) − d̄(x) + c(x) − s̄(x) + t(x) − b̄(x)

]
, (14.38a)

F νp
2 = 2x [d(x) + ū(x) + s(x) + c̄(x) + b(x) + t̄(x)]

F νp
3 = 2 [d(x) − ū(x) + s(x) − c̄(x) + b(x) − t̄(x)] (14.38b)

The factor 2 is due to the fact that for weak decays we have both vector and
axial vector currents. The corresponding values for neutron are obtained
by replacing u ↔ d, ū ↔ d̄ on the grounds of isospin invariance. Hence for
an isosinglet target N , we get (suppressing x)

F νN
2 = 2x

[
1
2
(u + ū) +

1
2
(d + d̄) + s + b + c̄ + t̄

]

F νN
3 = 2

[
1
2
(u − ū) +

1
2
(d − d̄) + s + b − c̄ − t̄

]

F ν̄N
2 = 2x

[
1
2
(u + ū) +

1
2
(d + d̄) + c + t + s̄ + b̄

]

F ν̄N
3 = 2

[
1
2
(u − ū) +

1
2
(d − d̄) + c + t − s̄ − b̄

]
. (14.39)

If we assume that in a nucleon, the probability of having q and q̄ (q =
s, c, b, t) is the same or we neglect s, s̄, · · · , then we can write

F νN
2 =

∑
q

x [q + q̄] = F ν̄N
2

xF νN
3 =

∑
q

x [q − q̄] = xF ν̄N
3 . (14.40)
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We observe from Eq. (14.28d), neglecting the sea quark contribution of
heavy quarks, and Eq. (14.40) that [� = e or µ]

F lN
2

5
18F νN

2

=

[
1 − 3

5
s + s̄∑
q(q + q̄)

]
. (14.41)

This ratio has been experimentally tested as the left-hand side is 1.007 ±
0.063. This also shows that the strange quark sea contribution is very small.
It verifies the charges of u and d valence quarks as their mean square is 5

18 .

14.5 Sum Rules

One can write a number of sum rules. First the momentum conservation
gives

∫ 1

0

dx

[∑
q

x(q + q̄)

]
= 1 − ε, (14.42)

where ε is the fraction of the momentum carried by the gluon constituents.
Hence we get the sum rule ∫ 1

0

F νN
2 dx = 1 − ε (14.43)

Experimentally, the left-hand side is 0.52±0.03 giving the momentum frac-
tion carried by the quarks. Thus the remaining momentum fraction, which
is about 50%, is attributed to the gluon constituents.

Since the nucleon has quantum numbers S (strangeness) = 0, C (charm)
= 0, B (bottom) = 0 and T (top) = 0, we have

0 =
∫ 1

0

dx [q(x) − q̄(x)] , (14.44)

for q = s, c, b and t. On the other hand, the charges of proton and neutron
give

1 =
∫ 1

0

dx

[
2
3
(u − ū) − 1

3
(d − d̄)

]
,

0 =
∫ 1

0

dx

[
2
3
(d − d̄) − 1

3
(u − ū)

]
. (14.45)

We can combine them, so that we get

1 =
∫ 1

0

dx
[
(u − ū) − (d − d̄)

]
,

1 =
1
3

∫ 1

0

dx
[
(d − d̄) + (u − ū)

]
, (14.46)
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so that from Eqs. (14.38), (14.44) and (14.46), we have
∫ 1

0

[
F ν̄p

2 − F νp
2

] dx

x
= 2, (14.47)

and ∫ 1

0

F νN
3 (x) dx =

∫ 1

0

dx
[
(u − ū) + (d − d̄)

]
= 3. (14.48)

If we use Eq. (14.38b) and the corresponding equation for the neutron, we
get the sum rule (14.44) in the form

∫ 1

0

[F νn
2 − F νp

2 ]
dx

x
= 2. (14.49)

This is known as the Adler sum rule. It is an exact sum rule obtained
from quark structure of electromagnetic and weak hadronic currents and
is protected by conservation laws implied by Eqs. (14.44) and (14.45). It
is difficult at present to verify it experimentally with good precision as it
requires good low x data. On the other hand, the sum rule (14.48), known
as the Gross-Llewellyn Smith sum rule, is modified by QCD corrections in
the leading order to,

∫ 1

0

F νN
3 (x)dx = 3

(
1 − αs(Q2)

π

)
. (14.50)

The right-hand side of (14.50) for αs(Q2 ≈ 3 GeV2) = 0.35± 0.05 is 2.66±
0.05 while experimentally the left-hand side is 2.50±0.018±0.078, verifying
the sum rule.

Another sum rule which follows from Eqs. (14.28b) and (14.28c) is
∫ 1

0

[F ep
2 − F en

2 ]
dx

x
=

1
3

∫ 1

0

dx
[
u(x) + ū(x) − d(x) − d̄(x)

]

=
1
3

∫ 1

0

dx
[
u(x) − ū(x) − d(x) + d̄(x)

]

+
2
3

∫ 1

0

dx
[
ū(x) − d̄(x)

]

=
1
3

+
2
3

∫ 1

0

dx
[
ū(x) − d̄(x)

]
, (14.51)

on using Eq. (14.46). This is known as the Gottfried sum rule. Experi-
mentally the left-hand side is 0.258 ± 0.017 implying that the second term
on the right-hand side is not zero. Its non-vanishing does not contradict
any known principle.
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There are two sum rules which involve the spin-dependent structure
function g1(x). We note from Eq. (14.27) that

∫ 1

0

g1(x)dx =
1
2

∑
q

e2
q∆q, (14.52a)

where we have defined (for a nucleon target)

∆q =
∫ 1

0

{[q↑(x) + q̄↑(x)] − [q↓(x) + q̄↓(x)]} dx. (14.52b)

Here ∆q is the quark contribution to the first moment of the structure
function g1(x). There is also gluon contribution to it, this is due to the
short-range interaction of photons with polarized gluons via the quark box
diagram, shown in Fig. 14.5. To include this we replace ∆q by

∆q̃ = ∆q − αs

2π
∆Gq. (14.53)

Fig. 14.5 The photon-gluon scattering graph.

This separation is not unambiguous but has been found useful. For the
proton target ∆q̃ has been shown to be related to the matrix elements of
the axial vector current q̄γµγ5q

〈p |q̄γµγ5q| p〉 = ∆q̃(Sµ), q = u, d, s (14.54)

where Sµ = Ψ̄γµγ5Ψ is the spin of the proton, Ψ being the proton spinor.
For the first moment of gp

1(x), the gluon contribution in relation (14.53) is
related to the triangle axial anomaly [cf. Eq. (11.96)] in the divergence of
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the singlet current ∂µA0µ :

〈p |∂µA0µ| p〉 =

√
2
3

3αs

4π

〈
p

∣∣∣Tr
(
GµνG̃µν

)∣∣∣ p
〉

+

√
2
3

〈
p

∣∣[muūiγ5u + mdd̄iγ5d + mss̄iγ5s
]∣∣ p

〉

=

√
2
3

3αs

4π
(−∆G)q 2mpΨ̄iγ5Ψ

+

√
2
3

〈
p

∣∣[muūiγ5u + mdd̄iγ5d + mss̄iγ5s
]∣∣ p

〉
(14.55)

Note that the second term on the right-hand side is not an SU(3) singlet.
The first term on the right-hand side also contains a non-singlet part (that
is why we have put a subscript q on ∆G in Eq. (14.52)). For the proton
target, Eq. (14.49) gives the sum rule∫ 1

0

gp
1(x) dx =

1
2

[
4
9
∆ũ +

1
9
∆d̃ +

1
9
∆s̃ + · · ·

]

=
1
12

{(
∆ũ − ∆d̃

)
+

1
3

(
∆ũ + ∆d̃ − 2∆s̃

)

+
4
3

(
∆ũ + ∆d̃ + ∆s̃

)
+ · · ·

}
(14.56)

where · · · denotes isospin singlet sea contribution of heavy quarks and sec-
ond and third terms are isospin singlets. Therefore, for the neutron target,
only

(
∆ũ − ∆d̃

)
changes sign and we get in the isospin conservation limit

∫ 1

0

[gp
1(x) − gn

1 (x)] dx =
1
6

(
∆ũ − ∆d̃

)
=

1
6
gA (14.57)

since from Eq. (14.54), it is clear that

∆ũ − ∆d̃

2
(Sµ) = 〈p |A3µ| p〉Q2=0

=
1
2
gA(Sµ). (14.58)

Here gA is the axial vector coupling constant determined from β-decay of
the neutron. The sum rule (14.57) is known as the Bjorken sum rule. If
the leading order QCD corrections are included, it then becomes

Γp
1 − Γn

1 =
∫ 1

0

[gp
1(x) − gn

1 (x)] dx

=
1
6
gA

(
1 − αs

π

)
. (14.59)
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Fig. 14.6 Plot of Γn
1 versus Γp

1. The predictions of the Bjorken and Ellis-Jaffe sum rules
are shown on the diagonal band from the lower left to the upper right of the figure. While
the data and the Bjorken sum rule overlap within one sigma, the Ellis-Jaffe prediction
is roughly two sigma away from the overlap region in the data [16].

This sum rule obtained from quark structure of electromagnetic and weak
hadronic currents, is regarded as a fundamental prediction of QCD. For
gA = 1.270 ± 0.003, αs = 0.35 ± 0.05 one finds for the right hand side of
Eq. (14.59), the value 0.187 ± 0.01. The experimental situation is best
summarized in the Γn

1 , Γp
1 plane, Fig. 14.6 which illustrates that Ellis-Jaffe

sum rule [see below] is violated by the experimental data whereas Bjorken
sum rule is compatible with the data.

One can obtain another sum rule involving only gp
1 if one assumes exact

SU(3) flavor symmetry for semi-leptonic decays of baryon octet, so that
(
∆ũ + ∆d̃ − 2∆s̃

)
(Sµ)

= 2
√

3 〈p |A8µ| p〉Q2=0

= g8
A(Sµ) = (3F − D)(Sµ) (14.60)

where gA , F and D have been defined in Chap. 11, namely

g
(3)
A = ∆ũ − ∆d̃ = gA = 1.270 ± 0.003,

g
(8)
A = 0.58 ± 0.03,

F = 0.463 ± 0.023,

D = 0.803 ± 0.040. (14.61)
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Thus neglecting the sea contribution of heavy quarks, one obtains from Eq.
(14.56)

Γp
1 =

∫ 1

0

gp
1(x)dx =

1
12

[
g
(3)
A +

1
3
g
(8)
A +

4
3
g
(0)
A

]
(14.62)

where

g
(0)
A = ∆ũ + ∆d̃ + ∆s̃ = ∆Σ̃ (14.63)

If we take the value of g
(8)
A given above, then the inclusive g1 data with

Q2 > 1GeV, gives

g
(0)
A = 0.33 ± 0.03(stat) ± 0.05(syst) (14.64)

considerably smaller than g
(8)
A given above. Further this implies

∆s̃ =
1
3
(g(0)

A − g
(8)
A ) = −0.08 ± 0.01(stat) ± 0.02(syst),

i.e. strange quark is polarized in the opposite direction to the spin of the
particle. If one assumes as is done in naive quark model [OZI rule]

〈p |s̄γµγ5s| p〉 = 0, (14.65)

one has

g0
A ≈ g8

A = (3F − D) (14.66)

which is obviously violated. Nevertheless, if one uses it, then the sum rule
(14.62) becomes

Γp
1 =

∫ 1

0

gp
1(x) =

1
12

[
1 +

5
3

3F/D − 1
F/D + 1

]
. (14.67)

This is known as the Ellis-Jaffe sum rule. With gA and F/D given in Eq.
(14.61), the right-hand side of Eq. (14.67) is 0.187± 0.003 in disagreement
with the SMC (Q2 = 10 GeV2) data which gives

Γp
1 = 0.139 ± 0.01 (14.68)

In view of the above disagreement the assumption (14.65) has been ques-
tioned. If one relaxes it, one does not have any prediction. However, one
can use the sum rule (14.56), [neglecting · · · ] together with (14.68) to de-
termine

1
2

[
4
9
∆ũ +

1
9
∆d̃ +

1
9
∆s̃

]
= 0.139 ± 0.01. (14.69)
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This together with the values given in Eqs. (14.60) and (14.61) give

∆ũ = 0.78 ± 0.07

∆d̃ = −0.48 ± 0.08

∆s̃ = −0.14 ± 0.07. (14.70)

Again ∆s̃ is not zero as would be the case in naive quark model but is
consistent with ∆s̃ given in Eq. (14.70) so that

g0
A ≡ ∆Σ̃ = ∆Σ − 3αs

2π
∆G̃ = 0.16 ± 0.22, (14.71a)

where ∆Σ = ∆u + ∆d + ∆s is the quark contribution to the spin of the
proton and ∆G̃ is the singlet part of ∆G. Again the above value of g0

A is
consistent with the one given in (14.64). Various estimates of ∆Σ indicate
that ∆Σ ≈ 0, which implies that αs

2π (−∆G̃) = 0.05 ± 0.07 which is con-
sistent with present measurements which suggest (− 3αs

2π ∆G̃) < 0.06, this
gives ∆G̃ < 0.4 with αs ≈ 0.3. Thus one faces with the issue of physical
interpretation of g0

A and possible SU(3) breaking in the estimation of F and
D and of g

(8)
A from hyperon decays which may change the value of g0

A. Now
as is clear from Eq. (14.55) there is the gluonic contribution to g0

A through
the QCD axial anomaly and we have

g
(0)
A ≡

(∑
q

∆q − 3αs

2π
∆G̃

)

parton

(14.71b)

where
(
∆G̃

)
parton

is the amount of spin carried by polarized gluons in the

polarized parton and (∆q)partons means the spin carried by the quarks and
antiquarks.

To conclude there is a need to understand the underlying dynamics
which seems to suppress the g

(0)
A relative to the OZI prediction g

(0)
A � g

(8)
A ,

and the sum rule for the longitudinal spin structure of the proton.
1
2

=
1
2

∑
q

∆q + ∆G + Lq + LG (14.72)

where Lq and LG denote the orbital angular momentum contributions. It
is important to measure both g0

A and F 0
2 (0) [the SU(3) singlet anomalous

magnetic moment of the proton] experimentally in order to determine the
flavor and spin content of the proton, i.e. to disentangle the different con-
tributions in the above sum rule as well as in (14.71b). There is presently
a vigorous experimental program for this [see in particular [17] for the dis-
cussion regarding the sum rule for Γp

1 and what follows].
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14.6 Deep-Inelastic Scattering Involving Neutral Weak
Currents

For neutral weak currents mediated by Z-boson (see Chap. 13), the relevant
Lagrangian for the processes

(ν̄)ν + N → (ν̄)ν + X

is given in Eq. (13.107) [see also Table 13.1]. For neutrino-parton scatering

(ν̄)ν + qi → (ν̄)ν + qi

we have [cf. problem (13.4)]

dσν,ν̄
i

dQ2
=

G2
F

4π

1
s2

[
(gV i ± gAi)

2
s2 + (gV i ∓ gAi)

2
u2

]

=
G2

F

4π

[
(gV i ± gAi)

2 + (gV i ∓ gAi)
2 (1 − y)2

]
(14.73)

σν,ν̄
i =

G2
F

2π
mE

[
(gV i ± gAi)

2 +
1
3

(gV i ∓ gAi)
2

]
(14.74)

d2σν,ν̄
i

dxdy
=

G2
F

2π
mEx

[
(gV i ± gAi)

2 + (gV i ∓ gAi)
2 (1 − y)2

]
δ(1 − x)

(14.75)

Hence

d2σν,ν̄
i

dxdy
((ν, ν̄) + p → (ν, ν̄) + X) =

G2
F

4π
ME

(∑
i

xfi(x)

)

×
[
(gV i ± gAi)

2 + (gV i ∓ gAi)
2 (1 − y)2

]
(14.76)

Finally, from Eq. (14.76), for the proton target we have

σν,ν̄
i =

G2
F

2π
ME

∫ 1

0

∑
i

xfi(x)dx

[
(gV i ± gAi)

2 +
1
3

(gV i ∓ gAi)
2

]
. (14.77)

In parton model

r =
σC

νN

σC
ν̄N

=
1
3

(14.78)

Rν = g2
L +

1
3
g2

R −→ g2
L + rg2

R (14.79)

Rν̄ =
σC

ν̄N

rσC
νN

=
1
r

(
g2

R + rg2
L

)
=

g2
R

r
+ g2

L (14.80)
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which were used in Chap. 13 [cf. Eq. (13.107)]. Finally from Eqs. (14.77),
(13.75) and Table 13.1, for the proton target we have

F νNC
2 = 2ρ2x

{[
(εL(u))2 + (εR(u))2

]
[u(x) + ū(x)]

+
[
(εL(d))2 + (εR(d))2

] [
d(x) + d̄(x)

]}
.

F νNC
3 = 2ρ2x

{[
(εL(u))2 − (εR(u))2

]
[u(x) − ū(x)]

+
[
(εL(d))2 − (εR(d))2

] [
d(x) − d̄(x)

]}
. (14.81)

F ν̄NC
2,3 = F νNC

2,3 .

Thus from the experimental data on deep inelastic scattering, we can de-
termine εL(u), εL(d), εR(u) and εR(d). This information has been used in
Chap. 13. In writing Eqs. (14.81), we have neglected the contribution
of strange and heavy quarks. For neutron, we can obtain the structure
function by replacing u(x) ↔ d(x) and ū(x) ↔ d̄(x).

We end this chapter by the remarks that the quark-parton model is
simple and quite successful. A closer examination of Fig. 14.3 reveals
a systematic deviation from exact Bjorken scaling, the structure function
increases with increasing Q2 at small x whereas it has opposite behavior for
large x. The attempts to understand such deviations from the quark-parton
model in terms of QCD are beyond the scope of this book.

14.7 Problems

(1)

〈
p′

∣∣Jλ
em

∣∣ p
〉

=

√
m2

p0p′0

(
1
2π

)3

ū(p′)
[
F1γ

λ − iF2

2M
σλνqν

]
u(p)

q = p′ − p

(a) Express

〈
p′

∣∣Jλ
em

∣∣ p
〉
∼ ū(p′)

[
(F1 + F2) γλ − F2

2M
Pλ

]
u(p)

(b) Using

ū(p′)γλu(p) =
1

4M2
(
1 + Q2

4M2

) ū(p′)
[
iελνρσPρqνγσγ5 + 2MPλ

]
u(p)
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express〈
p′

∣∣Jλ
em

∣∣ p
〉

∼ 1
1 + τ

ū(p′)
[
GE(Q2)Pλ +

i

4M2
GM (Q2)ελνρσPρqνγσγ5

]
u(p)

where

GE(Q2) = F1(Q2) − τF2(Q2)

GM (Q2) = F1(Q2) + F2

(
Q2

)

(c) Select the frame

p = −1
2
q, p′ =

1
2
q

p0 = p′0 q0 = 0

Show that

GE(0) = 1

〈1/2q |Jem| − 1/2q〉 =
1

1 + τ
ū

[
GM (q2)

2M
iσ × q

]
u

Magnetic Moment :

µ =
∫

1
2

(x × J) d3xi

Show that

〈1/2q |µ| − 1/2q〉 =
1

1 + τ
δ3(q)

GM

2M
u†σu

→ δ3(q)
GM (0)

2M
χ†σχ

GM (0) = µp, Gn
M (0) = µn

(2) Show that the scattering cross section for elastic scattering of electrons
on nucleon is given by (Rosenbluth formula)

dσ

dQ2
=

(
dσ

dQ2

)

M

1
ε (1 + τ)

[
τG2

M + εG2
E

]

(
dσ

dQ2

)

M

=
πα2

E2Q2

1
tan2 θ/2

=
πα2

4M2E2τ

2ε (1 + τ)
1 − ε

where (for elastic scattering)

ε =
1

1 + 2 (1 + ν2/Q2) tan2 θ/2
=

1
1 + 2 (1 + τ) tan2 θ/2

It is clear that GM can be extracted at ε = 0, while GE is extracted
from the ε-dependence. ε can be varied at fixed photon energy and
momentum by varying electron energy and scattering angle.
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(3) The structure functions W1 and W2 are related to the absorptive part
for the forward scattering for virtual photon as can be easily seen.
Optical theorem gives

(
1 +

ν2

Q2

)
W2

W1
− 1 =

σL

σT
≡ R

where σL and σT are the longitudinal and transverse total Compton
scattering cross-section respectively

(a) Show that for the elastic scattering

σL

σT
=

G2
E

τG2
M

(b) Show that the cross-section d2σ
dQ2dν can be expressed as

d2σ

dQ2dν
=

(
dσ

dQ2

)

M

2 tan2 θ/2
1 − ε

W1 [1 + εR]

=
(

dσ

dQ2

)

M

(K − 1) F1

M (K − 2)
[1 + εR]

d2σ

dxdy
=

(
dσ

dQ2

)

M

E
2MxF1(x)
(2 − K)

[1 + εR]

(4) (a) Express the cross-section d2∆σ

dQ2dν in the following form

d2∆σ

dQ2dν
=

(
dσ

dQ2

)

M

tan2 θ/2
1

2Mν

×
[
(g1 + g2) (E + E′ cos θ) − g2

E + E′

2
(E − E′ cos θ)

]

(b) Show that for elastic scattering of longitudinal polarized electrons
on polarized protons :

g1 + g2

2Mν
=

2
M

GEGMδ

(
ν − Q2

2M

)

g2

2Mν
=

2
M

( ν

2M

) 1
1 + τ

GM (GE − GM ) δ

(
ν − Q2

2M

)

d∆σ

dQ2
/

dσ

dQ2
= 2

(1 − ε)GM

(1 + τ) (τG2
M + εG2

E)

[ (
E/M − Mτ

E

)
(GE + τGM )

−τ (2GE − (1 − τ) GM )

]
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Chapter 15

Weak Decays of Heavy Flavors

In the standard model, three generations of matter replicate themselves
with increasing mass scale. We have already discussed the first and second
generation leptons (e, νe), (µ, νµ). In this chapter, we first discuss the weak
decays of τ lepton (the third generation lepton). Later we study the heavy
flavors viz decays of D and B mesons.

The study of heavy flavors provides us an opportunity to discover any
deviation from the standard model. However, we will find that the standard
model works quite well for heavy flavors. We begin with τ -decays. The mass
of τ lepton is 1776.82± 0.16 MeV and its mean life is (290.6± 1.0)× 10−15

s. The upper limit on the mass of ντ is 24 MeV.

15.1 Leptonic Decays of τ Lepton

In the standard model, the third generation leptons (τ , ντ ) behave exactly
in the same manner as (µ, νµ). Because τ lepton mass is 1777 MeV, τ

can decay into light mesons (π’s and K’s). As far as the decay τ− →
ντ + e− + ν̄e is concerned, in the standard model it should have exactly
the same structure as that for the decay µ− → νµ + e− + νe. Now e− and
νe are common in both these decays. The e− and ν̄e enter in the effective
Lagrangian for muon decay in the form e γµ(1 − γ5) νe, it should occur in
this form in the effective Lagrangian for τ -decay. Hence the most general
form for the T -matrix is given by:

T = −GF√
2

1
(2π)6

(
mτmemντmνe

p10p20k10k20

)1/2

×
[
u(p2)γλ(1 − εγ5)u(p1)

]
[u(k1)γλ(1 − γ5)v(k2)] (15.1)
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where p1, p2, k1, and k2, are four momenta of τ , ντ , e and νe respectively.
In the standard model, ε = +1. Thus any deviation from the standard
model should manifest itself with a value of ε different from 1.

Using the standard techniques, we can easily calculate the electron en-
ergy spectrum

dΓ
dx

≈ G2
F m5

τ

384π3
x2

[
(1 + ε)2(3 − 2x) + 6(1 − ε)2(1 − x)

]
. (15.2)

In deriving the above expression, we have taken neutrinos to be massless
and have put me/mτ ≈ 0 and x = 2Ee/mτ . It is convenient to put Eq.
(15.2) in the form

1
Γ

dΓ
dx

≈ 4x2

[
3(1 − x) + 2ρ(

4
3
x − 1)

]
, (15.3)

where

Γ ≈ G2
F m5

τ

192π3

(1 + ε2)
2

(15.4)

and

ρ =
3
8

(1 + ε)2

1 + ε2
. (15.5)

Equation (15.4) gives the decay rate for the decay τ− → e− + ντ + νe.
Equation (15.5) gives the Michel parameter ρ. In the standard model [V −A

theory ] ε = +1, ρ = 3
4 . The experimental value for ρ is 0.742 ± 0.027 in

agreement with the theoretical value of 0.75. This reinforces our assumption
that (τ, ντ ) are sequential leptons.

Using ε = 1, we get from Eq. (15.4)
Γ(τ → ντ + e + νe)
Γ(µ → νµ + e + νe)

=
m5

τ

m5
µ

(1 + δτ
rad)

(1 + δµ
rad)

(15.6)

Since (1 + δτ
rad)/(1 + δµ

rad) ≈ 1, one can write for the branching ratio

BR (τ → ντ + e + νe) =
(

ττ

τµ

) (
mτ

mµ

)5

BR (µ → νµ + e + νe) (15.7a)

Using the experimental values for the masses and decay rates,

BR (τ → ντ + e + νe) = (17.82 ± 0.09)% (15.7b)

to be compared with the experimental average (17.85 ± 0.05)%.
If we neglect mµ/mτ , we get for the decay τ → ντ + e + νµ, the same

expressions as in Eqs. (15.2)-(15.6). However, taking into account the finite
value of mµ/mτ we get

Γ (τ → ντ + µ + νµ) =
G2

F m5
τ

192π3
K

(
m2

µ

m2
τ

)
, (15.8)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

15.2. Semi-Hadronic Decays of τ Lepton 453

where

K(y) = 1 − 8y + 8y3 − y4 − 12y2 ln y. (15.9)

Using the experimental values of mµ and mτ , Eqs. (15.8) and (15.4) give

BR (τ → ντ + µ + νµ) ≈ (0.9726 ± 0.0001)BR(τ → ντ + e + νe)

= (17.33 ± 0.09)% (15.10)

to be compared with the experimental average (17.36±0.5)%. Thus we see
that e − µ − τ universality is satisfied to an excellent degree of accuracy.

15.2 Semi-Hadronic Decays of τ Lepton

We consider a general decay

τ(k) → X(pX) + ντ (k′),

where X is any number of hadrons allowed by energy conservation. The
T -matrix is given by

T = − G′
√

2

〈
0

∣∣JW
µ

∣∣ X
〉

u(k′)γµ(1 − γ5) u(k)
1

(2π)3

√
mτmντ

k0k′
0

. (15.11)

The decay rate is given by

Γ =
(2π)3

(2π)5
mντ

2

∫
d3pX

∫
d3k′

k′
0 pX0

|F |2 δ(pX − k − k′) (15.12)

where

|F |2 =
G

′2

√
2

(2π)3(2pX0)
〈
0

∣∣JW
µ

∣∣ X
〉 〈

X
∣∣∣JW†

λ

∣∣∣ 0
〉

Lµλ. (15.13)

Note that G′ is the effective decay constant, Lµλ is the leptonic part given
by

Lµλ =
2

mτmντ

1
2

[
k′

µkλ + k
′

λkµ − gµλ k′.k − iεµλρσ kρ k′σ
]
. (15.14)

The weak current JW
µ = V W

µ − AW
µ . Since the interference term V µAµ

does not contribute, we can separately consider the vector and axial vector
parts. Using the Lorentz invariance and CVC (the spin over final hadrons
is summed), we can write quite generally (q = k − k′):

(2π)3
∫ 〈

0
∣∣V W

µ

∣∣ X
〉 〈

X
∣∣∣V W†

λ

∣∣∣ 0
〉

d3pXδ (pX − q)

= θ (q0)
(
−q2gµλ + qµqλ

)
ρV

(
q2

)
. (15.15)
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Similarly we can write

(2π)3
∫ 〈

0
∣∣AW

µ

∣∣ X
〉 〈

X
∣∣∣AW†

λ

∣∣∣ 0
〉

d3pXδ (pX − q)

= θ (q0)
[(
−q2gµλ + qµqλ

)
ρA

(
q2

)
+ qµqλσA

(
q2

)]
. (15.16)

In writing Eq. (15.16), we have not used the conservation of axial vector
current. The form factor σA(q2) arises due to non-conservation of Aµ. From
Eqs. (15.12)-(15.16), we get

ΓV =
G′2

2
m3

τ

8π

∫ m2
τ
(

1 − s

m2
τ

)2 (
1 +

s

m2
τ

)
ρV (s)ds, (15.17)

ΓA =
G′2

2
m3

τ

8π

∫ m2
τ

[(
1 − s

m2
τ

)2 (
1 +

2s

m2
τ

)
ρA(s)

+
(

1 − s

m2
τ

)2

σA(s)

]
ds (15.18)

where

s = q2 = (k + k′)2. (15.19)

15.2.1 Special Cases

(1) τ− → π− + ντ

Here

ρA(s) = ρV (s) = 0, σA(s) = f2
π δ(s − m2

π), (15.20)

G′2 = G2
F cos2 θc. fπ is the pion decay constant and is defined by the

matrix element
〈
0

∣∣AW
µ

∣∣ π
〉

= ifπ
1

(2π)3/2

1√
2q0

qµ. (15.21)

Hence from Eq. (15.18), we get

Γπ =
G2

F

16π
cos2 θc f2

π m3
τ

(
1 − m2

π

m2
τ

)2

. (15.22)

(2) τ− → ρ− + ντ

Here

ρν(s) = f2
ρ δ(s − m2

ρ), (15.23)

where fρ is defined by
〈
0

∣∣V W
µ

∣∣ ρ−
〉

= fρ
mρ

(2π)3/2

εµ√
2q0

. (15.24)
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Hence from Eq. (15.17),

Γρ =
G2

F

16π
cos2 θc f2

ρ m3
τ

(
1 −

m2
ρ

m2
τ

)2 (
1 +

2m2
ρ

m2
ρ

)
. (15.25)

(3) τ− → a−
1 + ντ

Here

ρA(s) = f2
a1

δ(s − m2
a1

). (15.26)

Hence from Eq. (15.18),

Γa1 =
G2

F cos2 θc

16π
f2

a1
m3

τ

(
1 −

m2
a1

m2
τ

)2 (
1 +

2m2
a1

m2
τ

)
. (15.27)

Let us compare these results with their experimental values. From Eqs.
(15.22), (15.25) and (15.27), we have

Γπ/Γe = (12π2)
(

f2
π

m2
τ

)
cos2 θc

(
1 − m2

π

m2
τ

)2

. (15.28)

Γρ/Γe = (12π2)

(
f2

ρ

m2
τ

)
cos2 θc

(
1 −

m2
ρ

m2
τ

)2 (
1 + 2

m2
ρ

m2
τ

)
. (15.29)

Γa1/Γe = (12π2)
(

f2
a1

m2
τ

)
cos2 θc

(
1 −

m2
a1

m2
τ

)2 (
1 + 2

m2
a1

m2
τ

)
. (15.30)

Using fπ = 132 MeV, cos θc = 0.97 and the experimental values for
masses,

BR(τ− → ντπ−) ≈ (0.605)
(

fπ

132

)2

Be (10.91 ± 0.07)%

(15.31a)

BR(τ− → ντρ−) = (0.557)
(

fρ

132

)2

Be (25.51 ± 0.09)%

(15.31b)

BR(τ− → ντ + a−
1 ) = (0.329)

(
fa1

132

)2

Be (9.32 ± 0.07)%

(15.31c)
Using the experimental values given in parenthesis and Be = (17.85 ±
0.05)%, we get

fπ = 132.7MeV, fρ = 211MeV and fa1 = 166MeV (15.31d)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

456 Weak Decays of Heavy Flavors

Let us compare the above values of the decay constants fπ and fρ with
those determined from light flavor physics. The experimental value of
fπ is (130.41 ± 0.03 ± 0.20)MeV and that of fρ is (221 ± 1)MeV. The
latter value is obtained from the experimental value of decay width
Γee = (7.04 ± 0.06) keV, using the formula

Γ
(
ρ → e+e−

)
=

4πα2

3
f2

ρ

mρ

(
1
2

)
(15.32)

Thus the values of decay constants fπ and fρ extracted from τ -decays
are consistent with those from light flavor physics showing the inner
consistency of the standard model. Now the Kawarabayashi-Suzuki-
Riazuddin-Fayyazuddin (KSRF) relation and the Weinberg sum rule
give respectively

fρ =
√

2fπ, fa1 =
mρ

ma1

fρ = 0.61fρ = 135 MeV (15.33)

The KSRF value agrees with the experimental value within 16%. The
value of fa1 , in Eq (15.31d), agrees with fa1 obtained from the τ -decay
within 23%.

One can improve the theoretical predictions for Γ(τ− → ρ−ντ →
π−π0ντ ) and Γ(τ− → a−

1
ντ → π−ρ0ντ ) by taking into account finite decay

widths of ρ and a1 mesons (see problems 1 and 2). However, for hadronic
decays (τ− → f− + ντ ) which proceed through the vector current only, one
can use CVC to relate Γ(τ− → f− + ντ ) to the scattering cross section for
the process:

e−e+ → γ → f0.

The cross section for this process is given by Eq. (A.87)

σf (s) =
16π3α2

s
ργ(s). (15.34)

Using CVC, we get

ρ(s) = 2ργ(s) =
2s σf (s)
16π3α2

. (15.35)

Hence we have

Γ(τ− → f−ντ ) =
G2

F cos2 θc

128π4α2
m3

τ

×
∫ m2

τ
(

1 − s

m2
τ

)2 (
1 +

2s

m2
τ

)
s σf (s) ds. (15.36)
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Let us apply this to the decay

τ− → π−π0π0π0 + ντ

→ π−π−π+π0 + ντ . (15.37)

Then we get from Eq. (15.36)

Γ
(
τ− → π−π0π0π0ντ

)
+ Γ

(
τ− → π−π−π+π0ντ

)

=
G2

F cos2 θc

128π4α2
m3

τ

∫ m2
τ
(

1 − s

m2
τ

)2 (
1 +

2s

m2
τ

)

×s [σπ−π−π+π+(s) + σπ−π+π0π0(s)] ds. (15.38)

Since the decay proceeds via I = 1 weak currents, one also obtains an
additional relation

Γ
(
τ− → π−3π0ντ

)
=

G2
F cos2 θc

128π4α2
m3

τ

∫ m2
τ
(

1 − s

m2
τ

)2 (
1 +

2s

m2
τ

)

×s

[
1
2
σ2π−2π+(s)

]
ds. (15.39)

We have discussed above the dominant decay modes of τ− viz τ− →
ντ e−νe, τ− → ντµ−νµ, τ− → ντ (2π)−, τ− → ντ (3π)− and τ− → ντ (4π)−.
The other small decay modes can also be estimated. All these decay rates
occur at the expected rates. The agreement between the theoretical and
experimental values is good for each exclusive decay mode.

Finally if we add the decay rates for all exclusive channels for 1 prong
events [τ− → ντ (particle)− neutrals (≥ 0)], we get the value (84.72 ±
0.08)% to be compared with direct inclusive one prong branching ratio
B1 = (85.36 ± 0.14)%. Thus there is no discrepancy between the two
branching ratios. τ -decays are well understood in the standard model.

15.3 Weak Decays of Heavy Flavors

In the standard model, the hadronic charged weak current can be written
as (see Chap. 13)

JW
µ =

(
u c t

)
γµ (1 − γ5) V




d

s

b


 , (15.40)

where

V =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


 , V V † = 1 (15.41)
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is the Cabibbo-Kobayashi-Maskawa (CKM) matrix. As we have discussed
in Chap. 13, the matrix V has only four real parameters [see Eq. (13.140)].

The weak decays of heavy hadrons are governed by the basic processes
(Fig. 15.1). It follows that one has the following selection rules in the

Fig. 15.1 Tree level quark diagram.

standard model for the weak decays of heavy hadrons:
∆Q = ∆C = ∆S = −1, |Vcs| , dominant (15.42a)

∆Q = ∆C = −1, ∆S = 0, |Vcd| ∼ λ, suppressed (15.42b)

∆Q = −∆C, and (15.42c)

∆Q = ∆C = −∆S, are strictly forbidden (15.42d)
Thus we expect D mesons (cu, cd) to decay predominantly into states
with strangeness S = −1 (K−,K

0
+anything) and Ds meson (cs) to de-

cay predominantly into states with strangeness S = 0 (φ (π,s)+ , Ds →
K∗+K,K∗0K

+
, (π,s)+).

Similarly
∆Q = ∆B = ∆C = −1, |Vcb| ∼ λ2, dominant (15.43a)

∆Q = ∆B = −1, ∆C = 0, |Vub| ∼ λ3
√

ρ2 + η2, suppressed

(15.43b)

∆Q = −∆B, and (15.43c)

∆Q = ∆B = −∆S, are strictly forbidden (15.43d)
Thus we expect B mesons (ub, db) to decay predominantly into states with
C = −1 and Bs meson (sb) to decay predominantly into states with S =
C = −1.

15.3.1 Leptonic Decays of D and B Mesons

The decay constants fD, fDs
, fB , fBs

can in principle be determined
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from the leptonic decays of D and B mesons. Thus for example, using Eq.
(15.40), we can write

Γ (D+ → µ+νµ)
Γ (π+ → µ+νµ)

=
f2

D

f2
π

|Vcd|2

|Vud|2
mπ

mD

p2
D

p2
π

, (15.44a)

where

pD =
1
2

mD

(
1 −

m2
µ

m2
D

)
, pπ =

1
2

mπ

(
1 −

m2
µ

m2
π

)
. (15.44b)

In order to determine fD, we need |Vud|2 and |Vcd|2 . Now |Vud|2 can be
determined with a great degree of accuracy from nuclear β-decay. Its value
is given by [see Chap. 10].

|Vud| = 0.97425(22). (15.45a)

Recent analysis of the decays in [13] gives

|Vus| = 0.2246(12) (15.45b)

|Vcd| = 0.2245(12). (15.45c)

fD+ = (206.7 ± 8.5 ± 2.5)MeV (15.46)

|Vcs| = 0.97345(22) (15.47)

fD+
s

= (257.5 ± 6.1)MeV (15.48)

15.3.2 Semileptonic Decays of D and B Mesons

The prototype of these decays is Ke3 decay
(
K− → π0 + e− + ν̄e

)
. In fact

from this decay and hyperon decays, |Vus| has been determined:

|Vus| = 0.2205 ± 0.0018 (15.49)

It is theoretically simplest to begin with semileptonic decays of heavy fla-
vors. We start with the decay

D− → X0 + e− + ν̄e : p = pX + k1 + k2

where X0 is any number of hadrons consistent with energy conservation
and allowed by the selection rules. The T-matrix for this decay is given by

T = −GF Vcs√
2

〈
X

∣∣JW
µ

∣∣ D
〉 1

(2 π)3

√
me mν

k10 k20

× [ū (k1) γµ (1 − γ5) v (k2)] . (15.50)
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Since experimentally, one observes only charged leptons, we sum over
hadrons. Thus for the inclusive semileptonic decays, the decay rate is given
by:

Γ =
G2

F |Vcs|2

2 (2π)6 2 p0

∫
d3 k1

k10

d3 k2

k20
(me mν) Lµλ Aµλ (15.51a)

where [see Appendix A]

Lµλ =
2

me mν
[k1µ k2λ + k1λ k2µ − gµλ k1 · k2 − iεµλρσ kρ

1 kσ
2 ] , (15.51b)

Aµλ = (2π)4
∫

d3 pX δ4 (p − q − pX)
〈
D

∣∣∣JW†
λ

∣∣∣ pX

〉 〈
pX

∣∣JW
µ

∣∣ D
〉

=
∫

d4 z eiqz
〈
D

∣∣∣
[
JW†

λ (z) , JW
µ (0)

]∣∣∣ p
〉

=
1

(2π)3 2 p0

[
1

m2
D

pλ pµ 2π f2

(
ν, Q2

)
− gλµ 2π f1

(
ν, Q2

)

− 1
2 m2

D

iελµαβ pα qβ 2π f3

(
ν, Q2

)
+ · · ·

]
. (15.51c)

Here

q = k1 + k2, q2 = 2EeEν (1 − cos θ)

ν =
p · q
mD

= Ee + Eν . (15.52)

In writing Eq. (15.51c), those form factors which give contribution propor-
tional to lepton mass (me) are neglected. In Eq. (15.52), we have also put
me = mν = 0, and k10 = Ee and k20 = Eν . Thus Eqs. (15.51a) and (15.52)
give

dΓ
dEe dν dΩ

=
G2

F |Vcs|2

(2π)4
8

2 mD
E2

eE2
ν

×
[
1
4

(1 + cos θ) f2

(
ν, q2

)
+

1
2

(1 − cos θ) f1

(
ν, q2

)

+
1

4 mD
(Ee − Eν)

1
2

(1 − cos θ) f3

(
ν, q2

)]
. (15.53)

This is a general expression for the semileptonic decay rate of D meson.
But this expression is not useful since we do not know the form factors f1,
f2 and f3. In order to determine these form factors one has to use some
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Fig. 15.2 Dominant (spectator) diagram for Cabibbo favored semileptonic decays of D
mesons.

models. The simplest model is the spectator quark model. According to
this model the decay proceeds as shown in Fig. 15.2. It is assumed in this
model that the quarks in the final states fragment into hadrons with unit
probability. In this model, one can easily calculate the tensor Aµλ using
the usual trace techniques. Noting that P = xp, P ′ = P − q, one obtains

Aµλ = 2
(2π)4

(2π)6
1

xp0
δ
(
2xp · q − m2

c + m2
s − q2

)

×
[
2x2 pµ pλ + gλµ

(
−m2

c + xp · q
)

− x iεµλαβ pα qβ
]
. (15.54)

Thus comparing it with Eqs. (15.51):

f2

(
ν, q2

)
= 8x m2

D δ
(
2xp · q − m2

c + m2
s − q2

)

f1

(
ν, q2

)
= − 4

x

(
−m2

c + xp · q
)

δ
(
2xp · q − m2

c + m2
s − q2

)

f3

(
ν, q2

)
= −8 m2

D δ
(
2xp · q − m2

c + m2
s − q2

)
. (15.55)

Hence from Eq. (15.53) and noting here that x = mD/mc ≈ 1,

dΓ
dy

=
G2

F |Vcs|2

16π3
m5

c y2 (yc − y)2

(1 − y)

Γ =
G2

F m5
c

192π3
|Vcs|2 F

(
ms

mc

)
, (15.56)

where

y =
2 Ee

mc
, yc = 1 − m2

s

m2
c

F

(
ms

mc

)
= 1 − 8

(
ms

mc

)2

+
(

ms

mc

)6

−
(

ms

mc

)8

− 24
(

ms

mc

)4

ln
(

ms

mc

)
.

(15.57)
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Equation (15.56) is exactly the same as one gets (see problem 11.1 with
G2

F replaced by G2
F |Vcs|2 ) for the decay

c̄ → s̄ + e− + ν̄e

(
c → s + e+ + νe

)
.

Similarly for the (inclusive) semileptonic decay of B mesons viz

B+ → X0 + e+ + νe

(
B− → X0 + e− + ν̄e

)
,

the basic process is

b̄ → c̄ + e+ + νe

(
b → c + e− + ν̄e

)
,

and we get (see problem 11.1 with G2
F replaced by G2

F |Vcb|2 ).

dΓ
dy

=
G2

F |Vcb|2

96π3
m5

b y2 (yb − y)2

(1 − y)2

[
(3 − 2y) +

(1 − yb) (3 − y)
(1 − y)

]

Γ =
G2

F m5
b |Vcb|2

192π3
F

(
mc

mb

)
, (15.58)

where

y =
2 Ee

mb
, yb = 1 − m2

c

m2
b

. (15.59)

Note that the difference between Eqs. (15.56) and (15.58) which is due to
the fact that V - A interference term [the third term in Eq. (15.53)] has
opposite sign in the two cases. We conclude this section with the remarks
that according to this picture

Γ
(
D+ → X0e+νe

)
= Γ

(
D0 → X−e+νe

)

Γ
(
B+ → X0e+νe

)
= Γ

(
B0 → X−e+νe

)
. (15.60)

For the decay

D+
s → X0 + e+ + νe

we get for dΓ
dy and Γ exactly the same expressions as those given in Eq.

(15.56). Similar remarks are applicable to the decay B0
s → X− + e+ + νe.

Hence the quark model predicts

Γ
(
D+ → X0e+νe

)
= Γ

(
D0 → X−e+νe

)
= Γ

(
D+

s → X0e+νe

)
, (15.61)

Γ
(
B+ → X0e+νe

)
= Γ

(
B0 → X−e+νe

)
= Γ

(
B0

s → X−e+νe

)
. (15.62)

The experimental branching ratios for these decays are:
(
D+

)
SL

≡ BR
(
D+ → X0e+νe

)
= (16.07 ± 0.30) %(

D0
)
SL

≡ BR
(
D0 → X−e+νe

)
= (6.49 ± 0.11) %(

D+
s

)
SL

≡ BR
(
D+

s → X0e+νe

)
= (6.5 ± 0.4)% (15.63)
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For B mesons the experimental values are

(
B+

)
SL

≡ BR
(
B+ → X0e+νe

)
= (10.99 ± 0.28) %(

B0
)
SL

≡ BR
(
B0 → X−e+νe

)
= (10.33 ± 0.28) % (15.64)

The experimental values for τD+ , τD0 , τD+
s
, τB+ and τB0 are respec-

tively (1040 ± 7) × 10−15s, (410.1 ± 1.5) × 10−15s, (500 ±7) × 10−15s,

(1.638 ± 0.011) × 10−12s, and (1.525 ± 0.009) × 10−12s. Now

Γ
(
B0 → X−e+νe

)
Γ (B+ → X0e+νe )

= (τB+/τB0)

(
B0

)
SL

(B+)SL

≈ 1 ,

on using Eq. (15.64) and the experimental value τB+/τB0 = 1. Comparing it
with Eq. (15.60), we conclude that the spectator quark model for inclusive
semileptonic decays for B mesons is compatible with the experiment.

However for D-mesons τD0 ≈ τD+
s
�= τD+ , τD+ ≈ 2.5 τD0 , i.e. isospin is

badly broken for D+ and D0.

Γ
(
D+ → X0e+νe

)
Γ (D0 → X−e+νe )

=
(D+)SL

(D0)SL

τD0

τD+

≈ 2.48 ± 0.06
2.5

≈ 1

Γ
(
D+

s → X0e+νe

)
Γ (D0 → X−e+νe )

=
(D+

s )SL

(D0)SL

τD0

τD+
s

≈ 1.00 ± 0.06
1.22 ± 0.02

≈ 0.82 ± 0.05

where the numerical values have been obtained using the experimental val-
ues for branching ratios given in Eq. (15.63). Hence except for inclusive
semileptonic decays of D+

s which is about 18% less than the prediction of
spectator quark model given in Eq. (15.61), the spectator quark model for
inclusive semileptonic decays of D-mesons is compatible with experiment.

In the end, it may be noted that one can get an estimate of |Vcs|, using
the BR (D → Xeνe) from the experiment if we know the quark masses ms

and mc.
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15.3.3 (Exclusive) Semileptonic Decays of D and B

Mesons

The formulation developed in Chap. 9 can be used to calculate the decay
rate for semileptonic decays of the type

P (p) = M (p′) + l + ν

where P = D or B. M is a pseudoscalar meson P ′ or a vector meson V .
In order to discuss these decays, we first define the form factors

〈P ′ (p′) |q̄ γµ Q|P (p)〉

=
1

(2π)3
1√

4 p0 p′0

[
f+ (t) (p + p′)µ + f− (t) (p − p′)µ

]
(15.65a)

=
1

(2π)3
1√

4 p0 p′0

[
(p + p′) f+ (t) +

(
m2

P − m2
P ′

t
qµ

)
(f+ (t) + f0 (t))

]

where

t = q2 = (p − p′)2 ,

qµ = (p − p′)µ

f0 (t) = f+ (t) +
t

m2
P − m2

P ′
f− (t) (15.65b)

Here mP is the mass of P and mP ′ is that of P ′. For the vector meson V ,
the form factors are defined:

〈V (p′, ε) |q̄ γµ(1 − γ5) Q|P (p)〉

=
1

(2π)3
−i√

4 p0 p′0

{[
(mP + mV ) ε∗µ − (mP + mV )

t
q · ε∗qµ

]
A1 (t)

−
[

1
mP + mV

(p + p′)µ − (mP − mV )
t

qµ

]
q · ε∗A2 (t)

+
[
2mV

q · ε∗

t
qµ

]
A0 (t) +

2(−i)
mP + mV

εµνλσ εν∗ p′λpσV (t)
}

(15.66)

However for the transition B → D or B → D∗, q = c, Q = B, it is
convenient to write form factors in the following form, which is suitable for
taking the HQET limit

f+ (t) =
mB + mD

2
√

mB mD
h+ (w) (15.67)

f0 (t) =
√

mB mD

(mB + mD)
[1 + w] h0 (w) (15.68)
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V (t) =
mB + mD∗

2
√

mB mD∗
hV (w) (15.69)

A1 (t) =
√

mBmD∗

mB + mD∗
[1 + w] hA1 (w)

A2 (t) =
mB + mD∗

2
√

mB mD∗
hA2 (w)

A0 (t) =
mB + mD∗

2
√

mB mD∗
hA0 (w) (15.70)

Note that
t = m2

B + m2
D(∗) − 2mBmD(∗)v · v′

= m2
B + m2

D(∗) − 2mBmD(∗)w (15.71)
where

w = v · v′ (15.72)
At w = 1, t = (mB + mD∗)2 = tmax, the form factor ξ (w) is normalized as

ξ (1) = 1, ξ (tmax) = 1 (15.73)
In HQET limit, the form factors are given by [cf. Eqs. (9.58) and (9.59)]

〈
D0 (v′) |c γµb|B− (v)

〉
=

1√
4 v0 v′0

[
ξ (w) (v + v′)µ

]
(15.74)

〈
D∗0 (v′, ε∗) |c γµ(1 − γ5)b|B− (v)

〉
= −i

1√
4 v0 v′0

ξ (w)

×
[
−iεµνλσ εν∗ v′λvσ + (1 + w)ε∗µ − v.ε∗v′µ

]
(15.75)

Hence in heavy quark limit, we have from Eqs. (15.67)-(15.70) and (15.73)-
(15.74)

h+ (w) = h0 (w) = hV (w) = hA1 (w) (15.76)

= hA2 (w) = hA0 (w) = ξ (w) (15.77)
Having defined the matrix elements and form factors, the following table
summarize the exclusive semileptonic decays, being considered:

Q q Current |VqQ| Decay

c s s̄ γµ (1 − γ5) c |Vcs| = 1.023 ± 0.036
D → Klν

→ K∗lν

c d d̄ γµ (1 − γ5) c |Vcd| = 0.230 ± 0.011
D → πlν

→ ρlν

c s s̄ γµ (1 − γ5) c |Vcs| = 1.023 ± 0.036
Ds → ηlν

→ φlν

b c c̄ γµ (1 − γ5) b |Vcb| = (40.6 ± 1.3) × 10−3 B → Dlν

→ D∗lν

b u ū γµ (1 − γ5) b |Vub| = (3.89 ± 0.441) × 10−3 B → πlν

→ ρlν
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Now for the semileptonic decay P → M lν, since the meson M is on the
mass shell, we can integrate our master equation (15.53) over ν using the
delta function δ

(
2mP ν − m2

P − t + m2
M

)
, to obtain

d Γ
dt dE�

=
G2

(2π)3
1

8m2
P

{ [
4
√

K2 + t − E� − t
]
f2 (t)

+2t f1 (t) +
t

mP

[
2E� −

√
K2 + t

]
f3 (t)

}
, (15.78)

where K is the momentum of meson M in the rest frame of P , t = q2 and
G = GF |VqQ|. Integrating Eq. (15.78) over the lepton energy E�

d Γ
dt

=
G2

(2π)3
1

8m2
P

[
2
3
K3 f2 (t) + 2tK f1 (t)

]
(15.79)

Note that in Eqs. (15.78) and (15.79), those form factors which give con-
tribution proportional to lepton mass ml, have been neglected.

First we consider the case when M is a pseudoscalar meson, i.e. M = P ′.

In this case from Eqs. (15.65a) and (15.51c)

f2 (t) = 4 m2
p |f+ (t)|2 , f1 (t) = 0 (15.80)

Hence
d Γ
dt

=
G2

24π3
K3 |f+ (t)|2 (15.81)

For the vector case, i.e. M = V, Eqs. (15.66) and (15.51c) after straight-
forward but some what lengthy calculation give

d Γ
dt

=
G2

96π3
mV

√
w2 − 1 |A1 (t)|2 (mP + mV )2

×

{(
w2 − 1

) [
1 + 4 mV (mV − mP w)

r2 (t)
(mV + mP )2

+ 4m2
P m2

V

(
w2 − 1

) r2
2 (t)

(mV + mP )4

]

+ 4
t m2

V

(mV + mP )4
(w + 1) r2

V (t) [(w + 1) + 4w]

}
(15.82)

where we have used

KV = mV

√
w2 − 1, EV = mV w

t = m2
P + m2

V − 2mP mV w (15.83)

r2 (t) =
A2 (t)
A1 (t)

, rV (t) =
V (t)
A1 (t)

(15.84)
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For the transition B → D∗, it is convenient to define

R1 (t) =

[
1 − t

(mB + mD∗)2

]
V (t)
A1 (t)

R2 (t) =

[
1 − t

(mB + m2
D∗)

2

]
A2 (t)
A1 (t)

(15.85)

Note that in the heavy quark symmetry limit R1 (t) = R2 (t) = 1. Using
Eqs. (15.84) and (15.85), Eq. (15.82) with mP → mB , mV → mD∗ , gives

d Γ
d w

=
G2

F |Vcb|2

48π3
m3

D∗

√
w2 − 1 (w + 1)2

{[
m2

B

(
w2 − 1

)

+ 2mB (mD∗ − mBw) (w − 1) R2 (t) + m2
B (w − 1)2 R2

2 (t)
]

+
[(

m2
B + m2

D∗ − 2mBmD∗
) (

1 +
4w

w + 1

)]
R2

1 (t)
}
F2 (w) (15.86)

In the symmetry limit, R1 (t) = R2 (t) = 1,

d Γ
d w

=
G2

F |Vcb|2

48π3
m3

D∗

√
w2 − 1 (w + 1)2

{
(mB − mD∗)2

+
4w

(
m2

B + m2
D∗ − 2mB mD∗ w

)
w + 1

}
F2 (w) (15.87)

For B → D transition, Eqs. (15.81) and (15.68) give

d Γ
d w

=
G2

F |Vcb|2

48π3
(mB + mD)2 m3

D

(
w2 − 1

)3/2 G2 (w) (15.88)

In the heavy quark symmetry limit

G (w) = F (w) = ξ (w) (15.89)

For B → D, D∗ transitions, the heavy quark spin symmetry gives R1 (t) =
R2 (t) = 1; but it does not give the form factors F (w) and G (w) at any
w except at w = 1. Lattice calculation including the finite quark mssses
corrections gives

F (1) = 0.927 ± 0.024

G (1) = 1.074 ± 0.018 ± 0.016 (15.90)

A more refined analysis of symmetry breaking gives

R1 ≈ 1 +
4αs (mc)

3π
+

Λ̄
2mc

R2 ≈ 1 − Λ̄
2mc

(15.91)
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Using, αs (mc) ≈ 0.34, Λ̄ ≈ 0.41 GeV, [cf. Eq. (9.75b)] mc ≈ 1.5 GeV
we obtain R1 ≈ 1.3, R2 ≈ 0.9. The data is fitted using Caprini-Lellauch-
Neubert (CLN)[7] parametrization for the form factors F (w) and G (w)
based on analyticity, unitarity and conformal mapping with variable z =
(
√

w + 1 −
√

2)/(
√

w + 1 +
√

2) :

F (w) = F (1)
[
1 − 8ρ2z + (53ρ2 − 15)z2 − (231ρ2 − 91)z3

]
(15.92)

G (w) = G (1)
[
1 − 8ρ2z + (51ρ2 − 10)z2 − (252ρ2 − 84)z3

]
(15.93)

Note that ρ2 is the slope of the form factor at w = 1. For B → D∗lν, the
fit gives [11]

ρ2 = 1.191 ± 0.048 ± 0.028

R1(1) = 1.429 ± 0.061 ± 0.044

R2(1) = 0.827 ± 0.038 ± 0.022

F(1)Vcb = (34.4 ± 0.3 ± 1.1) × 10−3 (15.94)

The fit also gives [9]

hA1(w
∗
max) = 0.52 ± 0.03 (15.95)

The decay B
0 → D∗+π−, using factorization for the tree graph gives [13]

hA0(w
∗
max) = 0.52 ± 0.03 (15.96)

Hence from Eqs. (15.90), (15.104) and (15.105), we conclude that HQET
is a good effective theory for heavy to heavy transitions.

For B → Dlν, the fit gives [10]

G(1)Vcb = (43.4 ± 1.9 ± 1.4) × 10−3

ρ2 = 1.20 ± 0.09 ± 0.04

Let us now consider the semileptonic decays of D-mesons. The experimental
results on the form factors are as follows [14]:

D+ → K̄0�+ν� : f+ (0) |Vcs| = 0.707 ± 0.013 (15.97)

D+ → K̄∗0
�+ν� : V (0) = 1.0 ± 0.3

A1 (0) = 0.55 ± 0.03

A2 (0) = 0.40 ± 0.08

r2 (0) = 0.84 ± 0.11

rV (0) = 1.80 ± 0.08 (15.98)
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D+
s → φ�+ν� : V (0) = 0.9 ± 0.3

A1 (0) = 0.62 ± 0.06

A2 (0) = 1.0 ± 0.3

r2 (0) = 0.84 ± 0.11

rV (0) = 1.80 ± 0.08 (15.99)

These form factors are of importance for two-body nonleptonic decays of
D-mesons in the factorization ansatz (see the next section).

There is no model independent way to determine these form factors.
First we note that the form factors for various decays are related by the
SU(3) as follows

−
√

2f+

(
D+ → π0

)
= f+

(
D0 → π−)

= f+

(
D+ → K̄0

)

= f+

(
D0 → K−)

= −
√

3/2 f+

(
D+

s → η8

)

= f+

(
D+

s → K0
)

(15.100)

For D → V transitions, we have similar relations with π → ρ and K → K∗

and since the nonet symmetry holds for vector mesons, we have

V
(
D0 → ρ−

)
= V

(
D+ → K̄∗0

)

= V
(
D0 → K∗−

)

= V
(
D+

s → K∗0
)

= −V (D∗
s → φ)

and

V
(
D+

s → w
)

= 0 (15.101)

Needless to say that similar relations hold for axial vector form factors A1

and A2.
Most of the models agree that the form factors f+ and V are dominated

by vector bosons D∗ and D∗
s . Hence for the Cabbibo favored decays D0 →

K−�+ν, K∗−
�+ν and D∗

s → φ�+ν, the vector mesons dominance shown in
Fig. 15.3 gives

fD0→K
−

+ (t) = gD∗
s DK

fD∗
s

mD∗
s

m2
D∗

s
− t

(15.102)
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Fig. 15.3 Vector meson dominance for two body decays of D0.

V D0→K∗−

(t) =
(

mD + mK∗

2

)
2
gD∗

s D∗K fD∗
s

mD∗
s

m2
D∗

s
− t

(15.103)

V D∗
s→φ (t) = − (mD + mK∗)

gD∗
s DsφfD∗

s
mD∗

s

m2
D∗

s
− t

(15.104)

Now SU(3) gives

gD∗
s D0K− = gD∗+D0π− = gD∗0D+π+ (15.105)

The coupling constant gD∗+
s D0π− can be obtained from the experimental

value of the decay width of the D∗+ → D0π+ and is given by [cf. Eq.
(8.8)]

gD∗+D0π+ = 9 ± 2 (15.106)

Heavy quark spin symmetry gives

fD∗+
s

= fD+
s

= (257.5 ± 6.1)MeV (15.107)

Thus

f+(0) = g
D∗+

s D0K−

fD∗
s

mD∗
s

(15.108)

= 1.10 ± 0.25 (15.109)

(on using SU(3)), to be compared with the experimental value

f+(0) |Vcs| = 0.707 ± 0.013 (15.110)

From heavy quark spin symmetry and SU(3), one obtains

gD∗Dρ =
2

mD∗+

gD∗Dπ (15.111)

gD∗
s Dsφ = − 1√

2
gD∗Dρ = −

√
2

m
D∗+

s

gD∗Dπ (15.112)

gD∗
s DK∗ =

2
mD∗

s

gD∗
s DK (15.113)
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Using these relations, one gets

V D0−K∗−
(0) =

mD + mK∗

2
2

m2
D∗

s

gD∗
s DKfD∗

s
(15.114)

≈ 1.43 ± 0.33 (15.115)

V D0
s−φ (0) = 1.15 ± 0.26 (15.116)

We conclude that single pole approximation for the form factors given in
Eqs. (15.102)-(15.104) is only qualitatively valid. However if we take the
mass of vector meson mD∗

s
slightly larger than its actual value in the pole

(mD∗2
s

− t), the agreement between the values of the form factors at t = 0,
with their experimental values will be improved.

15.3.4 Weak Hadronic Decays of B Mesons

At tree level, the ∆B = 1 weak hadronic decays are described by a single
W -exchange as shown in the Fig. 15.4, which represents the decay b →
p + q′ + q̄, (p = u or c; q = u or c; q′ = d or s) . The effective Lagrangian

Fig. 15.4 Decay of b → p + q′ + q̄ through W -exchange.

for this decay is given by

Leff =
GF√

2

{ ∑
q=u,c

VpbV
∗
qq′

[
q̄′βγµ (1 − γ5) qβ

]
[pαγµ (1 − γ5) bα]

}

(15.117)
where α and β are color indices. Since quarks carry color, the QCD cor-
rections must be taken into account [see Fig. 15.5]. With QCD corrections
up to first order

Leff =
GF√

2

∑
q=u,c

VpbV
∗
qq′ (C1O

p
1 + C2O

p
2) (15.118)
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Fig. 15.5 QCD corrections to the Fig. 15.4.

where Ci are Wilson Coefficients evaluated at the renormalization scale µ;
the current-current operators Op

1,2 are

Op
1 =

(
q̄′βqβ

)
V −A

(pαbα)V −A (15.119)

Op
2 = (q′αqβ)V −A

(
pβbα

)
V −A

(15.120)

Note that strong interaction due to hard gluon corrections have been taken
into account in the Wilson Coefficients C1 (µ) and C2 (µ) ; without these
corrections C1 = 1 and C2 = 0. The long range QCD effects are taken into
account by the matrix elements of operators O1,2 between hadronic states.
They manifest themselves in the form factors. To the leading logarithmic
approximation (LLA), the Wilson Coefficients C± = C1 ± C2 are given by

C± (µ) =
[
αs (mW )
αs (µ)

]γ±

(15.121a)

where

γ+ =
2
β0

=
2

11 − 2
3 nf

, γ− = −2 γ+, C2
+ C− = 1 (15.121b)

and nf is the number of active flavors (in the region between µ and mW ).
At µ = mb = 4.9 GeV we get from Eqs. (15.121a), taking αs (mW ) ≈ 0.12,
nf = 5 and αs (mb) = 0.22, αs (mc) = 0.34,

C1 (mb) ≈ 1.11, C2 (mb) ≈ −0.26 (15.122)

The operators Op
1,2 after Fierz reordering are given by

Op
1 =

(
q̄′βqβ

)
V −A

(pαbα)V −A

under Fierz reordering → (pαqβ)V −A

(
q̄′βbα

)
V −A

(15.123)

Op
2 = (q̄′αqβ)V −A

(
pβbα

)
V −A

under Fierz reordering →
(
pβqβ

)
V −A

(q̄′αbα)V −A (15.124)
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Now

pα qβ = (pαqβ − 1
3
δα
β pγqγ)

︸ ︷︷ ︸
octet

+
1
3
δα
β pγqγ

︸ ︷︷ ︸
singlet

(15.125)

Thus

(pαqβ)V −A

(
q̄′βbα

)
V −A

→ 1
3

(pγqγ)V −A (q̄′αbα)V −A

=
1
3
Op

2 (15.126)

Similarly

(q̄′αqβ)V −A

(
pβbα

)
V −A

→ 1
3

(q̄′γqγ)V −A (pαbα)V −A

=
1
3
Op

1 (15.127)

Hence with QCD corrections to first order

Leff =
GF√

2

∑
q=u,c

VpbV
∗
qq′

(
(C1 + 1

3C2)
(
q̄′βqβ

)
V −A

(pαbα)V −A

+(C2 + 1
3C1)

(
pβqβ

)
V −A

(q̄′αbα)V −A

)

(15.128)
Usually one writes

C1 +
1
3
C2 = a1 : Tree Diagram T (15.129)

C2 +
1
3
C1 = a2 : Color suppressed (15.130)

Tree Diagram C

In particular for p = c, q′ = d or s

Leff =
GF√

2

∑
q=u,c

VcbV
∗
qq′

(
a1 (q̄′q)V −A (cb)V −A +
a2 (cq)V −A (q̄′b)V −A

)
(15.131)

For p = u, q′ = d or s

Leff =
GF√

2

∑
q=u,c

VubV
∗
qq′

(
a1 (q̄′q)V −A (ub)V −A +
a2 (uq)V −A (q̄′b)V −A

)
(15.132)

For the decays governed by the above Lagrangian, penguin diagrams do
not contribute, only tree diagrams are allowed (Fig. 15.6).
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Fig. 15.6 Tree level diagrams (a) color favored (b) color suppressed.

Thus for example

B
0 → π−D+ (K−D+) : T

B
0 → π0D0 (K

0
D0) : C

B
0 → D−π+ (D−K+) : T

B
0 → D

0
π0 (D

0
K

0
) : C

B
0 → D+D

−
s : T

B
0 → J/ψK

0
: C (15.133)

We now discuss the case where both tree and penguin diagrams contribute
to Figs. 15.7 and 15.8.

Fig. 15.7 QCD and electromagnetic penguin.

In this case the general effective Lagrangian is given by

Leff =
GF√

2

∑
p=u,c

λ(f)
p

(
C1O

p
1 + C2O

p
2 +

10,7γ,8g∑
i=3

CiOi

)
(15.134)
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where

λ(f)
p = Vpb V ∗

qf , b → p + f + q (15.135)

Op
1 = (f

β
pβ)V −A (pαbα)V −A

Op
2 = (f

α
bβ)V −A

(
pβbα

)
V −A

O3,4 =
{(

q̄βqβ

)
V −A

(f
α
pα)V −A, (q̄αqβ)V −A (f

β
bα)V −A

}

O5,6 =
{(

q̄βqβ

)
V +A

(f
α
pα)V −A, (q̄αqβ)V +A (f

β
bα)V −A

}

O7,8 =
3eq

2

{(
q̄βqβ

)
V +A

(f
α
pα)V −A, (q̄αqβ)V +A (f

β
bα)V −A

}

O9,10 =
3eq

2

{(
q̄βqβ

)
V −A

(f
α
bα)V −A, (q̄αqβ)V −A (f

β
bα)V −A

}

O7γ,8g = − mb

8π2
fσµν

[
eFµν , gGa

µνTa

]
(1 + γ5)b

O7γ arise from the diagram shown in Fig. 15.8.

Fig. 15.8 Electromagnetic penguin.

Then following the same arguments discussed above for the tree graphs,
the effective Lagrangian (leaving O5,6 and O7,8; which can be ignored) for
p = u is given by

Leff (d) = a1(du)V −A((ub)V −A) + a2(uu)V −A((db)V −A)

+ a3

[
(uu + dd + ss)V −A(db)V −A

]

+ a4

[
(du)V −A((ub)V −A) + (dd)V −A((db)V −A)

+ (ds)V −A((sb)V −A)
]
+ a9

[(
2
3
uu − 1

3
dd − 1

3
ss

)

V −A

]
(db)V −A

+ a10

[
2
3
(du)V −A(ub)V −A − 1

3
(dd)V −A(db)V −A

− 1
3
(ds)V −A(sb)V −A

]
(15.136)
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Leff (s) = a1(su)V −A((ub)V −A) + a2(uu)V −A((sb)V −A)

+ a3

[
(uu + dd + ss)V −A(sb)V −A

]

+ a4

[
(su)V −A((ub)V −A) + (sd)V −A((db)V −A) + (ss)V −A((sb)V −A)

]

+ a9

[(
2
3
uu − 1

3
dd − 1

3
ss

)

V −A

]
(sb)V −A

+ a10

[
2
3
(su)V −A(ub)V −A − 1

3
(sd)V −A(db)V −A

− 1
3
(ss)V −A(sb)V −A

]
(15.137)

where a’s are given by

a1 = C1 +
1
3
C2, a2 = C2 +

1
3
C1

a3 = C3 +
1
3
C4, a4 = C4 +

1
3
C3 (15.138)

a9 = C9 +
1
3
C10, a10 = C10 +

1
3
C9 (15.139)

Here C(µ) with µ = mb = 4.9GeV [14] are

C1 = 1.121 C2 = −0.275
a1 ≈ 1.03
a2 ≈ 0.10

C3 = 0.013 C4 = −0.028
a3 ≈ 3.7 × 10−3

a4 ≈ −24 × 10−3

C9/α = −1.280 C10/α = 0.328
a9 ≈ −8.5 × 10−3

a10 ≈ −7.1 × 10−4

(15.140)

We denote:
Dominant penguin amplitude: P : a4

Color suppressed penguin amplitude: PC : a3

Dominant electroweak penguin amplitude: PEW : a9

Non-dominant electroweak penguin amplitude: PC
EW : a10

15.3.5 Inclusive Hadronic B Decays

From the Lagrangian (15.128) and Fig. 15.6, it is simple to write the
B → hadrons in the spectator quark model for CKM favored decays

Γ(Bd → Xcud) = Γ[Bd(bd) → d(b → c + d + u)] (15.141)

Γ(b → c + d + u) =
G2

f

192π2
m5

b(3C2
1 + 2C1C2 +

1
3
C2

2 )[|Vcb|2|Vud|2F (mc/mb)]
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Now using the branching ratio
B(Bd → Xccs)
B(Bd → Xcud)

= 0.12 (15.142)

we have

Γ(Bd → Xccs) = Γ(b → c + s + c) (15.143)

= 0.12 Γ(b → c + d + u) (15.144)

Thus

Γ(Bd → Xc) = 1.12 (b → c + d + u) (15.145)

Taking into account
B(b → X τ ντ )
B(b → X e νe)

= 0.24 (15.146)

we get from Eqs. (15.62) and above equations

(B
0
)SL = (B−)SL =

1
2.24 + 1.2(3C2

1 + 2C1C2 + 1
3C2

2 )
=

1
6.06

= (Bs)SL ≈ 16.5% (15.147)

Γ
B

0

ΓB−
= 1 (15.148)

Experimentally [14],

(B−)SL = (10.99 ± 0.28)%
(B

0
)SL = (10.33 ± 0.29)%

(15.149)

Finally

Γ(B
0 → Xuud) = Γ(b → u s u) (15.150)

=
G2

F

192π2
m5

b(3C2
1 + 2C1C2 +

1
3
C2

2 )×

|Vub|2|Vud|2[F (md/mb) ≈ 1] (15.151)

Thus form Eqs. (15.141), (15.146) and (15.151) one gets

Γ(B
0 → Xu)

Γ(B
0 → Xc)

=
|Vub|2

|Vcb|2[F (mc/mb) + 0.24]
(15.152)

Hence, using the inclusive branching ratios, we can determine both |Vcb|2
and |Vub|2.

The spectator quark model predictions (B
0
)SL = (B−)SL, Γ

B
0/ΓB− =

1 are in agreement with the experiments. However, the branching ratios
are larger than experimental values by about a factor 1.5. Thus we con-
clude that the spectator quark model is qualitatively valid although it needs
corrections due to the bound state structure.
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15.3.6 Radiative Decays of Bq Mesons

We consider the decays

Bq → V + γ, q = d, s, c

p = p′ + k, V = K∗, D∗
s (15.153)

These decays are described by the effective Hamiltonian

HW =
GF√

2
Vcb V ∗

csC7γ

[
−mbe

8π2
sσµν(1 + γ5)bFµν

]
(15.154)

The T -matrix for these decays is given by

T =
−1

(2π)3
1√

8k0p0ṕ0

F = −GF√
2

Vcb V ∗
csC7γ

(
−mbe

8π2

) 〈
V

∣∣sσµν(1 + γ5)b
∣∣ Bq

〉

× 1
(2π)3/2

−1√
2k0

[kµεν − kνεµ] (15.155)

Now
〈
V

∣∣sσµν(1 + γ5)b
∣∣ Bq

〉
=

1
(2π)3

−1√
4p0p′0

[ηλfλµν ] (15.156)

where most general fλµν is given by

fλµν = iελµνρkρF
′(k2) + iελµνρPρF (k2)

+ (gλµkν − gλνkµ)G′(k2) + (gλµP ν − gλνPµ)G(k2) (15.157)

εµ is the polarization vector of γ and ηλ is the polarization vector of V ,
k = p − p′ and P = p + p′. It is clear that when fλµν is contracted with
(kµεν − kνεµ), the first and the third terms will give zero. Hence we have

〈
V

∣∣sσµν(1 + γ5)b
∣∣ Bq

〉
=

1
(2π)3

−1√
4p0p′0

ηλ

× [iελµνρPρF (k2) + (gλµP ν − gλνPµ)G(k2)]
(15.158)

The radiative decay is determined by the two form factors F (k2) and G(k2).
Now with

(
g = GF√

2
Vcb V ∗

csC7γ

(−mbe
8π2

))

F = g[iελµνρηλPρF (k2) + ηλ(gλµP ν − gλνPµ)G(k2)](kµεν − kνεµ)

= 2g[iελµνρηλPρkµενF (k2) + (k.ηP.ε − η.εP.k)G(k2)] (15.159)

In the rest frame of B

p = 0, p = (mB , 0) (15.160)

p′ = −k, mB = p′0 + k0, k0 = |k| (15.161)
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ελµνρηλPρkµεν = 2mBη.(k × ε) (15.162)

k.ηP.ε − η.εP.k = 2mB(η.ε) |k| (15.163)

Thus in the rest frame of B

F = = 4gmB |k|
[
F (k2)iη.(n × ε) + G(k2)(η.ε)

]

(15.164)

|M |2 =
∑
pol

|F |2 = 32g2m2
B |k|2

[∣∣F (k2)
∣∣2 +

∣∣G(k2)
∣∣2] (15.165)

Γ =
1
8π

|k|
m2

B

|M |2

=
g2

2π
|k|3

[∣∣F (k2)
∣∣2 +

∣∣G(k2)
∣∣2] (15.166)

The decay width is determined by two form factors. For the decay of the
type B → D∗

qγ, HQET can be used to express these two form factors in
terms of only one form factor. The experimental results for the radiative
decays B → V γ provide a good framework to test the various models used
to calculate these form factors.

15.4 Inclusive Hadronic Decays of D-Mesons

Corresponding to the Lagrangian (15.128) for the B, the Lagrangian for
the D mesons is

Leff =
GF√

2
Vcs V ∗

uq

(
(C1 + 1

3C2) (uq)V −A (sc)V −A

+(C2 + 1
3C1) (sq)V −A (uc)V −A

)
(15.167)

Thus in the spectator quark model for Cabibbo favored decays (q = d):

Γ
[
D (c q̄) → q̄

(
c → s + u + d

)]

= Γ
(
c → s + u + d

)

=
G2

F m5
c

192π3

[
|Vcs|2 |Vud|2 F

(
ms

mc

)] [
3C2

1 + 2C1C2 +
1
3
C2

2

]
(15.168)

Hence from Eqs. (15.61), (15.168) and (15.62)
(
D0

)
SL

=
(
D+

)
SL

=
1

2 +
(
3C2

1 + 2C1 C2 + 1
3C2

2

) =
(
D+

s

)
SL

≈ 1
5.5

≈ 18% (15.169a)

ΓD0

ΓD+
= 1, where we have used (15.169b)

C1(m2
c) ≈ 1.24, C2(m2

c) ≈ −0.48 (15.169c)
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Let us first discuss (D)SL , while Eq. (15.169a) is consistent with the ex-
perimental value for (D+)SL but it is about a factor of 2.8 greater than the
experimental value for

(
D0

)
SL

. Also we note that the experimental values,
namely

(D+)SL

(D0)SL

≈ 2.48 ± 0.06 (15.170)

ΓD0

ΓD+
=

τD+

τD0
≈ 2.54 (15.171)

are in disagreement with the predications of spectator quark model given
in Eqs. (15.169a).

15.4.1 Scattering and Annihilation Diagrams

There are two kinds of mechanism for the hadronic decays of heavy mesons
which we have not considered. They are depicted for Cabibbo favored
decays of D0 and Ds mesons in Figs. 15.9 and 15.10.

Fig. 15.9 W-exchange diagram for hadronic D0 decay.

Fig. 15.10 W-annihilation quark level diagram for hadronic D0
s decay.

The basic processes depicted in these figures are respectively c+ū → s+d̄

and c+s̄ → u+d̄ where for the second process, the analogue of Eq. (15.118)
gives the effective Lagrangian

Leff =
GF√

2
ξ

[
C1 (s̄α cα)V −A

(
ūβ dβ

)
V −A

+ C2 (s̄α cβ)V −A

(
ūβ dα

)
V −A

]
(15.172)
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where ξ = |Vcs| |Vud| while for the first process the effective Lagrangian
is obtained by Fierz rearrangement. Thus the T -matrix for the process
c + ū → s + d̄ is given by

Texch ∼ GF√
2

ξ
1
3

(C1δαβ δαβ + C2δαα δββ)
[
ū

(
p′

j

)
γµ

(
1 − γ5

)
u (pj)

]

× [−v̄ (pi) γµ (1 − γ5) v (p′
i)]

= −GF√
2

ξ (C1 + 3C2)
[
ū

(
p′

j

)
γµ

(
1 − γ5

)
u (pj)

]

× [ū (p′
i) γµ (1 + γ5) u (pi)] (15.173a)

where we expressed the v-spinor in terms of u-spinor by the relation v =
C†ūT . Similarly for the annihilation diagram (Fig. 15.10), Eq. (15.172)
gives the T -matrix:

Tann ∼ GF√
2

ξ
1
3

(C1δαα δββ + C2δαβ δαβ)
[
v̄ (pi) γµ

(
1 − γ5

)
u (pj)

]

×
[
ū

(
p′

j

)
γµ (1 − γ5) v (p′

i)
]

= −GF√
2

ξ (3C1 + C2)
[
ū

(
p′

j

)
γµ

(
1 − γ5

)
u (pj)

]

× [v̄ (pi) γµ (1 − γ5) v (p′
i)] (15.173b)

where we have used Fierz rearrangement in going from the first line to
the second line. Thus we conclude that both diagrams give the same re-
sults apart from the color factors. In taking the nonrelativistic limit it
is convenient to express v-spinor in terms of u-spinor and use the rela-
tion v̄ Γi v = εi u Γi ū, with εi = ±1, Γi = γλ, γλγ5. We note that
m′

i, m′
j = m (the mass of u and d quark), mi = mc � m, mj = ms or

md; E′
i = E′

j = E, mc + Ej = 2E, where in the nonrelativistic limit, we
have put Ei = mc and we also put ms = md. Using Pauli representation
of Dirac matrices, it is a straightforward but long calculation to obtain the
cross section σ for the scattering or annihilation processes shown in Figs.
15.9 and 15.10. Suppressing the color factor, we get for the singlet and
triplet scattering cross sections respectively

σS =
|ξ|2

8π
G2

F

(
8m2

) 1
v
, (15.174a)

σT =
|ξ|2

8π
G2

F

(
8
3
m2

c

)
1
v
, (15.174b)

where v is the incoming velocity in the initial state. Now defining the decay
width as

Γ = v |Ψs (0)|2 σ, (15.175)
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we get for the triplet state

Γ
(
3S1 → u d̄

)
=

1
8π

G2
F ξ2 8

3
m2

D∗ |Ψs (0)|2 , (15.176)

where we have put m2
D∗ = (mc + ms)

2 ≈ m2
c . For the singlet state, we get

Γ
(
1S0 → u d̄

)
=

1
8π

G2
F ξ2 8 m2 |Ψs (0)|2 . (15.177)

Note the important fact that the decay width for the singlet state (D) is pro-
portional to the square of the light quark masses whereas in the spectator
quark model it is proportional to m2

c . This is called the helicity suppression.
Inserting back the color factors we have finally

ΓD
exch =

G2
F

8π
|Vcs|2 |Vud|2

(
8 m2

)
|Ψs (0)|2 (C1 + 3C2)

2
, (15.178)

ΓDs
ann =

G2
F

8π
|Vcs|2 |Vud|2

(
8 m2

)
|Ψs (0)|2 (3C1 + C2)

2 (15.179)

It is clear from Eqs. (15.178) and (15.179), that both the exchange and
annihilation diagrams are helicity suppressed, but Γexch is color suppressed
as well while Γann is color enhanced.

It is interesting to see that for the annihilation diagram, one can get
the same result just by writing the T -matrix for the Ds → hadrons in the
form

T =
GF√

2
ξ
δαα√

3

(
C1 +

1
3
C2

) 〈
X

∣∣JWµ
∣∣ 0

〉 〈
0

∣∣JW†
µ

∣∣ Ds

〉
(15.180)

where JW†
µ and JWµ are color singlet currents with appropriate quantum

numbers. Then

ΓDs
ann =

G2
F

2
|ξ|2 (2π)7

∑
spin

∫
d3pX δ (p − pX)

×
∣∣〈0 ∣∣JW†

µ

∣∣ Ds

〉∣∣2 ∣∣〈X ∣∣JWµ
∣∣ 0

〉∣∣2 . (15.181)

Now from Lorentz invariance
〈
0

∣∣JW†
µ

∣∣ Ds

〉
= i

1

(2π)3/2

1√
2p0

fDs
pµ, (15.182)

while
∑
spin

∫
d3pX δ (pX − p)

〈
0

∣∣JW†
µ

∣∣ X
〉 〈

X
∣∣JWµ

∣∣ 0
〉

=
1

(2π)3
θ (p0)

[(
−p2 gµλ + pµ pλ

)
ρ

(
p2

)

+pµ pλ σ
(
p2

)]
. (15.183)
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Hence

ΓDs

annh =
G2

F

2
|A|2 2π

2 mDs

f2
Ds

m4
Ds

σ
(
m2

D

)
. (15.184)

Now from dimensional consideration

σ
(
m2

D

)
=

2 m2

4π2 m2
Ds

. (15.185)

Thus

ΓDs

annh =
G2

F

4π
|Vcs|2 |Vud|2 f2

Ds
mDs

(
m2

) (3C1 + C2)
2

3
. (15.186)

One gets exactly the same results if in Eq. (15.180) one replaces |X〉 by∣∣u d̄
〉

(see problem 15.6). Comparing Eq. (15.186) with Eq. (15.179), one
obtains

f2
Ds

=
12 |Ψs (0)|2

mDs

. (15.187)

From Eqs. (15.168), (15.177) and (15.178) and (15.186), we get

ΓDs

annh

ΓDs
sp.

= 16π2
m2

d f2
Ds

mDs

m5
c F (ms/mc)

(3C1 + C2)
2

(
3C2

1 + 2C1 C2 + 1
3C2

2

) . (15.188)

ΓD0

exch

ΓD0
sp.

= 8π2

(
m2

d + m2
s

)
f2

D mD

m5
c F (ms/mc)

(C1 + 3C2)
2

(3C2
1 + 2C1C2 + 1

3C2
2 )

. (15.189)

Using C1 = 1.24, C2 = −0.48, mc ≈ 1.50 GeV, F (ms/mc) ≈ 0.47, fD =
207 MeV and fDs

= 257 MeV, we get from Eq. (15.188).

ΓDs

annh

ΓDs
sp.

≈ 0.72 (15.190)

while ΓD0

exch/ΓD0

sp. is negligible. The annihilation diagram gives negligible
contribution to D+ decays. Taking into account Eq. (15.190)

Γ (Ds → hadrons) = (1.7) Γsp. (15.191)

where Γsp. is given in Eq. (15.168) and from Eq. (15.169a)
(
D+

s

)
SL

=
1

2 + 1.7
[
3C2

1 + 2C1 C2 + 1
3C2

2

] ≈ 12% (15.192)

(6.5 ± 0.4)% Experimental

τD+
s

τD0
≈

2 + (3C2
1 + 2C1 C2 + 1

3C2
2 )

2 + 1.7
[
3C2

1 + 2C1 C2 + 1
3C2

2

] ≈ 0.69 (15.193)

(1.22 ± 0.02) Experimental
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Both these predictions are not in agreement with their experimental values
especially the first one which is by a factor of 2 larger than the experimental
value.

We conclude that the contribution of the annihilation diagram is al-
though helicity suppressed, but enhancement by a factor of 192π2 due to
phase space and that due to color factor more than compensate the helicity
suppression. However, there are still problems between the predictions of
spectator quark model and the experimental values. We conclude that the
spectator quark model is not adequate for the inclusive D decays.

Finally the annihilation diagram for B decays are Cabibbo suppressed
and they may be neglected.

15.5 Problems

(1) Taking into account finite width for ρ meson and using Eq. (15.17),
show that

Γ
(
τ− → ρ−ντ → π−π0ντ

)
=

G2
F cos2 θc

384π3
m3

τ

∫ m2
τ

2m2
π

|Fπ (s)|2

×
(

1 − s

m2
τ

)2 (
1 +

2s

m2
τ

) (
1 − 4 m2

π

s

)3/2

ds, (15.194)

where

Fπ (s) =
fρππ fρ[(

s − m2
ρ

)
+ i mρ Γ

]
Hint: [

2πδ
(
s − m2

ρ

)
→ 2 mρ Γ(

s − m2
ρ

)
+ m2

ρ Γ2

]
.

Considering the process

e−e+ → γ → e+e−,

show that the cross-section is given by (s � 4m2
e)

σπ+π− (s) =
π

3 s
α2 |Fπ (s)|2

(
1 − 4 m2

π

s

)3/2

where Fπ (s) is the electromagnetic form factor of pion:〈
π+π− |Jem

λ | 0
〉
∝ F (q2) (p1 − p2)λ

s = q2 = (p1 + p2)2.

Using Eq. (15.36), show that we get back Eq. (15.194). From Eq.
(15.194), find the decay rate for τ− → π−π0 ντ through ρ-resonance.
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(2) Taking into account finite width of a1 meson, and Eq. (15.18), show
that (taking mπ = 0)

Γ
(
τ− → a−

1 ντ → π− ρ0 ντ

)

= Γ
(
τ− → π0 ρ− ντ

)

=
G2

F cos2 θc

96π3
m3

τ

∫ m2
τ

m2
ρ

ds |Fρπ (s)|2
(

1 − s

m2
τ

)2 (
1 +

2s

m2
τ

) {
1 +

s

8 m2
ρ

×
[(

1 +
m2

ρ

s

)2

+ 2r

(
1 −

m2
ρ

s

)2

+ r2

(
1 − m2

ρ

s

)4

(
1 + m2

ρ

s

)2

]}
(15.195)

where

Fρπ (s) =
fa1 Fa1ρπ[(

s − m2
a1

)
+ i ma1 Γ

] .

The a1ρπ couplings are defined by the decay amplitude T :

T ∝ 2 ma1Fa1ρπ

[
η · ε +

r

k · q
(η · k) (ε · q)

]

where ηµ, εµ are polarization vectors of a1 and ρ, q and k are their
four momenta and r is the ratio of D to S waves couplings. In order
to derive (15.195), first show that

Γ (a1 → ρ π)

=

(
Fa1ρπ

)2

6π
ma1

(
1 −

m2
ρ

m2
a1

)
1 +

m2
a1

8 m2
ρ




(
1 +

m2
ρ

m2
a1

)2

+2r

(
1 −

m2
ρ

m2
a1

)2

+ r2

(
1 − m2

ρ

m2
a1

)4

(
1 + m2

ρ

m2
a1

)2







.

Using the experimental numbers for Γ
(
τ− → π− ρ0 ντ

)
and

Γ (a1 → ρ π), determine Fa1ρπ
and r, using f2

a1
= f2

ρ = 2f2
π .

(3) Show that for the decays

B
0 → π0π0 : A00 =

1√
2
(P − C)

B
0 → π+π− : A+− = (T + P )

B− → π−π0 : A−0 =
1√
2
(T + C)
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Hence show that

1√
2
A+− − A00 = A−0

Derive the above relation also from the isospin analysis, noting that
Bose statistics exclude I = 1; as the two pions in the final state are in
s-state(l = 0): I = 0, I = 2.

(4) Neglecting PC and PC
EW , show that for

B
0 → K

0
π0 : A00 =

1√
2
(C − P + PEW )

B
0 → K−π+ : A−+ = (T + P )

B− → K−π0 : A−0 =
1√
2
(T + C + P + PEW )

B− → K
0
π− : A0− = P (15.196)

(5) For decays

B
0 → K

0
ρ0

B
0 → K

0
w

B
0 → K

0
φ, q

show that
〈
K

0
ρ0 |Hw(s)|B0

〉
=

1
2
(C − P + PEW )

〈
K

0
w |Hw(s)|B0

〉
=

1
2
(C + P +

1
3
PEW )

〈
K

0
φ |Hw(s)|B0

〉
= (−P +

1
3
PEW )

Assuming factorization for the electroweak penguin, show that

fρ FB−K
1 (m2

ρ) −
1
3
f� FB−K

1 (m2
ρ) −

2
3
fφ FB−K

1 (m2
φ) = 0

⇒ fρ − 1
3
f� − 2

3
fφ = 0

giving a sum rule, with excellent agreement with experimental values
for (cf. Problem 8.6)

fρ = 221, MeV fw = 194, MeV fφ = 228 MeV
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(6) Using Eqs. (15.180) and (15.181) and writing〈
X

∣∣JW
µ

∣∣ 0
〉

=
〈
µd̄

∣∣JW
µ

∣∣ 0
〉

=
1

(2 π)3

√
m2

p10 p20
[ū (p1) γµ (1 − γ5) v (p2)]

∫
d3 pX δ (p − pX) →

∫
d3 p1 d3 p2 δ (p − p1 − p2) ,

show that

Γ
(
Ds → ud̄

)
=

(3C1 + C2)
2

3
G2

F

4 π
|Vcs|2 |Vud|2 f2

Ds
mDs

(
m2

)
,

(7) Writing 〈
0

∣∣JW†
µ

∣∣ D∗
s

〉
∼ fD∗

s
εµ

where εµ is the polarization of D∗
s , show that

Γ
(
D∗

s → ud̄
)

=
(3C1 + C2)

2

3
G2

F

4 π
|Vcs|2 |Vud|2

1
3
f2

D∗
s

mD∗
s
.

Comparing it with Eq. (15.187) when multiplied by the color factor
(3C1 + C2)

2, show that

f2
D∗

s
= 12 |Ψs (0)|2 mD∗ .

Hence show that

fD∗
s

=
(
mDs

mD∗
s

)1/2
fDs

.
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Chapter 16

Particle Mixing and CP -Violation

16.1 Introduction

Symmetries have played an important role in particle physics. In quantum
mechanics a symmetry is associated with a group of transformations under
which a Lagrangian remains invariant. Symmetries limit the possible terms
in a Lagrangian and are associated with conservation laws. Here we will be
concerned with the role of discrete symmetries: Space Reflection (Parity) P :
x → −x, Time Reversal T : t → −t and Charge Conjugation C: particle →
antiparticle.

Quantum Electrodynamics (QED) and Quantum Chromodynamics
(QCD) respect all these symmetries. Also, all Lorentz invariant local quan-
tum field theories are CPT invariant. However, in weak interactions C and
P are maximally violated separately but what about CP? This is the main
topic of this chapter.

First indication of parity violation was revealed in the decay of a particle
with spin parity JP = 0−, called K-meson into two modes K0 → π+π−

(parity violating), and K0 → π+π− π0(parity conserving).
Lee and Yang in 1956, suggested that there is no experimental evidence

for parity conservation in weak interaction. They suggested a number of
experiments to test the validity of space reflection invariance in weak decays.
One way to test this is to measure the helicity of outgoing muon in the
decay:

π+ → µ+ + νµ

The helicity of muon comes out to be negative, showing that parity con-
servation does not hold in this decay. In the rest frame of the pion, since
µ+ comes out with negative helicity, the neutrino must also come out with
negative helicity because of the spin conservation, confirming the fact that
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neutrino is left-handed. Thus

π+ → µ+(−) + νµ

Under charge conjugation,

π+ C→ π− µ+ C→ µ− νµ
C→ ν̄µ

Helicity H = σ·p
|�p| under C and P transforms as,

H C→ H, H P→ −H

Invariance under C gives,

Γπ+→µ+(−)νµ
= Γπ−→µ−(−)ν̄µ

Experimentally,

Γπ+→µ+(−)νµ
>> Γπ−→µ−(−)ν̄µ

showing that C is also violated in weak interactions. However, under CP ,

Γπ+→µ+(−)νµ

CP→ Γπ−→µ−(+)ν̄µ

which is seen experimentally. Thus, CP conservation holds for this decay.
Let us now consider K0 − K̄0 complex, which as mentioned above gave

the first hint of parity violation and again it is here that CP violation was
first discovered experimentally. In hadronic and electromagnetic interac-
tions, the hypercharge Y is conserved so that K0(Y = 1) ←→ K̄0(Y = −1)
transitions are not possible. In a production process involving hadronic (or
electromagnetic) interaction, K0 and K̄0 appear as two distinctly different
particles. In the presence of weak interaction, Y is no longer conserved and
transitions between K0 and K̄0 can occur, for example.

K0 →
weak

π+π− →
weak

K̄0, |∆Y | = 2

Thus if we write H = H0 + HW , where H0 = Hhad + He.m, K0 and
K̄0, which are eigenstates of H0, are no longer eigenstates of H. A linear
combination of K0 and K̄0 will be eigenstates of H. Such states cannot be
eigenstates of C or P since neither is conserved in weak interaction; CP is
a better choice. Choosing the CP phase

CP
∣∣K0

〉
= −

∣∣K̄0
〉

so that

CP
∣∣K̄0

〉
= −

∣∣K0
〉
, (16.1)
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it is easy to see that
∣∣K0

1,2

〉
=

1√
2

[∣∣K0
〉
∓

∣∣K̄0
〉]

(16.2)

are eigenstates of CP with eigenvalues ±1. Further if CP is conserved so
that [H,CP ] = 0, then〈

K0
2 |H|K0

1

〉
=

〈
K0

2

∣∣(CP )−1H CP
∣∣ K0

1

〉

= −
〈
K0

2 |H|K0
1

〉
(16.3)

so that
〈
K0

2 |H|K0
1

〉
= 0 =

〈
K0

1 |H|K0
2

〉
, showing that H is diagonal in the

basis provided by
∣∣K0

1

〉
and

∣∣K0
2

〉
. Thus eigenstates of H can be chosen to

be eigenstates of CP .
Now K̄0 is the antiparticle of K0; they should have the same mass. But

K0
1 is not the antiparticle of K0

2 and so they can have different properties.
In fact due to weak interaction, K0

1 and K0
2 should have slightly different

rest energies; experimentally (mK2 − mK1) /mK ∼ 10−14 and it is remark-
able that such a small quantity is measured. What about their life times?
Energetically kaons can decay into two or three pions. Consider 2π final
state. As seen in Sec. 4.4, C parity of 2π state is (−1)� where � is the
relative orbital angular of 2π system. Thus

CP
∣∣π+π−〉

= (−1)�(−1)2(−1)�
∣∣π+π−〉

= (−1)2�
∣∣π+π−〉

=
∣∣π+π−〉

Similarly

CP
∣∣π0π0

〉
=

∣∣π0π0
〉

(16.4)

Thus only K0
1 can decay into 2π if CP is conserved in weak interaction and

K2 → 2π is forbidden. K0
2 will have other modes, e.g. three pionic which

can have CP = −1. Now decay energy available for 2π mode is about 220
MeV and for 3 pionic model it is about 90 MeV. Thus the phase space
available for decay into three pions is considerably smaller than that for
two pions, implying

τ1 ≡ τ(K0
1 ) � τ(K0

2 ) ≡ τ2

Experimentally τ(K0
1 ) = 0.893× 10−10 sec. and τ(K0

2 ) = 0.517× 10−7 sec.
so that τ1/τ2 = 1/580.

As seen above, if CP is conserved, K0
2 → π+π− is forbidden. But

K2 → π+π− occurs, showing that CP is not conserved. Numerically it is
not a big effect.

A(K0
2 → π+π−)

A(K0
1 → π+π−)

= 2.269 × 10−3 (16.5)
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As such it is harder to understand in contrast to separate P and C violation
in weak interaction, which is maximal. This is built into V-A interaction
since as is well known, vector and axial vector currents transform oppositely
under P and C separately. This is not so for CP and in fact vector and
axial vector currents transform in the same way under CP. What then is
the cause of CP violation? This question is answered in the next section.

16.2 CPT and CP Invariance

It is instructive to discuss the restrictions imposed by CPT invariance.
CPT invariance implies,

out 〈f |L|X〉 = out

〈
f

∣∣∣(CPT )−1 LCPT
∣∣∣ X

〉

= ηX∗
T ηf

T in

〈
f̃

∣∣∣(CP )† L† (CP )−1†
∣∣∣ X̃

〉∗

= ηX∗
T ηf

T

〈
X̃

∣∣∣(CP )−1 L (CP )
∣∣∣ f̃

〉
in

(16.6)

where

T
∣∣X0

〉
= −ηX

T

∣∣∣X̃0
〉

〈fout|T−1 =
〈
f̃in

∣∣∣ ηf∗
T (16.7)

and ˜ means momentum and spin of the states are reversed. Since we are
in the rest frame of X, T will reverse only the magnetic quantum number
and so we can drop ˜. Further, we may choose the CP phase such that

CP |X〉 = −
∣∣X̄〉

(16.8)

CP |f〉 = ηf
CP

∣∣f̄〉
(16.9)

Thus we have

out 〈f |L|X〉 = ηf

〈
X |L| f̄

〉
in

(16.10)

where

ηf = ηf
CP η∗

T ηX∗
T (16.11)

Hence on using

|f〉in = Sf |f〉out = exp(2iδf ) |f〉in (16.12)

we get from Eq. (16.6)

out 〈f |L|X〉 = ηf e2iδf
〈
X |L| f̄

〉
out

(16.13)

= ηf e2iδf
out 〈f |L|X〉∗ (16.14)
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where δf is the strong interaction phase for the state |f〉. Hence finally we
have

Āf̄ = ηfe2iδf A∗
f (16.15)

If CP -invariance holds, then

out 〈f |L|X〉 = ηf∗
CP out

〈
f̄ |L| X̄

〉
(16.16)

implying

Āf̄ = −ηf
CP Af . (16.17)

We now discuss the implication of CPT constraint with respect to CP

violation of weak decays. The weak amplitude is in general complex; it
contains the final state strong phase δf and in addition it may also contain
a weak phase φ. Taking out both these phases,

Af = eiφeiδf |Af | (16.18)

CPT [Eq. (16.15)] gives,

Āf̄ = ηfe2iδf A∗
f = ηfe−iφeiδf |Af | (16.19)

while CP invariance [Eq. (16.17)] gives

Āf̄ = −ηf
CP eiφeiδf |Af | (16.20)

Thus for CP violation, at least two amplitudes with different weak phases
are required

Af = A1f + A2f (16.21)

CPT gives

Āf̄ = e2iδ1f A∗
1f + e2iδ1f A∗

2f

Aif = eiφieiδif |Aif |
where (δ1f , δ2f ), (φ1, φ2) are strong final state phases and the weak phases
respectively. Thus the CP violation asymmetry is given by

ACP =
Γ(X → f) − Γ(X → f)
Γ(X → f) + Γ(X → f)

=
2 |A1f | |A2f | sin φ sin δf

|A1f |2 + |A2f |2 + 2 |A1f | |A2f | cos φ cos δf

(16.22)

where δf = δ2f − δ1f , φ = φ1 − φ2. Hence the necessary condition for
non-zero CP violation is δf �= 0 and φ �= 0. As we shall see, the weak phase
is a consequence of phases in CKM matrix. Four parameters |A1f |, |A2f |,
φ and δf have been introduced here. Can these parameters be determined
from the decay rates? The answer is in general positive as we see in the
subsequent sections.
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16.3 CP-Violation in the Standard Model

The current in the standard model is of the form, Ψ̄iγ
µ(1 − γ5)Ψj . Under

CP and time reversal it transforms as [see Appendix A]

2Ψ̄iLγµΨjL ≡ Ψ̄iγ
µ(1 − γ5)Ψj

CP→ −η (µ) Ψ̄jγ
µ(1 − γ5)Ψi

T→ η (µ) Ψ̄iγ
µ(1 − γ5)Ψj , (16.23)

Wµ
CP→ ηW W †

µ

where

η (µ) = ηiη
∗
j =

{
+1, if µ=0

−1, if µ=1,2,3
(16.24)

Note that under CP, Ψ̄iγ
µ(1− γ5)Ψj goes over to its hermitian conjugate.

Thus if a Lagrangian L has a structure

L = aO + a∗O†

where O is an operator of type Ψ̄jγ
µ(1 − γ5)Ψi, then using Eq. (16.24)

L CP→ aO† + a∗O

Hence CP violation requires a∗ �= a.
The charged current interaction Lagrangian which is flavor changing

given in Eq. (13.64) is

LCC = − g√
2
Ψ̄iLγµ(T+W+

µ + T−W−
µ )ΨjL (16.25)

where ΨiL =
(
ui

d′
i

)
L

is doublet under weak isospin subgroup. It can be
rewritten in more convenient form

LCC = − g

2
√

2

∑
i=u,c,t

q=d,s,b

(
iLγµq′Wµ + h.c.

)
(16.26)

Before symmetry breaking all masses are zero and LCC given in Eq. (16.26)
seems to be CP invariant in view of Eq. (16.23). However due to sponta-
neous symmetry breaking of the weak isospin, there arises a miss alignment
between the weak isospin subgroup and quark mass matrix, expressed by

iLγµq′L = ViqiLγµqL (16.27)

Thus the charged current interaction Lagrangian (16.26) becomes

Lcc = − g√
2
{Wµ

∑
iq

ViqiLγµqL + Wµ†
∑
iq

V ∗
iqqLγµiL} (16.28)
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Then using Eqs. (16.23) and (16.26), we obtain

CPLcc(CP )−1 = − g√
2





Wµ†
∑
iq

ViqqLγµiL + Wµ
∑

i
q

V ∗
iqiLγµqL





(16.29)
where phase η(W ) η(q) η∗(i) can be chosen to be +1. This is identical with
(16.28) except that

Viq → Viq∗ (16.30)

On the other hand

(CP )LNC(CP )−1 = LNC (16.31)

where LNC is the neutral current interaction Lagrangian, involving only
diagonal couplings,

LNC = − g

cos θW
Zµ

∑
q=u,c,t

d,s,b

{[
I3(q) − Q(q) sin2 θW

]
q̄LγµqL

−Q(q) sin2 θW q̄RγµqR

}
(16.32)

Thus the neutral current in the interaction Lagrangian is necessarily CP

invariant. On the other hand from Eqs. (16.28) and (16.29), it is clear that

(CP )Lcc(CP )−1 = Lcc (16.33)

if and only if V is real [Viq = V ∗
iq] or can be made real. Thus the standard

model of electroweak interaction is capable of CP -violation.
Suppose we have N generations so that V is an N × N matrix and

as such has N2 complex elements or 2N2 real parameters. But since V

has to be unitary, it has N2 real parameters. Then there is freedom to
define any quark field by a phase, for example, d → eiθd, WµVidīLγµdL →
WµVidīLγµ(eiθdL) = Wµ(Vide

iθ)(̄iLγµdL) and eiθ can be absorbed in the
redefinition of Vid without changing physics. Thus phase of any individual
CKM matrix has no physical meaning [what counts is the relative phase].
Hence the number of phases which have no physical meaning [remember
there are 2N fields] are (2N − 1). Therefore, number of independent pa-
rameters in VN×N are

N2 − (2N − 1) = (N − 1)2

=




0 N = 1
1 N = 2
4 N = 3

(16.34)
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One way of choosing the parameters is mixing angles and complex phases.
Now if VN×N were orthogonal matrix, then the number of independent
parameters would be N2 −N − N(N−1)

2 = N(N−1)
2 , which give the number

of mixing angles. Then the number of phases are

(N − 1)2 − N(N − 1)
2

=
(N − 1)(N − 2)

2

=




0 N = 1
0 N = 2
1 N = 3

(16.35)

Thus the standard model of electroweak interaction is capable of CP vio-
lation provided that V is at least 3 × 3, i.e. three mixing angles and one
phase. In other words CP violation can be accommodated if the number
of generations is at least three. This observation was made before the third
generation was discovered.

It is convenient to express the CKM matrix, as parameterized in the
the Maiani-Wolfenstien way

V =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb




�




1 − 1
2λ2 λ Aλ3 (ρ − iη)

−λ 1 − 1
2λ2 Aλ2

Aλ3 (1 − ρ − iη) −Aλ2 1


 + O

(
λ4

)
(16.36)

where λ � sin θc � 0.2253 ± 0.0007, is the Cabibbo angle and |A| =
0.808±0.022

0.015 is determined from semileptonic B-decays. η �= 0 if CP is
not conserved. The unitarity of V , V V † = 1, gives

V ∗
udVub + V ∗

cbVcd + V ∗
tdVtb = 0 (16.37a)

To leading order in λ, this relation can be written using Eq. (16.36) as

V ∗
ub + Vtd − λVcb = 0 (16.37b)

The relations (16.37a) and (16.37b) can be represented by a triangle in the
complex plane (Fig. 16.1)

Vub = |Vub| e−iγ

Vcb = Aλ2 (16.38)

Vtd = |Vtd| e−iβ
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Fig. 16.1 The CKM-unitarity triangle in the Wolfenstein parametrization.

where,

tan γ =
η

ρ
=

η̄

ρ̄
, tanβ =

η̄

1 − ρ̄
, (16.39a)

ρ̄ = ρ(1 − λ2

2
), η̄ = η(1 − λ2

2
), (16.39b)

with ρ̄ = 0.132±0.022
0.014, η̄ = 0.341 ± 0.013. (16.39c)

The weak phases γ and β play a leading role in CP violation. However,
these weak phases are in Vub and Vtd, which connect the first generation
with the third generation. Hence the role of β and γ in K and D decays
is peripheral as both K and D are bound states of the first and second
generation quarks.

16.4 Particle Mixing

As seen in Sec 16.1, K0 and K̄0 can mix. We now develop a general
formalism for particle mixing. Let X0 and X̄0 be two pseudoscalar particles
(X = K, B or D; X̄ being the antiparticle of X). Let |Ψ(t)〉 be a state at
time t. It is a coherent mixture of

∣∣X0
〉

and
∣∣X̄0

〉

|Ψ(t)〉 = a(t)
∣∣X0

〉
+ a(t)

∣∣X̄0
〉

(16.40)

where t is measured in the rest system of the particle X0. Then the time
evolution of the state

Ψ(t) =
(

a(t)
a(t)

)

is given by

i
dΨ
dt

= mΨ (16.41)
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where m is a 2 × 2 matrix in the space spanned by X0 and X̄0 states and
since the particles X0 and X̄0 decay, m is not hermitian and has the form

mα′α = Mα′α − i

2
Γα′α (16.42)

with α, α′ = X0, X̄0 (1,2). Note that Γ and M are hermitian

Γ† = Γ, M† = M

Γ∗
αα′ = Γα′α, M∗

αα′ = Mα′α (16.43)

If one now assumes CPT invariance, then Eq. (16.12) gives
〈
X0 |m|X0

〉
=

〈
X̄0 |m| X̄0

〉
(16.44)

where we have used the fact that for a single particle state |f〉 =
∣∣X0

〉
out

,
δf = 0, ηX

CP = −1 according to the choice of phase (16.7). Thus Eq. (16.44)
gives m11 = m22 or

M11 = M22, Γ11 = Γ22 (16.45)

that is particle-antiparticle have identical mass and the same total width.
Note that if we take f = X̄0 in Eq. (16.10), we get an identity so that with
CPT invariance alone m12 and m21 are not related. However, if we assume
CP invariance, then Eq. (16.15) for f = X̄0[ηX

CP = −1] gives
〈
X̄0|m|X0

〉
=

〈
X0|m|X̄0

〉
,

and thus CP invariance implies

m21 = m12 (16.46)

We have the result that in the X0 − X̄0 space m is a 2 × 2 matrix of the
form

m =
(

A B

C A′

)
=

(
M11 − iΓ11

2 M12 − iΓ12
2

M21 − iΓ21
2 M22 − iΓ22

2

)
(16.47)

where CPT invariance alone (which we now assume) requires

A = A′ (16.48)

or

M11 = M22 Γ11 = Γ22

But hermiticity of the matrices M and Γ [see Eqs. (16.43)] gives

M12 = M∗
21, Γ12 = Γ∗

21

M11 = M∗
11, Γ11 = Γ∗

11 (16.49)

M22 = M∗
22, Γ22 = Γ∗

22
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Then the diagonalization of the matrix (16.47) gives the eigenvalues

γ1,2 = A ∓
√

BC = A ∓ pq (16.50)

where

p2 = B = M12 −
i

2
Γ12

q2 = C = M21 −
i

2
Γ21 = M∗

12 −
i

2
Γ∗

12 (16.51)

and using Eq. (16.48)

A = M11 −
i

2
Γ11 = M22 −

i

2
Γ22

Then the corresponding eigenstates are

|X∓〉 =
1√

|p|2 + |q|2
[
p

∣∣X0
〉
∓ q

∣∣X̄0
〉]

(16.52)

Hence we have the result [cf. Eq. (16.50)]

M11 −
i

2
Γ11 − pq = γ1 = m1 −

i

2
Γ1

M11 −
i

2
Γ11 + pq = γ2 = m2 −

i

2
Γ2 (16.53)

so that taking real and imaginary parts

m1 = M11 −�pq

m2 = M11 + �pq

Γ1 = Γ11 + 2�pq

Γ2 = Γ11 − 2�pq (16.54)

Thus finally we have

∆m = m2 − m1 = 2�pq

m =
m1 + m2

2
= M11

∆Γ = Γ2 − Γ1 = −4�pq

Γ =
1
2
(Γ1 + Γ2) = Γ11 (16.55)

Let us define

1 − ε

1 + ε
=

q

p
=

√
C

B
=

√
M∗

12 − i
2Γ∗

12

M12 − i
2Γ12

(16.56)
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If CP is conserved, then B = C, q = p(ε = 0) so that the mass eigenstates
given in Eq. (16.52) become

|X1,2〉 =
1√
2

[∣∣X0
〉
∓

∣∣X̄0
〉]

(16.57)

which are now also the eigenstates of CP :

CP |X1〉 = |X1〉
CP |X2〉 = − |X2〉 (16.58)

It follows that CP -violation is determined by the parameter

ε =
p − q

p + q
(16.59)

Since the particles X0 and X̄0 are unstable, it is the particles X1 ≡ X−
and X2 ≡ X+ defined in Eq. (16.52) which have definite masses m1 and
m2 and decay widths Γ1 and Γ2 respectively. Let |Ψ(t)〉 be a state at time
t. In the X1 and X2 basis, we can write

|Ψ(t)〉 = a(t) |X1〉 + b(t) |X2〉 (16.60)

i
d

dt
|Ψ(t)〉 =

(
m1 − i

2Γ1 0
0 m2 − i

2Γ2

)
|Ψ(t)〉 . (16.61)

The solution is

a(t) = a(0) exp
[
−i

(
(m1 −

i

2
Γ1)t

)]

b(t) = b(0) exp
[
−i

(
m2 −

i

2
Γ2

)
t

]
(16.62)

Suppose we start with X0, viz |Ψ(0)〉 =
∣∣X0

〉
, then from Eq. (16.52), we

get

a(0) = b(0) =

√
|p|2 + |q|2

2p
. (16.63)

Hence from Eqs. (16.60), (16.62) and (16.63)

|ψ (t)〉 =

√
|p|2 + |q|2

2p

[
exp

(
−im1t −

1
2
Γ1t

)
|X1〉

+ exp
(
−im2t −

1
2
Γ2t

)
|X2〉

]

=
1
2

{[
exp

(
−im1t −

1
2
Γ1t

)
+ exp

(
−im2t −

1
2
Γ2t

)] ∣∣X0
〉

−q

p

[
exp

(
−im1t −

1
2
Γ1t

)
− exp

(
−im2t −

1
2
Γ2t

)] ∣∣X̄0
〉}

(16.64)
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Equation (16.64) clearly shows the particle mixing. Similarly if we start
with

∣∣X̄0
〉

we get after time t

|ψ (t)〉 =
1
2

{
p

q

[
exp

(
−im1t −

1
2
Γ1t

)
− exp

(
−im2t −

1
2
Γ2t

)] ∣∣X0
〉

−
[
exp

(
−im1t −

1
2
Γ1t

)
+ exp

(
−im2t −

1
2
Γ2t

)] ∣∣X̄0
〉}

(16.65)

From Eqs. (16.64) and (16.65), we can determine X0 and X̄0 mixing. It is
clear that if we start with X0, then at time t, the probability of finding the
particles X0 or X̄0 is given by [using Eq. (16.64)]

∣∣〈X0|ψ(t)
〉∣∣2 =

1
4

[
e−Γ1t + e−Γ2t + 2e−Γt cos ∆mt

]
(16.66)

∣∣〈X̄0|ψ(t)
〉∣∣2 =

1
4

∣∣∣∣
1 − ε

1 + ε

∣∣∣∣
2 [

e−Γ1t + e−Γ2t − 2e−Γt cos ∆mt
]

(16.67)

We define the mixing parameter r as

r =

T∫
0

∣∣〈X̄0|ψ(t)
〉∣∣2 dt

T∫
0

|〈X0|ψ(t)〉|2 dt

(16.68)

where T is a sufficiently long time. In the limit T → ∞, using Eqs. (16.66)
and (16.67), we get

r =
∣∣∣∣
1 − ε

1 + ε

∣∣∣∣
2

x2 + y2

2 + x2 − y2
(16.69)

where x = ∆m
Γ and y = ∆Γ

2Γ . If we start with X̄0, we can use Eq. (16.65)
then

r =

T∫
0

∣∣〈X0|ψ(t)
〉∣∣2 dt

T∫
0

∣∣〈X̄0|ψ(t)
〉∣∣2 dt

→
T→∞

∣∣∣∣
1 + ε

1 − ε

∣∣∣∣
2

x2 + y2

2 + x2 − y2
(16.70)

When CP -violation effects are neglected, then

r = r =
x2 + y2

2 + x2 − y2
(16.71)

The asymmetry parameter a

a =
r − r

r + r
=

4�ε

1 + |ε|2
(16.72)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

502 Particle Mixing and CP -Violation

is a measure of CP -violation. We define another parameter χ which is also
a measure of particle mixing. Let χ be the probability for X0 → X̄0, then

χ =

T∫

0

∣∣〈X̄0|ψ(t)
〉∣∣2 dt

1 − χ =

T∫

0

∣∣〈X0|ψ(t)
〉∣∣2 dt

Thus

r =
χ

1 − χ
, χ =

r

1 + r
(16.73)

Similarly, we get

r =
χ

1 − χ
, χ =

r

1 + r
(16.74)

We note from definitions, x = ∆m/Γ, y = ∆Γ/2Γ

0 ≤ x2 ≤ ∞
0 ≤ y2 ≤ 1

Obviously

0 ≤ r ≤ 1

We now discuss how the mixing parameter r can be measured experi-
mentally. Suppose that X0 and X̄0 are produced in the reaction

e−e+ → X0 X̄0.

Taking into account the particle mixing, we have four possible final states
X0 X̄0, X̄0X0, X0X0, X̄0X̄0. Experimentally X0X̄0 and X̄0X0 are indis-
tinguishable. We can define a parameter

R =
N(X0X0) + N(X̄0X̄0)
N(X0X̄0) + N(X̄0X0)

(16.75)

which can be measured experimentally. N(X0X0) can be identified by
some convenient final states (e.g. two charged leptons l−l−). If XX̄0 pair
is produced incoherently (for example not through a resonance of definite
spin and parity and C-parity), then

R =
χ(1 − χ) + χ(1 − χ)
(1 − χ̄)(1 − χ) + χχ

. (16.76)
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Neglecting CP -violation effects, i.e. using χ = χ, we get

R =
2χ(1 − χ)

(1 − χ)2 + χ2

=
2r

1 + r2
(16.77)

Now suppose that X0X̄0 are produced through a resonance with JPC =
1−−, for example

e−e+ → Υ → B0B̄0.

For this case we have to consider a state with C = −1 viz
[
|Ψ(t)〉

∣∣Ψ̄(t)
〉
−

∣∣Ψ̄(t)
〉
|Ψ(t)〉

]
.

If the two decays take place at t1 and t2, then neglecting CP -violation, we
have from Eqs. (16.64) and (16.65):

|Ψ(t1)〉
∣∣Ψ(t2)

〉
−

∣∣Ψ(t1)
〉
|Ψ(t2)〉

= (g+(t1)g−(t2) − g−(t1)g+(t2))
∣∣X0X0

〉

+ (g−(t1)g−(t2) − g+(t1)g+(t2))
∣∣X0X̄0

〉

+ (g+(t1)g+(t2) − g−(t1)g−(t2))
∣∣X̄0X0

〉

+ (g−(t1)g+(t2) − g+(t1)g−(t2))
∣∣X̄0X̄0

〉
(16.78)

where

g±(t) =
[
e−im1t exp

(
−1

2
Γ1t

)
± e−im2t exp

(
−1

2
Γ2t

)]

= e−im1t exp
(
−1
2

Γt

) [
exp(

i

2
∆mt) exp(

1
4
∆Γt)

± exp(
−i

2
∆mt) exp

(
−1

4
∆Γt

)]
(16.79)

Hence we have
N

(
X0X0

)
N

(
X0X̄0

)
}

=
∫ ∞

0

dt1

∫ ∞

0

dt2 |g±(t1)g∓(t2) − g∓(t1)g±(t2)|2

= 4
∫ ∞

0

dt1

∫ ∞

0

dt2 e−Γ(t1+t2)

[
exp

(
1
2
∆Γ(t2 − t1)

)

+ exp
(
−1

2
∆Γ(t2 − t1)

)
± 2� exp (−i∆mt(t2 − t1))

]

= 4
[

2
Γ2 − 1

4 (∆Γ)2
± 2

Γ2 + (∆m)2

]
(16.80)
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Noting from Eq. (16.78) that N(X0X0) = N
(
X̄0X̄0

)
and N(X0X̄0) =

N(X̄0X0), we get [cf. Eq. (16.69) with ε = 0]

R =
N(X̄0X0)
N(X0X0)

=
(∆m)2 + 1

4 (∆Γ)2

2Γ2 + (∆m)2 − 1
4 (∆Γ)2

= r (16.81)

16.5 K0 − K̄0 Complex and CP -Violation in K-Decay

We now apply the general formalism developed in Sec. 16.4 to the K0K̄0

system. Here we denote K1 and K2 as KS and KL. First we discuss
hypercharge oscillations. Suppose that at t = 0, K0 (Y = 1) is produced
by the reaction π-p → K0Λ0. The initial state is then pure Y = 1. It is
clear from Eq. (16.64) [with X = K] that a kaon beam which has been
produced in a pure Y = 1 state has changed into one containing both the
parts with Y = 1 and Y = −1. Experimentally K̄0 can be verified through
the observation of hadronic signature such as K̄0 p → π+ Λ0 since π+ Λ0

can only be produced by K̄0 and not by K0. The probability of finding
Y = −1 component at time t in the kaon produced at t = 0 in a pure Y = 1
state is given by Eq. (16.67) [|ε| << 1].

P (K0 → K̄0, t) ≡
∣∣〈K̄0|ψ(t)

〉∣∣2 � 1
4

{
exp

(
− t

τS

)
+ exp

(
− t

τL

)

−2 exp
[
−1

2

(
t

τS
+

t

τL

)]
cos ∆mt

}
(16.82)

where ∆m = mL − mS since τL = (5.17 ± 0.14)10−8s is much larger than
τS = (0.8935 ± 0.0008)10−10s,

P
(
K0 → K̄0, t

)
� 1

4

(
1 + e−t/τS − 2e−

1
2 t/τS cos (∆m) t

)

(16.83)

If kaons were stable (τL, τS → ∞), then,

P
(
K0 → K̄0, t

)
=

1
2

[1 − cos (∆m) t] (16.84)

which showed that a state produced as pure Y = 1 state at t = 0 continu-
ously oscillates between Y = 1 and Y = −1 state with frequency ω = ∆m

�
and period of oscillation,

τ =
2π

(∆m/�)
. (16.85)

Kaons, however, decay and their oscillations are damped.
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By measuring the period of oscillation, ∆m can be determined:

∆m = mL − mS = (3.489 ± 0.008) × 10−12 MeV. (16.86a)

Such a small number is measured as a consequence of quantum mechanical
phenomena of interferometry. On the other hand

∆Γ = ΓL − ΓS � −ΓS � −2∆m (16.86b)

We now discuss CP violation in K0 − K̄0 mixing. As seen in Sec. 16.1,
experimentally it was found that long lived K0

2 does decay to π+ π− showing
that CP is not conserved; but the probability is quite small [cf. Eq. (16.5)].
Small CP non-conservation can be taken into account by defining,

|KS〉 =
∣∣K0

1

〉
+ ε

∣∣K0
2

〉

|KL〉 =
∣∣K0

2

〉
+ ε

∣∣K0
1

〉
(16.87)

where ε is a small number. Thus CP non-conservation manifests itself by
the ratio:

η+− =
A (KL → π+ π−)
A (KS → π+ π−)

(16.88)

Now CP non-conservation implies,

M12 �= M∗
12, Γ12 �= Γ∗

12. (16.89)

Since CP violation is a small effect, therefore,

�M12 � �M12 �Γ12 � �Γ12. (16.90)

Now from Eq. (16.51)

p2, q2 ≈
(
�M12 −

i

2
�Γ12

) [
1 ± i�M12 + �Γ12

�M12 − i
2�Γ12

]
(16.91)

Hence from Eq. (16.59)

2ε

1 + ε
= 1 − q

p
=

i�M12 + 1
2�Γ12

�M12 − i
2�Γ12

(16.92)

Now we get from Eqs. (16.55) and (16.91), on using the approximation Eq.
(16.90)

∆m = mL − mS = 2�pq = 2�M12

∆Γ = ΓL − ΓS = −4�pq = 2�Γ12 (16.93)

Hence we get

ε =
i�M12 + 1

2�Γ12

∆M − i∆Γ/2
(16.94)
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The parameter ε determines CP -violation due to K0 − K
0

mixing. It is
important to detect the CP -violation, if any, in the decay amplitudes

A
(
K0 → ππ(I)

)
= AIe

iδI (16.95)

and

A
(
K

0 → ππ (I)
)

= A∗
Ie

iδI (16.96)

where we have used the relation (16.19) obtained from CPT invariance.
Due to Bose statistics I = 0 or 2. CP violation is detected by looking for a
difference between CP -violation for the final π0π0 state and that for π+π−.
Using Clebsch-Gordon (CG) coefficients,

A
(
K0 → π+π−)

=
1√
3

[√
2A0e

iδ0 + A2e
iδ2

]

A
(
K0 → π0π0

)
=

1√
3

[
A0e

iδ0 −
√

2A2e
iδ2

]
(16.97)

and the corresponding ones for K̄0 obtained from (16.96). The dominant
decay amplitude is A0 due to ∆I = 1/2 rule, |A2/A0| � 1/22. Neglecting
terms of order ε�A2

A0
, ε�A0

�A0
and ε�A2

�A0
, and ignoring the over all phase factor

eiδ0 we get,

η+− ≡ |η+−| eiφ+− � ε̃ + ε′

η00 ≡ |η00| eiφ00 � ε̃ − 2ε′ (16.98)

where,

ε̃ = ε + i
�A0

�A0
(16.99)

ε′ =
i√
2
ei(δ2−δ0)(

�A2

�A0
)
(
�A2

�A2
− �A0

�A2

)
(16.100)

The quantities �A0, �A2 and �ε̃ depend on the choice of phase convention.
The choice �A0 = 0 called the Wu-Yang phase convention, gives ε̃ = ε. The
value of ε′ is independent of phase convention. It follows from Eq. (16.94)
and (16.86b)

tanφε = −2∆m/∆Γ � π

4
(16.101)

where we have used that �(Γ12/∆Γ) is negligible. Experimentally φε is
determined to be

φε = (43.5 ± 0.7)◦ (16.102)
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Clearly ε′ measures the CP -violation in the decay amplitude, since CP -
invariance implies A2 to be real. This is referred to as direct CP violation.

The measured quantity
∣∣∣ η00
η+−

∣∣∣
2

is very close to unity so that one can write

R =
∣∣∣∣

η00

η+−

∣∣∣∣
2

=
∣∣∣∣
ε − 2ε′

ε + ε′

∣∣∣∣
2

, ε′ � ε

�
∣∣∣∣1 − 3ε′

ε

∣∣∣∣
2

� 1 − 6Re (ε′/ε)

After 35 years of experiments at Fermilab and CERN, results have con-
verged on a definitive non-zero result for ε′,

� (ε′/ε) =
1 − R

6
(16.103)

= (1.65 ± 0.26) × 10−3. (16.104)

sin(φ00 − φ+−) = 3�(ε′/ε) tan(φε − φε′) (16.105)

The measurement of R provides a test for CP violation since in case �(ε′/ε)
is not zero, CP violation must occur in a decay amplitude and its present
value is an evidence for it. Further we note from Eq. (16.100),

φε′ = δ2 − δ0 +
π

2
≈ 42.3 ± 1.5◦ (16.106)

where numerical value is based on an analysis of ππ scattering. The exper-
imental values of CP -violation parameters are as follows

|ε| = (2.228 ± 0.011) × 10−3

|η+−| = (2.233 ± 0.010) × 10−3

|η00| = (2.222 ± 0.010) × 10−3 (16.107)

φ+− = (43.4 ± 0.7)◦

φ00 − φ+− = (0.2 ± 0.4)◦ (16.108)

Finally [φ00 − φ+−] can be used to test CPT symmetry, which gives the
relation (16.105). Using Eqs. (16.102), (16.104) and (16.106), one can
limit the right-hand side of Eq. (16.108) to be under 0.02◦ showing the
experimental value for the phase ∆φ in Eq. (16.108) to be consistent with
CPT, although further accuracy will be desired.

Finally what are theoretical expectations for the ratio ε′/ε. First we
note that in the standard model, the tree level diagrams shown in Fig.
16.3 involve CKM elements λu = V ∗

ud Vus and λ∗
u so that A(KL → π+π-)

involves (λu - λ∗
u) = � λu = 0 [cf. Eq. (16.36)]. Thus ε′

ε arises from the
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Fig. 16.2 Box diagrams for |∆S| = 2 transition.

ratio of so called “penguin” diagram shown in Fig. 16.4 to the box diagram
shown in Fig. 16.2.

The CP -violation is determined by
∑

i � λi = � λt, [cf. Eq. (16.36)]
where λi = Vid V ∗

is, i = u, c, t. This involves t quark which belongs to
the third generation and which has very small mixing with the first and
the second generation. This also explains why CP−violation is so small in
kaon decays. The theoretical prediction for � (ε′/ε) is not precise [for mt

> mW ] but most theoretical calculations give

�
(

ε′

ε

)
< 3 × 10−3 (16.109)

since this ratio depends on various parameters which are not as yet well
determined. This is consistent with its experimental value given in Eq.
(16.104).

We now discuss the CP -asymmetry in leptonic decays of kaon. Let us
define the decay amplitudes (l = e, µ)

K0 → π− + l+ + νl : f
∆S

∆Q
= 1

The CPT invariance gives

K
0 → π+ + l− + νl : f∗

Similarly for

K0 → π+ + l− + νl : g∗

K
0 → π− + l+ + νl : g

∆S

∆Q
= −1 (16.110)
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Fig. 16.3 Tree level diagrams for K → 2π decays.

Fig. 16.4 Penguin diagrams for K → 2π decays.

Hence using Eqs. (16.52) and (16.59) [X+ = KL, X− = KS ]

A(K0
L → π− + l+ + νl) =

1√
2
[(1 + ε)f + (1 − ε)g] (16.111)

A(K0
L → π+ + l− + νl) =

1√
2
[(1 + ε)g∗ + (1 − ε)f∗]

The CP -asymmetry parameter δl can be written as

δl =
Γ(K0

L → π−l+νl) − Γ(K0
L → π+l−νl)

Γ(K0
L → π−l+νl) + Γ(K0

L → π+l−νl)

=
2Reε[|f |2 − |g|2]

|f |2 + |g|2 + (fg∗ + f∗g) + O(ε2)
(16.112)

In the standard model ∆S
∆Q = −1 transitions are not allowed, thus g = 0.

Hence

δl ≈ 2Reε = (3.32 ± 0.06)10−3[Expt. value] (16.113)

Now

2Reε = 2 |ε| cos φε
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which, on using experimental values for |ε| and φε given in Eqs. (16.102)
and (16.107)

2�ε = (3.45 ± 0.05) × 10−3 (16.114)
consistent with the experimental value for δl given in Eq. (16.113). The
experimental value of δl shows the internal consistency of the standard
model and the CPT invariance.

Finally we discuss CP -asymmetries for K → 3π decays. The decays
K+ → π+π0π0, π+π+π−

K0 → π+π−π0, π0π0π0

are parity conserving decays, i.e. the parity of the final state is −1. Now
the C-parity of π0 and (π+π−)l′ are given by

C(π0) = 1, C(π+π−) = (−1)l′

and G-parity of pion is −1. Thus
CP |π0π0π0 > = −|π0π0π0 >

CP |π+π−π0 > = (−1)l′+1|π+π−π0 >

Hence CP -conservation implies
K0

2 → π0π0π0 allowed.

K0
1 → π0π0π0 is forbidden.

K0
1 → π+π−π0 allowed if l′ is odd.

K0
2 → π+π−π0 allowed if l′ is even. (16.115)

Now G-parity of three pions π+π−π0 :
G = C(−1)I = (−1)l′+I = −1

Hence
l′ = even, I(odd); I = 1, 3

l′ = odd, I(even); I = 0, 2 (16.116)
Only l′ = 0 decays are favored as the decays for l′ > 0 are highly suppressed
due to centrifugal barrier. Hence K0

1 → π+π−π0 is highly suppressed. Thus
we have to take into account I = 1, 3 amplitudes viz a1 and a3. I = 3
contribution is expected to be suppressed as it requires ∆I = 5

2 transition.
Hence CP -asymmetries of K0 → 3π decays are given by

η000 =
A(KS → π0π0π0)
A(KL → π0π0π0)

=
(a1 − a∗

1) + ε(a1 + a∗
1)

(a1 + a∗
1) + ε(a1 − a∗

1)
=

[i�a1 + ε�a1]
�a1 + iε�a1

≈ ε + i
�a1

�a1

η+−0 =
A(KS → π+π−π0)
A(KL → π+π−π0)

≈ ε + i
�a1

�a1
= η000 (16.117)
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16.6 B0 − B̄0 Complex

Here the general formalism developed in Sec. 16.5 is applied to B0 − B̄0

complex. For B0
q (q = d or s) we show below that both m12 and Γ12 have

the same phase. This follows from the following consideration. We can
write

M12 − iΓ12 = 〈B̄0
q

∣∣H∆B=2
eff

∣∣ B0
q 〉 (16.118)

H∆B=2
eff induces particle-antiparticle transition. For ∆m12, H∆B=2

eff arises
from the box diagram as shown in Fig. 16.2 with s replaced by b, where
the dominant contribution comes out from the t-quark. Thus,

M12 ∝ (Vtb)2(V ∗
tq)

2m2
t (16.119)

Now

Γ12 ∝
∑

f

〈B̄0 |HW | f〉〈f |HW |B0〉 (16.120)

where the sum is over all the final states which contribute to both B0 and
B̄0 decays. The common final states for the B0

d and B̄0
d decays are shown

in Fig. 16.5 while for B0
s and B̄0

s can be obtained by changing d to s.

Fig. 16.5 Diagrams showing the common final states for the B0 and B̄0 decays.

Thus,

Γ12 ∝
(
VcbV

∗
cq + VubV

∗
uq

)2
m2

b (16.121)

Hence we have the result that,
|Γ12|
|M12|

∼ m2
b

m2
t

(16.122)
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Now for B0
d → B̄0

d transition, using Eq. (16.36)

(Vtb)
2 (V ∗

td)
2 = A2λ6

[
(1 − ρ)2 + η2

]
e2iβ

=
[
Aλ3 (1 − ρ + iη)

]2
=

(
VcbV

∗
cq + VubV

∗
uq

)2 (16.123)

Hence M12 >> Γ12 and both M12 and Γ12 have the same phase

M12 = |M12| e2iβ , Γ12 = |Γ12| e2iβ , φM = −β (16.124)

On the other hand, for B0
s → B̄0

s transition:

(Vtb)
2 (V ∗

ts)
2 = |Vts|2 ≈ A2λ4 (16.125)

M12 = |M12| , Γ12 = |Γ12| (16.126)

φM = 0 (16.127)

Also we have,
∆mBs

∆mBd

=
|M12|s
|M12|d

=
1

λ2
[
(1 − ρ)2 + η2

]ξ ≈ 34ξ (16.128)

where ξ is SU(3) breaking parameter. The numerical value is obtained
using the experimental values λ = 0.225, ρ = 0.132, η = 0.341. Now using
Eqs. (16.51), (16.122) and (16.124) we get for B0

d − B̄0
d system

pq =
[(

M12 −
i

2
Γ12

) (
M∗

12 −
i

2
Γ∗

12

)]1/2

= |M12| −
i

2
|Γ12|

q/p = e−2iβ (16.129)

From Eqs. (16.55) and (16.129)

∆m = ∆mBD
= 2 |M12|

∆Γ = 2 |Γ12| (16.130)

Hence

∆Γ/∆mBD
<< 1

Now from Eqs. (16.51), (16.52), (16.124) and that |Γ12| << |M12| the mass
eigenstates B0

L and B0
H can be written as:
∣∣B0

L

〉
=

1√
2

[∣∣B0
〉
− e−2iβ

∣∣B̄0
〉]

(16.131)

∣∣B0
H

〉
=

1√
2

[∣∣B̄0
〉

+ e−2iβ
∣∣B0

〉]
(16.132)
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In this case, CP violation occurs due to phase factor e−2iβ in the mass
matrix.

One gets (from Eq. (16.64)), using Eqs. (16.130), (16.131) and (16.132),

∣∣B0 (t)
〉

= e−imte−
1
2Γt

{
cos

(
∆m

2
t

) ∣∣B0
〉
− ie−2iβ sin

(
∆m

2
t

) ∣∣B̄0
〉}

(16.133)
Similarly we get,

∣∣B̄0 (t)
〉

= −e−imte−
1
2Γt

{
cos

(
∆m

2
t

) ∣∣B̄0
〉
− ie2iβ sin

(
∆m

2
t

) ∣∣B0
〉}

(16.134)
Suppose we start with B0 viz |B0 (0)〉 = |B0〉, the probabilities of finding
B̄0 and B0 at time t are given by,

P
(
B0 → B̄0, t

)
=

∣∣〈B̄0|B0 (t)〉
∣∣2

=
1
2
e−Γt (1 − cos(∆m) t)

P
(
B0 → B0, t

)
=

∣∣〈B0|B0 (t)〉
∣∣2

=
1
2
e−Γt (1 + cos(∆m) t) (16.135)

These are equations of a damped harmonic oscillator, the angular frequency
of which is,

ω =
∆m

�

From this by measuring the frequency of the oscillation one can determine
∆m. Now the mixing parameter,

r =
χ

1 − χ
=

∫ T

0

∣∣〈B̄0|B0 (t)〉
∣∣2 dt∫ T

0
|〈B0|B0 (t)〉|2 dt

T→∞→ x2

2 + x2
=

(∆m/Γ)2

2 + (∆m/Γ)2
(16.136)

where we have used Eq. (16.69) and have neglected (∆Γ/∆mB)2, in view
of Eq. (16.130).
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Experimentally, for B0
d and B0

s ,
∆mB0

d
= (0.507 ± 0.005) × 10−12s−1 = (3.337 ± 0.033) × 10−10MeV

τB0
d

= (1.525 ± 0.009) × 10−12s (16.137a)

∆mB0
s

= (117 ± 0.8) × 10−12s−1 = (1.17 ± 0.01) × 10−10MeV

τB0
s

= (1.472±0.0024
0.0026) × 10−12s (16.137b)

xd =

(
∆mB0

d

ΓB0
d

)
= 0.77 ± 0.008 (16.137c)

xs =
(

∆mB0
s

ΓB0
s

)
= 26.02 ± 0.5 (16.137d)

We also note from Eq. (16.119) that in the framework of standard model
∆mB0

s

∆mB0
d

=
mBs

mBd

ξ2

∣∣∣∣
Vts

Vtd

∣∣∣∣
2

(16.138)

where ξ is an SU (3) flavor symmetry breaking factor, extracted from Lat-
tice QCD to be ξ = 1.20±0.047

0.035. From the above relation
∣∣∣Vts

Vtd

∣∣∣ can be
determined. Non zero values of xd and xs clearly show mixing between Bq,

Bq(q = s, d). The large value of the xs compared to xd is in conformity
with Eq. (16.128).

From Eqs. (16.133) and (16.134), the decay amplitudes for B0 (t) → f

and B̄0 (t) → f̄

Af (t) =
〈
f |Hw|B0 (t)

〉

Āf̄ (t) =
〈
f̄ |Hw| B̄0 (t)

〉
(16.139)

are given by,

Af (t) = e−imte−
1
2Γt

{
cos

(
∆m

2
t

)
Af − ie−2iβ sin

(
∆m

2
t

)
Āf

}
(16.140)

Āf̄ (t) = −e−imte−
1
2Γt

{
cos

(
∆m

2
t

)
Āf̄ − ie+2iβ sin

(
∆m

2
t

)
Af̄

}

(16.141)
These equations give the decay rates,

Γf (t) = e−Γt

{
1
2

(
|Af |2 +

∣∣Āf

∣∣2) +
1
2

(
|Af |2 −

∣∣Āf

∣∣2) cos ∆mt

− i

2
(
2i�e−2iβA∗

f Āf

)
sin ∆mt

}
(16.142)

Γ̄f̄ (t) = e−Γt

{
1
2

(∣∣Af̄

∣∣2 +
∣∣Āf̄

∣∣2) − 1
2

(∣∣Af̄

∣∣2 − ∣∣Āf̄

∣∣2) cos ∆mt

+
i

2

(
2i�e−2iβA∗

f̄ Āf̄

)
sin ∆mt

}
(16.143)
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For Γf̄ and Γ̄f change f → f̄ and f̄ → f in Γf and Γ̄f̄ respectively.
As a simple application of the above equations, consider the semi-

leptonic decays of B0,

B0 → l+νX− : f for example X− = D−

B̄0 → l−ν̄X+ : f̄ for example X+ = D+

In the standard model, B̄0 decay into l+νX− and B0 decay into l−ν̄X+

are forbidden. Thus, Āf = 0, Af̄ = 0 and we have

Γf (t) = e−Γt 1
2
|Af |2 (1 + cos ∆mt)

Γf̄ (t) = e−Γt 1
2

∣∣Āf̄

∣∣2 (1 − cos ∆mt) (16.144)

And since
∣∣Āf̄

∣∣ = |Af | because of CPT invariance [cf. Eq. (16.19)] we have

δ =

∫ ∞
0

Γf̄ (t)dt∫ ∞
0

Γf (t)dt
=

x2
d

2 + x2
d

= rd (16.145)

Non-zero value of δ would indicate mixing. If, however, Āf �= 0 and Af̄ �= 0
due to some exotic mechanism, then δ �= 0 even without mixing. Now

Γ (µ−X+)
Γ (µ+X−) + Γ (µ−X+)

=
rd

1 + rd
= χd (16.146)

= 0.172 ± 0.010 (Expt value)

which gives,

xd = 0.723 ± 0.032 (16.147)

in agreement with xd given in Eq. (16.136c).

16.7 CP -Violation in B-Decays

In this section, we discuss the CP -violation for B → f, f when f and f are
eigenstates of CP

|f̄〉 = CP |f〉 = ηf
CP |f〉

ηf
CP = ±1 (16.148)

For this case we get, from Eqs. (16.142) and (16.143),

Af (t) =
Γf (t) − Γ̄f (t)
Γf (t) + Γ̄f (t)

=
{

cos (∆mt)
(
|Af |2 −

∣∣Āf

∣∣2)

−i sin (∆mt)
(
i2ηf

CP�e−2iβA∗
f Āf

)}
/

(
|Af |2 +

∣∣Āf

∣∣2)

= cos (∆mt) Cf + ηf
CP sin (∆mt) Sf (16.149)
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where,

Cf =
1 −

∣∣Āf

∣∣2 / |Af |2

1 +
∣∣Āf

∣∣2 / |Af |2
=

1 − |λf |2

1 + |λf |2
λf =

Āf

Af
(16.150)

This is the direct CP violation and,

Sf =
2�

(
e−2iβλf

)

1 + |λf |2
(16.151)

is the mixing induced CP -violation.
If the amplitude with one CKM phase dominates, then Eq. (16.18) and

CPT relation (16.19) (f = f) give,

λf =
Āf

Af
=

ei(φ+δf )

ei(−φ+δf )
= e2iφ (16.152)

where 2φ is the weak phase difference between the decays B0 → f and
B0 → B

0 → f . Hence from Eqs. (16.149) and (16.152), we obtain, Cf = 0
and

Af (t) = ηf
CP sin (∆mt) sin (−2β + 2φ) (16.153)

In particular for the decay, B0 → J/ψ Ks, ηf
CP = 1 and in the standard

model from the transition b → ccs, it is easy to see that φ = 0 since the
CKM elements involved are V ∗

cbVcs which do not involve any CKM phases
[cf. Eq. (16.36)]. Thus Sf = − sin 2β and from Eq. (16.149)

AψKs
=

∫ ∞
0

[
Γf (t) − Γ̄f (t)

]
dt∫ ∞

0

[
Γf (t) + Γ̄f (t)

]
dt

AψKs = − sin (2β)
(∆m/Γ)

1 + (∆m/Γ)2
(16.154)

AψKs has been experimentally measured. It gives,

sin 2β = 0.673 ± 0.023 (16.155)

Theoretically this is the cleanest way of obtaining sin 2β. One may remark
that final states in decays B0 → φKs and B0 → η′Ks are also eigenstates of
the CP and as such they also provide sin 2β measurements. This is because
although these decays are penguin dominated, they have the same phase
(namely φ = 0 in the standard model) as that for the b → ccs at the tree
level decays, since V ∗

tbVts = −V ∗
cbVcs(1 + O(λ2)) [cf. Eq. (16.36)]. Thus

such modes may provide a way to look for new physics which contribute
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to the amplitude a different weak phase which makes Sf �= − sin 2β and
Cf �= 0. Experimentally

Sη′Ks
= 0.6 ± 0.07 (16.156)

We now discuss the direct CP -violation in B decays. As discussed in Sec.
16.2, this would require two contributions with different CKM phases. Con-
sider for example B0 → ππ decay where final states are CP eigenstates with
ηCP = 1 and involve b → uud decay [see Fig. 16.6]. At the tree level CKM
elements involved are V ∗

ubVus which contain phase γ [cf. Eq. (16.36)] so
that from, Eqs. (16.151) and (16.152) are

Sπ+π− = − sin(−2β − 2γ) = sin 2α

Fig. 16.6 Quark level diagrams for B → π+(ρ+)π− decays.

However, there is a sizable contribution of b-d penguin amplitudes,
which have different CKM phase than b → uud tree amplitudes in B0 → ππ

decays. Thus Sπ+π− does not measure sin 2α, but

Sπ+π− =
√

1 − C2
π+π− sin(2α − δ+−)

where δ+− is the phase difference between e2iγAπ+π− and Aπ+π− .
An isospin analysis gives a sum rule [see problem 15.3]

1√
2
Aπ+π− = Aπ0π0 + Aπ+π0 (16.157)

similar to the one for K → 2π decays. The sum rule (16.157) follows from
the fact that B0 → ππ decay are s-wave (orbital A.M = 0) and Bose
statistics require I = 0, 2 and Aπ+π0 gets contribution from I = 2 only. A
global isospin analysis, using the branching fraction of all these modes give

Cπ+π− = 0.38 ± 0.06, Sπ+π− = −0.65 ± 0.07

Cπ0π0 = 0.43±0.25
0.24 (16.158)
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The analysis however puts on a loose constraint on α.
Finally we discuss B → ρπ, which is an example where final state is,

e.g. B0 → ρ+π− is not a CP eigenstate, but this decay proceeds via the
same quark level diagram [see Fig. 16.6] as B0 → π+π and likewise B0

and B
0

decay to ρ+π− and thus involve the CKM phase α. These are for
amplitudes B0 → ρ±π∓ and B

0 → ρ∓π± with decay rates given in Eqs.
(16.142) and (16.143). The analysis of these decays allows the extraction
of α with a single discrete ambiguity α → α + π. α is constrained to

α = 89.0±4.4
4.2 (16.159)

Finally, since [see unitarity triangle, Fig. 16.1]

γ = − arg
(
−VudV

∗
ub

VcdV ∗
cb

)

it does not involve CKM elements involving top quark and as such it can
be measured in tree level B decays. This implies that it is unlikely the
measurements of γ would be affected by physics beyond the standard model.
Experimentally γ is constrained as

γ = 73+22
−25 (16.160)

To conclude we have discussed only typical modes of B to illustrate how
various CP violating parameters can be extracted. There are many other
modes, for which the reader is referred to the literature, some of which are
listed at the end of this chapter. [See in particular Secs. 11 and 12 of Ref.
[27] on which this section is mainly based.]

16.8 CP -Violation in Hadronic Weak Decays of Baryons

So far we have discussed the CP violation in K0 − K
0
, B0

q − B
0

q systems.
There is a need to study CP violation outside these systems. The hadronic
weak decays of baryons and antibaryons provide another framework to
study CP violation.

The hadronic weak decay

N(p) → N(p′) + π(q)

is described by the amplitude [n = p′/|p′|]
MS = u(p′)[A − γ5B]u(p) ∼ χ†[as + apσ.n]χ (16.161)

(Note here we have designated a baryon by N, not to confuse with a B-
meson and π is any pseudoscalar meson.) The relationships between A(B)
and as(ap) are given in Sec. 11.2.4.
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Under charge conjugation (C ):

u(p) → CvT (p), C = iγ0γ2

Under space reflection (P):

u(r)(p) → u(r)(−p) = γ0u(p)

Under time reversal (T ):

u(r)(p) → u∗(−r)(−p) = Bu(r)(p), B = γ1γ3

Thus, under these transformations

Mf
CP→ −v(p)[A + γ5B]v(p′) = Mf ∼ χ† (−as + apσ.n) (16.162a)

Mf
T→ u(p′)[A∗ − γ5B

∗]u(p) (16.162b)

Mf
CPT→ −v(p)[A∗ + γ5B

∗]v(p′) = Mf (16.162c)

When final state interactions are taken into account, the partial wave ampli-
tudes as and ap acquire strong final state phases eiδs

f and eiδp
f respectively.

Thus with final state interactions

out
〈f |H|B〉 CPT→

in

〈
f |H|B

〉∗
= e2iδf

out

〈
f |H|B

〉∗
(16.163)

Hence under CPT

Mf
CPT→ −v(p′)[e2iδs

f A∗ − γ5e
2iδp

f B∗]v(p)

= Mf ∼ χ†[−e2iδs
f a∗

s + e2iδp
f a∗

pσ.n]χ (16.164)

Hence from Eq. (16.162a) and the definition of decay rate Γ, asymmetry
parameter α, the transverse polarization of final baryon β and the longitu-
dinal polarization of the final baryon γ given in Sec. 10.2.4, we conclude
that CP symmetry gives

Γ = Γ, α = −α, β = −β (16.165)

Again from the definition of these parameters and Eq. (16.164), we note
that both CP and CPT invariance give the same result given in Eq.
(16.165), unless the S-wave amplitude A and P-wave amplitude B have
different weak phases. Hence to leading order, CP -odd observables are

δΓ =
Γ − Γ
Γ + Γ

δα =
α + α

α − α

δβ =
β + β

β − β
(16.166)
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Such asymmetries can be measured in the proposed Super-Lear accelerator
in

pp → ΛΛ → pfπ− pfπ+ (16.167)

where one studies the asymmetry

Ā =
N+

p − N−
p + N+

p − N−
p

Ntotal
= PΛαΛδαΛ (16.168)

Here N±
p is the number of protons with (pi ×pΛ) · pf greater than or less

than zero. PΛ denotes the polarization of Λ. Similarly in the reaction

pp → ΞΞ̄

→ Λπ− Λ̄π+

→ pf π−π− pf π+π+ (16.169)

the relevant asymmetry is

B̄ =
N̄+

p − N̄−
p + N̄+

p − N̄−
p

Ntotal

=
π

8
PΞαΛβΞ(δαΛ + δβΞ) (16.170)

where N̄±
p denotes number of events with PΞ · (pf ×pΛ) greater than or

less than zero.
We now discuss the isospin analysis. First we note that assuming CPT

only, Eq. (16.163) gives

a�(I) ≡
〈
fout

�I |HW |B
〉

= ηf e2iδ�(I)
〈
f̄out

�I |HW |B̄
〉∗

= ηf e2iδ�(I)a∗
� (I) (16.171)

where δ� (I) are strong phases. Selecting the phase ηf as (−1)�+1, Eq.
(16.163) gives

a�(I) = (−1)�+1e2iδ�(I) a∗
� (I) (16.172)

Denoting by φ�(I) CP odd phases, we define

as =
∑

I

ei(δI
s+φI

s)SI

ap =
∑

I

ei(δI
p+φI

p)PI (16.173)

Then from Eq. (16.164)

as = −
∑

I

ei(δI
s−φI

s)SI

ap =
∑

I

ei(δI
p−φI

p)PI (16.174)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

16.8. CP -Violation in Hadronic Weak Decays of Baryons 521

To leading order, we obtain

δΓ =
√

2
S33

S11
sin (δs

3 − δs
1) sin (φs

3 − φs
1)

= 0, for Ξ, (16.175)

since there is only one isospin final state in Ξ decay and neglecting S33
S11

and
P33
P11

, which are very small (∼ 1
25 ) if ∆I = 1

2 rule dominates,

δα = − tan (δp
1 − δs

1) tan (φp
1 − φs

1)

δβ = cot (δp
1 − δs

1) tan (φp
1 − φs

1) (16.176)

Thus in order to get non-vanishing δΓ, δα and δβ, the following conditions
must be satisfied: (i) the amplitudes must have CP violating phases, (ii)
there must be final state phases, (iii) there must be two or more decay
channels, (iv) the CP phases and final state phases must be different in
different channels. The expectations in the standard model are

δΓ δα δβ

Λ → pπ− 10−6 10−4 3 × 10−3

Ξ → pπ− 0 10−4 10−3

These estimates have considerable uncertainty and are model dependent.
The above observables can also be used to study the effects of extensions
of the standard model.

The decays of B(B̄) mesons to baryon-antibaryon pair N1 N̄2 (N̄1 N2)
and subsequent decays of N2, N̄2 or (N1, N̄1) to a lighter hyperon (antihy-
peron) plus a meson provide a means to study CP -odd observables as for
example in the process,

e−e+ → B, B̄ → N1N̄2 → N1N̄
′
2π̄, N̄1N2 → N̄1N

′
2π

The decay B → N1N̄2(f) is described by the matrix element,

Mf = Fqe
iφ [ū(p1)(Af + γ5Bf )v(p2)] (16.177)

whereas B → N1N2(f) is described by the matrix elements

M ′
f = F ′

qe
iφ

′ [
ū(p2)(A′

f + γ5B
′
f )v(p1)

]
(16.178)

where Fq is a constant containing CKM factor, φ is the weak phase. The
amplitude Af and Bf are in general complex in the sense that they incor-
porate the final state phases δf

p and δf
s and they may also contain weak

phases φs and φp. Note that Af is the parity violating amplitude (p-wave)
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whereas Bf is parity conserving amplitude (s-wave). The CPT invariance
gives the matrix elements for the decay B̄ → N̄1N2(f̄) :

M̄f̄ = Fqe
−iφ

[
ū(p2)(−A∗

fe2iδf
p + γ5B

∗
fe2iδf

s )v(p1)
]

(16.179)

if the decays are described by a single matrix element Mf . If φs = 0 = φp

then CPT and CP invariance give the same predictions viz
Γ̄f̄ = Γf , ᾱf̄ = −αf , β̄f̄ = −βf , γ̄f̄ = γf (16.180)

In order to test these predictions, consider for example the decay
B0

d → pΛ
−
c → ppK0 (16.181)

B
0

d → pΛ+
c → ppK

0
(16.182)

By analyzing the final states ppK0, ppK
0

one may test αf = −αf for the
chamed hyperon (antihyperon) decays.

16.9 Problems

(1) For the decay
B̄0 → K−π+ : Ā−+ = (T + P ) c.f. problem 15.4

where
T = |Vub||Vcs|e−iγeiδT |T |
P = |Vcb||Vcs|eiδP |P |

Ā−+ = |Vcb||Vcs||P |eiδP
[
1 + re−iγe−iδ+−

]

r =
|Vub||Vcs|
|Vcb||Vcs|

|T |
|P |

, δ+− = δP − δT ,

show that

ACP

(
B0 → K+π−)

=
−2r sin γ sin δ+−

1 + 2r cos γ cos δ+− + r2

(2) Using the result of problem 15.5, show that
C(φKs) = 0, S = − sin 2β

Neglecting the electroweak contribution, show that
C(ρ0Ks) = −C(ω0Ks).

(3) The effective weak Lagrangian for the decay B̄0 → π+π− is
LW = (VubV

∗
ud)

[
d̄γµ

(
1 − γ5

)
u
]
[ūγµ (1 − γ5) b]

≡ (VubV
∗
ud) O,

Show that
LW CP−−→ (VubV

∗
ud)O†

LW CPT−−−→ (V ∗
ubVud)O†.



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

16.10. References 523

16.10 References

1. J. F. Donoghue, X. G. He, S. Pakvsa, Phys. Rev. D 34 833 (1986); J.
F. Donoghue, B. R. Holstein, and G. Valencia, Phys. Rev. B 178 319
(1986).

2. For a review, see for example CP violation edited by C. Jarlskog, World
Scientific (1989).

3. J. D. Bjorken, Topics in B-physics, Nucl. Phys. 11 (proc.suppl.) 325
(1989);

4. N. Isgur and M. B. Wise Phys. Lett B 232, 113 (1989) Phys. Lett. B
237, 527 (1990).

5. S. Balk, J. G. Korner, G. Thompson, F. Hussain J. Phys. C 59, 283-293
(1993).

6. J. F. Donohue et.al. Phys. Rev. Lett. 77, 2187 (1996).
7. Y. Grossman and H. R. Quinn. Phys. Rev. D 58 017504 (1998);
8. M. Suzuki and L. Wofenstein, Phys. Rev. D 60, 074019 (1999).
9. M. Beneke, G. Buchalla, M. Neubart and C. T. Sachrajda, Phys. Rev.

Lett, 83, 1914 (1999)
10. J.Charles. Phys Rev. D 59 054007 (1999);
11. M. Beneke, G. Buchalla, M. Neubart and C. T. Sachrajda, Nucl. Phys.

B591 313 (2000);C. W. Bauer, D. Pirjol and I. W. Stewart, Phys. Rev.
Lett. 87, 201806 (2001) hep-ph/0107002.

12. H. Quinn. B Physics and CP violation. hep-ph/0111177 v1.
13. M. Gronau et. al. Phys. Lett B 514 315 (2001).
14. M. Beneke and M. Neuebert, Nucl. Phys. B675, 338 (2003).
15. R. D. Peccei. Thoughts on CP violation. hep-ph/0209245.
16. L. Wolfenstein. CP violation: The past as prologue. hep-ph/0210025.
17. Fayyazuddin, JHEP 09, 055 (2002).
18. Fayyazuddin. Phys. Rev. D 70 114018 (2004).
19. V. Page and D. London, Phys. Rev. D 70, 017501 (2004).
20. M. Gronau and J. Zupan: hep-ph/0407002, 2004 Refernces to earlier

literature can be found in this reference.
21. P. Ball, R. Zweicky and W. I. Fine. hep-ph/0412079 v1.
22. M.Gronau and J.L. Rosner, hep-ph/0807.3080 v3
23. Fayyazuddin, arXiv: hep-ph/0709.3364, Phys. Rev. D 77 014007

(2008).
24. S. Faller et al., hep-ph/0809.0222 v1.
25. G. Duplancic et al., hep-ph/0801.1796 v2.
26. Fayyazuddin, arXiv: hep-ph/0909.2085, Phys. Rev. D 80,094015



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

524 Particle Mixing and CP -Violation

(2009).
27. K. Nakamura et al., Particle Data Group, Journal of Physics, G 37,

0750212 (2010).



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

Chapter 17

Grand Unification, Supersymmetry
and Strings

17.1 Grand Unification

As we have seen all fundamental forces are of gauge nature. Thus they
may be deduced from some generalized gauge principle. Ingredients of
gauge models are

(i) Choice of gauge group
(ii) Choice of fundamental representations
(iii) If gauge symmetry is spontaneously broken, choice of Higgs sector gen-

erates mass parameters.

Gauge principle restricts the form of interaction. Also gauge model may
be renormalizable if its fermion content is such that the model is anomaly
free. At low energies we have a spontaneously broken SU(2) × U(1) gauge
group for electroweak forces and an exact SUc(3) gauge group for the strong
quark–gluon forces. Thus the standard model involves

G1 ≡ SU(2) × U(1) × ScU(3)
g2 g′ gs > g2 > g′

The fermion content of G1 for the first generation is

(
u

d

)a

L

ua
R da

R a = r, y, b

(2, 3) (1, 3) (1, 3)(
νe

e−

)

L

eR

(2, 1) (1, 1)
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Thus we have 15 two-component fermion states per generation. The elec-
troweak part of G1 is spontaneously broken

G1 ≡ SU(2)L × U(1) × SUc(3) → G2 ≡ Uem(1) × SUc(3).

Also the experimental data show that

ρ ≡
(

mW

mz cos θW

)2

≈ 1

which implies that SUL(2) × U(1) breaking predominantly occurs only
through a SUL(2) Higgs doublet or doublets. Despite the fact that the
above picture is capable of providing a current phenomenological descrip-
tion of all the observed “low energy physics”, many questions given below
remain:

(i) 3 independent coupling constants
(ii) no charge quatization because of U(1) factor
(iii) no relation between lepton and quark masses
(iv) why are 3 generations identical in representation content but vastly

different in mass ?
(v) why is the intergeneration mixing small ?
(vi) no principle limiting the number of SU(2) generations − e, µ, τ, · · ·

Could the situation be improved ? Grand unification of electroweak and
strong quark–gluon forces answers some of these questions but say nothing
about the generation problem. The basic hypothesis is that there exists a
simple group G

G ⊃ G1 ≡ SUL(2) × U(1) × SUc(3)

which is characterized by a single coupling constant and that all interactions
are generated by G. Quarks and leptons are in general members of the
same multiplets of the group G. Then at some energy scale, G suffers a
breakdown to G1:

G → G1 → G2 ≡ Uem(1) × SUc(3)

MX � mW ≈ 100 GeV

The simple groups relevant for grand unification fall into three categories
(i) The unitary groups SUl+1 = SU(n) (l is the rank of the group) with
l(l + 2) parameters or generators. (ii) The orthogonal groups SO2l with
l(2l − 1) generators. (iii) The exceptional groups, in particular E6 with 78
parameters.
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The rank l specifies the number of generators (set of Hermitian matri-
ces) which commute among themselves and can be simultaneously diago-
nalized. The vector bosons associated with a gauge group belong to the
adjoint representation of the group with dimensionality equal to number of
parameters.

The unitary groups SU(4) and SU(5) of rank 3 and 4 with 15 and 24
generators have been constructed for grand unification. The orthogonal
groups SO(4) and SO(6) with 6 and 15 generators are also of interest.
In fact SO(4) and SO(6) are isomorphic to SU(2) × SU(2) and SU(4)
respectively.

For grand unification, the orthogonal group SO2l ≡ SO(4n + 2), for
n = 2 viz SO(10) is of special interest.

In the choice of a gauge group, the fermion representation of gauge
group must be anomaly free. The representation of orthogonal groups (ex-
cept SO(6) which is isomorphic to SU(4)) are all anomaly free. Only the
groups SU(n ≥ 3) and SO(4n + 2 ≥ 10) have complex spinor representa-
tions. The orthogonal group SO(4n + 2 ≥ 10) have two complex spinor
representations of dimensions 22n. Thus for SO(10), the spinor represen-
tations are 16 and 16. Hence all the two-component 15 fermion states, per
generation for the standard model plus one right-handed Majorana neu-
trino are accommodated in the spinor representation 16 of SO(10). The
following chain of subgroups of SO(10) are of interest.

(i)

SO(10) ⊃ SU(5) × U(1)

SU(5) →
MX

SU(3) × SU(2) × U(1)

16 → 5 + 10 + 1

45 → 24 + 1 + 10 + 10

Hence the representation 5 + 10 of SU(5) is anomaly free

5 → (3, 1) + (1, 2)

10 → (3, 2) + (3, 1) + (1, 1)

24 → (3, 2)
6 X’s

Q = ±4/3

+ (3, 2)
6 Y’s

Q = ±1/3︸ ︷︷ ︸

+

lepto-quarks

(8, 2)
8 Gluons
Q = 0

+ (1, 3) + (1, 1)︸ ︷︷ ︸
W±, Z0, γ
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Baryon number and lepton number violating processes through ex-
change of lepto-quarks are generated. However in SU(5); ∆(B−L) = 0
and as such for proton decay, the allowed and forbidden channels are:

p → e+π0, p → νc
eπ

+

p � e− + (anything)++, p � νe + π+

Charge operator

Q =
2√
6
λ15 =

4√
6
F15

(ii)

SO(10) ⊃ SO(6) × SO(4)

⊃ SUc(4) × SUL(2) × SUR(2) Pati-Salam group

SUc(4) × SUL(2) × SUR(2) →
MX

SUc(3) × U(1) × SUL(2) × SUR(2)

The exceptional groups E4 and E6 are isomorphic to SU(5) and SO(10)
respectively. The exceptional groups E7 and E8 have only real spinor rep-
resentations. The only relevant group is E6 which has 78 parameters. The
adjoint representation of E6 has dimensionality 78. The spinor representa-
tion has dimensionality 27. The following chains are of interest.

E6 ⊃ SO(10) × U(1)

27 → 16 + 10 + 1

78 → 45 + 16 + 16 + 1

E6 ⊃ SU(5)

27 → (5, 10) + (5, 5) + (1, 1)

E6 ⊃ SUc(3) × SU(3) × SU(3)

27 → (1c, 3, 3)
Leptons

+ (3c, 3, 1)
quarks

+ (3c
, 1, 3)

antiquarks

78 → (8c, 1, 1) + (1c, 8, 1) + (1c, 1, 8) + (3c, 3, 3) + (3c
, 3, 3)
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17.1.1 q2 Evolution of Gauge Coupling Constants and the

Grand Unification Mass Scale

At presently available energies gs, g2 and g′ are very different. How then
can we have G with a single coupling constant ? This is possible since due
to quantum radiative corrections g’s are q2 dependent. Thus if we have a
grand unification theory (GUT), there must be a point q2 where gs, g2 and
g′ coincide. To see how this comes about, let us consider the q2 evolution
equation for the effective coupling constant in a general gauge theory [see
Appendix B for more details].

dα−1
g

d ln q2
= b + . . . , (17.1)

for q2 > masses of fermions and gauge bosons but q2 < M2
X and

b =
1
4

(
11
3

C2(G) − 4
3
Tf

)
. (17.2)

For SUc(3), C2(G) = 3,

TfδAB = Tr

(
λA

2
λB

2

)
[number of SUc(3) triplets]

=
1
2
δABnf , (17.3)

where nf is the number of quark flavors, known to be six. For SUL(2) in
the electroweak group,

C2(G) = 2, Tfδrs = Tr (τr/2 τs/2)

×
[
1
2

number of left-handed doublets
]

, (17.4a)

where 1
2 comes from the fact that we have only left-handed couplings. Thus

Tfδrs =
1
2
δrs

1
2

(2nf ) . (17.4b)

Here 2nf = 12 appears since each generation has one lepton doublet and 3
quark doublets (one for each color). For U(1) group of electroweak

C2 = 0, Tf =
1
2

∑
f

(
1
2
Y

)2

, (17.5a)

because each fermion has either left-handed or right-handed coupling. Thus

Tf =
1
2

{
nf

2
1
4

[
3 · 1

9
+ 3 · 1

9
+ 1 + 1 + 3 · 16

9
+ 3 · 4

9
+ 4

]}

=
5
6
nf . (17.5b)
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It is convenient to introduce g1 =
√

5/3g′. Thus for q2 � m2
W , m2

Z , m2
t

dα−1
s

d ln q2
= bs, bs =

1
4π

(
33
3

− 2
3
nf

)
> 0 (17.6)

dα−1
2

d ln q2
= b2, b2 =

1
4π

(
22
3

− 2
3
nf

)
> 0 (17.7)

dα−1
1

d ln q2
= b1, b1 =

1
4π

(
−2

3
nf

)
< 0 (17.8)

These renormalization group (RG) equations have the solution

α−1
i

(
q2

)
= α−1

i

(
m2

Z

)
+ bi ln

q2

m2
Z

(17.9)

Hence as q2 increases

(1) αs

(
q2

)
decreases

(2) α2

(
q2

)
also decreases but less rapidly than αs

(
q2

)
(3) α1

(
q2

)
increases

Thus, since α1 < α2 < αs at available energies, at some q2 = m2
X , αs, α2

and α1 should coincide [see Fig. 17.1]

C2
3αs

(
M2

X

)
= C2

2α2

(
M2

X

)
= C2

1α1

(
M2

X

)
= αG, (17.10)

where C3, C2 and C1 are group theory numbers (so that the generators
of the group are properly normalized) and are of order 1. For example
for SU(5), C2

3 = C2
2 = C2

1 = 1. MX is called the grand unification mass
scale at which one has only one free coupling constant αG. Since the gauge
coupling constants are supposed to merge into one in GUT, the value of
sin2 θW , which measures the relative strengths of α1 and α2 at q2 = m2

Z ,
namely

α1

(
m2

Z

)
α2 (m2

Z)
=

5
3

tan2 θW , α2

(
m2

Z

)
=

α
(
m2

Z

)

sin2 θW

, (17.11)

enters into the determination of αG and MX . Whether the three coupling
constants meet at a single point q2 = M2

X depends on the gauge group G.
It may be noted that to include the contribution of Higgs doublet one adds
− 1

6nH in the expression given in Eqs. (17.7) and (17.8), where nH is the
number of Higgs doublets.
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Fig. 17.1 Behavior of αs
(
q2

)
, α2

(
q2

)
and α1

(
q2

)
versus q2.

17.1.2 General Consequences of GUTS

The general consequences which one would expect from GUTS are

(1) G being simple, the charge operator will be a generator of the group and
traceless. So if it acts on any representation of G containing quarks and
leptons, it would give some relation between quark and lepton charges
(sum of charges in each multiplet = 0), i.e. we would have charge
quantization.

(2) The fact that quarks and leptons share the same representation(s) of
G, there would be relationship between quark and lepton masses.

(3) Since quarks and leptons share the same representation(s) of G and
since gauge theories contain vector bosons linking all particles in a
multiplet, there would in general be some interaction changing quarks
into leptons, thereby violating baryon charge (B) and lepton charge
(L) conservation. At present energy scale E � EGUT ≈ MX , we have
effective B and L conservation but this conservation cannot be exact.

In general B violating forces will make proton unstable and so one has
to watch that protons do not decay too quickly, the present experimental
limit on proton decay is

τp ≥ 2.1 × 1029 years (independent of modes)

> 1031 to 5 × 1033 years (mode dependent) (17.12)

Using α3 (mZ) and α (mZ) in M̃S renormalization scheme adopted for the
definition of the coupling constants:

α3 (mZ) = αs (mZ) = 0.1214 ± 0.0031

α−1 (mZ) = 127.88 ± 0.09 (17.13)
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as inputs, one can predict both MX and sin2 θW (mZ) [cf. Eqs.(17.10)
and (17.11) and RG equations] in GUT models such as SU(5) with no
extra scales between the electroweak scale and the GUT scale MX . Typical
predictions are sin2 θW = 0.215 ± 0.003 and MX ≈

(
2+2
−1

)
× 1014 GeV.

This value of MX in turn gives τ(p → e+π0) ≈ 4 × 1029±0.7±1.2 years
which contradicts the experimental limit τ(p → e+π0) ≥ 5 × 1032 years.
Likewise the above predicted value of sin2 θW (mZ) differ from the presently
determined value of sin2 θW (mZ).

sin2 θW (mZ) = 0.23124 ± 0.00017 (17.14)

by six standard derivations. The same mismatch between theory (single –
breaking GUT models) and low energy measurements given in Eqs. (17.13)
and (17.14) is observed if one uses the three effective coupling constants
from their measured values to the GUT scale and above. This is shown in
Fig. 17.2, which shows that the three couplings evolved to the GUT scale
do not meet at a point. This observation and the others discussed in Sec.
1.6 perhaps point to the presence of new physics between the electroweak
scale and the GUT scale.

A related problem, which also requires new physics, is the so-called
“hierarchy problem”. The point is that the Higgs mass is subject to large
quantum radiative loop corrections:

δm2
H = O (α/π) Λ2,

which is unnatural for m2
H � δm2

H if the cut-off Λ used to regularize the
divergent loop integrals is of the order of Planck scale (1019 GeV), the only
natural scale available in nature, unless there is some new physics at a
scale � Planck scale. Then one can interpret Λ as a cut-off representing
the energy scale at which new physics beyond the SM appears. In fact loop
corrections give

δm2
H =

GF√
2

Λ2

4π2

[
6m2

W + 3m2
Z − m2

H − 12m2
t

]
,

where
GF√

2
=

πα

2m2
W sin2 θW

.

Putting the masses of W , Z bosons and t quark,

δm2
H = −

[(
Λ
0.7

TeV
)

200 GeV
]2



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

17.1. Grand Unification 533

which implies Λ < 1 TeV, if mH ≤ 200 GeV. Thus it is unnatural to have
the masses of W and Z bosons at 80 and 90 GeV, respectively, and the
Higgs boson mass below 200 GeV, unless the standard model is somehow
“cut-off” and embedded in a richer structure that tames the ultraviolet
divergence in the Higgs mass at an energy no higher than about 1 TeV.
One such an alternative is provided by suppersymmetry, where there exists
a symmetry between fermions and bosons; for any fermion there exists a
corresponding boson of the same mass and vice versa. As a result there
is a cancellation of the divergences in the radiative loop corrections since
fermions and bosons contribute with opposite sign. As a result there is a
scale associated with it.

Thus as seen above one consequence of suppersymmetry (see next sec-
tion) is that bosonic particles are naturally paired with fermionic ones.
Each minimal pairing is called a supermultiplet. For example: a left-handed
fermion, its right-handed antiparticle, a complex boson and its conjugate
form a chiral supermultiplet. On the other hand, a massless vector field
and a left-handed fermion form a vector super-multiplet – two transversely
polarized vector boson states, plus the left-handed fermion and its antipar-
ticle. Thus for N = 1 supersymmetry one has the following helicity states

chiral: (1/2, 0) , gauge: (1, 1/2) , graviton: (2, 3/2)

Thus in the minimal supersymmetric extension of the standard model, we
have the following particles

Particle Spin Spartner Spin
quark: q 1/2 squark: q̃ 0
lepton: l 1/2 slepton: l̃ 0
photon: γ 1 photino: γ̃ 1/2
weak vector boson: W 1 wino: W̃ 1/2
weak vector boson: Z 1 zino: Z̃ 1/2
Higgs: H 0 higgsino: H̃ 1/2
gluon: G 1 gluino: G̃ 1/2

Due to the presence of supersymmetric particles the RG coefficients b’s
given in Eqs. (17.6), (17.7) and (17.8) are modified. This modification
leads to a solution such that the couplings do meet at a point [see Fig.
17.3]. The unification scale in such extensions is higher than the value of
MX discussed above in the context of SU(5) model. This would imply a
longer life time for the proton, evading the present experimental bound.
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Supersymmetry is needed from another point of view, which is discussed in
the next section.

Before we end this section, we may mention that another popular GUT
model, SO(10) [rotation group in ten dimensions in internal space with
spinor representations], when broken in a single decent to SUL(2)×U(1)×
SUC(3) is also in conflict with the limit (17.12). However, in contrast to
SU(5), SO(10) admits various symmetry breaking patterns, some contain-
ing new intermediate mass scales. One such chain of symmetry breaking
is

SO(10) →
MX

SUL(2) × SUR(2) × SUC(4)

→
mR

SUL(2) × U(1) × SUC(3)

→
mL

Uem(1) × SUC(3)

where SUC(4) is Pati-Salam group. Here it is possible to avoid the conflict
with the limit (17.12). However, there is no prediction for sin2 θW ; in fact
its value is used to fix the intermediate mass scale mR which is of the order
of 1013 GeV and being so large has no observable consequences.

To conclude GUTS have several attractive features mentioned above,
but their predictive power is limited. However, the idea that quarks and
leptons can be treated on an equal footing, and that both lepton and baryon
number violations are possible in such unified theories, is now an integral
part of GUT models and their extension.

17.2 Poincaré Group and Supersymmetry

17.2.1 Introduction

Even though there is no conclusive evidence at present time that super-
symmetry is a symmetry of the world, supersymmetry is a favored way
of reducing some problems in phenomenology beyond the standard model
such as unification of gauge coupling constants of standard model at GUT
scale (see last section). Issues such as the fine-tuning problem due to a fun-
damental Higgs are naturally avoided in the supersymmetric theories since
the normally large radiative corrections are softened due to the presence of
the fermionic partner Higgsino. Similarly the hierarchy problem can also
be resolved in this framework. Supersymmetry is seen as a positive fea-
ture of string theory since the theory requires it and one does not have to
introduce it by hand.



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook
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Fig. 17.2 Running of the three gauge couplings in minimal SU(5) GUT showing dis-
agreement with a single unification point [5].

Fig. 17.3 Running of the three gauge couplings in minimal supersymmetric extension
of the standard model [5].

Supersymmetry (SUSY) pair the bosons with fermions. But bosons and
fermions behave very differently. Consider rotating a spin-j particle by an
angle θ around an axis, say z-axis. While bosons come back to themselves
after a rotation by 2π but fermions do not! Pauli’s exclusion principle hold
for fermions but not for bosons. Because they behave so differently it seems
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unlikely that a symmetry can exist which convert bosons into fermions and
vice versa. Also there is no-go theorem due to Coleman and Mandula,
which forbids conserved charges which are not Lorentz invariant other than
those belonging to Poincaré’s group (such as momentum). But if a charge
is Lorentz invariant it cannot change the spin and hence cannot change
a fermion into a boson. However Coleman-Mandula theorem only talked
about conserved charges coming from symmetries whose generators satisfy
commutation relations. In the 1970’s physicists come up with the idea of a
supersymmetry to unify space-time and internal symmetries, a symmetry in
which some generators satisfied commutation relations and some satisfied
anti-commutation relations.

The simplest example of a supersymmetric system is provided by simple
harmonic oscillator for which the Hamiltonian is [� = 1, m = 1, ω = 1]

HB =
1
2
(p2 + q2)

=
1√
2
(q + ip)(q − ip) − 1

2
[q, p]

= a†a +
1
2

where a† and a are creation and annihilation operators which satisfy com-
mutation relation [a, a†] = 1. The eigenstates of HB are |0〉B , |1〉B , |2〉B , · · ·.

a|0〉B = 0

|n〉B ∝ (a†)n|0〉B

HB = (n +
1
2
)|n〉B

We now introduce the fermionic oscillator, which is defined by the op-
erators d and d† satisfying anti-commutaion relation {d, d†} = 1. The
Hamiltonian is HF = d†d− 1

2 and eigenstates of HF are |0〉F and d†|0〉F so
that

d|0〉F = 0

For the combined system, the total Hamiltonian is

H = HB + HF

= a†a + d†d

and eigenstates are

|0〉, |1〉 = a†|0〉 |2〉 = (a†)2|0〉 · · ·
|1〉 = d†|0〉 |2〉 = d†|1〉 · · ·
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Note the degeneracy of states in supersymmetric harmonic oscillator. The
degeneracy in energy indicates that there is a symmetry.

Define the operator Q = a†d, Q† = ad†. Q is no longer a pure bosonic
or fermionic object, and Q and Q† provide the simplest SUSY algebra

{Q, Q} = {Q†, Q†} = 0

{Q, Q†} = H

[Q, H] = [Q†, H] = 0 (17.15)

These relations, which can be easily derived, explain degeneracy mentioned
above. The above considerations show that any enlargement of the space-
time group require generators which anti-commute. A brief review of the
Poincaré group, whose generators satisfy the commutation relations will be
of help in introducing the spinor generators, which anti-commute.

17.2.2 Poincaré roup

Poincaré transformation is

x′µ = aµ + Λµ
νxν

aµ : translation

Λµ
ν : Lorentz transformation (17.16)

The corresponding infinitesimal transformation is

x′µ = xµ + δxµ = xµ + aµ + εµ
νxν (17.17)

Associated with Poincaré transformation is a unitary operator:

U = e−iaµPµ+ i
2 εµνMµν (17.18)

As discussed in Chap. 3, the ten generators of the Poincaré group, are
identified as:

Pµ = −i∂µ generators of translation, energy-momentum

Mµν = Lµν + Sµν generators of the Lorentz group

where

Lµν = i(xµ∂ν − xν∂µ),

M ij = −εijkJk = εijkJk = Mij = εijkJk : generators of the rotation group

M0i = Ki = −M i0 : generators of the Lorentz boost

e
i
2 εµνMµν = e−iω·J−iζ·K (17.19)

G



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

538 Grand Unification, Supersymmetry and Strings

These generators should satisfy the same commutation relations which the
corresponding differential generators Pµ and Lµν satisfy. They are

[Pµ, Pν ] = 0

[Mµν , Pλ] = i(gνλPµ − gµλPν)

[Mµν , Mλρ] = i(gνλMµρ − gµλMνρ + gµρMνλ − gνρMµλ) (17.20)

Mµν = −Mνµ

For a Dirac spinor field ψ(x):

[Mµν , ψ(x)] = −(Lµν + Σµν)ψ(x) (17.21)

where

Σµν =
i

4
(γµγν − γνγµ)

=
i

4

(
σµσν − σνσµ 0

0 σµσν − σνσµ

)

≡
(

σµν 0
0 σµν

)
(17.22)

where σµ = (σ0,−σi), σ̄µ = (σ0, σ
i) and σi = −σi.

We close the section on Poincaré group by introducing the Pauli-
Lubanski operator

Wλ = −1
2
ελαβσMαβPσ (17.23)

It is a vector and plays the role of covariant spin operator. Under the
Poincaré transformation Wλ transforms as

[Pµ, Wλ] = 0 (17.24)

[Mµν , Wλ] = i(gνλWµ − gµλWν) (17.25)

This follows from the fact that Wλ is a vector under the Lorentz group. It
is easy to show that

[Wµ, Wν ] = iεµνλσWλPσ (17.26)

The Lie algebra of the Poincaré group has two invariants

P 2 = PµPµ (17.27)

W 2 = WµWµ (17.28)

PµWµ = 0 (17.29)

which gives
P · W

P0
= W0 = J · P (17.30)
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For massless particle

Wµ = λPµ (17.31)

λ =
J · P
|P|

(17.32)

Thus for a massless particle, λ is the helicity with eigenvalues ±s, where
for a spinor s = 1

2 and for a vector particle s = 1.

17.2.3 Two-Component Weyl Spinors

The Weyl spinors ξ and η or equivalently the Chiral projections of 4-
component Dirac Spinor ψ,

ψL =
1 − γ5

2
ψ (17.33)

ψR =
1 + γ5

2
ψ, (17.34)

have already been introduced in Chap. 12 and Appendix A, where it is
shown that 4-component Dirac spinor can be written as

ψ =
(

ξ

iσ2χ∗

)
(17.35)

where χ = ξC = −iσ2η∗ and η = iσ2ξC∗.
On the other hand for the Majorana spinor, which is self conjugate

ψM = ψC
M = Cψ̄M (17.36)

ψMα = Cαβψ
β

M (17.37)

Here charge conjugation matrix C is

C =
(

ε 0
0 −ε

)
(17.38)

ε = iσ2

The fundamental spinor representation of the Lorentz group are

ξ =
(

ξ1

ξ2

)
, ξ∗ =

(
ξ1̇

ξ2̇

)
(17.39)

designated as

D(
1
2
, 0), D(0,

1
2
)
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so that

(
1
2
, 0) ⊗ (0,

1
2
) = (

1
2
,
1
2
)

gives Lorentz vector.
It is convenient to introduce the following lowering and raising spinor

metric

εαβ = iσ2 =
(

0 1
−1 0

)
= ε

.
α

.

β

εαβ = −iσ2 =
(

0 −1
1 0

)
= ε .

α
.

β
(17.40)

ξα = εαβξβ , ξα̇ = ε .
α

.

β
ξβ̇ (17.41)

Define

ξ = iσ2ξ∗, χ = iσ2χ∗ (17.42)

Hence the Dirac 4-spinor can be expressed in terms of the undotted and
dotted spinors as

ψ =
(

ξα

χ .
α

)
(17.43)

Finally from Eqs. (17.21), (17.22) and (17.43)

[Mµν , ξα] = −i(σµν)α
βξβ

[Mµν , χ .
α] = −i(σµν)

.

β
.
α
χ .

β
(17.44)

where

(σµν)α
β =

1
4

[
(σµ)α

.
α(σν) .

αβ
− µ ↔ ν

]

(σµν)
.

β
.
α

=
1
4

[(σµ)α
.
α(σν)α

.
β − µ ↔ ν] (17.45)

17.2.4 Spinor Algebra, Supersymmetry

Introduce two Weyl spinor generators

Qα, Q .
α ≡ iσ2Q∗α (17.46)

It follows from Eq. (17.44):

[Mµν , Qα] = −i(σµν)α
βQβ

[Mµν , Q .
α] = −i(σµν)

.

β
.
α
Q .

β
(17.47)

[Pµ, Qα] = 0 = [Pµ, Q .
α] (17.48)
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This is not obvious (see problem 17.2).
Now Qα and Q .

α respectively transform as (1/2, 0) and (0, 1/2) under the

Lorentz group. Thus {Qα, Q

.

β} transforms as (1/2, 1/2) under the Lorentz
group and Pµ is the only vector generator of the Poincaré group. Thus to

close the algebra we require {Qα, Q
β̇} and {Qα, Qβ} both of which are to

be bosons and linear in Pµ and Mµν :

{Qα, Q

.

β} = t(σµ)α
.

βPµ (17.49)

{Qα, Qβ} = s(σµν)α
βMµν (17.50)

Thus, on using Eq. (17.20)

[Pλ, {Qα, Qβ}] = s(σµν)α
β [Pλ, Mµν ]

= s(σµν)α
β(−i)(gνλPµ − gµλPν)

[Pλ, {Qα, Q

.

β}] = t(σµ)αβ̇ [Pλ, Pµ] = 0

Since Qα, Qβ , Q

.

β
all commute with Pλ, the left-hand side is zero. Thus

we have s = 0, but the second equation is identically satisfied and as such
does not fix t. Hence we have

{Qα, Qβ} = 0

{Qα, Qβ} = 0 = {Q .
α, Q .

β
} (17.51)

{Qα, Q

.

β} = 2(σµ)α
.

βPµ

= 2(σµ)
.

βαPµ (17.52)

where we have taken t = 2, as the normalization condition. Equations
(17.47), (17.48), (17.51) and (17.52) give the supersymmetry algebra.

Finally for the 4-component Majorana spinor QM = Q from Eqs.
(17.21) and (17.22),

[Pµ, Qα] = 0 (17.53)

[Mµν , Qα] = −(Σµν)αβQβ (17.54)

{Qα, Qβ} = (γµ)αβPµ (17.55)

or equivalently

{Qα, Qβ} = −(γµC)αβPµ

since [cf. Eq. (17.37)]

Qα = CαβQ
β
.
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17.2.5 Supersymmetric Multiplets

First we note that by taking the trace of Eq. (17.52), where only σ0 has
non-zero trace equal to 2.

(
Q1Q̄

·
1 + Q2Q̄

·
2 + Q̄

·
1Q1 + Q̄

·
2Q2

)
= 4P0 (17.56)

that is

4
〈
Ψ

∣∣P 0
∣∣ Ψ

〉
=

2∑
α=1

〈Ψ |Qα(Qα)∗ + (Qα)∗Qα|Ψ〉 ≥ 0 (17.57)

implying that the spectrum of H = P0 is semi-positive definite. In partic-
ular for vacuum state |0〉, Evac = 0 implies

〈0 |P0| 0〉 = 0 ⇔ Qα|0〉 = 0 (17.58)

Thus the vanishing of vacuum energy is a necessary and sufficient condition
for the existence of a unique vacuum.

Now the Poincaré group has two invariants

P 2 = PµPµ, W 2 = WµWµ = −m2J2 (17.59)

and J2 has eigenvalues j (j + 1). Now while
[
P 2, Qα

]
= 0 =

[
P 2, Q̄

·
α
]

(17.60)

but
[
W 2, Qα

]
�= 0 (17.61)

Thus the massive irreducible representations of the SUSY algebra will cer-
tainly contain different spins: j = 1/2 super charge Qα acting on a state
of spin j results in a state of spin j ± 1/2, thereby mixing fermions and
bosons.

Since Qα changes fermion number by one unit, we may write

(−1)NF Qα = −Qα (−1)NF

where NF is the fermion number operator.
Now consider a finite dimensional representation R of the super algebra.

Then since

Tr

[
(−1)NF

{
Qα, Q̄

·
β

}]
(17.62)

= Tr

[
−Qα (−1)NF Q̄

·
β + Qα (−1)NF Q̄

·
β

]
= 0, (17.63)
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using Eq. (17.49)

2 (σµ)α
·
β

tr
[
(−1)NF Pµ

]
= 0 (17.64)

For a fixed non-zero Pµ, tr
[
(−1)NF

]
≡

∑
m

〈
m

∣∣∣(−1)NF

∣∣∣ m
〉

= 0. Since

(−1)NF has value +1 on a bosonic state and −1 on a fermionic state, this
means that

nB (R) − nF (R) = 0 (17.65)

where nB is the number of bosons in the representation R and nF is the
number of fermions in the representation R.

We now consider the representations of the SUSY algebra that can be
realized by one particle states. We start with the massless case, since in
most of the phenomenologically interesting scenarios the non-zero masses
of the particles that we observe are generated by SUSY breaking effects.
As already seen in Sec. 17.2.2 for massless particle

λ =
J · P
P0

=
J · P
|P|

(17.66)

is the helicity and W 0 = J · P. Now consider a massless state |p, λ〉 with
momentum p. Then

Pµ|p, λ〉 = pµ|p, λ〉 (17.67)

P0|p, λ〉 = E|p, λ〉 (17.68)
J · P
P0

P0|p, λ〉 = E
J · P
P

|p, λ〉 = Eλ|p, λ〉 (17.69)

(17.70)

i.e.

W 0|p, λ〉 = Eλ|p, λ〉 (17.71)

Further we note that
[
W 0, Qα

]
= −1

2
(σ · P)α

βP β (17.72)

[
W 0, Qα̇

]
= −1

2
(σ · P)β̇

α̇Pβ̇ (17.73)

From Eqs. (17.74) and (17.75):

W 0Qα |p, λ〉 = λEQα |p, λ〉 − 1
2
(σ.P)α

βQβ |p, λ〉 (17.74)

Selecting

Q1 |p, λ〉 = 0 = Q2 |p, λ〉
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it is easy to derive the following result for massless state

Q
.
2 |p, λ〉 = constant |p, λ − 1/2〉

=
√

4E |p, λ − 1/2〉
Q2 |p, λ − 1/2〉 =

√
4E |p, λ〉 (17.75)

Hence there are just two states with helicity λ and λ − 1/2. The most
common of them, which we encounter are

λ = 1/2, 1, 2

λ = 1/2 : Chiral supermultiplet: a Weyl spinor with helicity 1/2, and a
scalar; plus CTP conjugate Weyl fermion of helicity −1/2 and another
scalar.
λ = 1 : Vector supermultiplet: a massless vector particle, a fermion of
helicity 1/2 and then CTP conjugate viz λ = −1 and λ = −1/2.

λ = 2 : graviton supermuliplet (2, 3/2) and CPT conjugate λ = −2, λ =
−3/2.

To conclude: bosonic particles are naturally paired with fermionic ones.
Each minimal pairing is called supermultiplet. As we have seen above: a
left-handed fermion (λ = 1/2), its right-handed antiparticle (λ = −1/2), a
complex boson (λ = 0) and its conjugate form a supermultiplet. A massless
vector field (λ = 1) and a left-handed fermion form a vector multiplet,
two transversely polarized vector boson states, plus left-handed and right-
handed fermion and its antiparticle. Thus for N = 1 supersymmetry one
has the helicity states, given in Sec. 17.1.2.

17.3 Supersymmetry and Strings

17.3.1 Introduction

One of the main puzzles in quantum theory is how to reconcile General Rel-
ativity with quantum mechanics. The usual method of taking the classical
Lagrangian and quantizing it fails because of insurmountable difficulties in
making sense of the renormalization program, which has been so successful
in other quantum field theories.

In most situations the domains in which quantum field theories are
interesting and the domains in which General Relativity is relevant have
no overlap. General Relativity is used when dealing with massive bodies of
interest at large distance scales in astrophysics and cosmology and quantum
mechanics is used at short distance scales. However, there are situations
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where both theories become relevant. For instance, close to a black hole
quantum effects become relevant as evidenced by Hawking radiation. When
one begins to probe distances of the order of the Planck scale one expects
that quantum gravitational effects will become important.

The impasse in the field theoretic approach to gravity can be circum-
vented by using string theory. String theory is a novel program which
replaces the plethora of particles that exist by a single string! In this ap-
proach the vibrational modes of the string correspond to different particles.
Whereas in field theory it seems virtually impossible to include dynamical
gravity, in string theory quite the opposite situation prevails: one cannot
have string theory without gravity! This is because in the spectrum of string
theory there is always a massless spin 2 field, which is naturally identified
as the graviton.

Another feature of string theory is that it requires supersymmetry. Even
though there is no conclusive evidence at the present time that supersym-
metry is a symmetry of the world, supersymmetry is a favored way of
resolving some problems in phenomenology beyond the Standard Model as
discussed in Sec. 17.2.1. Issues such as the fine-tuning problem due to a
fundamental Higgs are naturally avoided in supersymmetric theories since
the normally large radiative corrections due to a fundamental scalar Higgs
are suppressed due to the presence of its fermionic partner, the Higgsino.
Similarly the hierarchy problem can also be resolved in this framework.
Supersymmetry is thus seen by many as a positive feature of string theory
since the theory requires it and one does not have to introduce it by hand.

17.3.2 Supersymmetry

Space-time supersymmetry is a symmetry which generalizes ordinary
Poincaré symmetry by augmenting the usual generators with fermionic
generators. They satisfy certain commutation relations with the bosonic
generators and anti-commutation relations with the remaining fermionic
ones:

[Qαi, Pµ] = 0,

[Qαi, Mµν ] =
1
2
(Σµν)α

βQβi, (17.76)

{Qαi, Qβj} = −δij(γµC)αβPµ + CαβZij + (γ5C)αβZ ′
ij .

Pµ are generators of translations and Mµν are Lorentz generators. Together
they generate the Poincaré group. The fermionic generators Q are in the



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

546 Grand Unification, Supersymmetry and Strings

Majorana representation and C is the charge conjugation matrix so that:
Qαi = CαβQ

β

i . (17.77)
The index i runs over the number of supersymmetries i = 1, ...,N . In the
simplest case N = 1, the other cases are known as extended supersymme-
tries. The Z and Z′ are so-called central charges, they are anti-symmetric
in the indices i, j and commute with everything. They only exist when one
has extended supersymmetry.

One of the consequences of supersymmetry is that bosonic particles are
naturally paired with fermionic ones so that the number of on-shell degrees
of freedom of fermions and bosons are the same. Each minimal pairing
consistent with a certain amount of supersymmetry is called a “multiplet”.
For instance, in four dimensions the smallest amount of supersymmetry has
four real fermionic generators and is referred to as N = 1 supersymmetry.
In this case one can have an N = 1 “vector multiplet” which consists of
a spin 1 gauge boson along with its supersymmetric partner, a Majorana
fermion. The fermions and bosons both have two on-shell degrees of free-
dom. In addition to the vector multiplet one can have a “chiral multiplet”
consisting of a complex scalar and its partner, a Weyl fermion. Again the
degrees of freedom are the same, i.e. two. One can have upto 16 real
supersymmetries (usually referred to as N = 4 supersymmetry) without
introducing anything above spin 1 in four dimensions. Beyond that one has
to include higher spin degrees of freedom. Another useful limit to remem-
ber is that if one restricts the highest spin of the fields to 2, corresponding
to the graviton, the maximum amount of supersymmetry is generated by
32 real fermionic generators (often referred to as N = 8 supergravity).
The highest space-time dimension in which a supersymmetric theory can
be written down with fields with highest spin equal to 2, is 11 dimensions.
This is why eleven dimensional supergravity plays a distinguished role in
supersymmetric physics.

When supersymmetry is an exact symmetry, the bosonic and fermionic
partners in a multiplet have the same mass. Clearly, this is not seen in na-
ture. For instance, there is no experimentally observed scalar with the same
mass as the electron which would qualify as the electron’s supersymmet-
ric partner. Phenomenological models then have to break supersymmetry.
The mechanism of supersymmetry breaking is not well understood, how-
ever, once one assumes that superymmetry is broken at some high energy
scale, one can incorporate in low energy models the breaking by simply
introducing terms which break it. The number of such terms can be re-
stricted to soft-breaking terms which are relevant in the infrared. These
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terms push the masses of the (as yet) unobserved supersymmetric part-
ners of the known fields up, to account for their unobserved status while
carefully avoiding contradictions with well measured data.

Supersymmetry is a vast area of research which deserves and has re-
ceived book-length accounts1. In the next subsection we will content our-
selves with a simple example to illustrate the ideas touched on in our ex-
position.

17.3.2.1 Supersymmetric Yang-Mills: An Example

To illustrate the basic ideas of supersymmetry we analyze a toy model:
N = 1 supersymmetric Yang-Mills theory. As mentioned earlier, in a mini-
mally supersymmetric model containing a vector field we need to introduce
fermions with as many on-shell degrees of freedom as the vector field. A
vector meson in d dimensions has d−2 physical degrees of freedom, whereas
a fermion field with n components has n/2 on-shell degrees of freedom. In
four dimensions we need to find a fermion field with 2 on-shell degrees of
freedom to match the vector field’s physical polarizations. Both Weyl and
Majorana fermion have 2 real on-shell degrees of freedom. Consider the
following Lagrangian:

L = −1
4
F a

µνF aµν +
i

2
ψ

a
γµ(Dµψ)a, (17.78)

where a sum over repeated indices is implied. a is a group theory index
and runs over the generators of the gauge group since all fields transform
in the adjoint representation of the gauge group:

F a
µν = ∂µAa

ν − ∂νAa
µ + gfabcAb

µAc
ν

(Dµψ)a = ∂µ + gfabcAb
µψc. (17.79)

The fermionic field ψ is taken to be a Majorana field:

ψa
α = Cαβψ

βa
. (17.80)

This Lagrangian is invariant under the Poincaré group and local gauge
transformation, in addition it enjoys a fermionic symmetry:

δAa
µ =

i

2
εγµψa

δψa = −1
4
F a

µνγµνε. (17.81)

1See for instance, J. Wess and J. Bagger, “Supersymmetry and Supergravity” Princeton
University Press (1992).



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

548 Grand Unification, Supersymmetry and Strings

ε is an “infinitesimal” spinor which anti-commutes with fermionic fields and
commutes with bosonic fields. And γµν = iσµν as defined in Appendix A.
This fermionic symmetry combined with the Poincaré symmetry is known
as N = 1 supersymmetry.

We can derive equal-time (anti-)commutation relations for the fields ψ

and Aµ. There is a subtlety which needs to be mentioned here. Since the
field A0 does not have a conjugate momentum one cannot quantize it in
the usual way, more sophisticated methods are called for. In the following
we pick the gauge A0 = 0 and agree to impose the equation of motion of
the A0 field (Gauss’ law) by hand on all physical states. In this gauge we
can write down the following equal-time commutation relations:

{
ψa

α(x), ψ∗βb(y)
}

= δ(3)(x − y)δβ
αδab

[
F a

0i(x), Ab
j(y)

]
= iδijδ

abδ(3)(x − y). (17.82)

Using these commutation relations and using the Majorana condition, we
can write down the generators of supersymmetry in terms of the fields:

Qα = −1
4

∫
d3xF a

µν(γµνγ0)β
αψβa. (17.83)

One can easily verify that these generators generate the above supersym-
metry transformations in the gauge A0 = 0:

[εQ, ψ] = ε {Q, ψ} = −1
4
F a

µνγµνε

[εQ, Ai] = ε[Q, Ai] =
i

2
εγiψ

a (17.84)

N = 1 Super Yang-Mills (SYM) has some properties in common with
ordinary QCD. For instance, the one-loop beta function of this theory is
given by:

Λ
dg

dΛ
= − 3

16π2
(facdfacd)g3. (17.85)

The beta function is negative implying that the theory is asymptotically
free just like ordinary QCD. Also like QCD, it is believed that SYM is
confining and develops a mass gap. In addition, SYM has instantons which
contribute to correlation functions.

17.4 String Theory and Duality

There are five known string theories, which are called the Type I, Type
IIA, Type IIB, Heterotic SO(32), and Heterotic E8 × E8 string theories.
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They are at first sight very different. For instance, the Type I and the two
Heterotic theories have half the supersymmetries of the Type II theories.
Similarly, the Type I and Heterotic theories have non-abelian gauge groups
while the others don’t. One key feature that they do have in common is
that they are all formulated in 10 dimensions.

In 1995, the ground breaking work of Hull, Townsend and Witten unified
these theories. They argued that, while naively the theories had distinct
properties, in many cases they were non-perturbatively the same. Many of
these properties can be understood by thinking of these theories as limits
of a single theory: “M-theory”.

The key concept unifying the string theories is called “duality”. The
basic idea is simple. Consider a physical system which has two distinct
descriptions A and B, say. A is then said to be dual to B, and vice versa.
If the two descriptions are different, as they must for duality to be non-
trivial, there must be mechanisms by which their apparent disparity can
be overcome. Also, their region of validity must be such that one doesn’t
find any obvious contradiction. There are many different dualities. We list
a few to illustrate the concept.

Strong-weak coupling duality. This is a very powerful type of duality
which relates a theory A, say, at strong coupling to another theory B at
weak coupling. An example of this duality is provided by the Type I and
SO(32) Heterotic theories in 10 dimensions. Their couplings are inversely
related. Thus when one of them is strongly coupled, the other is weakly
coupled. Another example is that of the Type IIB theory which is self-dual
under strong-weak duality. This means that the weakly coupled theory is
the same as the strongly coupled theory with some fields interchanged.

T-duality. In its most general form T-duality relates string theories on
different manifolds to each other. An example is of Type IIA on R9 × S1

(where S1 is a circle) which is dual to Type IIB on R9 × S1. The radii of
the two circles are related by RA = α′/RB (α′ is the string tension which
is the same as the 10 dimensional Planck length squared). Here we find
that two distinct string theories on different manifolds (different because
of their radii) are dual. Similarly, we have that Heterotic string theory on
R6 ×T 4 (T 4 is the four dimensional torus) is dual to Type IIA on R6 ×K3
(K3 is a Ricci flat manifold of complex dimension 2).
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17.4.1 M-theory

Perhaps the most amazing dualities involve M-theory. Very little is known
about M-theory and yet it is a powerful tool in string theory. The defining
feature of M-theory is that at low energies it is accurately described by
11 dimensional supergravity. One duality states that M-theory on a circle
of radius R is the same as type IIA string theory in 10 dimensions with
coupling constant gs = (R/lp)3/2 (where lp is the 11 dimensional Planck
length). A surprising consequence of this identification is that strongly
coupled type IIA string theory develops a new dimension (since in that
limit R becomes large)! Another, similar, duality states that M-theory on
a line segment is equivalent to E8 × E8 Heterotic string theory.

One of the appeals of duality is that it allows one to formulate the no-
tion of non-perturbative string theory by changing the description. A key
method used in establishing duality is to work with the various supergrav-
ities which capture the low-energy dynamics of string theories. The field
content of supergravity consists of the massless modes of the string theory
in question. For instance, the Type IIA supergravity describes the low-
energy dynamics of Type IIA string theory. It has a number of massless
fields of which the bosonic fields are as follows:

φ scalar dilaton

gµν graviton

Bµν anti-symmetric 2-tensor (17.86)

Aµ abelian gauge field

Aµνρ anti-symmetric 3-tensor (17.87)

The anti-symmetric fields all couple to extended objects known as p-branes.
Just as a gauge field couples to a point particle, an antisymmetric (p+1)-
tensor couples to a p-brane. An important example is Bµν which couples
to the Type IIA fundamental string.

We can compare the above field content to that of 11 dimensional su-
pergravity. The massless bosonic content of 11 dimensional supergravity
is:

Gµν graviton

Cµνρ anti-symmetric 3-tensor (17.88)

At first sight it seems to bare little resemblance to the type IIA field content.
Recall, however, that M-theory on R9 × S1 is supposed to be equivalent to
Type IIA string theory. When we compactify on S1 and take the radius
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to be small we can ignore the dependence of the fields on the compact
coordinate, as is usual when one performs dimensional reduction. From the
ten dimensional point of view we can make the following identifications:

e4φ/3 = G11,11

Aµ = G11,µ

gµν = Gµν (17.89)

Bµν = Cµν,11

Aµνρ = Cµνρ (17.90)

Thus we see that all the fields are accounted for. The dilaton serves as a
coupling constant in type IIA supergravity. The usual string-frame dilaton
is related. We see immediately that when the dilaton is large the radius of
the circle becomes large and type IIA supergravity becomes a poor approx-
imation for 11 dimensional supergravity. We understand this to mean that
Type IIA is a perturbative theory which is non-perturbatively equivalent
to M-theory on S1.

The spectrum of p-branes is different in the two theories, but they too
are related as above. We illustrate this identification with a few examples.
Type IIA string theory has 0-branes which couple to the gauge field Aµ, in
M-theory they correspond to momentum modes along S1. Since momen-
tum is quantized in the S1 direction in integer units of 2π/R, where R is
the radius of the compact direction, the number of units is naturally iden-
tified with the number of 0-branes. A striking difference is that M-theory
contains no strings. It does, however, have a 2-brane (membrane) which
when wrapped on the S1 appears as a string in 10 dimensions as long as
one is justified in ignoring scales smaller than the radius of the compact
direction.

All string dualities have to satisfy consistency checks of the above kind.
Fortunately there are many tests one can perform. Here the importance of
a distinguished set of states known as BPS states are particularly useful.
BPS states preserve some fraction of the total space-time supersymmetry,
by virtue of which they are the lowest mass states in their class and are
guaranteed to be stable. Many of their properties can be established ex-
actly, even when the theory is strongly coupled.
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17.5 Some Important Results

Many new insights have been gained using duality. Although these areas
do not directly touch on finding phenomenologically viable models some
do demonstrate the ability to study phenomena which generically exist in
realistic models. We briefly discuss some of these below.

In the last few years, using duality, considerable progress has been made
in our understanding of gauge theories, particularly supersymmetric gauge
theories. Significant results include the demonstration of confinement and
chiral symmetry breaking in four dimensional gauge theories.

String theories have been used to study black holes. One of the most
exciting new results concerns the problem of black hole entropy. The
Beckenstein-Hawking entropy is a thermodynamic quantity which satisfies
a generalized version of the second law of thermodynamics. It has recently
been given a statistical mechanical basis by relating it to microscopic states
of a black hole.

Recently, progress has been made in finding a connection between grav-
ity and field theory. One manifestation of this has been a proposal that a
quantum mechanics model known as Matrix theory captures the dynam-
ics of M-theory. Many checks have been performed to test the ability of
Matrix theory to reproduce supergravity calculations with success. An-
other approach known as the Maldacena conjecture has led to a radically
new connection between conformal field theories and supergravity in AdS
backgrounds.

17.6 Conclusions

We have given just a flavor of the vast and rapidly growing area of super-
symmetry and string theory dualities. The interested reader should consult
review articles and books for a thorough introduction to the subject. A
good place to start is the recent book by Polchinski (J. Polchinski, “String
Theory” Vols. 1 and 2, Cambridge University Press (1998)).

17.7 Problems

(1) Show that
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(a)

σ2σµσ2 = (σ̄µ)T

(b)

(σµ)αβ̇ = (σ̄µ)β̇α

(c)

ψ̄DψD = χαξα + ξ̄α̇χ̄α̇

(d)

ψ̄MγµψM = 0

(e)

ψ̄DγµψD = ξ̄α̇(σ̄µ)α̇βξβ + χα(σµ)αβ̇χ̄β̇

= −ξα(σµ)αβ̇ ξ̄β̇ + χα(σµ)αβ̇χ̄β̇

(2) Show that

[Pµ, Qα] = 0

Hint: Pµ is 4-vector, only other 4-vector available is σµ. It follows
that

[Pµ, Qα] = c(σµ)αβ̇Q̄β̇

where c is a complex number. Take the complex conjugate of the above
equation, (Pµ∗ = −Pµ):

[
Pµ, Q̄α̇

]
= −c∗(σ̄µ)α̇βQβ[

Pµ, Q̄β̇

]
= −c∗(σ̄µ)β̇αQα

Then use the Jacobi identity

[Pµ, [P ν , Qα]] + [P ν , [Qα, Pµ]] + [Qα, [Pµ, P ν ]] = 0

(3) For a chiral supermultiplet, the Lagrangian is given by

L = iξ†σ̄µξ +
1
2
∂µφ∗∂µφ

Show that the above Lagrangian is invariant under the infinitesimal
supersymmetric transformations

δεφ =
√

2εT Cξ (17.91a)

δεξ =
√

2iσµ∂µφCε∗ (17.91b)

where ε is a parameter which transforms as a left handed chiral spinor
and C is charge conjugation matrix.
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(4) Qα and Qα̇ are generators of SUSY transformations. For chiral super-
multiplets ξ and φ, the SUSY transformations is given by Eqs. (17.91a
and 17.91b)

(a) Show that

[δε1 , δε2 ]φ = 2i
[
εα
1 (σµ)αβ̇ ε̄β̇

2 − εα
2 (σµ)αβ̇ ε̄β̇

1

]
∂µφ (17.92)

(b) The transformation in terms of supersymmetric generators Q and
Q̄ are:

δε = ε · Q + ε̄ · Q̄ = −εαQα + ε̄β̇Q̄β̇

Show that

[δε1 , δε2 ] = εα
1 {Qα, Q̄β̇}ε

β̇
2 − εα

2 {Qα, Q̄β̇}ε
β̇
1

Hence show that [δε1 , δε2 ]φ satisfy Eq. (17.92), which shows that
the transformations defined in Eqs. (17.91a) and (17.91b) are SUSY
transformations.
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Chapter 18

Cosmology and Astroparticle Physics

18.1 Cosmological Principle and Expansion of the Universe

On a sufficiently large scale, universe is homogeneous and isotropic. This is
called the cosmological principle. In such a universe, a coordinate system in
which matter is at rest at any moment is called a co-moving coordinate sys-
tem. An observer in this coordinate system is called a co-moving observer.
Any co-moving observer will see around himself a uniform and isotropic
universe. Cosmological principle implies the existence of a universal cosmic
time, since all observers see the same sequence of events1 with which to
synchronize their clocks. In particular they all start their clocks with big
bang.

A homogeneous and isotropic universe is described by the Friedmann-
Robertson-Walker (FRW) metric which describes the geometry of the uni-
verse

ds2 = c2dt2 − R2 (t)
[

dr2

1 − kr2
+ r2

(
dθ2 + sin2 θ dφ2

)]
. (18.1)

t, r, θ, φ are co-moving 4-coordinates and R(t) describes the expansion of
the universe and is appropriately known as the scale factor. Notice that in
a homogeneous and isotropic world it is necessarily a function only of time.

k is related to the 3-space curvature or geometry at a particular time.
With suitable rescaling of R (t), k can be made to have values +1, 0, or −1
corresponding to the positively curved, flat or negatively curved (spatial
sections of the) universe respectively2. One can write Eq. (18.1) as

ds2 = c2dt2 − R2 (t) dσ2

1For example, the evolution of matter density.
2Also known as closed, flat or open universe in literature.
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where dσ2 is the line element of a Riemannian 3-space of constant curvature,
independent of time. By change of variables

dr2

1 − kr2
= dχ2

so that

χ =
∫

dr

(1 − kr)
1
2

=




sin−1 r for k = +1
r for k = 0

sinh−1 r for k = −1

we can write the line element dσ2 as

dσ2 = dχ2 + f2
k (χ)

(
dθ2 + sin2 θdφ2

)

where

fk (χ) =




sinχ for k = +1
χ for k = 0

sinhχ for k = −1

FRW metric can thus be written in a more convenient form

ds2 = c2dt2 − R2 (t)
[
dχ2 + f2

k (χ)
(
dθ2 + sin2 θdφ2

)]
(18.2)

Now r (or equivalently χ) being a co-moving coordinate is a label for a
particular galaxy and does not change as the universe expands. Further-
more for an isotropic universe θ and φ also remain fixed for a particular
galaxy. This means that in a given direction 3 the physical distance between
two points (or galaxies), say, at r = 0 and r = r′ is given by

� = R (t) r′, (18.3)

and the velocity of expansion is given by

v =
dl

dt
= Ṙ (t) r′

=
Ṙ (t)
R (t)

R (t) r′ = H�, (18.4)

where

H =
Ṙ (t)
R (t)

(18.5)

3That is, at the same values of θ and φ.
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is called the Hubble parameter and determines the expansion rate of uni-
verse. Let us denote by to the present time and by te the time at which
light was emitted from a distant galaxy. Correspondingly we denote the
detected wavelength by λo and emitted (laboratory) wavelength by λe of
some electromagnetic spectral line. We define the redshift

z ≡ ∆λ

λe
=

λ0 − λe

λe

1 + z =
λ0

λe
=

R (t0)
R (te)

. (18.6a)

Then

Ṙ

R0
=

H (z)
1 + z

(18.6b)

Equation (18.6) shows that the redshift directly indicates the relative linear
size of the universe when the photon was emitted. This redshift is experi-
mentally observed and it clearly shows that the universe is expanding.

The highest redshift so far discovered z = 6.96 so that the Lyman-alpha
line appears in the red part of the spectrum around 7200 Å. This implies
that R(t0)

R(te) = (1 + z) = 7.96. In the matter dominated universe R ∼ t2/3

(see below). This gives [with t0 = 1.5 × 1010 yrs, the present age of the
universe] te � 1

14

(
1.4 × 1010 yrs

)
� 109 yrs. The existence of these high

z-objects implies that by the time the universe was about 109 yrs old, some
galaxies (or at least their inner region) had already been formed.

For small time intervals since emission compared to H−1
0 , Eq. (18.6a-

18.6b) takes the form

z � ∆t
Ṙ0

R0
� l

c

Ṙ0

R0
=

l

c
H0, (18.6c)

where l is the distance to the source.

18.2 The Standard Model of Cosmology

The framework for the Standard Model of Cosmology is provided by Ein-
stein’s theory of gravity

Rµν − 1
2
gµνR =

8πGN

c4
Tµν + gµνΛ (18.7)

where Rµν is the curvature tensor, R = gµνRµν , Tµν is the energy-
momentum tensor, Λ is the cosmological constant and GN of course is
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the Newton’s gravitational constant. The above equation relates how mat-
ter (the R.H.S.) influence the geometry of space-time (the L.H.S.) and the
expansion of the Universe and vice versa. It is assumed that the matter in
the universe behaves like an ideal fluid which has

Tµν =
(
ρc2 + p

)
UµUν − gµνp, (18.8)

where p is the isotropic pressure, ρ is the energy density and Uµ = (1, 0, 0, 0)
is the velocity vector for the isotropic fluid in a co-moving frame. Then

T00 = ρc2

Tij = −pgij (18.9)

Using the FRW metric, one can calculate components of Rµν [only the
calculation of 00 and 11 component is sufficient]4 and then a substitution
in Eq. (18.7) gives

R̈

R
=

1
3
Λc2 − 4πGN

3c4

(
ρc2 + 3p

)
, (18.10)

and
R̈

R
+ 2

Ṙ2 + kc2

R2
= Λc2 +

4πGN

c4

(
ρc2 − p

)
, (18.11)

where we have used Eq. (18.8). We can use Eq. (18.10) to get rid of R̈ in
Eq. (18.11)

H2 =

(
Ṙ

R

)2

=
8πGN

3
ρ − kc2

R2
+

1
3
Λc2. (18.12)

Equations (18.10) and (18.12) are known as Friedmann-Lemaitre equation.
Further the energy-momentum conservation gives

ρ̇ = −3H
(
ρc2 + p

)
(18.13)

This equation can also be derived from the first law of thermodynamics,
which assuming adiabatic expansion gives

d
(
ρR3c2

)
+ pd

(
R3

)
= 0. (18.14)

From Eq. (18.12), one can obtain the expression for the critical density
ρc [total density required for the flat, k = 0, universe for a given expansion
rate] with Λ = 0,

ρc =
3

8πGN

(
Ṙ (t)
R (t)

)2

=
3H2 (t)
8πGN

(18.15)

4Of course, the inverse metric is also required.
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The cosmological density parameter is then defined by

Ω =
ρ

ρc
(18.16)

In addition we need the equation of state. We take this to be that of the
ideal gas

p = nkBT (18.17)

where n is the particle density and kB is the Boltzmann constant (kB =
0.86 × 10−10 MeV/K) (where K: Kelvin). If we take kB = 1, then the
temperature is measured in MeV. In particular 0.86 MeV= 1010K. We note
that for a non-relativistic (NR) gas, kBT � mc2, so that

p � mnc2, (18.18)

i.e.

p � ρc2,

where

ρ = mn.

Then we say that the universe is matter dominated. For extreme relativistic
gas (ER)

p =
1
3
ρc2

ρc2 = 3nkBT (18.19)

and we say that Universe is radiation dominated. Present Universe is mat-
ter dominated, i.e., p ≈ 0. Thus from Eq. (18.14), we have

d
(
ρR3c2

)
= 0

or

ρR3 = constant =
3
4π

M , (18.20)

where M is a constant of the dimension of mass5. At this stage it is conve-
nient to introduce the conformal time η : dt = Rdη,

Ṙ =
1
R

dR

dη
. (18.21)

Using this relation with Eq. (18.12) we have then [Λ = 0, c = 1]

1
R2

(
dR

dη

)2

=
8πG

3
ρ R2 − k. (18.22)

5In other words the mass of a comoving region remains a constant.
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Integrating Eq. (18.22) with the help of Eq. (18.20), we get for k = 1
(positively curved Universe)

R = MG (1 − cos η)

t = MG (η − sin η) , (18.23)

and for k = −1 (negatively curved Universe),

R = MG (cosh η − 1)

t = MG (sinh η − η) . (18.24)

For k = 0 (flat Universe)

R = (2MGN )1/2
η, t =

1
2

(2MGN )1/2
η. (18.25)

All the three cases are shown in Fig. 18.1.

Fig. 18.1 Plot of scale factor R(t) versus time t for closed (k > 0), open (k < 0) and
flat (k = 0) Universe.

For k = 1, the Universe will recollapse in a finite time, whereas for
k = 0,−1 the Universe will expand indefinitely. These simple conclusions
can be altered when Λ �= 0 [see Fig. 18.2]. Thus in the presence of Λ there
is no link between geometry (curvature) and the fate of the Universe. A
so-called closed Universe (k = 1) can expand forever.

18.3 Cosmological Parameters and the Standard Model So-
lutions

The essential feature of the standard model of cosmology, that the Universe
“started” in a hot and dense phase and has been undergoing expansion since
then, is based on two directly observed facts:

(a): The distant cosmological objects were found to be moving away
from the observers with velocities proportional to their distances: v = Hl.
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Fig. 18.2 Plot of scale factor R(t) in the presence of Λ.

(b): The universe is filled with a gas of photons with temperature T0 �
2.7K called the Cosmic Microwave Background (CMB) radiation. This is
supposed to be relic of the early Universe. The observed isotropy of the
CMB radiation

(
∆T/T ∼ 10−5

)
provides the strongest direct support of

the cosmological principle.
Another indirect evidence that validates this picture is the successful

prediction of Helium and other light element abundances created in the
early universe. These calculations are done within the framework of the
big bang model.

Some of the important parameters within this framework are as follows.
(i) Hubble parameter

H(t) =

·
R(t)
R(t)

= (1 + z)

·
R(t)
R0

(18.26)

This measures the expansion rate at a given time in the history of the
Universe. Its present value is H(t0) = H0 = 100h kms−1 Mpc−1, h ≈
0.71 ± 0.01. H−1

0 = 9.78 h−1 Gyr= 2998h−1 Mpc.
(ii) Density parameters
The energy density ρ can have several sub-components ρi and we can define
a density parameter for each of these.

Ωi(t) =
ρi

ρc(t)
; ρc(t) =

3H2(t)
8πG

(18.27)

ρco = 1.88 × 10−29h2 gcm −3 = 1.05 × 10−5h2 GeVcm−3. Although dom-
inant in the early universe Ωr and Ων are completely negligible compared
to Ωm and ΩV today6. Also in order to make use of Eq. (18.12), we need
6From now on we will use subscript “r for radiation, “m for matter, “ν for neutrinos

and “V for the “vacuum energy”. So for example Ωr means Ωradiation and so on.”
” ” ”
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the equation of state for each of these components, namely,
pi

ρic2
= ωi, (18.28)

where for example ωr = 1/3, ωm = 0 and ωV = −1 if the vacuum energy
happens to be the cosmological constant. Since we do not know about the
nature of the vacuum energy [see Eq. (18.32)], ωV is another parameter in
the standard model that has to be determined by observations.
(iii) Deceleration parameter

q = −R(t)
··
R(t)

·
R

2

(t)
= −

··
R(t)
R(t)

1
H2(t)

(18.29)

We can use Eq. (18.13) with the equation of state (18.28) to give

·
ρi = −3

·
R

R
ρic

2(1 + ωi)

which has the solution:
ρi

ρi0
= (

R

R0
)−3(1+ωi) = (1 + z)3(1+ωi) (18.30)

If the first term on the right of Eq. (18.12) dominates, then its integration
on using Eq. (18.30), gives

R ∼ t
2

3(1+ωi) , ωi �= −1 (18.31)

Instead of using the cosmological constant Λ, we can equivalently use the
vacuum energy (which is more general)

Λc2 → 8πGρV (18.32)

Then the Friedmann equation (18.12) gives the sum rule

H2(z)
H2

0

=
∑

i

Ωi(1 + z)3(1+ωi) − k

H2
0R2

0

(1 + z)2 (18.33)

where of course Ωi = ρi0
ρc0

[cf. Eq. (18.16)]. For a universe with radiation,
matter and vacuum energy, Eq. (18.33) takes the form

kc2

H2
0R2

0

= (Ωm + Ωr + ΩV − 1) (18.34)

where the subscript “0” as usual indicates the present day values. Especially
for a flat (k = 0) universe it means that Ωm +Ωr +ΩV = 1 or Ωm +ΩV � 1
as Ωr is negligible.
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Using the Friedmann equation (18.10) the deceleration parameter q =

−
··
R

RH2 , can be written as

q(z) ≡ −
··
R(t)
R(t)

1
H2

0

H2
0

H2(t)

= (
H0

H(z)
)2[

1
2

∑
i

Ωi(1 + 3ωi)(1 + z)3(1+ωi)]

= (
H0

H(z)
)2[

1
2
Ωm(1 + z)3 − ΩV ] (18.35)

The last step follows since Ωr is negligible and ωV = −1. Further

q0 =
1
2

∑
i

(1 + 3ωi)Ωi

=
1
2
Ωm + Ωr +

1 + 3ωV

2
ΩV (18.36)

We can conclude that

(i) For ωV < − 1
3 , the vacuum energy may lead to accelerating expansion.

Current data support it and gives ΩV = 0.72 ± 0.05 and Ωm = 0.28 ±
0.05 if k = 0 [see Sec. 18.4]. We see that Λ acts as “repulsive” (anti)
gravity tending to speed up the expansion. It should be noted that it
is the negative pressure of Λ rather than its energy density that does
that.

(ii) The presence of vacuum energy implies that there is no link between
geometry (curvature) and the fate of the Universe: (a) A closed Uni-
verse (k > 0 which implies ΩV > (1−Ωm)) can expand for ever if Λ is
positive (b) An open Universe (k < 0 which implies ΩV ≤ (1 − Ωm) )
must recollapse if Λ is negative.

(iii) From the relation (18.6),
dR

R0
=

H (z)
1 + z

dt,
dR

R0
= − 1

(1 + z)2
dz

so that

dt = − dz

(1 + z) H (z)
(18.37)

For t = t0, R = R0, z = 0 and t → 0, R → 0, z → ∞. Thus the age of
the Universe may be written as

t0 =

∞∫

0

dz

(1 + z) H (z)
(18.38)
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On using Eqs. (18.33) and (18.34), with ωV = −1 and neglecting Ωr,

H0t0 =

∞∫

0

dz

(1 + z)
[
(1 + z)2 (Ωmz + 1) − z (2 + z) Ωv

]1/2
(18.39)

For the special case Ωm + ΩV = 1, Ωm < 1, by a change of variables
X = 1 + 1−ΩV

ΩV
(1 + z)3, the above integral simplifies to

H0t0 � 1

2
3

1√
ΩV

∞∫
1/

√
ΩV

dX
X2−1

giving

H0t0 =
1
3

1√
ΩV

ln
1 +

√
ΩV

1 −
√

ΩV

(18.40)

For ΩV ≈ 0.72, H0t0 = 0.98 gives t0 = 0.98H−1
0 = 9.6h−1Gyr= 13.5Gyr,

the age of the Universe.
Finally from Eqs. (18.30) and (18.31) we have, for

(i) matter dominated Universe, ω = 0, ρ ∼ R−3, R ∼ t
2
3

(ii) radiation dominated Universe, ω = 1
3 , ρ ∼ R−4, R ∼ t

1
3

(iii) curvature dominated Universe, H2 =
·
R

2

R2 = |k|c2

R2 , R ∼ t

(iv) vacuum dominated Universe,
.
R
R =

√
1
3Λc2, i.e. R ∝ e

√
1
3Λc2t = eHt

with H = 4π
3 GρV . This gives what is now known as the inflationary

phase of the Universe.

Thus we see that the curvature dominates at rather late time if a Cos-
mological term does not dominate sooner. We note that ΩV

Ωm
= ρV

ρm
∝ R3.

Thus at early times we have that the vacuum energy much more suppressed
compared to that of matter or radiation while it dominates at late times.
Hence we would expect a transition from deceleration to acceleration at
some z. As will be discussed in Sec. 18.4. there is evidence for this in the
present data. This seems to occur at z = 0.5, i.e. about 5 billion years ago.

18.4 Accelerating Universe and Dark Energy

The discovery that the universe is accelerating its expansion was made in
1998 by two independent groups.
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18.4.1 Evidence from Supernovae

One of the key evidences for accelerating universe comes from supernovae
of type Ia which are generally thought to be thermonuclear explosions of
white dwarfs and serve as effective standard candles7 ; thus one can deduce
their distances from their apparent brightness. One defines the luminosity
distance as follows

dL ≡
√

Ls

4πF
,

where Ls is the intrinsic luminosity of the source and F is the flux. It can
be shown that the observed luminosity of the source, Lo is related to Ls by
L0(redshift)= 1

(1+z)2
Ls, so that

dL = (1 + z)

√
Lo

4πF
. (18.41)

Now
dL = (1 + z) reR0

where re is the coordinate distance

re =
∫ t

te

dt

R (t)
=

1
R0

∫ t

te

(1 + z) dt =
1

R0

∫ z

0

dz

H (z) .

Here we have put c = 1 and used the relation Ṙ
R0

= H(z)
1+z . Thus

dL = (1 + z)
∫ z

0

dz

H (z)
. (18.42)

This gives

H (z) =
1

d
dz

(
dL(z)
1+z

) (18.43)

The quantity in the denominator can be measured. H (z) on the other
hand knows the history of the Universe and determines the expansion of
the Universe. It depends on Ωm and ΩV and thus on equation of state.
Supernova had actually been detected to be systematically 25% fainter
than expected i.e. more distant than one would expect for a cosmic whose
expansion has recently been showing down, or even coasting. The situation
is summarized in Fig. 18.3.

They thus provide the first direct evidence of the transition from the
earlier decelerating phase to the present accelerating expansion. Note, in
particular the transition from decelerating to accelerating at z = 0.5.
7Standard candles are astronomical objects that have standard or known intrinsic lu-

minosity that can be inferred from a certain characteristic possessed by the objects in
that class. For example, SN Ia have a characteristic graph between the observed light
intensity and time (called the “light curve”).
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Fig. 18.3 Cosmic expansion rate Ṙ is plotted against the redshift z. Positive and
negative slope indicate decelerating and accelerating expansions respectively [16].

18.4.2 Evidence from CMB Data

We can see the universe 380,000 years after Big Bang by studying the
microwave background radiation, which is a direct relic of the universe
when it becomes transparent to electromagnetic radiation. Fluctuations
in the CMB radiation8 have been detected with angular resolutions from
7 degree to few arc minutes in the sky. As the matter is tightly coupled
with radiation early on, these fluctuations indicate the first clumping of
matter particles into cosmic structures. Overdense regions have a higher
temperature and thus photon pressure tends to oppose this clumping. The
net result is gravity driven acoustic-like oscillations. These oscillations left
their signature in the anisotropy of the CMB.

After seven years of running, Wilkinson Microwave Anisotropy Probe
(WMAP) provides a detailed picture of the temperature fluctuations which
one can analyze by a Gaussian model which fit the WMAP data. These
fluctuations are usually expressed by spherical harmonic expansion

∆T

T
≡ T (θ, φ) − T

T
=

∑
l,m

almYlm (θ, φ) (18.44)

Most of the cosmological information is contained in the two-point tem-
perature correlation function equivalently expressed by the angular power
spectrum

l (l + 1) Cl =
∑
m

|alm|2

4π
(18.45)

which is plotted against multipole moment l [see Fig. 18.4]. Cl depends on
all the cosmological parameters.
8Typically at the level of a few parts in 105.
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Fig. 18.4 Angular power spectrum of CMB temperature fluctuations [21,25].

The position of first peak tells us that the biggest CMB hot spots make
an angle of 1◦ ∼ 180◦/l, implying l ∼ 200 on the sky if CMB photons
are not distorted by the large scale cosmic curvature between us and the
horizon of the last scattering surface. This in turns implies that geometry
of the universe is flat: k = 0 [for k < 0, angle would be smaller implying
l > 200, and for k > 0, angle would be larger implying l < 200]. Since the
non-baryonic matter is impervious to radiation pressure, the sound ampli-
tudes depend sensitively on the baryonic density. This has the important
consequence that the height of the second peak relative to the first peak is
a sensitive measure of baryon density, giving

Ωb = 0.04 (18.46)

in agreement with that inferred from Big Bang nuclear synthesis of primor-
dial H and He [see Sec. 18.8].

Figure 18.5 summarizes the three independent data sets, namely super-
novae, CMB and the structure formation. Comparing the results with the
estimates about Ωb mentioned in (18.46), there is evidence for the existence
of Dark Matter (DM). DM by definition is non-luminous and its presence
can only be inferred from the gravitational effects on the visible matter.
Its composition is unknown, although there are many candidates for it.
Historically the earliest results came from the rotational speeds of galaxies
and orbital velocities of galactic clusters. If all matter were luminous, the

rotational speed of the galactic disc, V (r) ∼
√

GM(r)
r , M (r) being the

mass inside the orbit, r is the distance from the orbit. But the observations
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shown that V (r) ∼ constant. This implies the existence of dark halo with
mass density ρ ∝ 1

r2 , i.e. M (r) ∝ r.

Fig. 18.5 Evidence for dark energy. Shown are a combination of observations of the
cosmic microwave background (CMB), supernovae (SNe) and baryon acoustic oscillations
(BAO) [17,25].

Other observations consistent with the existence of DM are:

(i) gravitational lensing of background orbits by galaxy clusters
(ii) the temperature distribution of hot gas in galaxies and cluster of galax-

ies.

The data shown in Fig. 18.5 gives us the following values for the basic set
of cosmological parameters.

Ω = 1.006 ± 0.006, consistent with spatially flat universe

h = 0.71 ± 0.01

Ωmh2 = 0.133 ± 0.006 (18.47)

Ωbh
2 = 0.0227 ± 0.006

Ωνh2 < 0.0076

Further analysis of structure formation in the universe indicates that most
of the DM should be “cold” i.e. should have been non-relativistic at the
onset of galaxy formation. This is consistent with the upper bound on the
contributions of light neutrinos9 given above.

From Eq. (18.32), with Ωr negligible and ωV = −1, we see that the
present data implies the deceleration parameter

q0 =
1
2
Ωm − ΩΛ < 0,

9Which are not “cold” at that epoch.
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i.e. the universe is accelerating in its expansion. Further, as has already
been mentioned, there is evidence in the present data for a transition from
deceleration to acceleration at some z.

There have been a number of attempts to explain this phenomenon.
Each approach is plagued by its own problems like fine tuning, instabilities,
etc. There are four broad class of models that have been put forward to
explain this issue.

(1) Cosmological Constant: The energy density of the vacuum.
(2) Quintessence: Scalar Fields of unknown origin with negative pressure.
(3) Modified Gravity: General Relativity has to be replaced by another

theory at the cosmological scales.
(4) Backreaction: General Relativity is correct but we do not know how to

apply it in cosmology.

We briefly discuss them one by one.
The standard model of cosmology with cosmological constant Λ, also

known as ΛCDM is the simplest model which is compatible with all the
data till now and there is no other model which gives better statistical fit.
But present theory, namely the Standard Model of particle interactions,
cannot explain it since

ρΛ|obs =
Λ

8πG
∼

(
10−3eV

)4

while

ρΛ|theory ∼ M4
fundamental ≥ M4

susy ∼ (1TeV)4 >> ρΛ|obs .

To summarize, the cosmological constant Λ explains the late time ac-
celeration of the Universe. But we do not know what really is CDM and
we cannot give a theoretical justification to the Cosmological Constant.

18.4.3 Quintessence

Just as we can think of cosmological constant as an effective stress energy
term, we can also construct other stress energy terms. This can be most
easily done by the use of scalar fields. Since energy density is always posi-
tive, this means that we need to have a sufficiently negative pressure. Such
a system can be constructed out of scalar fields. Consider a real scalar field
φ, with potential V (φ), with Lagrangian density

L =
1
2
gµν∂µφ∂νφ − V (φ) (18.48)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

572 Cosmology and Astroparticle Physics

The stress energy tensor for this can be calculated as

Tµν = ∂µφ∂νφ − gµν

[
1
2
∂λφ∂λφ + V (φ)

]
(18.49)

If the scalar field is homogeneously distributed in space, then the space
derivatives of it are zero and thus we get the energy density and pressure
[T ij = pδij ]:

ρ = T 00 =
1
2
φ̇2 + V (φ) (18.50)

p =
1
2
φ̇2 − V (φ)

and from this we can calculate the equation of state as

wφ =
φ̇2 − 2V (φ)
φ̇2 + 2V (φ)

(18.51)

Using the conservation of energy condition ∇µTµν = 0, we get the equation
of motion for the scalar field

φ̈ + 3Hφ̇ +
dV

dφ
= 0 (18.52)

From Eq. (18.51), we see that for constant fields, we get w = −1 just as
for the cosmological constant. From these equations, we see that with a
suitable choice of potential, we can explain the accelerated expansion of the
universe.

There are, however, some problems with scalar fields. For example,
consider the potential V (φ) = 1

2m2
φφ2. Now assuming that < φ >∼ MP

and noting that the observed value for energy density is about (10−12GeV)4,
we can estimate mφ as

ρ ∼ V (φ) ∼ m2
φφ2 ⇒ mφ ∼ 10−33eV (18.53)

In the standard model of particle physics, the masses are of the order of
MeVs or GeVs. So this extremely small value constitutes a fine tuning
problem for the scalar fields, i.e. how do we construct a model from known
particle physics that leads to such a small mass?

On top of that we have a new cosmological constant problem to solve.
Since the accelerated expansion is now explained completely by scalar fields,
it is hard to understand why Λ = 0. So we see that while quintessence solves
some problems, it creates new ones. Before ending this section, it should
be emphasized that there have been a large number of proposals on scalar
field models as the source of cosmic acceleration. To date we do not have
any scalar field model that evades the fine tuning problem.
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18.4.4 Modified Gravity

The Einstein-Hilbert action

S =
1

2K

∫
d4x

√
−gR + SM (18.54)

leads to the Einstein field equations. It has been shown that the simplest
classes of Modified Gravity Theory is the f(R) gravity, i.e. replace R by
f(R), the equation of motion is then

Rµν
df

dR
− 1

2
gµνf(R) + gµν�

df

dR
−∇µ∇ν

df

dR
= KTµν (18.55)

It is important to note here that for general relativity, f(R) = R and Eq.
(18.55) reduces to Einstein’s field equation:

Rµν − 1
2
gµνR = KTµν

We can write Eq. (18.55) in a more familiar form:

Gµν ≡ Rµν − 1
2
gµνR

=
K

f ′(R)
+ gµν

[f(R) − Rf ′(R)]
2f ′(R)

+
[∇µ∇νf ′(R) − gµν�f ′(R)]

f ′(R)
(18.56)

=
K

f ′(R)

(
Tµν + T (eff)

µν

)
(18.57)

where we wrote df/dR = f ′(R). It is interesting to note that Eq. (18.55)
is fourth order in the metric, while general relativity is only second order
because the covariant derivative terms vanish in this case. Taking trace of
this equation gives

f ′(R)R − 2f(R) + 3�f ′(R) = KT. (18.58)

This clearly shows that this equation relates R with T differentially, not
algebraically as in the case of general relativity, where R = −KT . This
already indicates that the field equations of f(R) theories will admit a larger
variety of solutions than Einstein’s theory. One very important result is
that T = 0 no longer implies R = 0. There are constraints on f(R) Models:
General relativity has been tested extensively at the solar system level and
at earth bound laboratories. There are also some astrophysical tests that
support general relativity. So it is evident that any modified gravity theory
has to pass these tests and possibly reduce to general relativity at the solar
system level. Thus one cannot be sure that modified gravity is a viable
alternative to general relativity.
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18.5 Hot Big Bang: Thermal History of the Universe

18.5.1 Thermal Equilibrium

Consider an arbitrary volume V in thermal equilibrium with a heat bath at
temperature T . The particle density ni (i, particle index) at temperature
T is given by

ni =
Ni

V
=

gi

2π2

(
kBT

�c

)3 ∫ ∞

0

[
exp

(
E

kBT

)
± 1

]−1

z2dz. (18.59)

The energy density is given by

ρi c2 =
gi

2π2

(
kBT

�c

)3

(kB T )
∫ ∞

0

[
exp

(
E

kBT

)
± 1

]−1 (
E

kBT

)
z2dz,

(18.60)
where

z =
qc

kBT
, E =

[
(qic)

2 +
(
mic

2
)2

]1/2

(18.61)

and gi are the number of spin states, qi is the momentum of the particle
and mi is its mass. The + sign is for the fermions (F) and − sign is for the
bosons (B). In particular for i = photon, m = 0, g = 2. In writing Eqs.
(18.60) and (18.61), we have put the chemical potential µi = 0 for photons.
Since particles and antiparticles are in equilibrium with photons µi = −µı̄,
if there is no asymmetry between the number of particles and antiparticles,
µi = µı̄ = 0. Even if that is not true, the difference between the number of
particles and antiparticles is small compared with the number of photons,

∣∣∣∣
µi

kBT

∣∣∣∣ =
∣∣∣∣

µı̄

kBT

∣∣∣∣ � 1 (18.62)

and the chemical potential can be neglected. For the photon gas, we get
from Eqs. (18.60) and (18.61)

nγ = 2
ζ (3)
π2

(
kBT

�c

)3

= 2
1.2
π2

(
1
�c

)3

(kBT )3 (18.63)

ργ c2 = 6
ζ (4)
π2

(
1
�c

)3

(kBT )4

=
π2

15

(
1
�c

)3

(kBT )4 ≈ 2.7 nγ (kBT ) . (18.64)
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In Eqs. (18.63) and (18.64) ζ (r), r = 3, 4 is the Riemann zeta function.
For a gas of extreme relativistic particles (ER), kBT � mic

2, qc � mic
2,

we thus get

nB =
(gB

2

)
nγ , ρB =

(gB

2

)
ργ (18.65)

nF =
3
4

(gF

2

)
nγ , ρF =

7
8

(gF

2

)
ργ . (18.66)

The entropy S for the photon gas is given by

S =
R3

T

4
3

ργ (T ) . (18.67)

For any relativistic gas

S =
R3

T

4
3

ρ (T ) . (18.68)

Thus for a gas consisting of extreme relativistic particles (bosons and
fermions): (� = c = 1)

n(T ) =
1
2

g′(T ) nγ(T )

=
1.2
π2

g′(T ) (kBT )3 (18.69)

ρ (T ) =
1
2

g∗(T ) ργ(T )

=
π2

30
g∗(T ) (kBT )4 (18.70)

S =
R3

T

2
3

g∗(T ) ργ(T ), (18.71)

where

g′(T ) =
∑
B

gB +
3
4

∑
F

gF (18.72)

g∗(T ) =
∑
B

gB +
7
8

∑
F

gF (18.73)

are called the “effective” degrees of freedom. We note that entropy per unit
volume is given by

s

kB
≡ 1

kB

S

R3
=

2π2

45
g∗(T ) (kBT )3 . (18.74)

For non-relativistic gas kBT � mic
2, we use the Boltzmann distribution

ni =
gi

2π2

(
kBT

�c

)3 ∫ ∞

0

exp
(
− E

kBT

)
z2 dz (18.75)
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E ≈ mic
2

[
1 +

1
2

q2c2

(mic2)2

]
. (18.76)

From Eq. (18.75), we get

ni =

[
gi

(2π)3/2

] (
kBT

�c

)3
[(

mic
2

kBT

)3/2

e−mic
2/kBT

]
(18.77)

ρi = ni mi. (18.78)

18.5.2 The Radiation Era

For extreme relativistic gas, ρ = 1
3 ρ c2, we get from Eq. (18.14)

R3 dρ

dR
+ 4ρR2 = 0. (18.79)

Thus, we have
ρ = A2R−4 (A : constant). (18.80)

Hence
ρN ·R

ρE·R
∝ R → 0 as R → 0.

Therefore, we have the important result. Early universe is dominated by
extreme relativistic particles, i.e. the universe is radiation dominated in
early stages. Since ρ → 1

R4 for the early universe, we can neglect the
second and third terms on the left-hand side of Eq. (18.12) as compared
with the first term. Thus we get

H =
Ṙ

R
=

√
8π

3
(GN ρ)1/2

. (18.81)

Now using Eq. (18.70),

H =

√
4π3

45
[g∗ (T )]1/2 (kBT )2

MP
≈ 0.21 g

1/2
∗

(
kBT

MeV

)2

sec−1. (18.82)

where MP is the Planck mass= 1/
√

GN . Further

RṘ = A

√
8πGN

3
. (18.83)

Hence

t =
√

3
32πGN

R2

A
=

√
3

32π

1√
GN ρ

=

√
45

16π3
g
−1/2
∗

�MP

(kBT )2

= 2.42 g
−1/2
∗

(
MeV
kBT

)2

sec. (18.84)
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Thus

Ht ≈ 0.5. (18.85)

We consider two examples:
(i) For g∗ = gγ = 2,

t ≈ 1.7
(

MeV
kBT

)2

sec. (18.86)

Thus for kBT = mec
2 ≈ 0.51 MeV, t = 6.5 sec and H ≈ 0.08 sec−1.

(ii) For mµ > kBT > me,

g∗ = gγ +
7
8
(ge + 3gν)

= 2 +
7
8
(4 + 6) =

43
4

(18.87)

and for mπ > kBT > mµ,

g∗ = 2 +
7
8

(ge + gµ + 3gν)

=
57
4

. (18.88)

Here we have taken the number of neutrinos Nν = 3. Now we get from
Eqs. (18.81) and (18.83) at kBT = 1 MeV

H ≈ 0.67
(

kBT

MeV

)2

sec−1 ≈ 0.67 sec−1 (18.89)

and

t ≈ 0.74
(

MeV
kBT

)2

sec ≈ 0.74 sec (18.90)

Now Eq. (18.90) gives the time evolution of the universe in radiation era.
From Eq. (18.81), we have the important result that H ∝ √

ρ, i.e. the
higher the energy density in the early universe, the faster will be the ex-
pansion rate.

As we have seen, the radiation density falls off as R−4 and the energy
density in non-relativistic matter falls of as R−3. The universe eventually
becomes matter dominated. At t = teq, matter density becomes equal to
radiation density, i.e.

ρm (teq) = ρr (teq) , (18.91)
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where on using Eq. (18.20)

ρm (teq) = Ωmo ρco

(
Ro

Req

)3

(18.92)

and from Eqs. (18.64), (18.66) and (18.80) we get

ρr (teq) =
π2

30

[
gγ (kBTγo)

4 +
7
8
3 gν (kBTνo)

4

]

×
(

Ro

Req

)4

=
π2

30

[
2 +

21
4

(
4
11

)4/3
]

(kBTo)
4

(
Ro

Req

)4

(18.93)

where we have used
(

Tνo

Tγo

)3

= 4
11 , [see Eq. (18.135)] and Tγo

= To. Hence
from Eqs. (18.92) and (18.93), we obtain for To = 2.725K,

1 + zeq =
Ro

Req
= Ωm ρc

(
2.27 × 106 MeV−1cm3

)

= 2.4 × 104 Ωm h2,

i.e. with

Ωm h2 = 0.113

zeq � 3200 (18.94)

From Eqs. (18.93) and (18.94), we get

kBTeq = (kBT0)
R0

Req
= (kBT0) (1 + zeq)

= 5.6 × 10−6 Ωm h2 MeV

� 0.75 eV (18.95)

and from Eqs. (18.84) and (18.95), we obtain

teq ≈ 3.0 × 1010
(
Ωm h2

)−2
sec � 1.7 × 1012 sec (18.96)

In the dense early universe the radiation would have been held in ther-
mal equilibrium with matter and would have scattered repeatedly off free
electrons. But when the expansion had cooled the matter below 3000 K
(kBT � 0.26 eV), so that from Eq. (18.84) with g∗ = 2 + 7

8 (6) = 29
4 ,

t � 1.3× 1013 sec � 4× 105 yrs, the primordial plasma would have recom-
bined with atoms, the universe thereafter becoming transparent to light.
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Table 18.1 Cosmic History (some critical phases)

Era
Age

(in seconds)
Temperature

K
Remarks

Big Bang 0
Vacuum to

matter transition
End of Inflation 10−35 1027

Electro-weak 10−10 1018
W±, Z0:

Electroweak
transition

Quark 10−5 3 × 1012 Hadronization

Lepton 8 × 10−5 1.2 × 1012 µ± annihilation
8 × 10−3 1.2 × 1011 νµ’s decouple

0.7 1010 νe’s decouple
6 6 × 109 e+e− annihilation

Particle 100 [1.3 − 0.8] × 109 Nucleosynthesis

Photon
2 × 1012

1013
2 × 1014

3 × 103

Radiation era ends,
CMB decouples

from plasma
Atoms 1014 103 Plasma to atom;
Now 4 × 1017 2.75 Present

The experimentally detected microwave photons are therefore direct mes-
sengers from an era when the universe had an age of about 4 × 105 yrs.
But photons are still around and they fill the universe and have nowhere
else to go. The thermal radiation last scattered at this epoch is now de-
tected as the cosmic background radiation. This epic, which corresponds
1 + zdec � 1100, defines a “surface” known as “surface of last scattering”.

We summarize the cosmic history of the universe (see Table 18.1): In
particular

ρradiation = ρmatter

zeq = 3230; tu = 56000 yrs

CMB decouples from Plasma

zdec = 1089, tu = 380, 000 yrs

TCMB = 2970 K

First stars are thought to form at

zr = 20, tu = 2 × 108yrs

Now

z = 0, tu = 13.7 × 109 yrs

TCMB = 2.725 K
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We end this section by writing some useful numbers. From Eqs. (18.63)
and (18.64), using the present temperature T0 = 2.735K, we get

nγ0 ≈ 2.4
π2

(
kB T0

�c

)3

≈ 415 cm−3 (18.97)

ργ0 ≈ 2.6 × 10−10 GeV cm−3. (18.98)
Thus nγ at temperature T is given by

nγ ≈ 415
(

T

2.725

)3

cm−3. (18.99)

In addition we write down the following estimates. There are about 1057

nucleons in a typical star. There are about 1011 galaxies in the universe,
each galaxy has about 1011 stars. Thus there are about 1079 baryons in
the universe. This is to be compared with 1089 photons within the part of
the universe we can observe; this number is obtained by thermodynamical
arguments. Thus number of baryons/number of photons ≈ 10−10. The
present size of the observable universe is 1028 cm. Further the baryon
number density nb is given by nb ∼

(
3
4π

1079

(1028)3

)
∼ 10−6 cm−3.

Another quantity of interest is baryon number density. First we note
from Eq. (18.20) that it scales as R−3. It is convenient to define the baryon
density in terms of parameter η viz

η ≡ nB

nγ
(18.100)

where nB = nb − nb̄. The baryon number density, is given by

nB =
ρB

mB
=

ρB

ρc

ρc

mB

=
ΩB

mB
ρc (18.101)

where ρB is the baryon energy density and Ωb ≡ ρb

ρc
. Now using [cf. Eq.

(18.27)]
ρc ≈ 1.05 × 10−25 h2 GeV cm−3 (18.102)

and taking mB = 1 GeV, we obtain
nB ≈ Ωb

(
1.05 × 10−5 h2

)
cm−3 (18.103)

η =
nB

nγ
= 2.65 × 10−8 Ωb h2

= (6.06 ± 0.16) × 10−10 (18.104)
if we use the value of Ωb h2 given in Eq. (18.47) and

ρB = η nγ0 (1 GeV) = η (412) (1 GeV) cm−3

= 7.0 × 10−22η gm cm−3 (18.105)
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18.6 Freeze Out

At high temperatures (kBT � m), thermodynamic equilibrium is main-
tained through the processes of decays, inverse decays and scattering. As
the universe cools and expands, the reaction rates will fail to keep up with
the expansion rate and there will come a time when equilibrium will no
longer be maintained. At various stages then, depending on masses and
interaction strengths, different particles will decouple with a “freeze out”
surviving abundance. We now determine conditions under which the sta-
tistical equilibrium is established.

From dimensional analysis, the reaction rate for a typical process can
be written as follows. For the decay of an X-particle, the decay rate is given
by

ΓX ∼ gd αX mX
mX[

(kBT )2 + m2
X

]1/2
, (18.106)

where mX is the mass of the X-particle, αX = f2
X

4π is the measure of coupling
strength of X-particle to the decay products, and gd are number of spin
states for the decay channels. Note that

ΓX ≈
gd αX mX

gd αX
m2

X

kBT

kBT � mX

kBT � mX .
(18.107)

The reaction rate for the scattering processes is given by

Γ = 〈nσ v〉 (18.108)

where v is the velocity and n is the number of target particles per unit
volume. For a weak scattering process

〈σ v〉 = g4
W

(kBT )2[
(kBT )2 + m2

W

]2 . (18.109)

Since n ∼ (kBT )3, we can write the reaction rate for a weak process

Γ ∼ g4
W

(kBT )5[
(kBT )2 + m2

W

]2 . (18.110)

For kBT � mW , we get

Γ ∼ g4
W

m4
W

(kBT )5 ≈ G2
F (kBT )5 . (18.111)
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The condition for thermal equilibrium is

Γ ≥ H, (18.112)

i.e. the reaction rate Γ must be greater than the expansion rate to maintain
the thermodynamic equilibrium.

We now consider a specific example. At about a temperature of 10
MeV, the universe is made up of neutrons, protons, ν’s, ν̄’s , e± and γ’s in
thermodynamic equilibrium. At about a few MeV, the neutrinos decouple.
To see this consider the processes

νe + e− ↔ νe + e−, νν̄ ↔ e+e−.

For these processes 〈σ v〉 = G2
F

π s and 2
3π G2

F s respectively, where s is the
centre of mass energy. Thus the reaction rate

Γ ≈ 2
3π

G2
F (kBT )5 . (18.113)

Now using Eq. (18.89), we find from Eq. (18.113) [GF = 1.166 × 10−5

GeV−2]

0.7
(

kBT

MeV

)2

sec−1 =
2
3π

G2
F (1 GeV)4

(
kBT

MeV

)5 1
�

sec−1

= 0.04
(

kBT

MeV

)5

sec−1. (18.114)

Thus the decoupling temperature for neutrinos is given by

kBTD = 2.6 MeV. (18.115)

Hence for kBT < 2.6 MeV, neutrinos are decoupled. The neutrinos are
extreme relativistic particles. For (ER) particles

NER
Eq = nER

Eq V ∝ T 3 R3. (18.116)

Now the entropy for ER gas is given by [cf. Eq. (18.67)]

S =
R3

T

4
3

ρ (T ) . (18.117)

But ρ (T ) ∝ R−4, therefore, S ∼ (1/RT ). Thus for the entropy to remain
constant T ∝ R−1. Hence from Eq. (18.116), we have the important result.
In equilibrium ER particles are conserved. This can also be seen as follows:

As we have discussed in the beginning of this section, at high temper-
atures all interacting species i, j, l, m are in thermodynamic equilibrium
through the reactions of the type

i j ↔ l m.
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As the reaction rate Γ < H (the expansion rate), the species involved
decouple and their abundance is frozen out. Consider an arbitrary volume
V and let Ni be the number of particles of type i in this volume. Thus for
the reaction i j ↔ l m, we have

dNi

dt
= Γprod Nl − Γann Ni (18.118)

where

Γprod = 〈v σlm→ij〉 nm (18.119)

Γann = 〈v σij→lm〉 nj . (18.120)

Thus
dNi

dt
= 〈v σlm→ij〉 nm Nl − 〈v σij→lm〉 nj Ni. (18.121)

Now Ni = niV , therefore
dNi

dt
= V

dni

dt
+ ni

dV

dt
∝

[
R3 dni

dt
+ 3 ni R2 dR

dt

]
. (18.122)

Hence we have from Eq. (18.121)

dni

dt
= −3 ni

Ṙ

R
+ 〈v σlm→ij〉 nm nl − 〈v σij→lm〉 nj ni. (18.123)

The principle of detailed balance gives

〈v σlm→ij〉
〈v σij→lm〉

=
nEq

l nEq
m

nEq
i nEq

j

. (18.124)

Thus from Eqs. (18.121) and (18.123),

dNEq
i

dt
=

V 〈v σij→lm〉
nEq

i nEq
j

[(
nEq

l nEq
m

)2

−
(
nEq

i nEq
j

)2
]

(18.125)

and
d nEq

i

dt
= −3 nEq

i

Ṙ

R
+

〈v σij→lm〉Eq

nEq
i nEq

j

[(
nEq

l nEq
m

)2

−
(
nEq

i nEq
j

)2
]

.

(18.126)
Note here that nEq

i etc. are given by Eq. (18.59). Now

d NEq
i

dt
= 0 (18.127)

implies
[(

nEq
l nEq

m

)2

=
(
nEq

i nEq
j

)2
]
, which means that we must have

d nEq
i

dt
= −3 nEq

i

Ṙ

R
. (18.128)
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From this equation, we get

nEq
i ∝ 1

R3
, (18.129)

and from Eq. (18.125), we get

(ni nj)Eq = (nl nm)Eq

i.e. in equilibrium extreme relativistic particles are conserved. The condi-
tion (18.129) is always satisfied for the extreme relativistic particle.

Weakly interacting particles may decouple when they are ER, massless
particles are always ER. For massive particles whose interactions are suffi-
ciently strong to be capable of maintaining equilibrium when kB T < m :
[cf. Eq. (18.77)].

NNR
Eq = nNR

Eq V ∝ (m kB T )3/2 exp
(
− m

kB T

)
1

T 3
. (18.130)

18.7 Limit on Neutrino Mass

We now use the result that neutrinos decouple at a temperature of a few
MeV (i.e. they go out of equilibrium before e−e+ annihilation heated up
the photon background radiation). Thus Tν0 will be less than Tγ0 . Using
Eqs. (18.69) and (18.72), we get

nν0

nγ0

=
3
4

(
Tν0

Tγ0

)3

. (18.131)

Now using Eq. (18.68) or (18.117), the entropy before e−e+ annihilation is
given by

S =
4
3

(ρe− + ρe+ + ργ)
R3

Tbefore
, (18.132)

and the entropy after e−e+ annihilation is given by

S =
4
3
ργ

R3

Tafter
. (18.133)

Thus we have from Eqs. (18.132), (18.133), (18.64) and (18.66)(
7
8
× 2 +

7
8
× 2 + 2

)
T 3

before = 2 T 3
after. (18.134)

Noting that Tbefore = Tν0 and Tafter = Tγ0 , we get
(

Tν0

Tγ0

)3

=
4
11

. (18.135)
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Hence we have from Eq. (18.131)

nν0

nγ0
=

3
11

(18.136)

and [cf. Eq. (18.97)]

nν0 =
3
11

(412) cm−3. (18.137)

The present neutrinos density in GeV cm−3 can be written as

ρν0 ≈ nν0

(∑
i

mνi in eV

)
× 10−9 GeV cm−3. (18.138)

Using Eq. (18.137), we get

ρν0 ≈ (112)

(∑
i

mνi eV

)
× 10−9 GeV cm−3 (18.139)

On using Eq. (18.27)

Ωνh2 =
∑

i mνi eV
94

(18.140)

WMAP [c.f. Eq. (18.47)] gives

Ωνh2 < 0.0076

Thus
∑

i

mνi < 0.71 eV (18.141)

18.8 Primordial Nucleosynthesis

At temperatures ≥ 1 MeV, the weak reactions such as

ν̄e + p ↔ e+ + n

e + p ↔ νe + n (18.142)

are still fast compared with the expansion rate of the Universe to maintain
thermodynamic equilibrium between p and n. The abundance ratio at
equilibrium is given by

n

p
∼ e−∆m/(kBT ), kBT > kBTD ∼ 1 MeV. (18.143)
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Using ∆m = (mn − mp) = 1.3 MeV and kBT = kBTD = 1 MeV, we find
n/p = 0.27. The decoupling temperature TD is estimated as follows. The
reaction rate for reactions given in Eq. (18.142) is given by

Γ =
7π

30
G2

F

(
1 + 3g2

A

)
(kBT )5

≈ 4.22 G2
F (kBT )5 = 0.8

(
kBT

MeV

)5

sec−1. (18.144)

The decoupling temperature is given by Γ = H viz [cf. Eq. (18.89), where
we have taken Nν = 3]

0.8
(

kBT

MeV

)5

= 0.7
(

kBT

MeV

)2

. (18.145)

Thus

kBT = kBTD � 1 MeV. (18.146)

As the temperature cools and past the decoupling temperature kBTD ≈
1 MeV, it is no longer possible to maintain the thermal equilibrium. The
ratio n/p thereafter is frozen out and is approximately constant (it decreases
slowly due to weak decay of neutron). The freeze out n/p ratio is given by

n/p ≈ e−Q/kDTD MeV ≈ 0.16, (18.147)

where we have used the Q-value (the energy released when various particles
are emitted in β decay) Q = (mn −mp) + me = 1.8 MeV. For T > TS , the
deuteron formed is knocked out by photo dissociation

γ + D → p + n,

since the binding energy ∆B for the deuteron is only 2.2 MeV. The forma-
tion of deuteron actually starts after TS ≈ 0.1 MeV; TS is called nucleosyn-
thesis temperature. The estimate that TS ≈ 0.1 MeV can be obtained as
follows:

ndiss
γ

nB
∼ 1

η
e−∆B/kBT ≤ 1. (18.148)

Thus

−∆B

TS
≈ ln η. (18.149)

Using ∆B ≈ 2.2 MeV , and η ≈ 6 × 10−10, we find TS ≈ 0.1 MeV.
For T > TS , photodissociation is so rapid that deuteron abundance is

negligibly small and this provides a bottleneck to further nucleosynthesis.
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The deuteron “bottleneck” thus delays nucleosynthesis till T ≤ 0.1 MeV.
But once the bottleneck is passed, nucleosynthesis proceeds rapidly and
essentially all neutrons are incorporated into 4He :

n + p → D + γ

D + D → 3H + p, 3He + n
3H + D → 4He + n

3H + 4He → 7Li

It is clear from the above reactions that 4He abundance is given by

Y =
2 (n / p)
1 + n / p

=
0.32
1.16

= 0.27. (18.150)

The ratio Y changes from TD to TS due to the neutron decay n → p+e−+ν̄e.
During this time n/p changes from 0.16 to 0.14. Thus at T = TS ,

Y =
0.28
1.14

= 0.25. (18.151)

We conclude that n/p ratio or Y depends on three parameters:

(i) decoupling temperature TD, which in turn depends on the number of
light particles, e.g. number of neutrino flavors Nν .

(ii) neutron decay in between TD and TS , i.e. on the decay rate of neutron
or neutron half-life τ1/2.

(iii) η = nB/nγ .

In fact Y is arguably the most sensitive function of Γ/H. Now TD

depends on the expansion rate H; the expansion rate depends upon the
effective degrees of freedom g∗, the higher the g∗, the faster the expansion
rate. This implies higher TD and hence higher n/p freeze out abundance.
Thus the higher the g∗, the higher will be Y . But g∗ = 2 + 7

8 (4 + 2Nν),
where Nν are the number of neutrino species. For Nν = 3, g∗ = 43

4 and we
obtained TD ≈ 1 MeV and Y ≈ 0.25. The observed primordial abundance
of 4He gives Y = 0.234 ± 0.002 (±0.005). The half-life for neutron decay,
the parameter needed in the above analysis, is τ1/2 = 885.7 ± 0.8 s.

Taking Nν = 3 as given by LEP data [cf. Sec. 18.13]: Nν = 2.999 ±
0.016, one can use the observed primordial abundances of D, 4He. It turns
out that small amount of deuterium D which remains unburned in the
nucleosyntheis reaction is very sensitive to η. Now D/H ratio in primary
samples of the universe has been measured

D/H = (2.84 ± 0.26) × 10−5 (18.152)
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pinning

η = (5.80 ± 0.27) × 10−10

consistent with the value given in Eq. (18.104), obtained from WMAP
data, although the physics (Nuclear Physics) involved here is different from
the one involved in WMAP (Gravitational). Table 18.1 summarizes the
various phase transitions the Universe is thought to have undergone.

18.9 Inflation

There are several problems in the standard model of Cosmology. We now
discuss two of these problems and their proposed solutions in the inflation-
ary scenario.

18.9.1 Horizon Problem

In terms of the conformal time η

cdt = R (t) dη, (18.153)

the FRW metric factorizes

ds2 = R (η)2
{
dη2 − dχ2 − f2

k

(
dθ2 + sin2 θdφ2

)}
(18.154)

It can be seen that the radial (i.e. dθ = 0 = dφ) propagation of light (ds2 =
0) is particularly simple in these coordinates.

dη = dχ (18.155)

[for the flat universe χ = r] . Thus in a given time, a photon can go as far
as

∆χ = ∆η =
∫ t2

t1

cdt

R (t)
, (18.156)

i.e. just the interval of the conformal time. Using Eqs. (18.37) and (18.5),
we can rewrite the integral as

∆χ = − c

R0

∫
dz

H (z)
(18.157)

where from Eq. (18.33) [k = 0]

H (z)
H0

=

[∑
i

Ωi (1 + z)3(1+ωi)

]1/2

(18.158)
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Thus we see that the integral converges if ω > − 1
3 for the dominant com-

ponent in the above sum as z → ∞ (corresponding to k = 0, R = 0) . Thus
light signals can only propagate a finite distance between the Big bang and
the present; there is then said to be particle horizon and space-time points
outside the particle horizon are causally disconnected as shown in the Fig.
18.6.

Fig. 18.6 Light cones and causality. The interior of the light cone, consisting of all null
and time-like geodesics, defined the region of space-time causally related to that event.
Causally disconnected regions of space-time are outside the light cone.

Thus in the FRW cosmology where radiation dominates at early times
there exists such a horizon. At later times, horizon is largely determined
by matter dominated phase, for which (ω = 0),

DH = Roχ

=
1

H0

√
Ω

∫ ∞

z

(1 + z)−3/2

=
1

H0

√
Ω

2

(1 + z)1/2
(18.159)

where in the units with c = 1,

H−1
0 � 3000h−1 Mpc. (18.160)

Thus the horizon at the time of formation of CMB (last scattering surface
(z � 1100)) was of size

DH � 18√
Ωh2

Mpc � 120 Mpc (18.161)

for

Ωh2 = Ωbh
2 � 0.023. (18.162)
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This subtends an angel of about 1◦. The question arises “Why then the
large number of causally disconnected regions we see on the microwave sky
are all at the same temperature”. This is called the Horizon problem. Thus
it is difficult to explain the high degree of isotropy in the present universe.
The uniformity of the temperature of the background microwave radiation(

∆T
T ≤ 10−5

)
provides a strong evidence that the universe is isotropic and

homogeneous to a high degree of precision.

18.9.2 Flatness Problem

A related problem is that of flatness, i.e. the Ω = 1 Universe is unstable10.
Now

[
with a (t) = R(t)

R0

]

Ω (a) ≡ ρ (a)
ρc (a)

=
8πGNρ (a)
3H2 (a)

=
H2

0

H2 (a)
ρ (a)
ρc

=

{
ΩV + Ωma−3 + Ωra

−4
}

{(ΩV + Ωma−3 + Ωra−4) − (Ω0 − 1) a−2}
(18.163)

where we have used the scaling of various components of density with re-
spect to R given in Eq. (18.31), Friedmann equation (18.12) and the equa-
tion (18.34)

k

H2
0R2

0

= ΩV + Ωm + Ωr − 1

= Ω − 1 (18.164)

Thus since the early part of the Universe is radiation dominated

Ω (ain) � 1 +
Ω − 1
Ωr

a2
in (18.165)

Thus as ain → 0, this requires that Ω (t) to be unity to arbitrary precision
as the initial time tend to zero; a universe of non-zero curvature today
requires very finely tuned initial conditions which looks unnatural. The
natural solution is either ρ = ρc, Ω = 1 (for a reason to be discovered)
for the whole history of the universe or some non standard mechanism
intervened to drive ρ0 → ρc0, Ω0 → 1.

10In the sense that if one is slightly away from this special value Ω− 1 grows with time.
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18.9.3 Realization of Inflation

A possible solution to both the problems lies in that if dominant energy
component in the early universe did not satisfy ω > −1

3 , which is indeed the
case if vacuum energy ΩV dominates in the beginning. Then the conformal
time → −∞ [cf. integral in Eq. (18.156)], i.e. the Big Bang singularity is
pushed to negative time. This implies that there was much more conformal
time between the singularity and decoupling than we thought, allowing the
microphysical processes to equalize the temperature over the last scattering
surface as shown in Fig. 18.7.

Fig. 18.7 Conformal diagram of inflationary cosmology. Inflation extends conformal
time to negative values! The end of inflation creates an apparent Big Bang at η ≡ τ = 0.
There is, however, no singularity at τ = 0 and the light cones intersect at an earlier time
[21].

The basic idea of this scenario is that there was an epoch when the
vacuum energy density dominated the energy density of the Universe. Then
we write

ρ = ρV + ρr = ρV +
π2

30
g∗(T ) (kB T )4 . (18.166)

The radiation era density ρr ∼ 1
R4 , but ρV is constant independent of

R. Suppose ρV � ρr in the early universe. Thus from Friedmann equation
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(18.12), we have

Ṙ

R
= H =

√
8π GN ρV

3
= const. (18.167)

Thus ρV acts like an effective cosmological constant. We get [see Fig. 18.8]

R (t) = eHt, t ≤ 10−35s (18.168)

Fig. 18.8 Scale factor R(t) verses t, showing the inflationary and reheating phase.

The inflation requires that

ε = − Ḣ

H2
< 1 (18.169)

This can be seen as follows:

Ḣ =
R̈

R
− Ṙ2

R2
(18.170)

Using the Friedmann Eqs. (18.12) and (18.10), it is easy to see that

ε =
3
2

(
1 +

p

ρ

)
(18.171)

The condition for inflation is
p

ρ
= ω < −1

3
(18.172)

which means ε < 1. It is very likely that the Universe has undergone one or
more phase transitions caused by a symmetry breaking involving a scalar
field, the inflaton, φ. Such a scalar field as already seen satisfy the equation
of motion given in Eq. (18.52)

φ̈ + 3Hφ̇ = −dV

dφ
= −V ′ (18.173)
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Further using p and ρ as given in Eq. (18.50), we have from the Friedmann
equation (18.12)

H2 =
8πGN

3

[
1
2
φ̇2 + V (φ)

]

p + ρ = φ̇2 (18.174)

ε =
3
2

φ̇2

V + 1
2 φ̇2

= 4πGN
φ̇2

H2
(18.175)

We see that ε � 1, implies 1
2 φ̇2 � V , which on using first of Eqs. (18.174)

and (18.173) leads to the condition given in Eq. (18.169).

18.9.4 Slow-roll Inflation

As seen above the inflation requires ε � 1, which implies

1
2
φ̇2 � V (18.176)

We now discuss how this condition is implemented in slow-roll approxima-
tion. For slow-roll approximation

∣∣∣φ̈
∣∣∣ �

[
3Hφ̇

]
(18.177)

so that from the equation of motion (18.173)

3Hφ̇ = −V ′ (18.178)

Thus

1
2
φ̇2 =

1
2

(
V ′

3H

)2

H2 =
8πGN

3
V (18.179)

Consistency then requires [G1/2
N = 1

MP l
]

1
2
φ̇2 =

1
2

(
V ′

3H

)2

=
M2

Pl

48π

(
V ′

V

)2

V � V (18.180)

i.e.
(

V ′

V

)2

� 48π

M2
Pl

(18.181)
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or

εv ≡ M2
Pl

16π

(
V ′

V

)2

� 1 (18.182)

By differentiating (18.180) and using Eqs. (18.178) and (18.182), it is easy
to see that

δ ≡ φ̈

3Hφ̇

=
[
−M2

Pl

8π

V ′′

V
+ εv

]

= εv − ηv (18.183)

where

ηv =
M2

Pl

8π

V ′′

V
(18.184)

The slow-roll condition (18.177), namely |δ| � 1 then gives

|ηv| � 1 (18.185)

Before we proceed further with the discussion of the above equation, it is
instructive to make the following remarks:
In addition to scalar (density perturbations) contribution to CMB
anisotropies there is a tensor contribution arising presumably from pri-
mordial gravitational waves. In this respect a useful parameter is the ratio
r between the power spectrum of tensors to scalars. Its importance lies
in the fact that it is the only non-generic prediction of inflation. In fact
r � 16εv, where εv is defined in Eq. (18.182). WMAP has placed bound
r < 0.24 at 95% confidence level, whereas PLANCK Satellite would be able
to go up to r ∼ 0.03.

Coming back to Eq. (18.182), define dN = Hdt, which measures the
number of e-folds N of inflationary expression R (t) ∼ e

∫
Hdt = eN . Thus

N =
∫

Hdt =
∫

H

φ̇
dφ

=
∫

3H2

3Hφ̇
dφ

=
∫

8πGN
V

V ′ dφ

= 2
√

πG
1/2
N

∫
dφ
√

εv

=
√

4π

∫
dφ

√
εvMPl

(18.186)
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where we have used Eq. (18.182). Now from Eqs. (18.184) and (18.185), it
is clear that

√
εv is a slowly varying function so that

∆N ∼
√

4π
√

εv

∆φ

MPl
(18.187)

Now we want inflation to last for a sufficiently long time (N ∼ 60 e-fold)11

giving

∆φ

MPl
∼ 60

√
εv ∼ O(1)

( r

0.01

)1/2

. (18.188)

This is worrisome since the range of scalar field is almost Planck scale if one
has to use effective field theory. In other words, higher dimensional Planck
suppressed operators give corrections

∆V =
O6

M2
Pl

∼ V0
∆φ2

M2
Pl

(18.189)

of order 1. Therefore, the effective field description might not be useful if
primordial gravitational waves are detected by PLANCK. This problem can
be avoided if underlying ultraviolet theory has a symmetry which forbids the
appearance of these higher order terms. PLANCK Satellite data expected
in 2012 will be of great interest in order to constrain different models of
inflation.

18.10 Baryogenesis

Barayogenesis12 is a term used to understand the origin of matter-
antimatter asymmetry; there is only matter in the universe, but no an-
timatter. Quantitatively it is expressed as

∆B =
nB − nB̄

s
∼ O

(
10−10

)
(18.190)

where s is the entropy and nB and nB̄ are number of baryons and anti-
baryons in the Universe. A measure of smallness of the baryon density
is provided by the ratio of baryons to photons in the Cosmic Microwave
Background Radiation (CMBR):

ηB =
nB

nγ

11This much expansion under inflation is required to at least explain the homogeneity
of the presently observed Universe.
12See [14,19].
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(
nγ = 410.50 cm−3

)
which does not change as universe expands. As seen

in Secs. 18.5 and 18.8 two independent determinations of this ηB , one
from WMAP and the other from primordial nuclear synthesis, give ηB =
6 × 10−10.

Further there is good evidence that there are no large regions of anti-
matter at any but cosmic distance scales. For example anti-proton p̄ to
proton p ratio in cosmic rays is

p̄

p
∼ 10−4

In general p and p̄ may annihilate if they are brought together, e.g.

p + p̄ → γ + γ

How does it affect the nuclear density nB or nB̄? One can show that if we
start with nB = nB̄ , then for T ≤ 1 GeV the freeze out temperature comes
out to be T = T ∗ = 20 MeV, at which

η =
nB

nγ
=

nB̄

nγ
�

(
mN

KBT

)3/2

e
− mN

KBT = 2 × 10−18 (18.191)

This contradicts η = 6× 10−10, which then reflects some primordial asym-
metry in the Universe

nB → nB − nB̄

η =
nB − nB̄

nγ
= 6 × 10−10

Understanding the nature of η, namely that of Baryogenesis is the second
big problem of Cosmology, the first one being Dark matter and Dark energy.

In the early universe

nB − nB̄ =
1
3

(nq − nq̄)

s ≈ nq + nq̄

∆B ∼ nq − nq̄

nq + nq̄
≈ 10−10 (18.192)

Thus there is one extra quark per 1010 quark-antiquark pairs. Where did
it come from?
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18.10.1 Sakharov’s Conditions

Sakharov was the first to suggest that η might be understood in terms of
microphysical laws rather than some sort of boundary condition provided
that the following three conditions are satisfied.

(1) Baryon number violation must occur in the fundamental laws. Firstly
if at very early universe, ∆B = 0 interactions were in equilibrium, then
one can say that the universe “started” with net zero baryon number.
As such if the universe is to end up with a non-zero asymmetry, ∆B �= 0
interactions are obviously necessary.

(2) CP symmetry must be violated; otherwise every reaction which pro-
duces a particle will be necessarily accompanied by a reaction which
produces its antiparticle at exactly the same rate, so

nB →
CP

nB̄

and even if B is violated, we can never establish baryon-antibaryon
asymmetry.

(3) Departure from thermal equilibrium, if through its early history, the
universe was in thermal equilibrium, then even B and CP violating
interactions could not produce a net asymmetry. This is a direct con-
sequence of θ ≡ CPT invariance. The density matrix at time t is:
[β = 1

kT , H is Hamiltonian]

ρ (t) = e−β(t)H(t)

Equilibrium average of baryon number operator B̂ is

〈B〉T = Tr
(
e−βHB̂

)

= Tr
(
θ−1θe−βHB̂

)

= Tr
(
θe−βHB̂θ−1

)

= Tr
(
θe−βHθ−1θB̂θ−1

)

= Tr
(
e−βH

(
−B̂

))

= −〈B〉T
where we have used the fact that H commutes with θ. Thus 〈B〉T
vanishes. In other words if there is thermal equilibrium, all asymmetries
vanished even if all quantum numbers are not conserved. Thus all the
three conditions must be satisfied simultaneously.
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18.10.2 Various Scenarios for Baryogenesis

18.10.2.1 Baryogenesis at GUT (Grand Unification theories)
Level

In a typical GUT, quarks and leptons are assigned in one representations
and as such there are gauge bosons, called leptoquarks X and X̄ giving rise
to B violating processes

X → ql X → Q̄q̄

and similarly for X̄. Thus we see that the decays of X bosons violate
baryon number; they also violate CP, meeting the first two conditions. The
third condition is supplied by the expansion of the universe. It is usually
assumed that at temperature well above the GUT scale, the universe was
in thermal equilibrium. As the temperature drops below the mass of X-
boson, the reactions which produce the X-bosons are not sufficiently rapid
to keep up with the expansion rate to maintain equilibrium. The condition
for departure from equilibrium gives

KTD ≥ mX

(
≈ 1015 − 1016 GeV

)

However, a reheating temperature after inflation greater than 109 GeV leads
to cosmological difficulties. Thus it is very unlikely that GUT Baryogenesis
is the origin of observed baryon asymmetry.

18.10.2.2 Electroweak Baryogenesis

In the SM, both baryon number, B and lepton number, L, symmetries hold
at classical level. However, because of chiral nature of electroweak theory,
at quantum level (Jµ

B) and (Jµ
L) are not conserved, so-called electroweak

anomaly.

∂µJµ
B =

(
1
3

)

Bq

(3 colors) Ng

(
α2

π
Wµν

a W̃aµν

)
(18.193)

= ∂µJµ
L

where, Ng denotes number of generations, Wµν
a are SU (2) field strengths,

α2
π coupling corresponding to SUL (2) and W̃µν

a = 1
2εµναβWaαβ . Thus

∂µ (Jµ
B − Jµ

L) = ∂µJµ
B−L = 0

∂µ (Jµ
B + Jµ

L) �= 0
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implying

∆B = B (+∞) − B (−∞)

=
∫ +∞

−∞
dt∂0

∫
d3xJ0

B (t,x)

=
∫ +∞

−∞
dt

∫
d3x∂µJµ

B (t,x) (18.194)

Similarly for ∆L. Note that ∆(B − L) = 0, the electroweak anomaly
preserves B − L. But

∆(B + L) �= 0

= 2Ngν

where

ν =
α2

8π

∫
d4xWµν

a W̃aµν (18.195)

Physically one can understand how baryon number is not conserved
without explicit B-violating terms in the Lagrangian. Let us recall Dirac
equation for massless fermions

i
∂

∂t
ψ = iγ0γ (∂ − igA) ψ = HDirac (t) ψ (18.196)

and Dirac concept of vacuum, an infinite sea of electrons occupying negative
energy as shown in Fig. 18.9.

Fig. 18.9 Dirac picture of vacuum.

Non-Abelian theories (QCD or SUL (2)) have a non-trivial vacuum
structure with an infinite number of ground states (topological charges).
Now we have a background field, energy levels change, which produces a
fermion number. This is pictorially depicted in Fig. 18.10. While in QCD,
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baryon number is conserved, not so for SUL (2) . Now for Ng = 3, the
distance between two ground states is

∆B = ∆L = 3

and at zero temperature, the transition (through tunneling) probability is

σ (B + L �= 0) ∼ e−
4π
α2 ∼ e−165

Fig. 18.10 (a) and (b) for QCD case while for electroweak case we have only (a) i.e.
only left handed fermions [19].

The situation is different at high temperatures when large thermal fluc-
tuations called “sphalerons” are possible. The sphaleron energy is

Esp (T ) ≡ c

(
mH

mW

)
πmW (T )

α2
(18.197)

where c
(

mH

mW

)
is a function of λ, λ ∼ m2

H

m2
W

[for T = 0, Esp ≈ 7 − 14 TeV
as λ increases from 0 to ∞]. The transition probability per unit time per
unit volume for thermal fluctuations to cross the barrier is

Psp (T ) = µ

(
mW

α2T

)3

m4
W exp

(
−Esp (T )

T

)
, for T < TEW (barrier)

(18.198)
where µ is a dimensionless constant. Now at some temperature mW (T ) →
0, there will no longer be exponential suppression. At this point the com-
putation of the transition rate is a difficult problem - there is no small pa-
rameter but noting that the only important scale in the symmetric phase
is α2T , scaling arguments suggest the form

Psp (T ) = κ (α2T )4 , for T > TEW (18.199)

where numerical estimates suggest κ ∼ 0.1 − 1.
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Now B and L violating processes are in thermal equilibrium for [H is
the Hubble parameter which determines the expansion rate]

Γsp ≡ Psp (T )
T 3

> H ≈ 1.66
g∗

1
2 T 2

MPl
(18.200)

This gives [α2 ≈ 0.029]

T <
(
κg∗

1
2

)
α4

2MPl ≈ 1012 GeV (18.201)

The B and L violating processes are in thermal equilibrium for temperature
in the range

TEW ≈ 100 GeV < T < Tsp ≈ 1012 GeV (18.202)

This implies that even if there were both B and L, but no net B − L

established above Tmax ∼ α4
2MPl = 1012 GeV, they will get washed out

down to TEW .
Now B-violation is rapid as compared to cosmological expansion at

〈φ〉T < T , where 〈φ〉T is Higgs expectation value at temperature T . But
the Universe expands slowly. Expansion time

H−1 =
MPl

T 2
EW

∼ 1014 GeV−1 ∼ 10−10 sec. (18.203)

This is too large to have deviations from thermal equilibrium. One way out
is if the EW phase transition is of first order since then the co-existence
of broken 〈φ〉 �= 0 and unbroken phase 〈φ〉 = 0 at the phase transition
at Tc ∼ TEW , [see Fig. 18.11], where there is condensation of the Higgs
field, is a departure from equilibrium. After the phase transition baryon
asymmetry should not be washed out, 〈φ〉T > T after the phase transition.
However, one cannot get the first order transition unless (mH < 73 GeV),
excluded by the LEP limit (mH > 114 GeV). Another problem is the size
of CP violation in the SM: λ = 0.2

η ∼ α4
2εCP = 10−16λ6 sin δ = 6 × 10−12δ

∼ 10−18 (18.204)

This requires SM extensions so as to have new bosons which strongly couple
with Higgs plus a new source of CP-violation.

18.10.3 Leptogenesis

The second possibility is the Leptogenesis13 where one tries to generate
L �= 0 but not B from neutrino physics giving a net B − L. This is an
13See [11,13,14].
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Fig. 18.11 Electroeweak phase transition.

attractive possibility due to the fact that, as seen in Chap. 12 neutrino
physics has entered a flourishing era.

As was discussed in Chap. 12, light neutrino masses arise in the see-saw
mechanism, which involves 3 heavy right-handed Majorana neutrinos Ni,
whose mass matrix breaks the lepton number (cf. Eq. (12.80)) needed for
Leptogenesis. One starts from a thermal distribution of heavy Majorana
neutrinos which have CP violating decay modes into standard leptons (CP
violation can enter through phases in the Yukawa couplings and the mass
matrices of N’s). The asymmetry is then generated by the out of equilibrium
CP violating decays in the early Universe of Ni → liH versus Ni → l̄iH at
the temperature T ∼ M ≡ Mi � Mj .

The crucial ingredients in leptogenesis scenario is CP asymmetry gen-
erated through the interference between tree level and one-loop Majorana
neutrino decay diagrams. In the simplest extension of SM, these are shown
in Fig. 18.12.

Then the CP asymmetry is caused by interference between the above
diagrams and in a basis where M (mass matrix for heavy right-handed
neutrinos) is diagonal and real,

εi =
Γ (Ni → liH) − Γ

(
Ni → l̄iH

)

Γ (Ni → liH) + Γ
(
Ni → l̄iH

)

=
1
8π

∑
j �=i

Iij
kl

[
f

(
|Mj |2

|Mi|2

)]
(18.205)
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Fig. 18.12 Feynman diagrams of Majorana neutrino decay for tree level and one loop
level.

where

f (x) =
√

x

[
2 − x

1 − x
− (1 + x) ln

(
1 + x

x

)]

→ 1√
x

(
−3

2

)
as

1
x
→ 0 (x → ∞) (18.206)

f (x) ≈ − 1
x

for x � 1

Iij
kl =

1
|hij |2

�
[
hikhilh

∗
jkh∗

jl

]
(18.207)

Using

(MD)ij = hijv

we can write

Iij
kl =

1
v2 (mDm∗

D)ii

[
�

(
(mDm∗

D)ij

)2
]

(18.208)

Once the right-handed neutrinos are produced in early universe and as the
universe cools through temperatures of the order of the masses of N ’s,
their long life time would allow them to decay out of equilibrium, thereby
generating an asymmetry between leptons and anti-leptons.

The lepton asymmetry YL is related to CP asymmetry through the
relation

YL =
nL − nL̄

s
= κ

n

s
εi (18.209)

where κ ≤ 1 is efficient factor which accounts for the wash out processes
[inverse decay and lepton number violating scattering; such processes can
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create a thermal population of heavy neutrinos of high temperature T > M ]
and it can be obtained through solving the Boltzmann equations. n

s ∼ 10−3

is the ratio of the number density of the right-handed neutrinos (Ni) in
equilibrium to the entropy density.

The lepton asymmetry is then partially converted to baryon asymmetry
thanks to electroweak anomaly, yielding a net lepton and baryon number
(recall that spheleron interactions preserve B − L, but violate B and L

separately). One can determine the resulting asymmetry by an elementary
thermodynamic exercise. We have

ni − nı̄ =
2
π2

g′T 3

(
2µi

T

)
(18.210)

where µi are chemical potential. This implies

nB = B

(
4
π2

g′T 2

)
(18.211)

nL = L

(
4
π2

g′T 2

)
(18.212)

where B and L are baryon and lepton asymmetries respectively.
Note that in SM

qLi
=

(
uLi

dLi

)
B =

1
3
, L = 0

uRi
, dRi

lLi
=

(
νLi

eLi

)
B = 0, L = 1

eRi

Thus in the above equation

B = 3 × 1
3

∑
i

(2µqi
+ 2µui

+ 2µdi
) (18.213)

L =
∑

i

(2µli + 2µei
) (18.214)

In high temperature plasma, quarks, leptons and Higgs interact via Yukawa
and gauge couplings and in addition, via the non-perturbative sphaleron
processes.

In thermal equilibrium all these processes yield constraints between var-
ious chemical potentials. The effective interaction

OB+L =
∏

i

(qLi
qLi

qLi
lLi

) (18.215)
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yields ∑
i

(3µqi
+ µli) = 0 (18.216)

Another constraint is provided by vanishing of total hypercharge of plasma
∑

i

(
µqi

+ 2µui
+ µdi

− µli − µei
+

2
N

µφ

)
= 0 (18.217)

Further invariance of Yukawa couplings q̄LiφdRi gives

µqi
− µφ − µdi

= 0

µqi
− µφ − µui

= 0

µli − µφ − µei
= 0

When all Yukawa interactions are in equilibrium, these interaction establish
equilibrium in different generations

µli = µl, µqi
= µq etc.

Combining these relations, one can solve for the chemical potentials in
terms of the lepton and baryon chemical potentials and finally in terms of
the initial B − L .

B = a(B − L)

B (1 − a) = −aL (18.218)

where

a =
8N + 4

22N + 13
=

28
79

≈ 1
3

N being the number of generations. Thus finally we obtain

YB

(
≡ nB − nB̄

s

)
= aYB−L

=
a

a − 1
YL

=
a

a − 1
κ

n

s
εi

The observed YB is

YB = η
(nγ

s

)

� 1
7
η

=
1
7

(
6 × 10−10

)
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can be obtained if

εi ≥ 10−6

There exist many models of leptogenesis where ε is usually expressed in
terms of CP -violating Majorana phases and experimentally known mass
parameters and ∆m2 for light neutrino matrix, giving εi ≥ 10−6.

18.11 Problems

(1) Calculate the Ricci tensor Rµν and Ricci scalar R by using the FRW
metric (18.1), where

Rµν = ∂ρΓρ
µν − ∂νΓρ

µρ + Γρ
σρΓ

σ
µν − Γρ

σµΓσ
νρ

with

Γρ
µν =

1
2
gρσ [∂µgνσ + ∂νgµσ − ∂σgµν ] .

Hint: First calculate R00 and R11.
(2) Verify that the 00-component of Einstein equation (18.7) for Λ = 0

gives the Friedmann equation

H2 ≡

(
Ṙ

R

)2

=
8πGN

3
ρ − kc2

R2
.

(3) Show that the trace of Einstein equation (18.7) for Λ = 0 gives the
Friedmann 2nd equation (acceleration equation)

R̈

R
= −4πGN

3c4

(
ρc2 + 3p

)
.

(4) Show that the two Friedmann equations implies the continuity equation

ρ̇ = −3H
(
ρc2 + p

)

(5) Show that conservation of energy condition ∇µTµν = 0 leads to conti-
nuity equation

ρ̇ = −3H
(
ρc2 + p

)

where Tµν is defined in Eq. (18.8).
(6) For a scalar field φ, with potential V (φ) and Lagrangian density

L =
1
2
gµν∂µφ∂νφ − V (φ)

Calculate the stress energy tensor Tµν (18.49).
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(7) Using the conservation of energy condition ∇µTµν = 0, verify that the
equation of motion for the scalar field is

φ̈ + 3Hφ̇ +
dV

dφ
= 0

(8) Find the slow roll parameters εv(φ) and ηv(φ) of inflation for V (φ) =
1
2m2φ2 and V (φ) = λφ4.

(9) By using the Eq. (18.186), calculate the number of e-folds for V (φ) =
1
2m2φ2 and V (φ) = λφ4.

(10) By using the relation (18.188), calculate the value of parameter r for
the scalar potentials 1

2m2φ2 and λφ4.
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Appendix A

Quantum Field Theory

A.1 Spin 0 Field

Spin zero particle of mass m is described by a field φ(x) which in the absence
of interactions, satisfies the Klein-Gordon equation.

(
�2 + m2

)
φ(x) = 0. (A.1)

In quantum mechanics, φ(x) is regarded as a c-number. In quantum field
theory, φ(x) is a field operator which can create and annihilate the field
quantum.

The Fourier decomposition of φ(x) is

φ(x) =
1

(2π)3/2

∫
d3k√
2k0

[
a (k) e−ik.x + b† (k) eik.x

]
(A.2a)

φ†(x) =
1

(2π)3/2

∫
d3k√
2k0

[
a† (k) eik.x + b (k) e−ik.x

]
(A.2b)

where φ†(x) is hermitian conjugate of φ(x) and k · x = k0x0 − k.x, k0 =√
k2 + m2 > 0. In Eq. (A.2), a(k) and b(k) are interpreted as follows:

a† (k) : creation operator for the particle
(spin 0 and mass m)

a (k) : annihilation operator for the particle
(spin 0 and mass m)

b† (k) : creation operator for the antiparticle
(spin 0 and mass m)

b (k) : annihilation operator for the antiparticle
(spin 0 and mass m).
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a (k) and b (k) satisfy the following commutation relations
[
a (k) , a† (k′)

]
= δ3

(
k − k′) (A.3a)[

b (k) , b† (k′)
]

= δ3
(
k − k′) (A.3b)

[a (k) , b (k′)] =
[
a (k) , b† (k′)

]
= 0. (A.3c)

If |0〉denotes the vacuum state then one particle state of 4-momentum k is
given by

|k〉 = a† (k) |0〉 . (A.4)

States of two or more particles are constructed by operating on the vacuum
with appropriate two or more operators. Note that

a†(x) =
−i

(2π)3/2

∫
d3x√
2k0

e−ik.x

←→
∂

∂x0
φ†(x) (A.5a)

b†(x) =
−i

(2π)3/2

∫
d3x√
2k0

eik.x

←→
∂

∂x0
φ(x) (A.5b)

where
←→
∂

∂x0
=

−→
∂

∂x0
−

←−
∂

∂x0

Define

N+ (k) = a† (k) a (k)

N− (k) = b† (k) b (k) . (A.6)

It follows from the commutation relations (A.3) that N+ (k) and N− (k)
have the eigenvalues 0, 1, 2,· · · and are known as number operators for the
particles and antiparticles. Then

n =
∑
k

N+ (k) = Total number of particles (A.7a)

n =
∑
k

N− (k) = Total number of antiparticles. (A.7b)

It may also be noted that for free fields
[
φ (x) , φ† (x′)

]
= i∆ (x − x′) , (A.8a)

∆ (x) = − i

(2π)3

∫
d4kε (k0) e−ik.x δ

(
k2 − m2

)
(A.8b)

ε (k0) =
{

+1
−1

k0

k0

> 0
< 0

. (A.8c)
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We note that

∆ (x − x′) = 0 for (x − x′)2 < 0 (A.8d)

viz the space-like distances. Then from Eq. (A.8), it follows that the
commutator is zero for space-like separation. This is the statement of the
micro causality. Also

∣∣∣∣
∂∆ (x − y)

∂x0

∣∣∣∣
x0=y0

= −δ3 (x − y) (A.9a)

and from Eq. (A.8d), we get

∆ (0, x − y) = 0. (A.9b)

If we assume that φ (x) is not a free field but an interacting (Heisenberg)
field, then the creation operator defined in (A.5) is not time-independent.
We define, however, the operators a†

in
out

(k) by the relation

a†
in
out

(k) = lim
t→−∞

+∞

−i

(2π)3/2 √2k0

∫
e−ik.x←→∂ φ†(x)d3x (A.10a)

Under time reversal these operators transform as

a†
in
out

(k0,k) T→ a†
out
in

(k0,−k) (A.10b)

a†
in (k) and a†

out (k), acting on the vacuum, create incoming and outgoing
states respectively and so from (A.10b), incoming (outgoing) states are
transformed into outgoing (incoming) states by the time reversal transfor-
mation.

A.2 Spin 1/2 Particle

Spin 1/2 particle of mass m is described by a field Ψ (x), which in the
absence of interactions, satisfies the Dirac equation

[
∂µ = ∂

∂xµ = ( ∂
∂t ,∇)

]

(iγµ∂µ − m) Ψ (x) = 0. (A.11a)

The adjoint of Ψ (x), Ψ̄ (x) = Ψ† (x) γ0 satisfies the equation

Ψ (x)
(
−iγµ←−∂ µ − m

)
= 0. (A.11b)

γµ are Dirac matrices. We choose γµ :

γ0† = γ0, γi† = −γi i = 1, 2, 3, (A.12)
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γµ† = γ0γµγ0

γµ’s satisfy the anticommutation relation

[γµ, γν ]+ ≡ γµγν + γνγµ = 2gµν . (A.13)

There are 16 independent Dirac matrices:

Matrices Components
1 1
γµ 4

σµν = i
2 (γµγν − γνγµ) 6

γ5 = iγ0γ1γ2γ3 1
i γµγ5 4

γ5 = iγ0γ1γ2γ3 = γ5 (A.14a)

γ5 = − i

4!
εαβρλγαγβγργλ (A.14b)

εαβρλ = −εαβρλ (A.14c)

ε0123 = −1 = −ε0123 (A.14d)

εijk = −εijk (A.14e)

γ5 is also hermitian

γ5† = γ5 (A.15)

γ5 anticommutes with γµ viz

γ5γµ = −γµγ5 (A.16)

Two representations of γ-matrices are useful.

A.2.1 Pauli Representation of γ Matrices

γi =
(

0 σi

−σi 0

)
, γi = −γi (A.17a)

γ0 =
(

1 0
0 −1

)
= γ0 (A.17b)

γ =
(

0 σ

−σ 0

)
. γ5 = γ5 =

(
0 1
1 0

)
(A.17c)
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A.2.2 Weyl Representation of γ Matrices

γ0 =
(

0 1
1 0

)
= γ0; γi =

(
0 σi

−σi 0

)
(A.18a)

γ5 =
(
−1 0
0 1

)
= γ5 (A.18b)

Define
σµ = (1, σi) = (1, σ); σµ = (1,−σ)

σµ = (1,−σi) = (1,−σ); σµ = (1, σ)

γµ =
(

0 σµ

σµ 0

)
(A.18c)

The Fourier decompositation of Ψ (x) is

Ψ (x) =
1

(2π)3/2

∫
d3 p

√
m

p0

×
2∑

r=1

[
ar (p) ur (p) e−ip.x + b†r (p) vr (p) eip.x

]
(A.19a)

Ψ (x) =
1

(2π)3/2

∫
d3 p

√
m

p0

×
2∑

r=1

[
a†

r (p) ur (p) eip.x + br (p) vr (p) e−ip.x
]

(A.19b)

where
u = u†γ0, v = v†γ0 (A.20)

and u and v satisfy the equations
(γ.p − m) ur (p) = 0 (A.21a)

(γ.p + m) vr (p) = 0 (A.21b)

ur (p) (γ.p − m) = 0 (A.21c)

vr (p) (γ.p + m) = 0 (A.21d)
a(p) and b(p) are interpreted as follows:

a†
r (p) : creation operator of the particle with

momentum p and spin component r

ar (p) : annihilation operator of the particle with
momentum p and spin component r

b†r (p) : creation operator of the antiparticle with
momentum p and spin component r

br (p) : annihilation operator of the particle with
momentum p and spin component r.
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The operators a and b satisfy the anticommutation relation[
ar (p) , a†

r′ (p′)
]
+

= δrr′δ3 (p − p′) (A.22a)
[
br (p) , b†r′ (p)

]
+

= δrr′δ3 (p − p′) (A.22b)

and all other anticommutation relations give zero. Define number opera-
tors:

N (+)
r (p) = a†

r (p) ar (p) (A.23a)

N (−)
r (p) = b†r (p) br (p) . (A.23b)

Then from the anticommutation relations (A.22), we have
[
N (±)

r (p)
]2

= N (±)
r (p) . (A.24)

Thus, we see that N
(±)
r (p) have eigenvalue 0 or 1. This means that each

state is either empty or has a single particle of definite spin and momen-
tum. Thus the anticommutation relations lead to description of a system
of particles which obey the Pauli exclusion principle or in other words obey
the Fermi-Dirac statistics.

Note that

a†(x) =
1

(2π)3/2

√
m

p0

∫
d3xψ(x)γ0ur(p)e−ip.x (A.25)

with similarly expressions for other creation and annhilation operators.
The spinors u and v satisfy the following orthogonality relations:

ur (p) ur′ (p) = δrr′ = −vr (p) vr′ (p) (A.26a)

u†
r (p) ur′ (p) =

Ep

m
δrr′ = v†r (p) vr′ (p) (A.26b)

vr (p) ur′ (p) = ur (p) vr′ (p) = 0. (A.26c)

They also satisfy the completeness relations
2∑

r=1

[
ur

α (p) ur
β (p) − vr

α (p) vr
β (p)

]
= δαβ , (A.27)

where α and β are spinor indices; α, β = 1, 2, 3, 4.

2∑
r=1

ur
α (p) ur

β (p) =
(
� p + m

2m

)

αβ

≡ (Λ+ (p))αβ (A.28a)

−
2∑

r=1

vr
α (p) vr

β (p) =
(
− � p + m

2m

)

αβ

≡ (Λ− (p))αβ . (A.28b)
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Λ+ (p) and Λ− (p) are the projection operators for particles and antiparti-
cles respectively. One also writes γµ pµ = γ · p =� p.

Using the Pauli representation of γ-matrices, we can write

ur (p) = Rw(r) (A.29a)

where

R =
1√

2m (p0 + m)

(
(p0 + m) I

σ · p

)
(A.29b)

p0 ≡ Ep =
√

p2 + m2 (A.29c)

w(1) =
(

1
0

)
and w(2) =

(
0
1

)
. (A.29d)

ur (p) is given by

ur (p) = w(r)†R†γ0 = w(r)†R, (A.30a)

where

R =
1√

2m (p0 + m)
((p0 + m) I,−σ · p) . (A.30b)

vr (p) is given by

vr (p) = −iγ2u∗
r (p) . (A.31)

Finally, we note that for free fields [� ∂x = γµ∂µ]
[
Ψα (x) , Ψβ (x′)

]
+

= i (i � ∂x + m)αβ ∆ (x − x′)

= −iSαβ (x − x′) , (A.32a)

where

S (x − x′) = (−i � ∂x − m) ∆ (x − x′) .

−iS (x − x′)|x0=x′
0

= −i

(
−iγ0 ∂

∂x0
− γ · ∇ − m

)
∆ (x − x′)|x0→x′

0

= γ0δ3 (x − x′) . (A.32b)

[
Ψ (x) , Ψ (x′)

]
+x0=x′

0

= γ0δ3 (x − x′) (A.32c)
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A.3 Trace of γ Matrices

We note that γ-matrices are traceless

Tr (γµ) = 0, µ = 0, 1, 2, 3

Tr
(
γ5

)
= 0. (A.33)

Now

Tr (γµγν) = Tr (γνγµ) . (A.34)

Therefore, from Eq. (A.13), we have

Tr (γµγν) = gµνTr
(
1̂
)

= 4gµν (A.35)

and

Tr (� k � p) = 4p · k (A.36)

where

� k = γµkµ (A.37)

Further, we have

γµγνγργσ + γσγµγνγρ = 2gρσγµγν − 2gνσγµγρ + 2gµσγνγρ (A.38)

Therefore,

Tr (γµγνγργσ) = 4 [gσρgµν − gνσgµρ + gµσgνρ] (A.39)

We now show that trace of odd number of γ-matrices is zero

Tr
(
γµγν ...γλ

)
= Tr

((
γ5

)2
γµγν ...γλ

)

= (−1)n
Tr

(
γ5γµγν ...γλγ5

)

= (−1)n
Tr

(
γ5γ5γµγν ...γλ

)
(cyclic property)

= (−1)n
Tr

(
γµγν ...γλ

)
(A.40)

Hence for odd n

Tr
(
γµγν ...γλ

)
= 0. (A.41)

Now

γµγνγρ = iεµνρλγ5γλ + gνργµ − gµργν + gµνγρ. (A.42)

Noting that we can write

γ5 =
−i

4!
εαβσργ

αγβγνγρ, (A.43)
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we have

Tr
(
γ5γµ

)
= 0 (A.44)

Then from Eq. (A.42)

Tr
(
γ5γµγν

)
= 0 (A.45)

Tr
(
γ5γµγνγρ

)
= 0 (A.46)

and

Tr
(
γ5γµγνγργσ

)
= 4iε

µνρσ

(A.47)

with the definition ε0123 = −1 and ε0ijk = εijk while ε0123 = 1. In calcula-
tions, we usually come across the matrix elements of the form

Lµν =
∑
spin

[u (k2) γµ (1 + aγ5) u (k1)] [u (k1) γν (1 + aγ5) u (k1)]
∗ (A.48)

=
∑
spin

[u (k2) γµ (1 + aγ5) u (k1)]
[
u† (k1) (1 + aγ5) γ†

νγ0u (k2)
]
.

(A.49)

Now [γ0γ†
νγ0 = γν ]

γ0 (1 + aγ5) γ†
νγ0 = (1 − aγ5) γν

= γν (1 + aγ5) . (A.50)

Therefore,

Lµν =
∑
spin

u (k2) γµ (1 + aγ5) u (k1) u (k1) γν (1 + aγ5) u (k2)

=
∑
spin

uα (k2) [γµ (1 + aγ5)]αα′ uα′ (k1) uβ′ (k1) [γν (1 + aγ5)]β′δ uδ (k2)

=
∑
spin

(
� k2 + m2

2m2

)

δα

[γµ (1 + aγ5)]αα′

(
� k1 + m1

2m1

)

α′β′
[γν (1 + aγ5)]β′δ

=
1

4m1m2
Tr [(� k2 + m2) γµ (1 + aγ5) (� k1 + m1) γν (1 + aγ5)] . (A.51)

Here

� k2 = γ · k2, � k1 = γ · k1. (A.52)

Using the formulae for the traces of γ-matrices given previously, we get

Lµν =
4

4m1m2

{(
1 + a2

)
(k2µk1ν + k2νk1µ − k1 · k2gµν)

+ m1m2

(
1 − a2

)
gµν + 2iaεµνρσkρ

1kσ
2

}
. (A.53)
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Similarly for

Lµν =
∑
spin

[v (k2) γµ (1 + aγ5) u (k1)] [v (k2) γν (1 + aγ5) u (k1)]
∗
, (A.54)

we get

Lµν =
4

4m1m2

{(
1 + a2

)
(k2µk1ν + k2νk1µ − k1 · k2gµν)

− m1m2

(
1 − a2

)
gµν + 2iaεµνρσkρ

1kσ
2

}
. (A.55)

For

Lµν =
∑

[u (k2) γµ (1 + aγ5) v (k1)] [u (k2) γν (1 + aγ5) v (k1)]
∗
, (A.56)

we get the same value as given in Eq. (A.55).

A.4 Spin 1 Field

Electromagnetic field (photon) with mass m = 0.
In the absence of interactions, the electromagnetic field Aµ (x) satisfies

the field equation

�2Aµ (x) = 0. (A.57)

There is an additional condition

∂µAµ (x) = 0. (A.58)

The Fourier decomposition of Aµ (x):

Aµ (x) =
1

(2π)3/2

∫
d3k√
2k0

∑
λ

ελ
µ (k)

[
aλ (k) e−ik.x + a†

λ (k) eik.x
]
, (A.59)

where ελ
µ (k) , are four vectors called polarization vectors. aλ (k) and a†

λ (k)
are interpreted respectively as the annihilation and creation operator of
the photon with momentum k and polarization ελ

µ (k). They satisfy the
following commutation relations

[
aλ (k) , a†

λ′ (k′)
]

= δλλ′δ3 (k − k′) , (A.60a)

[aλ (k) , aλ′ (k′)] =
[
a†

λ (k) , a†
λ′ (k′)

]
= 0. (A.60b)

The poarization vector ελ
µ (k) satisfies the following relations

ελ (k) · ελ′
(k) = δλλ′ (A.61)∑

λ=0

k · ελ = 0. (A.62)
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For transverse photon polarization, the four-vector ελ
µ (k) can be chosen as

ελ
µ (k) ≡

(
0, ελ (k)

)
, (A.63)

so that we have
k · ελ = k · ελ = 0 (A.64)

and
2∑

λ=1

ελ
µ (k) ελ

ν (k) = −gµν +
kµkν

k2 − (k · η)2
+

k2ηµην

k2 − (k · η)2

− (k · η) kµην + kνηµ

k2 − (k · η)2
(A.65)

where η = (1, 0, 0, 0) .

A.5 Massive Spin 1 Particle

A spin 1 particle of mass m is described by a vector field φµ (x) , which in
the absence of interactions satisfies the equation(

�2 + m2
)
φµ (x) = 0 (A.66a)

with the subsidiary condition

∂µφµ (x) = 0. (A.66b)
The Fourier decomposition ofφµ (x) is given by

φµ (x) =
1

(2π)3/2

∫
d3k√
2k0

3∑
λ=1

ελ
µ (k)

[
aλ (k) e−ik.x + b†λ (k) eik.x

]
(A.67a)

φ†
µ (x) =

1

(2π)3/2

∫
d3k√
2k0

3∑
λ=1

ελ∗

µ (k)
[
a†

λ (k) eik.x + bλ (k) e−ik.x
]

(A.67b)

aλ (k) and bλ (k) satisfy the following commutation relations:[
aλ (k) , a†

λ′ (k′)
]

= δλλ′δ3 (k − k′) , (A.68a)
[
bλ (k) , b†λ′ (k′)

]
= δλλ′δ3 (k − k′) . (A.68b)

a†
λ (k) (aλ (k)) are creation (annihilation) operators for the particle with

polarization λ and momentumk. b†λ (k) (bλ (k)) are creation (annihilation)
operators for the antiparticle with polarization λ and momentum k.

The polarization vector ελ
µ satisfies the relation

ελ · ελ′
= δλλ′ , k · ελ = 0 (A.69a)

3∑
λ=1

ελ
µελ

ν = −gµν +
kµkν

m2
. (A.69b)
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A.6 Feynman Rules for S-Matrix in Momentum Space

For each internal photon line: −i
(2π)4

gµν

k2+iε

For each internal fermion line: i
(2π)4

�p+m
p2−m2+iε

For each internal pion line: i
(2π)4

1
k2−m2

π+iε

For each external fermion line 1
(2π)3/2

√
m
p0

ur (p)

entering the graph, depending or
upon whether the line is in 1

(2π)3/2

√
m
p0

vr (p)

the initial or final state
For each external fermion line 1

(2π)3/2

√
m
p0

ur (p)

leaving the graph, depending or
upon whether the line is in 1

(2π)3/2

√
m
p0

vr (p)

the final or initial state
For each external photon line: 1

(2π)3/2
1√
2k0

ελ
µ (k)

For each external spin 0
meson line: 1

(2π)3/2
1√
2k0

For photon-fermion vertex: HI = eΨγµΨAµ

−ieγµ

For pion-fermion vertex: HI = igΨγ5Ψφ

gγ5

For photon-meson vertex:
−ie (q + q′)µ

For a massive vector boson i
(2π)4

−gµν+
kµkν

m2
W

k2−m2
W

of mass mW (in unitary gauge)
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A factor (2π)4 δ4 (p − p′ ± k) at each vertex. A factor (−1) for each
closed fermion loop.

Further one has
∫

d4l
(2π)4 for each loop integral where the four momentum

l is not fixed by energy-momentum conservation. Multiply by δp = 1 (−1)
and −1 (1) respectively for the direct and exchange term of fermion
(antifermion)-fermion (antifermion) scattering.

Feynman rules for a hermitian self-interacting spin 0 boson with the
Lagrangian

L =
1
2

[
(∂µφ)2 − µ2φ2

]
− λ

4!
φ4

are as follows
For each external line 1

(2π)3/2
1√
2k0

For each internal line i
(2π)4

1√
2k0

1
k2−µ2+iε

For vertex −iλ

A factor (2π)4 δ4 (k1 + k2 − k3 − k4)

at each vertex

For each loop integral
∫

d4l
(2π)4

statistical factors
1
2!

1
3!

A.7 Application of Feynman Rules

As a simple application of Feynman rules, we consider the process

e−(p1) + e+(p2) = µ−(p′1) + µ+(p′2)

S =
∫

d4k
mµ√
p′10 p′20

1
(2π)3

u (p′1) (−ie) γλv (p′2)

× −i

(2π)4
gλν

k2
v (p2) (−ieγν) u (p1)

1
(2π)3

me√
p10p20

× (2π)4 δ4 (p1 + p2 − k) (2π)4 δ4 (k − p′1 − p′2) . (A.70)
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Fig. A.1 One photon exchange Feynman diagram for the process e− + e+ → µ− + µ+.

Therefore, using the relation S = 1 + i (2π)4 δ4 (Pi − Pf )T :

T =
1

(2π)6
mµ megλν√

p10 p20 p′10 p′20

e2

k2

[
u (p′1) γλv (p′2)

]
[v (p2) γνu (p1)] , (A.71)

Defining the amplitude:

F =
e2

k2

[
u (p′1) γλv (p′2)

]
[v (p2) γλu (p1)] . (A.72)

|F |2 =
e4

k4

∑
spin

∑
spin

∣∣u (p′1) γλv (p′2)
∣∣2 |v (p2) γλu (p1)|2 . (A.73)

Using Eqs. (A.55) and (A.56) (a = 0),

|F |2 =
e4

k4

1
4

1
m2

e

1
m2

µ

[
p′1 · p2 p′2 · p1 + p′2 · p2 p′1 · p1 + m2

e p′1 · p′2
+m2

µ p2 · p1 + 2m2
em

2
µ

]
. (A.74)

s = (p1 + p2)2 = (p′1 + p′2)
2

t = (p1 − p′1)
2 = (p′2 − p2)2

u = (p1 − p′2)
2 = (p′1 − p2)2

s + t + u = 2(m2
µ + m2

e)

From Eq. (A.74),

|F |2 =
1
4

e4

s2

2
m2

µm2
e

[
(t − (m2

µ + m2
e))

2

4
+

(u − (m2
µ + m2

e))
2

4
+

1
2
s(m2

µ + m2
e)

]

(A.75)
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Now in the c.m. frame

p1 = −p2 = p, p′
1 = p′

2 = p′

E = E′

s = 4E2 = 4E′2 = E2
cm

t = −s

2

[
1 −

2(m2
µ + m2

e)
s

− βeβµ cos θ

]

u = −s

2

[
1 −

2(m2
µ + m2

e)
s

+ βeβµ cos θ

]

βe =
2 |p|√

s
, βµ =

2 |p′|√
s

Hence in the c.m. frame [cf. Eq. (2.100)]

dσ

dΩ
=

α2

s

βµ

βe

1
2

[
(t − (m2

µ + m2
e))

2

s2
+

(u − (m2
µ + m2

e))
2

s2
+

2(m2
µ + m2

e)
s

]

=
α2

4s

βµ

βe

[
1 + (2 − β2

e − β2
µ) + β2

eβ2
µ cos2 θ

]
(A.76)

σ =
4πα2

3
βµ

βe

[
1 +

2 − β2
e − β2

µ

2
+

(1 − β2
e )(1 − β2

µ)
4

]
(A.77)

In the extreme relativistic limit βe → 1, βµ → 1

dσ

dΩ
=

α2

4s
(1 + cos2 θ)

σ(e−e+ → µ−µ+) =
4πα2

3
1
s

(A.78)

Similarly

σ(e−e+ → qq) =
4πα2

3s
3e2

q

where eeq is the charge of the quark q and factor 3 is due to that each quark
carries 3 colors. If the quark fragment into hadrons with 100% probability,
then

R =
σ(e−e+ → hadrons)
σ(e−e+ → µ−µ+)

= 3
∑

q

e2
q, s >> m2

e, m
2
µ, m2

q (A.79)

Finally (Q2 = −t)

dσ

dQ2
=

2πα2

s2

1
β2

e

[
(t − (m2

µ + m2
e))

2

s2
+

(u − (m2
µ + m2

e))
2

s2
+

2(m2
µ + m2

e)
s

]

(A.80)
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In the high energy limit

dσ

dQ2
=

2πα2

s2

[
t2 + u2

s2

]
(A.81)

The above equation is Lorentz invariant and can be evaluated in any frame.

A.7.1 e+e− → Hadrons

In this section we evaluate the total cross-section for the process e+e− →
hadrons in the lowest order in electromagnetism, i.e. through one photon
exchange gives [see Fig. A.2]

Fig. A.2 One photon exchange Feynman diagram for the process e+e− →hadrons.

T =
1

(2π)3
me√
E1E2

(−i)gλµ

q2 − iε
< n|Jλ

em|0 > (−e2) × v(k2)γµu(k1)

σe+e−

hadron =
16π2α2

vin
(2π)4

(2π)6

(2π)6

∫
d3pn

(2π)3
δ(pn − q)

m2
e

E1E2
|F |2 (A.82)

Now

|F |2 =
∑

lepton
spin

∑
spin

∣∣< n|Jλ
em|0 >

∣∣2 (2π)3 |v̄(k2)γλu(k1)|2
m2

e

E1E2

= JµλLλµ (A.83)

where

Lλµ =
1

m2
e

(k2λk1µ + k2µk1λ − (k1 · k2)gλµ)

Jµλ = (2π)3
∑
spin

< 0|Jµ
em|n >< n|Jλ

em|0 > (A.84)
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Introduce

Aµλ =
∫

d3pn

(2π)3
δ(pn − q)Jµλ

=
∫

d3pn

(2π)3
∑
spin

〈0|Jµ
em|n〉

〈
n|Jλ

em|0
〉
δ(pn − q) (A.85)

=
∑

n

< 0|Jµ
em|n >< n|Jλ

em|0 > δ(pn − q)

=
1

(2π)3
Θ(q0)(−q2gµλ + qµqλ)ρ(q2) (A.86)

Here Θ(q0) appears since q0 is positive, as q2 is time-like. Using vin =∣∣∣ k1
E1

− k2
E2

∣∣∣ = |k| 2E
E2 ≈ 2 and contracting Aµλ with Lλµ, we obtain

σe+e−

hadron =
16π3α2

s
ρ(s) (A.87)

where ρ(s) is the structure function which represents the blob. Hence

σe+e−

hadron =
4πα2

3s
σγ(s) (A.88)

where

ρ(s) =
1

12π2
σγ(s). (A.89)

A.7.2 Electron Scattering an Structureless Spin 1/2 Target

First we consider electron-muon scattering, eµ → eµ through one photon
exchange (see Fig. A.3).

Fig. A.3 One photon exchange Feynman diagram for the process e−µ− → e−µ−.

We can obtain |F |2 from Eq. (A.75) by interchanging s ↔ t (known as
crossing symmetry). Hence we have

|F |2 =
1
4

e2

t2
2

m2
µm2

e

[
(s − m2

µ)2

4
+

(u − m2
µ)2

4
+

1
2
tm2

µ

]
(A.90)

d
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Thus for high energy electron scattering on any spin 1/2 target of mass m

(for example parton of charge eq), we have

|F |2 =
1
4

e4e2
q

t2
2

m2m2
e

[
(s − m2)2

4
+

(u − m2)2

4
+

1
2
tm2

]
(A.91)

In the lab frame

k = (EL,−kL), k′ = (E′
L,k′

L)

p = (m, 0), p′ = (p′0,p
′
L).

From now on we will drop the subscript “L”

s = (k + p)2 = m2 + 2mE (A.92)

t = (k − k′)2 = (p′ − p)2 = q2 = −Q2

� −2EE′(1 − cos θ) = 2m2 − 2mp′0 = −2m(E − E′)

u = (p − k′)2 = m2 − 2mE′ = (k − p′)2 (A.93)

Hence in the lab frame
dσ

dQ2
=

π

2
eq2α2

m2E2Q4

[
(s − m2)2 + (u − m2)2 + 2m2t

]
(A.94)

dσ

dΩ
=

e2
qα

2

2m2

1
Q4

E′

E

[
(s − m2)2 + (u − m2)2 + 2m2t

]
(A.95)

Now, Eqs. (A.92)-(A.93) gives
[
(s − m2)2 + (u − m2)2 + 2m2t

]
= 4m2

[
E2 + E′2 − m(E − E′)

]

= 8m2E2

[
1 − Q2

2mE
− Q2

4E2
+

Q4

8m2E2

]

Thus
dσ

dQ2
=

4πe2
qα

2

Q4

[
1 − Q2

2mE
− Q2

4E2
+

Q4

8m2E2

]

=
(

dσ

dQ2

)

Mott

e2
q

(
1 +

Q2

2m2
tan2 θ

2

)
(A.96)

where (
dσ

dQ2

)

Mott

=
4πα2

Q2

E′2

E2
cos2

θ

2

=
4πα2

Q4

[
1 − Q2

2mE
− Q2

4E2

]
(A.97)

and Eq. (A.93) has been used in going from one form to the other. Now(
dσ

dQ2

)
Mott

gives the elastic scattering of electrons on spinless, structureless
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proton, where as dσ
dQ2 in Eq. (A.96) or Eq. (A.97) (e2

q = 1), gives the
scattering of electrons on structureless spin 1/2 proton. The second term
in Eq. (A.96) is due to spin. For particles with structure like proton; the
above cross-section is modified by introducing form factors. Thus for spin
1/2 particle we will have two form factors F1(Q2) and F2(Q2) multiplying
the first and second terms.

Finally for high energy electron scattering neglecting the mass term, in
Eq. (A.94)

dσ

dQ2
= 2πe2

qα
2 α2

s2

(
s2 + u2

t2

)
(A.98)

A.7.2.1 Electron Scattering on a Polarized Parton

For this purpose, polarized electron is required. Introduce a four-vector
nµ :

nµnµ = −1; k · n = 0

where nµ is the polarization vector of the electron. For polarized parton,
introduce the four-vector sµ :

sµsµ = −1, p · s = 0

For polarized electron:

Le
λµ =

∑
spin

∣∣∣∣u(k′)γλ
1 + γ5γ.n

2
u(k)

∣∣∣∣
2

=
1

2m2
e

[
k′

λkµ + k′
µkλ − gµλk.k′ − imeελµνρq

νnρ
]

For polarized parton:

Lλµ
P =

∑
spin

1
2m2

[
pλp′µ + pµp′λ − gµλp.p′ + m2gµλ + imεµλν′ρ′

qν′sρ′

]

|F |2 =
e4

t2
e2

qL
λµ
P Ll

µλ

Hence for polarized scattering, the relevant |F |2 is

|F |2pol =
e2

q(4π)2α2

t2
1

4m2m2
e

(2mme)
[
δν′

ν δρ′

ρ − δν′

ρ δρ′

ν

]
qνnρqν′sρ′

=
e2

q(4π)2α2

t2
1

2mme

[
q2n.s − q.nq.s

]
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For longitudinal polarization of electron

k = (E, 0, 0, E), k′ = E′ [cos φ sin θ, sin φ sin θ, cos θ]

n = λe

[
E

me
, 0, 0,

E

me

]
, λe = ±(right handed)

(left handed)

q2 = t = (k − k′)2 = −2EE′(1 − cos θ)

qz = kz − k′
z = E − E′ cos θ

p = (m, 0)

p.s = 0 ⇒ s0 = 0, s = (0, s).

We consider the longitudinally polarized parton:

s = (0, 0, 1)

Thus
[
q2n.s − q.nq.s

]
= − λe

me
t [E + E′ cos θ]

=
λet

4mme

[
(s − u) − t

m

E

]

|F |2 =
e2

q(4π)2α2

t2
1

2mme

[
q2n.s − q.nq.s

]

=
e2

q(4π)2α2

t2
t

2mme
E

[
−λe

m
(E + E′ cos θ)

]

dσ

dQ2
=

4πe2
qα

2

Q4

1
2mE2

Q2(E + E′ cos θ)

dσ

dQ2
=

8πe2
qα

2

Q4

Q2

4mE2
E

(
2 − ν

E
− Q2

2E2

)
(A.99)

A.8 Discrete Symmetries

A.8.1 Charge Conjugation

Dirac equation in the presence of electromagnetic field is given by

[iγµ (∂µ + ieAµ) − m] Ψ (x) = 0 (A.100)

For the adjoint field Ψ, Eq. (A.11b) can be written:
[
−i (γµ)T (∂µ − ieAµ) − m

]
Ψ

T
(x) = 0 (A.101)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

A.8. Discrete Symmetries 629

Under the charge conjugation

Ψ (x) → Ψc (x) = UcΨ (x) u−1
c (A.102)

Aµ (x) → Ac
µ (x) = UcAµ (x)u−1

c . (A.103)

If the Dirac equation is invariant under charge conjugation then:
[
iγµ

(
∂µ + ieAc

µ

)
− m

]
Ψc (x) = 0. (A.104)

Now we can write Eq. (A.101) as

C
[
−i (γµ)T (∂µ − ieAµ) − m

]
C−1CΨ

T
(x) = 0, (A.105)

where C is a unitary matrix, called the charge conjugation matrix. Equa-
tion (A.105) is identical to Eq. (A.104), provided that

γµ = −C (γµ)T
C−1 (A.106)

Ac
µ = −Aµ (A.107)

Ψc (x) = CΨ
T

(x) (A.108)

Also one can write

Ψc (x) = CΨ
T

(x) = −γ0CΨ∗ (A.109)

Ψ
c
(x) = −ΨT (x)C−1 (A.110)

Both in Pauli and Weyl representations for γ-matrices

(γµ)T =
{

γµ for µ = 0, 2
−γµ for µ = 1, 3

(A.111)

Therefore we have from Eq. (A.106):

C = −iγ2γ0

C† = −C = CT

C2 = −1 (A.112)

Ψc (x) = −iγ2Ψ∗ (A.113)

Under charge conjugation

u → v = CuT (A.114)

u → v = −uT C−1 (A.115)

We define the left-handed and the right-handed fields

ψL =
(1 − γ5)

2
ψ; ψL = ψ

(1 + γ5)
2

ψR =
(1 + γ5)

2
ψ; ψR = ψ

(1 − γ5)
2
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ψc
L =

(1 − γ5)
2

ψc = C

(
ψ

(1 − γ5)
2

)T

= Cψ
T

R

ψ
c

L = −ψT
RC−1

Similarly

ψc
R = Cψ

T

L, ψ
c

R = −ψT
LC−1

For a spin 1/2 particle described by a spinor ψ, we have ψL : left-handed
particle; ψc

L : left-handed antiparticle, ψR : right-handed particle, ψc
R :

right-handed antiparticle. However, the neutrino which takes part in weak
interaction exists only in one chirality state viz left-handed. Thus for a
neutrino we have left-handed neutrino νL and right-handed antineutrino
νc

R.
In the Weyl representation, one can write

Ψ =
(

1 − γ5

2

)
Ψ +

(
1 + γ5

2

)
Ψ

=
(

ΨL

0

)
+

(
0

ΨR

)

=
(

ξ

0

)
+

(
0
η

)
=

(
ξ

η

)
(A.116)

where

ΨL =
(

1 − γ5

2

)
Ψ ≡ ξ, ΨR =

(
1 + γ5

2

)
Ψ ≡ η (A.117)

are two component left-handed and right-handed spinors. Hence from Eq.
(A.110), we get

ξc = −iσ2η∗

ηc = iσ2ξ∗ (A.118)

Sometimes it is convenient to write a right-handed field in terms of a left-
handed antiparticle field (cf. Eq. (A.118)):

η = iσ2ξc∗ (A.119)

so that Eq. (A.116) becomes

Ψ =
(

ξ

iσ2ξc∗

)
(A.120)

The Majorana spinor ΨM is defined as

ΨC
M = ΨM = CΨ

T

M

ΨMα = CαβΨ
β

M
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Now the Dirac Lagrangian

L = Ψ̄ (iγµ∂µ − mD) Ψ +
mM

2
(
ΨT C−1Ψ − Ψ̄CΨ̄T

)
(A.121)

(where the second term in Eq. (A.121) is the Majorana mass term and
violates lepton number conservation) can be written in terms of two com-
ponent chiral fields using Eqs. (A.118), (A.112) and (A.120):

L = i
[
ξ†σ̄µ∂µξ + ξc† σ̄µ∂µξc

]
− mD

[
ξ∗

T

iσ2ξc∗ + ξcT (
−iσ2

)
ξ
]

+
mM

2

[
ξT iσ2ξ − ξc∗

T

iσ2ξc∗ + ξcT

iσ2ξc − ξ∗
T

iσ2ξ∗
]

(A.122)

where we have used

σ2 σµ σ2 = (σ̄µ)T

(
σ2ξc∗

)†
σµ∂µ

(
σ2ξc∗

)
= ξcT

(σ̄µ)T
∂µξc∗

= −∂µξc† σ̄µξc (fermion fields anticommute)

= ξc† σ̄µ∂µξc (partial integration)

Equation (A.122) can be put in the compact form

L = iξ†i σ̄
µ∂µξi −

1
2

(
mijξ

T
i

(
−iσ2

)
ξj + h.c.

)
(A.123)

where i, j =1, 2 and mij is the symmetric mass matrix
(

mM mD

mD mM

)

and ξ1 = ξ = ΨL and ξ2 = ξc = −iσ2η∗ = −iσ2Ψ∗
R.

A.8.2 Space Reflection

x → −x, t → t

xµ → x′µ = Λµ
νxν

where

Λµ
ν =




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1




xµ → x′µ ≡ (x0,−x)
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Dirac Equation: [
iγµ ∂

∂xµ
− m

]
ψ(x0, x) = 0 (A.124)

in the reflected coordinate system becomes[
iγ0 ∂

∂x0
− iγi ∂

∂xi
− m

]
ψ′(x0,−x) = 0

γ0

[
iγ0 ∂

∂x0
− iγi ∂

∂xi
− m

]
γ0γ0ψ′(x′) = 0

Now using γ0γiγ0 = −γi, we have[
iγµ ∂

∂xµ
− m

]
γ0ψ′(x′) = 0

It reduces to Eq. (A.124), if

γ0ψ′(x′) = ψ(x)

ψ′(x′) = γ0ψ(x)

Changing x′ → x, we have

ψ′(x) = P̂ψ(x)P̂−1 = ηP γ0ψ(x′)

Finally under space reflection

ψ′(x′) = ηP γ0ψ(x)

ψ̄′(x′) = η∗
P ψ̄(x)γ0

Under space reflection

u(r)(p) → u(r)(−p) = γ0u(r)(p)

v(r)(p) → v(r)(−p) = −γ0v(r)(p) (cf. Problem A.4)

A.8.3 Time Reversal

t → −t,x → x xµ → x′µ = (−x0,x)

The Dirac equation

[iγµ∂µ − m]ψ(x0,x) = 0 (A.125)

under time reversal t → −t,
[
−iγ0∗(−∂0) − iγi∗∂i − m

]
ψ′(−x0,x) = 0

Multiply the above equation on the left by a matrix B−1 :

B−1
[
−iγ0∗(−∂0) − iγi∗∂i − m

]
BB−1ψ′(−x0,x) = 0 (A.126)
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For the Dirac equation to be invariant under time reversal, Eq. (A.126),
should reduce to Eq. (A.125). This requires:

B−1ψ′(−x0,x) = B−1ψ′(x′) = ηT ψ(x)

ψ′(x′) = ηT Bψ(x)

and (note that γ0 is hermitian while γi is antihermitian)

B−1γ0∗B = γ0, B−1
(
γ0

)T
B = γ0

B−1γi∗B = −γi, B−1
(
γi

)T
B = γi (A.127)

or

B−1 (γµ)T
B = γµ

BT B = 1, BT = −B

Thus

ψ′(x) = Πψ(x)Π−1 = ηT Bψ(x′)

or ψ′(x′) = ηT Bψ(x)

ψ
′
(x′) = η∗

T ψ(x)B†

From Eq. (A.127), it is clear we can select

B = γ1γ3

B† = γ3γ1 γ0B†γ0 = B†

BB† = 1; B† = B−1

B is a unitary matrix. Under time reversal

u(r)(p) → u∗(−r)(−p) = Bu(r)(p)

v(r)(p) → v∗(−r)(−p) = Bv(r)(p) (cf. problem A.4)

A.9 Problems

(1) Under Lorentz transformation, the Dirac spinor ψ(x) transforms as

ψ′(x′) = Sψ(x)

where for infinitesimal transformation

S = 1 − i

4
εµνσµν



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

634 Quantum Field Theory

Show that
S−1γ5S = γ5

S−1γµS = γµ + εµ
νγν

Using the above result, show that Dirac bilinears, under proper Lorentz
transformation, transform:

S = ΨΨ, P = Ψγ5Ψ as a scalar

V µ = ΨγµΨ, Aµ = Ψγµγ5Ψ as vector

Tµν = ΨσµνΨ as tensor
Show that under space reflection S is a scalar, P is a pseudoscalar (i.e.
changes sign), V µ is a vector (i.e. its space components change sign)
while Aµ is an axial vector (i.e. its space components do not change
sign).

(2) Show that

(a)

γ5γλ =
i

3!
ελµνργ

µγνγρ

(b) Using this result and
εµνρλεµν′ρ′λ′

= −
[
δν
ν′δ

ρ
ρ′δ

λ
λ′ + δν

ρ′δ
ρ
λ′δ

λ
ν′ + δν

λ′δ
ρ
ν′δ

λ
ρ′ − δν

ν′δ
ρ
λ′δ

λ
ρ′ − δν

ρ′δ
ρ
ν′δ

λ
λ′′ − δν

λ′δ
ρ
ρ′δ

λ
ν′

]

show that
γµγνγλ = gµνγλ − gµλγν + gνλγµ + iεµνλργ5γρ

(c) Show that using the above result[
γλ, σµν

]
= 2i

(
gµλγν − gνλγµ

)

{γλ, σµν} = −2εµνλργ5γρ

(3) Show under space reflection (P ), time reversal (T ) and charge conju-
gation (C)

Ψiγ
µΨj and Ψiγ

µγ5Ψj

transform as

P :
{

Ψiγ
µΨj → (−1)µΨiγ

µΨj

Ψiγ
µγ5Ψj → (−1)(−1)µΨiγ

µγ5Ψj

T :
{

Ψiγ
µΨj → (−1)µΨiγ

µΨj

Ψiγ
µγ5Ψj → (−1)µΨiγ

µγ5Ψj

C :

{
Ψiγ

µΨj → −1
(
Ψiγ

µΨj

)T
= −Ψjγ

µΨij

Ψiγ
µγ5Ψj →

(
Ψiγ

µγ5Ψj

)T
= Ψjγµγ5Ψi

where (−1)µ =
{

+1 µ = 0
−1 µ = i
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(4) Show that

u(−p) = γ0u(p)

v(−p) = −γ0v(−p)

u(−r)∗(−p) = Bu(r)(p)

One may use

u(p) =

√
E + m

2m

(
χ(r)

σ·p
E+mχ(r)

)

(5) For a particle of mass m and momentum pµ, introduce a four-vector sµ

sµsµ = −1, p · s = 0

sµ is called the polarization vector. Introduce a (spin) projection op-
erator

1 + γ5γ · s
2

Show that
(

1 + γ5γ · s
2

)2

=
1
2

(1 + γ5γ · s)

[1 + γ5γ · s, γ · p] = 0

Show that in the rest frame of particle

1 + γ5γ · s
2

u(r)(p) =
1
2

(1 + σ · s)χ(r)

To take into account polarization of spin 1
2 particle

u(p) → 1 + γ5γ · s
2

u(p)

v(p) → 1 + γ5γ · s
2

v(p)

Hence show that

u(p)u(p) → � p + m

2m

1 + γ5 � s
2

v(p)v(p) → � p − m

2m

1 + γ5 � s
2

(6) (a) Show that for the operators A, B, C and D

[AB, CD] = {A, C}DB−AC {B, D}+A {C, B}D−C {A, D}B
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(b) For the spinor field operator Ψ(x), we have
{
Ψα(x), Ψβ(x)

}
= (iγµ∂µ + m)αβ i∆(x − y)

≡ iSαβ(x − y)

Using (a), show that
[
Ψα(x)Ψβ(x), Ψβ′(y)Ψα′(y)

]
= Ψα(x)(i)Sββ′(x − y)Ψα(y)

+Ψβ′(y)(−i)Sαα′(y − x)Ψβ′

(c) The matrices Γa,Γb satisfy anticommutation relation

{Γa, Γb} = 2δab(a, b = 1, 2, 3)

Using (a), show that the matrices

Rab = − i

4
(ΓaΓb − ΓbΓa)

satisfy the commutation relation

[Rab, Rcd] = i [δacRdb − δbdRac + δcbRad − δadRcb] ,

i.e. the algebra of group O(4).
(7) Show that bilinear ψT C−1ψ is also a Lorentz scalar. Further show that

ψT C−1ψ = −ψ
c
ψ

(8) A positive energy Dirac spinor is given in (Pauli rep. of γ-matrices):

u(r)(p) =
(

χ(r)

σ·p
E+mχ(r)

)

As m → 0, write

ω(r)(p) =
1 − γ5

2
u(r)(p)

show that

Hω(r)(p) = −ω(r)(p)

where H is the helicity operator σ·p
|p| , i.e. ω(r)(p) is an eigenstate of H

with eigenvalue −1. Interpret your result.
(9) For spin 1/2 baryon, Jλ = Vλ − Aλ, the form factors are given by

〈B(p′) |Jλ|A(p)〉 =
1

(2π)3

√
mAmB

p0p′0
u(p′)

×
[

(gV γλ − gAγλγ5) + ifV (q2)σλνqν

+ihA(q2)σλνqνγ5 + hV (q2)qλ − fA(q2)qλγ5

]
u(p)
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(a) Show that if time reversal invariance holds, then all form factors
are real.

(b) In quark model

Jλ = Ψiγλ(1 − γ5)Ψj

Using CP invariance,

〈B |Jλ|A〉 =
〈
B

∣∣Ψiγλ(1 − γ5)Ψj

∣∣ A
〉

CP→ = −(−1)λ
〈
B̄

∣∣Ψjγλ(1 − γ5)Ψi

∣∣ Ā
〉

Show that the form factors for A → B and Ā → B̄ are related as
follows

ḡV = gV , f̄V = fV , h̄V = −hV

ḡA = gA, h̄A = −hA, f̄A = fA.
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Appendix B

Renormalization Group and Running
Coupling Constant

B.1 Feynman Rules for Quantum Chromodynamics

For canonical covariant quantization, the QCD Lagrangian given in Eq.
(7.32) is written as [repeated indices imply summation]

L = −1
4
Gµν

A gAµν + q̄aiγµ (∂µ − igsTA)b
a qb −

1
2ξ

(∂µgAµ)2 +Ghosts (B.1)

where

Gµν
A = ∂µgν

A − ∂νgµ
A + gs fABCgµ

BGν
C

[TA, TB ] = i fABC TC , TA =
1
2

λA

Tr (TA, TB) =
1
2
δAB , for the fundamental representation.

∑
fACD fBCD = C2 (G) δAB

= NδAB , for SU(N) gauge group (B.2)

(TA)a
c (TA)c

b = CF δa
b =

N2 − 1
2N

δa
b , for SU(N).

In the Lagrangian (B.1), − 1
2ξ (∂µgAµ)2 is the gauge fixing term, ξ being

the fixing parameter. The supplementary non-physical fields, called ghosts
are needed for covariant quantization in order to cancel the probabilities of
observing scalar (or time-like) and longitudinal gluons.

Quantizing in a renormalizable gauge leads to the following Feynman
rules:

δAB
−i
k2

[
gµν − (1−ξ)kµkν

k2

]
, gluon propagator

−iδAB/k2, ghost propagator

iδa
b

1
�k−m , quark propagator

639



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

640 Renormalization Group and Running Coupling Constant

−gsfABC

[
(p − q)ν gλµ + (q − r)λ gµν

+ (r − p)µ gνλ

]

−ig2
s fABE fCDE (gλνgµσ − gλσgµν)

−ig2
s fACE fBDE (gλµgνσ − gλσgµν)

−ig2
s fADE fCBE (gλνgµσ − gλµgσν)

gsfABC pµ

igsγµ (TA)ab

The other factors are
(i)

∫
d4 l
(2π)4

for each loop integral
(ii) (−1) for closed fermion (ghost) loop
(iii) Statistical factors like

1
2!

1
3! etc.

B.2 Renormalization Group, Coupling Constant and
Asymptotic Freedom

We now show that the self-coupling of gluons envisaged in the first term
of the Lagrangian (B.1) has the consequences that QCD has a remarkable
property of being asymptotically free, i.e. the quark - quark force becomes
weak at large momentum transfer or short distances, such as probed in deep-
inelastic collision [cf. Chap. 14]. In other words, the coupling constant αs

depends on the momentum transfer in such a way that αs

(
Q2

)
→ 0 as

Q2 → ∞.

Consider the radiative corrections to quark-quark-gluon (qqG) vertex,
where at one-loop level these corrections are shown in Fig. B.1, [Q2 = −q2].
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Fig. B.1 One-loop corrections to quark-quark-gluon qqG vertex.

The one-loop corrections to qqG vertex shown above are infinite. One
must define a high l2- cut off (l bing loop momentum) λ2, so that the loop
integrals converge. We have then

ΓAµ = −iTAγµΓs

(
Q2, λ, gs

)
(B.3a)

where

Γs

(
Q2, λ, gs

)
= gs

[
1 + g2

s

(
a0 + b0 ln

λ2

Q2

)
· · ·

]
, λ2 � Q2 (B.3b)

where · · ·denotes the corrections from higher order loops. Note here that
the cut-off dependent logarithmic contributions from diagrams A [involving
quark self-energy diagram] and the first of diagrams B [involving the quark
gluon vertex function] cancel due to gauge invariance as is also the case in
quantum electrodynamics. Since the theory is renormalizable, we must be



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

642 Renormalization Group and Running Coupling Constant

able to write it as

Γs

(
Q2/λ2, gs

)
= Z1/2

s

(
λ2/µ2, gs

)
ΓR

s

(
Q2/µ2, gs

)
(B.4)

where µ is called the renormalization scale and Zs is a multiplicative renor-
malization constant. One may define the renormalization scale through the
relation

ΓR
s

(
Q2/µ2, gs

)∣∣
Q2=µ2 = gs. (B.5)

Then neglecting a0 in Eq. (B.3b)

Z1/2
s

(
λ2/µ2, gs

)
=

[
1 + g2

sb0 ln
λ2

µ2
· · ·

]
(B.6a)

and [cf. Eq. (B.3b)]

Γs

(
Q2/λ2, gs

)
= gsZ

1/2
s

(
λ2/Q2, gs

)
. (B.6b)

Thus

gs

(
Q2

)
≡ ΓR

s

(
Q2/µ2, gs

)

= gsZ
−1/2
s

(
λ2/µ2, gs

)
Z1/2

s

(
λ2/Q2, gs

)
. (B.7)

This relation expresses the basic renormalization group property.
It is more conveniently expressed through an equivalent differential

equation which follows from the µ-independence of Γs so that
dΓs

dµ
= 0, (B.8a)

or, using Eq. (B.4),

1
ΓR

s (µ)
dΓR

s (µ)
dµ

= − 1

Z
1/2
s

dZ
1/2
s

dµ
(B.8b)

This can be rewritten as [ΓR
s (µ) = gs (µ)]

dgs (µ)
d lnµ

= −gs
1

Z
1/2
s

dZ
1/2
s

d lnµ
= β (gs) (B.9a)

so that

β (gs) = −gs
1

Z
1/2
s

dZ
1/2
s

d lnµ
(B.9b)

where Z
1/2
s is given in Eq. (B.6a). Equations (B.9) are known as the

renormalization group equations for the effective coupling constant gs (µ) .

Writing

Z1/2
s = 1 +

∞∑
k=1

(
ln

λ2

µ2

)k

Z
1/2
s,k (gs) , (B.10a)
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Eq. (B.9b) gives

β (gs) = −2g3
s

dZ
1/2
s,1

dg2
s

= −2g3
s

[
b0 + b1g

2
s + · · ·

]
, (B.10b)

where we have used Eq. (B.6a).
To integrate Eq. (B.9a), it is convenient to write it, on using Eq.

(B.10b), as [putting µ2 = Q2]
d

(
1/g2

s

)
d lnQ2

= 2
[
b0 + b1g

2
s + · · ·

]

or

d lnQ2 = d
(
1/g2

s

) 1
2b0

[
1 +

b1

b0

(
1/g2

s

)−1
+ · · ·

]−1

= d
(
1/g2

s

) 1
2b0

[
1 − b1

b0

(
1/g2

s

)−1
+ · · ·

]
. (B.11)

If we keep only the lowest order term, we have
d

(
α−1

s

)
d lnQ2

= b (B.12a)

where αs = g2
s

4π , b = 8πb0. Integration of Eq. (B.12a) gives

α−1
s

(
Q2

)
= α−1

s

(
µ2

)
+ b ln

Q2

µ2
(B.12b)

Note that what renormalization group does is to relate the coupling con-
stant at two different scales. We may also write Eq. (B.12b) as

α−1
s

(
Q2

)
= b ln

Q2

Λ2
QCD

(B.12c)

where
[
α−1

s

(
µ2

)
≡ α−1

µ

]
1
b
α−1

µ − lnµ2 = − ln Λ2
QCD

or
Λ2

QCD

µ2
= exp

(
− 1

bαµ

)
. (B.12d)

ΛQCD is one parameter which determines the size of αs

(
Q2

)
. It must be

determined from experiment. Thus finally we have from Eq. (B.12)

αs

(
Q2

)
=

1

α−1
µ + b ln Q2

µ2

+ O
(
α2

s

(
Q2

))

=
1

b ln Q2

Λ2
QCD

+ O
(
α2

s

(
Q2

))
. (B.13)
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Z3 1 + g2
s

32π2

[(
13
3 − ξ

)
C2 − 4

3 nf

]
ln λ2

µ2

Z1 1 + g2
s

32π2

[(
17
6 − 3

2ξ
)
C2 − 4

3 nf

]
ln λ2

µ2

Z3F 1 − g2
s

16π2 ξ CF ln λ2

µ2

Z1F 1 − g2
s

16π2 ξ CF ln λ2

µ2 − g2
s

32π2

(
3
2 + 1

2ξ
)
C2 ln λ2

µ2 .

Note that we have been able to sum the leading logs here [compare (B.13)
with αµ

(
1 − αµb ln Q2

µ2 + · · ·
)

in the ordinary perturbation theory]. Thus
Eq. (B.13) goes beyond the ordinary perturbation theory. The perturbation
now is with respect to αs

(
Q2

)
.

We now determine b. For this purpose, we need Zs [cf. Eqs. (B.8) and
(B.9)]. But we note from Fig. B.1 that Zs is given by

Z1/2
s = Z3F Z−1

1F Z
1/2
3 (B.14)

where the renormalization constants Z3F , Z1F and Z3 arise respectively
from diagrams A [self-energy part of the fermions (quarks) propagator], B
[vertex part for the fermion] and C [the vacuum polarization or the self-
energy part of the gluon propagator]. The values of these constants are
summarized in Table B.1, which also includes Z1 which corresponds to
the triple gluon vertex [i.e. the first of diagrams (B) with the quark lines

replaced by the gluon lines while the second is replaced by ]. In this
table C2 and CF are defined in Eq. (B.1) and nf denote the number of
fermion flavors.

From Eq. (B.14) and Table B.1, we have to order g2
s

Z1/2
s = 1 +

g2
s

32π2

(
11
3

C2 −
2
3
nf

)
ln

λ2

µ2
. (B.15)

Thus from Eq. (B.10b) [note that the gauge fixing parameter ξ is canceled
out]

β (gs) = −2g3
s

[
b0 + O

(
g2

s

)]
, (B.16a)

so that

b0 =
1

32π2

(
11
3

C2 −
2
3
nf

)
(B.16b)

b = 8πb0 =
1
4π

(
11
3

C2 −
2
3
nf

)
. (B.16c)



July 28, 2011 13:21 World Scientific Book - 9in x 6in particlephysicsbook

B.3. Running Coupling Constant in Quantum Electrodynamics (QED) 645

Hence in summary, we have from Eq. (B.13)

αs

(
Q2

)
=

1

α−1
µ + 1

4π

(
11
3 C2 − 2

3nf

)
ln Q2

µ2

+ O
(
α2

s

(
Q2

))

(B.17a)

=
1(

11
3 C2 − 2

3nf

)
ln Q2

Λ2
QCD

+ O
(
α2

s

(
Q2

))
.

(B.17b)

It is a very useful equation and the single parameter ΛQCD becomes the
QCD scale which effectively defines the energy scale at which the running
coupling constant attains its maximum. ΛQCD can be determined from
experiments and turns out to be [see Chap. 7]

ΛQCD = 140 ± 60 MeV. (B.18)

Note that for SUc (3) [C2 = 3] ,
(
11 − 2

3nf

)
is positive for 2

3nf < 11
(which is certainly true for known six quark flavors nf = 6) and then
αs

(
Q2

)
decreases as Q2 increases. This is made possible because of coeffi-

cient 11 which comes from the self coupling of gluons, non-Abelian nature
of QCD. The logarithmic deviation from asymptotic freedom is a charac-
teristic of QCD and the tests of the theory have to be sought to detect
logarithmic scaling violations.

B.3 Running Coupling Constant in Quantum Electrody-
namics (QED)

For QED, only fermion loops (i.e. the first of diagrams C in Fig. B.1
with gluon replaced by photon and g2

s by e2) contribute to electric charge
renormalization so that in Table B.1 only Z3 without C2 is relevant. Note,
however, that the contributing charged fermions are e, u, d, µ, c, s, τ, b and
t so that e2 (nf/2) in the expression for Z3 is replaced by

e2
∑

f

Q2
f = e2 nf

2

[
1 + 3

(
4
9

+
1
9

)]

where (nf/2) are the number of generations [3 in our case] and the factor
3 outside the parenthesis is due to the color. Thus

Z1/2
em = 1 +

e2

32π2

1
2

[
−4

3

(
8

nf

3

)]
ln

λ2

µ2
(B.19a)
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giving

βem = − 2e3

32π2

(
−16nf

9

)
(B.19b)

The equation analogues to (B.12) is then
dα−1

e (Q2)
dQ2

= bem =
1
4π

(
−16nf

9

)
(B.20a)

giving

αe(Q2) =
1

α−1
e (Q2) − 4nf

9π ln Q2

µ2

(B.20b)

and increases with Q2 in contrast to αs(Q2) which decreases with Q2.
Let us apply Eq. (B.20b) for µ2 = m2

e, where αe(m2
e) is determined

from Thomson scattering, for example,
[
α ≡ αe(m2

e) = 1
137

]
. No matter

how small α one has, one can always increase Q2 to a point where αe(Q2)
which was given in Eq. (B.20b) becomes infinite [Landau ghost]. This,
however, occurs [for six flavors] at

Q2 = m2
e exp

(
3π

8
α−1

)
≈ 1063 GeV2 (B.21)

which is even larger than M2
P ≈ 1038 GeV2 by several orders of magnitude.

Finally, we wish to remark that the formula (B.20b) holds for m2
e ≤

Q2 < m2
W . For Q2 ≥ m2

W , we have to consider the contribution of charged
W± bosons to βem. In this case

bem =
1
4π

(
−16

9
nf +

22
3

)
(B.22)

and αe(Q2) still increases with Q2 for nf = 6 (or > 6) .

B.4 Running Coupling Constant for SU(2) Gauge Group

For SU(2) group C2 = 2 and therefore from Eq. (B.16c)

bSU(2) =
1
4π

(
22
3

− 2
3
nf

)
(B.23)

and correspondingly Eq. (B.17a) becomes

α2

(
Q2

)
=

1

α−1
µ + 1

4π

(
22
3 − 2

3nf

)
ln Q2

µ2

(B.24)

where α2 = g2
2

4π , g2 being the coupling constant associated with qqW± ver-
tex, W±, W3 being the gauge bosons associated with SU(2) gauge group.
Note that for six quark flavors (nf = 6) ,

(
22
3 > 4

)
and α2

(
Q2

)
is falling

with Q2, although at a rate less than αs

(
Q2

)
for the SUC (3) group.
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B.5 Renormalization Group and High Q2 Behavior of
Green’s Function

Consider now in general a renormalized Green’s function (propagator or
vertex function or a related quantity) in QCD denoted by

ΓR (pi, αs, µ, ξ) = Z−1
(
λ2/µ2, αs, ξ

)
Γ (pi, αs0, ξ0) , (B.25)

where Z is a multiplicative renormalization factor and Γ on the right-hand
side knows nothing about µ so that dΓ

dµ = 0. This implies that ΓR satisfies
the renormalization group equation

1
ΓR

dΓR

dµ
= − 1

Z

dZ

dµ
[

∂

∂µ
+

dαs

dµ

∂

∂αs
+

dξ

dµ

∂

∂ξ

]
ΓR =

[
− 1

Z

dZ

dµ

]
ΓR

or [
µ

∂

∂µ
+ 2β (αs)

∂

∂αs
+ δ (αs, ξ)

∂

∂ξ
− 2γ (αs)

]
ΓR (pi, αs, µ, ξ) = 0

(B.26a)
where [cf. Eqs. (B.9) and (B.10)]

δ (αs, ξ) = µ
dξ

dµ

γ = − 1
2Z

dZ

d lnµ
= −g2

s

dZ

dg2
s

β (αs) =
1
2
µ

dαs

dµ
=

1
4π

gs β (gs) . (B.26b)

To simplify matters, let us work in the Landau gauge ξ = 0, then[
µ

∂

∂µ
+ 2β (αs)

∂

∂αs
− 2γ (αs)

]
ΓR (pi, αs, µ) = 0. (B.27)

The above equation also determines the high Q2 behavior of ΓR. To see
this, we first note that there is another constraint on Γ which comes from
dimensional analysis. Assume we scale all momenta in ΓR (p) , pi → λ pi

ΓR (λpi, αs, µ) = µD F

(
λ2 pi · pj

µ2
, αs

)
, (B.28)

D is the dimension of the Green’s function (e.g. for inverse gluon propagator
Γ ∼ p2 and we have D = 2). F is a dimensionless function of dimensionless
variables. From Euler’s theorem for homogeneous function[

λ
∂

∂λ
+ µ

∂

∂µ
− D

]
ΓR (λ pi, αs, µ) = 0. (B.29)
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Put t = lnλ and combine the naive scaling equation (B.29) with the renor-
malization group equation (B.27) [which gives the dynamical constraint] to
eliminate µ ∂

∂µ and obtain
[
− ∂

∂t
+ 2β (αs)

∂

∂αs
+ D − 2γ (αs)

]
ΓR (λ pi, αs, µ) = 0. (B.30)

Its general solution can be obtained by the method of characteristics. First
one solves [cf. Eq. (B.26b) with t = lnµ]

d αs (t, αs)
dt

= 2β (αs (t)) (B.31)

with the condition αs (0, αs) = αs. The general solution of Eq. (B.30) can
then be expressed in terms of that of the above differential equation. In
this way one obtains

ΓR (λ pi, αs, µ) = λDΓR (pi, αs (t) , µ) exp
[
−2

∫ t

0

dt′γ (αs (t′))
]

. (B.32)

What we learn from this general solution is that the behavior of Green’s
functions when all momenta are scaled up is governed by ᾱs (t) . Now as
already seen in Sec. B.2

β̄
[
(αs (t))2

]
= − (αs (t))2 b + · · · (B.33a)

and similarly we can expand

γ (αs (t)) = γ0αs (t) + · · · (B.33b)

ΓR (pi, αs (t) , µ) = ΓR0 ( pi, µ) + ΓR1 ( pi, µ) αs (t) + · · · .

(B.33c)

Thus to solve Eq. (B.31) in the lowest order, we make use of Eq. (B.33a)
and rewrite it as

dt = − dᾱs

2bᾱ2
s [1 + · · · ]

giving

ᾱs (t) =
1

α−1
s + 2bt

+ 0
(
ᾱ2

s

)
. (B.34)

Remember that t ∼ lnλ and this is the same functional dependence for ᾱs

as before for αs

(
Q2

)
in Sec. B.2. Thus noting that for large t, ᾱs (t) ∼ 1

2bt ,
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the use of Eqs. (B.33a) and (B.34) in the first order enable us to write Eq.
(B.32) for large t or λ as

ΓR (λ pi, αs, µ)

∼ λDΓR0 (pi, µ) exp
(
−2

∫ t

0

γ0

2bt′
dt′

)

= λDΓR0 (pi, µ) t−γ0/b

= λDΓR0 (pi, µ) (lnλ)−γ0/b (B.35)

where γ or γ0 is called the anomalous dimension of ΓR, which can be deter-
mined from Eq. (B.26b). If it were zero, we would have obtained canonical
scaling behavior λD as in the traditional parton model [cf. Chap. 14]. Not-
ing that ᾱs (t) ∼ 1

2bt [t ∼ lnλ], we can say from Eq. (B.35) that the large
Q2 behavior of ΓR

(
Q2

)
is

ΓR

(
Q2

)
ΓR (Q2)

=
(

Q2

Q0

)D
[

ᾱs

(
Q2

)
ᾱs (Q2

0)

]γ0/b

(B.36)

where the second factor can be written as
[

ᾱs

(
Q2

)
ᾱs (Q2)

]γ0/b

=
{

ᾱs

(
Q2

) [
α−1

µ + b ln
Q2

0

µ2

]}γ0/b

=
{

ᾱs

(
Q2

) [
α−1

µ + b ln
Q2

µ2
− b ln

Q2

Q2
0

]}γ0/b

=
{

1 − b ᾱs

(
Q2

)
ln

Q2

Q2
0

}γ0/b

, (B.37)

with b = 1
4π

[
11
3 C2 − 2

3nf

]
[cf. Eq. (B.16c)]. Thus it is clear that the

renormalization group equation has enabled us to sum up terms of the
form

[
αs

(
Q2

)
ln Q2

]N whereas in ordinary perturbation theory we would
have to deal with a power series in αs

(
Q2

)
ln Q2.

Analogous logarithmic violation of the scaling will hold in the deep
inelastic structure functions and similar physical quantities.

Let us now consider some simple applications:

B.5.1 Gluon Propagator

From Table B.1,

Z3 = 1 +
2αs

8π

[(
13
3

− ξ

)
C2 −

4
3
nf

]
ln

λ

µ
+ O

(
α2

s

)
(B.38)
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γv =
αs

8π

[(
13
3

− ξ

)
C2 −

4
3
nf

]
+ O

(
α2

s

)

γv0 =
1
8π

[(
13
3

− ξ

)
C2 −

4
3
nf

]
. (B.39)

DABµν = −iδAB

[(
gµν − kµkν

k2

)
+ ξ

kµkν

k2

]
1
k2

d
(
−k2

)
(B.40a)

where

d
(
−k2

)
∼

[
αs

(
−k2

)]γv0/b
. (B.40b)

B.5.2 Fermion Propagator

S−1
F (p) =

(
� p − mµ −

∑
(p)

)
, (B.41a)

where
∑

(p) = mµ

∑
1

(
p2

)
+ (� p − mµ)

∑
2

(
p2

)
. (B.41b)

Let us define an effective or running mass through the following equations

SF (p) = sc

(
p2

) � p + m
(
p2

)
p2 − m2 (p2)

(B.40c)

sc

(
p2

)
=

(
1 +

∑
2

(
p2

))−1

(B.40d)

m
(
p2

)
= mµ

[
1 +

∑
1

(
p2

)
1 +

∑
2 (p2)

]
. (B.40e)

The fermion self-energy diagram is given in Fig. B.2.

Fig. B.2 Fermion self-energy at one-loop level.

This determines
∑

(p) at one-loop level. The renormalization mass mR

is defined by

mR = Zm mB (B.42)
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where Zm is the multiplicative mass renormalization constant and is given
by

Zm = 1 +
∑

1

= 1 + 2
3αs

4π
CF ln

λ

µ
(B.43)

while from Table B.1:

Z3F =
(
1 −

∑
2

)
− 1

= 1 − 2
αs

4π
(CF ξ) ln

λ

µ
. (B.44)

Thus to the leading order

γm0 =
3 CF

4π
(B.45)

γF0 =
CF

4π
(−ξ) , (B.46)

where for SUc (3) CF = 4
3 [cf. Eq. (B.2)]. Hence

sc

(
p2

)
∼

[
αs

(
−p2

)]γF0/b
(B.47a)

while

SF

(
p2

)
∼ 1

� p
[
αs

(
−p2

)]γF0/b
. (B.47b)

For large p2 we note from Eq. (B.36) that

m
(
p2

)
m (p2

0)
=

[
αs

(
−p2

)
αs (−p2

0)

]γm0/b

=

[
αs

(
−p2

)
αs (−p2

0)

]3CF /( 11
3 C2− 2

3 nf)

=

[
αs

(
−p2

)
αs (−p2

0)

]4/(11− 2
3 nf)

. (B.48)
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