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PREFACE

There has been considerable enthusiasm in recent years for the idea that the
gauge field theories describing elementary particle interactions should
possess global supersymmetry. This enthusiasm has been generated to a
considerable extent by the capacity of supersymmetry to solve the gauge
hierarchy problem of grand unified theories, fine tuning at each order of
perturbation theory to preserve the electroweak scale being avoided in
supersymmetric theories as a consequence of non-renormalization
theorems.

Once one is committed to global supersymmetry the commitment does
not end there. Potentially realistic supersymmetric gauge theories have a
supersymmetry-breaking scale sufficiently large that effects of gravity can-
not be neglected so that one must derive the globally supersymmetric theory
from a theory of supergravity in which the supersymmetry is local. However,
supergravity, like any (point particle) field theory containing gravity is non-
renormalizable and cannot be the fundamental theory of interactions. There
is, at the time of writing, only one known renormalizable theory that can
describe quantum gravity in the presence of matter, namely the theory of
superstrings. Thus, once embarked on a study of supersymmetry we are led
almost inevitably to string theory.

This book introduces the reader to supersymmetry, supergravity and
superstring theory in a single volume. In view of the fact that there is
potentially enough material to fill five or six volumes, we have been very
selective. In particular, the discussion of supersymmetry is entirely in terms
of component fields, the discussion of supergravity entirely from the
Noether procedure standpoint, and the development of string theory does
not go beyond interactions at tree level. However, we have thought it
appropriate to include two chapters on the construction of string theories in
four dimensions so as to make contact between string theory and low-energy
supergravity.

We are grateful to many colleagues, including D R T Jones, G G Ross,
B Sendhoff and especially D C Dunbar and S Thomas for the supersym-
metric physics that we have learned from them, and to Miss A S Clark for her
very careful and speedy typing of the manuscript. Finally, we wish to thank
our wives, to whom this book is dedicated, for their invaluable encourage-
ment throughout the writing of the book.

David Bailin
Alexander Love
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SUPERSYMMETRY ALGEBRA AND
MULTIPLETS

1.1 Introduction

At the time of writing particle accelerators are beginning to probe the
100 GeVto1 TeV energy scale at which many theorists expect the first direct
evidence of supersymmetry to appear. We shall see shortly that super-
symmetry implies that all particles possess supersymmetric partners having
opposite statistics. This is because supersymmetry multiplets consist of
equal-mass particles whose spins differ by 3. So far no supersymmetric
partners of any known particles have been discovered, so supersymmetry if
it exists is not only broken, but broken at an energy scale beyond the reach of
accelerators to date. Nevertheless, supersymmetry remains attractive, at
least to particle theorists, for several reasons.

First, it provides the only known solution of the ‘technical hierarchy
problem’. This will be described in detail in Chapter 6. For the present we
merely remark that in a grand unified theory (of strong and electroweak
interactions) the unification scale is at least 10'° GeV, and the (hierarchy)
problem is to understand how the electroweak scalars remain massless way
below this scale when they are not protected by any symmetry that would
guarantee it. This problem is solved in a supersymmetric theory by a
cancellation of Feynman diagrams that separately would generate the
undesired mass scale. This illustrates the second attractive feature of
supersymmetry, which is that supersymmetric theories have better high-
energy behaviour than non-supersymmetric theories. In fact some
(extended) supersymmetric theories are so ‘well-behaved’ that they are
completely finite!"). (Thus these theories meet Dirac’s criticism® of (non-
supersymmetric) theories, such as quantum electrodynamics, that they
cannot be considered as complete physical theories if one has to calculate
and manipulate infinite quantities.) The third, and most recent, reason for
supersymmetry being so well regarded is that it appears to be an indispens-
able ingredient of the ‘superstring’ theories which we shall discuss in
Chapter 9, and the succeeding chapters. These theories have some quite
remarkable properties, as we shall see, and at the moment they are the best
candidates we have for ‘theories of everything’, i.e. quantum theories of the
strong, electroweak and gravitational interactions.

The cancellation that solves the hierarchy problem arises because of the
negative sign associated with closed fermion loops, as compared to bosonic

DOI: 10.1201/9780367805807-1



2 SUPERSYMMETRY ALGEBRA AND MULTIPLETS

loops. The fact (if it is one) that each boson has a fermionic partner of equal
mass suggests the enlargement of the Poincaré algebra by the inclusion of a
spinor generator Q. Then since O commutes with the mass operator, but not
with the spin operator, we obtain irreducible representations of the enlarged
algebra that have a definite mass, but different spin values. We can then see
how this might, in principle, solve the hierarchy problem: since we know
how to arrange that fermions stay massless, by having a chiral theory, we can
ensure that their bosonic partners are also kept massless by making such a
theory supersymmetric.

In the first instance, supersymmetry is introduced as a global symmetry of
the Lagrangian and this will be the standpoint adopted in Chapters 1-3.
However, it is attractive to think that supersymmetry, like gauge symme-
tries, may occur as a local symmetry. In that case, because the supersym-
metry algebra contains the generators P, of translations we will be
considering transiations that vary from point to point in space-time. Thus, a
theory of local supersymmetry will contain general coordinate transform-
ations of space-time, and so, amongst other things, will be a theory of
gravity. Such supergravity theories will be discussed in Chapter 4.

One might imagine that it will only be necessary to take account of
supergravity, as distinct from global supersymmetry, at very high energies,
close to the Planck scale. However, it turns out, as will be discussed further
in §4.1, that potentially realistic supersymmetric theories have supersym-
metry breaking scales of 10'°-10!! GeV. As will be seen in Chapter 5, this
supersymmetry breaking feeds through into the low-energy theory as masses
for scalar partners of fermionic states of the order of 10°-10° GeV. Thus, itis
not possible to neglect the effects of supergravity even at low energies.
Supergravity will be developed in Chapters 4 and 5.

Like gravity itself, supergravity is a non-renormalizable theory and
cannot therefore be an acceptable final theory of everything. The only
known theory containing gravity that is renormalizable is the relativistic
string and, as will be discussed further at the end of Chapter 12, supergravity
should be regarded as an effective low-energy theory derived from the
fundamental string theory. The development of string theory will take up
the second half of the book. In string theory, supersymmetry enters in two
distinct ways. First, it occurs in the formulation of the superstring in Chapter
8 as a symmetry associated with the two-dimensional world sheet of the
string. Second, it can also occur as a space-time symmetry such as is studied
in this chapter. Although space-time supersymmetry need not necessarily
arise from a superstring theory (with world sheet supersymmetry) theories
that do not enjoy space-time supersymmetry usually (if not always) lack a
stable ground state when the question of stability of the ground state is
studied beyond string tree level.

At the time of writing the first fairly direct evidence of supersymmetry
may already have been seen in the running of gauge coupling constants from
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their measured low-energy values to high energies. When non-
supersymmetric renormalization group equations for the standard model
are employed nothing special happens, but when supersymmetric renorma-
lization group equations, taking account of the supersymmetry partners of
the standard model particles, are run instead, the SU(3) x SU(2) x U(1)
gauge coupling constants reach a common value at around 10'° GeV. This
may be regarded as evidence for supersymmetric grand unification. This
empirical observation is a little more tricky to interpret in the context of
superstring theory where there is a natural unification of gauge coupling
constants at tree level at around 10'® GeV, regardless of whether there is a
grand unified group or not, and the observed unification at about 10'® GeV
may require string loop threshold corrections to the renormalization group
equations to move the unification scale down in energy.

1.2 Dirac, Weyl and Majorana spinors

We start by reviewing the Poincaré algebra. A Poincaré transformation P is
a proper Lorentz transformation A followed by a translation a. Let x*
(u=0,1,2,3) denote the coordinates of a space-time point. Then the
Poincaré transformed coordinates are given by

x'H=Ax"+ a" (1.1)
where A is the restricted Lorentz transformation. So
det A = +1 A% >1 (1.2)

and all such transformations are continuously connected to the identity. We
denote such a Poincaré transformation by

P={A,a}. (1.3)

The generators of the Poincaré group are evidently the six generators M*¥ of
the Lorentz group plus the four generators P* of the translation group. We
use Hermitian generators so that P* is the energy-momentum operator, and
M*" is the angular momentum tensor. By considering infinitesimal trans-
lations

x,=x,+a,=x, —ia,l(P;')u (1.4)
we find

(P, =16 (1.5)
Similarly for an infinitesimal Lorentz transformation

x'"P=xf 4+ wf x"=x" - %iww(M"”)pax” (1.6)

where w,, = —w,,, it follows that
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(M*) o = i(0% 65 — 64,0}). 1.7)
It is then easy to verify that the Poincaré algebra is
[P, P*]=0 (1.8a)
[M*, P*] = i(n"* P* — 5** P") (1.80)
[M*, MPY = i(n*® M* + n#° M¥P — p*P M¥° — n*° M*?) (1.8¢)

and we are using the ‘Bjorken and Drell’ Minkowski space-time metric
N = 0¥ = diag(l, -1, -1, —1). (1.9)

We have already declared our intention to enlarge this algebra by the
introduction of a spinor generator, but to avoid confusion we need to be
quite precise about the various spinors that arise. First we have the familiar
Dirac spinor, discussed in §3.4 of Bailin and Love 1. This is defined in terms
of the 4 X 4 matrices y* which satisfy

Wy =y + vy =2, (1.10)

It is easy to verify that the matrices
y — i v Vv

B= 20 =) (1.11)
satisfy the Lorentz algebra (1.8c), and in fact on the Dirac spinor the
Poincaré generators are given by

P*=id* (1.12q)

M* = x#P¥ — x"PH* + 33#, (1.12b)

When discussing massless solutions of Dirac equation it is particularly useful
to use the Weyl representation for the gamma matrices. In the Weyl
representation

b = (aﬂﬂ "(:) (u=0,1,2,3) (1.13)
where

0% =(I,, o) (1.14a)

5" = (L, o) =0,. (1.14b)
Then

ys=1y%'y?y® = <—sz Z) (1.15)

and we see that in this representation the upper two components of the Dirac
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spinor ¥, have left chirality, while the bottom two components have right
chirality. In other words, we can write

Vy=¥, + ¥y (1.16)
where

W =3(1~ys)¥p (1.17a)

Ve =41+ 75)¥p (1.17b)

and then ¥y has two non-zero components, denoted v, (@ = 1, 2), in the
upper two components. The two non-zero components of ¥ are denoted
%% (@ =1,2). These two component spinors are called Weyl spinors. We use
a dotted label « for the right-handed spinors, since the two types of spinor
transform differently under Lorentz transformations. This is easily seen
from (1.11), for example. Both spinors transform identically under ro-
tations, since

ii i O'k 0
%zf=;ef’<<0 ak)' (1.18)

The difference is in their behaviour under Lorentz boost transformations,
since

%201':%(““’ ,0,.). (1.19)
0 io
Thus we write (in the Weyl representation)
= (Ve -
Y, = 0 (a=1,2) (1.20)
0
Yr = 74 (a=1,2). (1.21)

Now suppose the Dirac spinor W, has ‘charge’ e, and satisfies the Dirac
equation

1748, —ieA,)¥p =0 (1.22)

where A, is the vector potential associated with some external electro-
magnetic field. Then using ¥ = ¥'y,, we find

—iy*T(9, +ieA,)¥pT=0. (1.23)

The matrices —y," also satisfy (the Clifford algebra) (1.10), and (in four
dimensions) there is a non-singular matrix C such that

Cly#*C = —y*T, (1.24)
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Thus if we define the ‘charge-conjugate spinor’ W, by putting

Ve = C¥yT (1.25)
we see that it has ‘charge’ —e and satisfies

iy“(0, +1eA,)¥p. (1.26)

It is easy to show that C is always anti-symmetric, and in the Weyl
representation (1.13) we may choose C to be (proportional to) ¥%?2. So

- 0
C=wy’’ = ( 7 ) . 1.2
wyyt=el o (1.27)
Writing Wy, in terms of two-component spinors
v, = (‘f) 1.28
=1 (1.28)
we find
_UZZ*'
Vg = . .
: w( S ) (1.29)
We require that
(¥b)* =¥p (1.30)
which implies
wl=1. (1.31)

It is easy to verify that o%y* transforms in the same way as ¥ does under
Lorentz boosts, and that o % * transforms like 1. We therefore introduce the
following notation: first we define

Va=(¥a)" 2= () (1.32)

and then use the matrix wo? to raise dotted indices, and —wo? to lower
undotted indices. It is convenient to choose

w=—i (1.33)
and then the two matrices are the inverses of each other:
0 1
—wo?), ;= = 1.34
(oot = es={_] ] (134
(woz)dﬁ = ¢ = (? _(1)> (1.35)

Then
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Xo = eaﬂxﬂ (136)

7= ey (1.37)
and we have

el (g

The above definitions specify how to raise undotted indices and to lower
dotted indices:

1= Py (1.39)
Yo = €d/3’17)B (1.40)
where
0 -t
aff
€ (1 0) (1.41)
0 1
= . 1.42
Eaﬂ (_1 O) ( )
Thus
€ = €45 = ig? (1.43)
= e = —jg2, (1.44)

Evidently a Dirac spinor in general has four independent components, two
for each Weyl spinor. A Majorana spinor ¥\, is defined as one that is equal
to its charge-conjugate spinor

Vi =Yy (1.45)
It follows from (1.38) that this occurs if, and only if,

Ya = Xa (1.46)
which implies

7%= y%. (1.47)

Clearly a Weyl spinor cannot be a Majorana spinor, and vice versa.
However, given a Weyl spinor y, we can always construct a Majorana
spinor from it:

Uy, = (;ﬁjg) . (1.48)
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A general Dirac spinor ¥, can always be written in terms of rwo Majorana
spinors:

where
Wy = %(\I’D L) (1.50a)
1 c
Ynme = bH (¥p —¥p). (1.500)

The reason for introducing raised and lowered indices on the spinors is to
facilitate the construction of Lorentz-invariant (and covariant) quantities in
terms of Weyl spinors. (It is analogous to the definition of covariant and
contravariant vectors from which we construct Lorentz scalars.) Consider
first the behaviour of a Dirac spinor under the Lorentz transformations (1.1)
with ¢ = 0. The invariance of the Dirac equation requires that the wave
function W (x') describing a spin-} particle in the Poincaré transformed
coordinates is related to the wave function in the original frame by

Wp(x') = S(A)¥p(x) (1.51)
where S(A) satisfies
S(A) T IHS(A) = A4y, (1.52)

We may write the general (proper) Lorentz transformation A in the form
A =exp {— %w‘wM””} (1.53)
with M*" given in (1.6), and @, = —w,,,, and then

S(A) = exp {— %w’uV%E‘“’} (1.54)

with 2“¥ given in (1.11). In the Weyl representation given in (1.13) we may
write

1, ig” 0 j

gw _ 1.55

22 ( 0 104 ( )
where

ot = %(O'#EV _ aVa,U-) (1560)

g4 = 4G4 0" — 5" a"). (1.56b)
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Evidently the matrices o#* and &“” control the transformation properties of
the dotted and undotted spinors, and clearly have indices

(") (@)% (1.57)
which is consistent with ¢ and &* having indices
(0)ad (@)% (1.58)

Then under the Lorentz transformation (1.53) the undotted spinor ¥,
transforms to

Y= 510y, (1.59)
where

S1(A) = exp (3w, 0""). (1.60)
Similarly the dotted spinor ¥ ¢ transforms to

7Y = (0% 7 (1.61)
where

Sy(A) = exp (3w, 7). (1.62)
It is easy to verify that 0**" = —5*” and hence that

S1(A) = S,(A)71. (1.63)

The transformation properties of the undotted raised spinor y* follow from
its definition (1.39):

Y= ePypy = €S (Mg p, = €S| (A)g" €,59° = S3(A)% ¥ (1.64)
We leave it as an exercise to check that

oloko? = ghT

o’oto? = otT

o202 = —grT

0%5"0? = —g*T (1.65)
and from these it follows that

S3(A) = §;(A)~'T. (1.66)
Similarly

7h=S{NS 75 (1.67)

where
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Si(A) = $,(A) 7T = §,(A)* (1.68)

which is just as well, since this is certainly required by (1.32) and (1.59).
Finally we may check that the quantities

KW=~ 2 (1.69a)
TaPS = —X%q (1.69b)
are Lorentz invariant, as the notation suggests. We may also construct

covariant four-vectors from the Weyl spinors using the matrices o#, 7*.
Thus

4@ Y = 7 (0" )aa ¥ (1.70a)

240 ai® = 22(G*)* s (1.70p)
both transform as vectors. Similarly

250" wp = xo0") P (1.71a)

70 ) 97 = 7@ e B (1.71b)

transform as tensors. We can make the indices occur in the natural order on
the right-hand sides of (1.70), (1.71) by interchanging the two spinors.
However, in doing this we must remember that the spinors are all Grass-
mann variables®®. That s to say all spinors are anti-commuting (c-numbers).
Then

v,y ={w,x}={y. %} =0 (1.72)
for upper or lower indices. It follows that

X Wa= ¥ Ua (1.73a)

7" = Pai® (1.73b)

Za(T ) Y0 = —9%(0" JaaZ® (1.74a)

20N P = =y (0*) P s (1.74b)

TaT Yoy P = = a3 ) 9P (1.74c)

It is often useful to use an abbreviated notation and omit the summed
spinor indices. Thus we define

W= 0"Ya =Yy (1.75a)
79 = Ta¥" = U7 (1.75b)
where we have used (1.73) to establish the right-handed sides. The reason
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for the definition ¥ as 7,5 rather than 79, is so that we may define the
Hermitian conjugate of a product

) =v'x" (1.76)
For single spinors Hermitian conjugation is just complex conjugation, so

(lpa)+ = (wa)* = 1/_)02 (17761)

()= =7¢ (1.77b)
from (1.32). Then because of the reversal of order in the definition

()" =97 =79. (1.78)
Also if we define

201 = 10" ) g’ (1.79)
then

(xo"9)' =yo'g=~30"y=—-(¥3"y) . (1.80)
Similarly defining

20y = 250" Y (1.81)
implies

(xo""y)" = = (Yo%) = 70" = —(yo"’y)" . (1.82)

We may now use this notation to express the usual Dirac covariant bilinears
in terms of the Weyl spinors which appear in the Dirac spinors. We write

v = (’fg) ® = (gfg) (1.83)
X 7
in the Weyl representation, and then
YV = 37 + yp = (DP) (1.84a)
Tys® = 977 — xp = —(Pys¥)’ (1.84b)
Vyhd = 3ol + pore = (DY T (1.84¢)
Wypkys® = yo'7 — p5- g = (Dyys V) (1.84d)
USHD =i yo g + 1 57T = (DI W) (1.84¢)

In the same way we may also express the Majorana bilinear covariants in
terms of the various Weyl spinor covariants. Defining the Majorana spinors
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it follows from (1.84) that

Vy®y = 97 + po = Dy ¥y = (VuPp)’ (1.86a)
VrysPu = P8 — v = Prys¥u = —(Vays®u)’ (1.86b)
Uy Py = Yo T + P54 g = —Byy Py = —(Pry“ Oy’ (1.86¢)
‘I'MVM“/S(DM = oty — Yoo = (—DMV#VS\PM = (‘T’r\/n’”)’sq’M)T (1.86d)

VS Dy = i o™ g + iP5 g = — Oy SH Wy = — (V3 D) . (1.86¢)

Just like Dirac spinors, the Weyl spinors also satisfy various Fierz
identities. All of these may be derived from the basic identity

éaﬂéyé = %[65166;/[3 + gaiéayiﬁ]

which expresses the completeness of the set /5, ¢/ as a set of 2 X 2 matrices.
Then, for instance, it follows that

8675 = H(0")as(3,)* (1.87a)
using the definitions (1.14). Hence
(69)(77) = —3(60"7)(7%0, ) (1.87b)

with the minus sign arising from the anti-commutation of the Grassmann
variables. Similarly we can write

0.7 0,° =3[6,° 0, = (67")a’(0,0),"] (1.88)
from which we may deduce

(0)m) = =3O (xp) — (00" 1) (x0,.9)] (1.89)
and

@D = —3EMEP) — (05 N(XGr P)] (1.90)

foltows using Hermitian conjugation and (1.82). In the special case 8§ = 1 we
find

(69)(x6) = —306)(xp) = (69} (O%) (1.91)
since
60,,0 =0 (1.92)

using (1.74b). Another useful identity, from which (1.91) also follows, is
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076, = 1(86)5°,. (1.93)

This too follows from (1.88) using (1.92). A complete set of Fierzidentities is
given in Appendix A together with some useful identities involving the

matrices 0%, 0% etc.

1.3 Simple supersymmetry algebra'®

We have already noted that supersymmetry involves the introduction of a
spinor generator to supplement the usual (bosonic) generators of the
Poincaré group. The simplest way to do this, and the one that we shall use, is
to introduce a (two-component) Weyl spinor generator Q. Of course, given
Q. we can always construct a (four-component) Majorana spinor, as
observed in (1.48), and we can then express the various commutation and
anti-commutation relations satisfied by Q, in terms of this Majorana spinor.

First, since Q, is a Weyl spinor its transformation properties with respect
to the Poincaré group are already determined:

[P, Qa] = 0. (1.94)

This follows from (1.51), for example, where it is apparent that translations
act only on the argument of a spinor wave function. Alternatively we can
derive it using the Jacobi identity

[P 1P, Qal] + [P, [Qas PXN] + [Qa, [P#, PP} = 0. (1.95)

Clearly the right-hand side of (1.94) must be a spinor quantity and the only
possibility is

[P¥, Qal = colt O° (1.96)
with QB defined by (1.32) and (1.37). It follows that
(P4, 0P = ~c*3“77Q, (1.97)

and then the Jacobi identity yields
lc|(c#5" + 0¥a*) =0 (1.98)

using (1.8a4). Hence ¢ =0 and (1.94) follows. The Majorana spinor Qy
constructed from @, and Q¢ as in (1.48) also commutes with P#:

[P¥, Om] = 0. (1.99)

Similarly, under an infinitesimal Lorentz transformation (1.53) we have
from (1.59)
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Qr,x = (1 + %wyvo#v)aﬁ Qﬁ = U(A)TQaU(A)

i

= Qo+ 50,[M", Q. (1.100)
Thus
[M”v’ Qa] = _i (U”V)aﬂ Qﬁ (1101a)
and likewise
(M, Q%] = —i (5“)%; 0. (1.101)

In terms of the (four-component) Majorana spinor Qy; these may be
combined to give

[M*, Qm] = =33 Qu (1.102)

with 2#¥ defined as in (1.11) and (1.55).

To close the algebra we need to specify the anti-commutators {Q,, Qs }
and {Q,, 0?}. Evidently both of these are bosonic, rather than fermionic,
so we require them to be linear in P# and M*“”. The only possibilities are
then

{Qa. 0%} =5(0*") M, (1.103q)
and
{Qa, 0p) = 10%4P,. (1.103b)

Since Q,, Qg and Qﬁ' all commute with P#, by virtue of (1.94), both of the
anti-commutators (1.103) also commute with P#. This requires

s=0 (1.104)
SO

{Qa» Qs =0={0,, 05} (1.105)

but does not restrict ¢. In fact the value of  must be positive (see below), and
evidently depends upon the normalization of the generators O, , which we
have not so far specified. We are therefore free to fix r = 2, and adopt the
convention

{Qa, 05} = 2044P,. (1.106)

As before we may rewrite (1.105) and (1.106) in terms of the Majorana
spinor Qy (and its adjoint Oy = Qo) and the y-matrices (1.13):

{Om, Om) = 29"P,. (1.107)
There is an immediate and important consequence of (1.106). Since

ohGY = 0" + 20" (1.108)
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it follows that

tr(o#g”) = 2n* (1.109)
Applying this to (1.106) yields
(3")7%{Qa,» 03} = 4P”. (1.110)

Now take v = 0 and take the matrix element of (1.110). Then
Ky|Ply) = @|0:0i + 0101 + 0205 + 0:0:(y)
= Y0u(Qu)* + (Qa)*Quly) =0 (1.111)

where we have used the defining property (1.32). Thus in a supersymmetric
theory the energy of any non-vacuum state is positive definite, and, in fact,
the vanishing of the vacuum energy is a necessary and sufficient condition for
the existence of a unique vacuum:

(O|P°l0y=05Q,0)=0. (1.112)

Another consequence of (1.107) is that in a supersymmetric theory every
representation has an equal number of equal-mass bosonic and fermionic
states. First, the mass-squared operator P?= P,P*, which is a Casimir
operator of the Poincaré algebra, is also a Casimir operator of the supersym-
metry algebra, since from (1.94)

[P?, Q.]=0=[P* Q4] (1.113)
Next, the Pauli~Lubanski spin vector
W = 3e"*°P,M,, (1.114)

gives a Poincaré group Casimir
W2 = —m?J? (1.115)

where m? is the mass-squared eigenvalue, and J* = j(j + 1) is the angular
momentum eigenvalue. Evidently

(W2, 0,]1#0 (1.116)

by virtue of (1.101). Thus the (massive) irreducible representations of the
supersymmetry algebra will certainly contain different spins. To see that
these spin states are split equally between the bosonic and fermionic sectors,
we note first that O, and Qf; each change the fermion number by one unit,
and thus change a bosonic state into a fermionic one, and a fermionic state
into a bosonic state. The anti-commutator {Q,,, Q/;} therefore maps the
fermionic sector into itself, and the bosonic sector into itself. However,
equation (1.107) shows that this same mapping is accomplished (essentially)
by P, which in most representations is a one-to-one operator. It follows that
Q, (and Q) are also one-to-one operators and therefore that the bosonic
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sector has the same dimension as the fermionic sector. More formaily (and
perhaps less generally) we note that, since Q, changes fermion number by
one unit, we may write

(~1)MQ, = =Qu(—1) (1.117)

where Ng is the fermion number operator. Now consider a finite-
dimensional representation R of the algebra. Then

tr{(= DV {Qa, 0p}] = ti[=Qu(= 10 + (1) 040.]
= tr[~Qu(~ )04 + Qu(~1™0s] = 0 (1.118)

where we have used the cyclic property of the trace to rewrite the second
term. It follows from (1.107) that

2045 t[(-=1)+P,] =0 (1.119)
and so
tr(—1)Ve =0 (1.120)

for fixed non-zero P,. Since (—1)™¢has value +1 on a bosonic state and ~1
on a fermionic state, this means that

ng(R) — ne(R) =0 (1.121)

where ng )(R) are respectively the number of bosons (fermions) in the
representation R of the supersymmetry algebra.

1.4 Supersymmetry multiplets

Before discussing the supersymmetric field theory which is our primary
interest, it is instructive to consider the representations of the supersym-
metry algebra that can be realized by one-particle states. We start with the
massless case, since in most of the phenomenologically interesting scenarios
the non-zero masses of the particles that we observe are generated by
supersymmetry-breaking effects. For massless particles W? = P> = 0, and in
fact the spin vector W# and the energy—-momentum vector P# are parallel:

W = AP, (1.122)
Itis easy to see that (for positive energy representations) 4 is just the helicity:

A= PPy} (1.123)
where

J ="M, (1.124)
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is the total angular momentum. Now consider the (normalized) massless
state | p, 4) with momentum p. Then

P“|p, Ay = p*Ip, ) (1.125q)
where

p*=(E,0,0,E) (1.125b)
and A is the helicity:

W¥p, ) = p“|p, A). (1.126)
We may choose |p, A) in such a way that

Qulp. 4y =0 (a=1,2). (1.127)
To see this we note that (1.106) shows that

0.0,=0 (no summation) (1.128)
so, if (1.127) is not satisfied, we may define

Ip, 2= Qulp, 1) (1.129)
and then

Q.lp,4) =0. (1.130)

(Note that (1.94) implies that |p, A') also has momentum p*, as the notation
implies.) Thus we can always choose |p, 4) in such a way that (1.127) is
satisfied. It follows that the only other possible states in the same supersym-
metric representation as |p, ) are Q| p, A (& = 1, 2). However, Qi |p, )
is a state of zero norm. For, applying (1.106) to |p, 1) gives

{Qa’ Qﬁ}lpai>=2(0#)aﬁpy.’p’l> (1131)
and with p* given by (1.125)

o“p,=E(0"—0%)=2E (8 ?) (1.132)
Then, using (1.127) we see that

(p,410:Qilp, 1) =0 (1.133)
which shows that

Qilp, 2) = 0. (1.134)
Thus the only other state is

[w) = (4E)""20s|p, &) = —(4E)""°Q'|p, 2) (1.135)

where the factor (4E) 2 is included so that |y) is a normalized state. As
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before, equation (1.94) shows that |1) has momentum p#, and so is also a
massless state. Now, from the definition (1.114), and the commutators
(1.94) and (1.101), it follows that

[W;u Qd] == %e/wpapv(apo)dﬂ.éﬁ.- (1136)

Applying this to the state | p, 1), with p as in (1.125b), gives

[Wo. 0%11p. 4y = =3po(0>0)¢lp, A) (1.137)
Thus from (1.126)

Wo(D'1p. 1) = (2 = Hpo(D'lp. ) (1.138)
so O'|p. A) has helicity A — 1, and

(4E)""*Qslp. 1y =|p, 2 — 1) (1.139)

is the normalized state in the same supersymmetric representation as |p, ).
It is easy to see that there are no other states in this representation; for
instance, Q,|p,A — %) is proportional to |p, ), and (1.127) shows that
Qs|p, ~ — 1) is zero. The fact that there are just these two states in the
supersymmetry representation is consistent with our previous observation
(1.121) that any such representation has equal numbers of bosons and
fermions—one in this case.

The most common of these representations that we shall encounter are
those with A = 1, 1, 2 (together with their TCP-conjugate representations).
The /. = 3 supermultiplet consists of a Weyl spinor with helicity § and a scalar
particle. To construct a Lorentz invariant field theory it is necessary to
include also the TCP-conjugate representation, which has a Weyl fermion
with helicity —4 and another scalar. Together, these two representations
constitute a Majorana fermion and a complex scalar field. These ‘chiral
supermultiplets’ arise in the applications that we consider for all matter
fields (quarks and leptons), as well as for the Higgs particles. The scalar
partners of the quarks are called ‘squarks’, and the scalar partners of the
leptons are ‘sleptons’. The fermionic partners of Higgs particles are usually
called ‘Higgsinos’, but occasionally ‘shigges’ appears in the literature. The
boson in the 4 = 1 representation has helicity 1, so together with its TCP-
conjugate which has helicity —1, it describes a (massless) vector particle,
such as the gauge bosons that arise whenever we have a (locally) gauge-
invariant theory. 4 = 1 supermultiplets are therefore called ‘vector super-
multiplets’. The fermion partners of the gauge particles (having helicity 3)
are called ‘gauginos’ generically, and ‘photinos’, ‘Winos’, ‘Zinos’ and
‘gluinos’ in particular. Evidently the 4 =1 representation and its TCP-
conjugate together constitute a vector (gauge) field and a Majorana (gau-
gino) field. In the same way the helicity 3 particle, which is the partner of
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Table 1.1 N =1 supermultiplet examples.

TCP-conjugate  Super-
Particle A Helicity Degeneracy helicity multiplet

Quark, lepton

Higgsino 3 1 -3

i Chiral
Squark, slepton
Higgs 0 1 0
Gauge boson 1 1 -1

1 Vector
Gaugino : 1 -1
Graviton 2 1 -2

2 Gravity
Gravitino 3 1 -3

the helicity +2 graviton field which mediates gravitational interactions is
called the ‘gravitino’. These examples are summarized in table 1.1.

The treatment of the massive representations of supersymmetry proceeds
similarly, but is a little more involved. We consider a particle of mass m in a
normalized state |p, s, s3), where p is the momentum, s is the spin and s its
third component. In the rest frame we have

PHp,s,s3) =p“|p,s,s3) (1.140a)
with

p*=(m,0,0,0). (1.140b)
Also
W, W¥ p,s,s3) = —m?J?|p,s,s3) = —m’s(s + 1)|p, s, 53) (1.141)
and

Plp,s,s3)=s3lp.s,s3). (1.142)
As before we can always choose |p, s, s3) in such a way that

Qulp,s,s3=0 (a=1,2). (1.143)

From each of the 2s + 1 states |p, s, s3) we can construct two more normal-
ized states also having momentum p:

. d)zﬁédm,s,m (G=1.3). (1.144)
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To determine the angular momentum quantum numbers of these states we
use (1.101) again. This shows that

[, 0°] = ~¥0'D)* (1.145)
from which it follows that

Plp, 1y =(s;+ Plp, 1) (1.146a)

Pip,2y=(s3—Hip, D). (1.146b)

In the case where the original state |p, s, s2) has spin zero (s = s3 = 0), it is
easy to see that these two states form a spin-3 doublet. From (1.145) we can
see that

1+i72, 0i]=0=[I1-iJ% 0s] (1.147)
from which it follows that
1 —
o Qilp,0,0)=|p, 5, » (1.1484)
1 =
7 1P, 0,00 = Ip, 3=, (1.148b)

The only other independent state in this system is obtained by applying Osto
the first of these (or Qj to the second). Proceeding as above it is easy to verify
that

1

050ilp,0,0) = [p,0,0)". (1.149)

g

The prime is to distinguish it from the original state, which has the same
quantum numbers. So in this case we have two spin-zero states and a spin-3
doublet, and

annB=2. (1.150)

A similar analysis works for the initial states | p, 3, £2). We find

‘%—Q1|P,%,%> =|p,1,1) (1,151a)
m

12m Qsp,3,3) =%Up, 1,00+ [p,0,0)] (1.151b)
<= Qilp.b — = 5 11p. 1,0 = [, 0,0 (11510)
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1 =

7 2ilp 5= =Ip,1,-1) (1.151d)
5= 0:0ilp 1D =p. 4D (1.151¢)
ﬁ 0i0slp. 3, —» = |p,3, —%). (1.151f)

So we have two (fermion) doublets having s = § and a (boson) s = 1 triplet
and s = Osinglet. In general, starting with a (25 + 1)-component multiplet of
spin s > 0, we generate a spin-(s + 1) multiplet, a spin-(s — 3) multiplet and
spin-s multiplets in this way. Thus the general massive representation has
ng = A = 2(2S + 1). (1152)

The operators Q, (a=1,2), O, (& =1,2) generate an SO(4) algebra
when acting on these states, since

{Qar 05} = 2mdp. (1.153)
If we define

Ip= \/—=(Qa +04) (1.154a)

Trio= v—;—E(Qa - 04) (1.154b)

then the four gamma matrices generate the Clifford algebra
{T,,Ty} =20, (a,b=1,...,4) (1.155)

with the SO(4) invariance group, whose generators are
R =~ 1[I0 Ty (1.156)

The representation that we have constructed is the four-dimensional spinor
representation with the bosonic and fermionic states each transforming as a
two-dimensional ‘Weyl’ representation: if we define

FS = F1F2F3F4 (1.157)

then both the original and the generated spin-s states have I's = +1 while the
spin-(s * }) states all have I's = —1.

1.5 Supersymmetric free-field theory®

The most important realization of supersymmetry is in quantum field
theory. As we shall see, supersymmetric field theories permit the solution of
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the ‘hierarchy problem’, and at the time of writing this is the only known
solution. To study supersymmetry in this context we need to determine how
a field operator ¢(x) transforms under a general symmetry. This is fixed by
the connection

Y(x) = @]¢(x)|0) (1.158)

which gives the wave function 1(x) describing the (one-particle) state |y). If
the transformation properties of the (c-number) wave function are known,
the above relation determines how ¢(x) transforms. The wave function
describing the transformed state

v =Uly) (1.159)
is given by
¥'x') = @eRNI0) = W|UGHUUT0) = @|Ug()U0)  (1.160)
assuming that the vacuum is invariant, so

U'0) = |0). (1.161)

Now if the transformed wave function is related to the original wave function
by

¥'(x') = Sy(x) = Syl@(x)|0) (1.162)
we deduce that the field operator transforms according to
¢'(x)=UTP(x)U = S¢(x). (1.163)

For example, we may consider the transformation properties of a field ¢(x)
under translations

x'=x+a. (1.164)
Then

p'(x") = y(x) (1.165)
and

¢'(x") = U'(@)¢(x"U(a) = ¢(x' ~ a). (1.166)
For an infinitesimal translation

U@a)=1~iP.a (1.167)
SO

@'(x") =) +i[P.a, p(x)] = ¢(x") — a.o¢(x"). (1.168)
It follows that
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¢'(x) = ¢(x) = 6¢(x) = [i P.a, p(x)] = — a d¢(x) (1.169)

and
[P ¢(x)] =10,p(x). (1.170)

An infinitesimal supersymmetry transformation is characterized by (con-
stant) anti-commuting Grassmann parameters £* and & . Then

Ug) =1-i(E°Q, + £:0% =1 -1 (0 + £0) (1.171)
using the notation (1.75), and

(&%, &7y = {£%, 851 =0

(&0} = (€%, 0%} =0

{86 Qs = (€407} =0

[£% P,]=[8% M, ]=0etc. (1.172)

Using such Grassmann parameters the supersymmetry algebra can be
rewritten entirely in terms of commutators:

P*, &0]=0=[P*,£0]
M*, EQ] = —i(£0""Q)

[

[

[(M*,E0] = —i(r§5’”Q)
[£0.7Q] = 0=[£0,70]

[£0.70] = 2(50"77)& (1.173)

where 7, 7¢ are a second set of Grassmann parameters. (Note the minus
signs in (1.69).) To characterize the supersymmetry transformation in field
theory we are therefore required to specify the quantities

e p(x) = [i (BQ + £0), ¢(x)] (1.174)

for a general field @(x) in a way that is consistent with the supersymmetry
algebra (1.173). The first three commutators merely specify the Poincaré
transformation properties of d;¢. The last two constrain these possibilities
by showing how (the difference between) two successive supersymmetry
transformations must close the algebra. We have already seen in §1.4 that
supersymmetry has its simplest realization in the massless (chiral) super-
multiplet that has just scalar and spinor particles. Thus we might anticipate a
field theory realization involving just scalar and spinor fields.

Suppose then we start with a complex scalar field @(x). The (mass)
dimension of ¢(x) is
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lpx)] =1 (1.175)
and that of Q is

[0]=3=(0] (1.176)
from (1.173). Thus

(&= -1=1& (1.177)

so that £Q is dimensionless. So the simplest possibility linear in & and having
the right dimensions is

0:9(x) = aky(x) + b&ip(x) (1.178)
where 1,(x) is a (Weyl) spinor field, and therefore has
(] =3=[¥] (1.179)

and a is a constant. Obviously 6 ,(x) has dimension 2, so if we want to close
the algebra using just these fields we must take out one dimension with a
derivative:

O o(x) = cots EP b0 (1.180)
which implies
6§@d — —c*(ﬁ“)dﬂgﬂ a#go* (1.181)

Thus
8,0:0(x) = a d,y + b& 6,@ = ac(§o*7) 8,9 — bc*(é&"‘n) a,0%.  (1.182)
Now
0,0:¢(x) = [i(nQ + 70), [iEQ + £Q), p(%)]] (1.183)

so the Jacobi identity implies that
(8,0: = 8:0,)@(x) = [[{(nQ + 70),(EQ + ED)), ¢(x)]

= {~2(no*&) + 2(E0“T)} [Py, 9(x)]

= 2(&0“f — no“E)id,p(x) (1.184)

using the supersymmetry algebra (1.173), and (1.170). Comparison with
(1.182) gives

ac=12i b=0 (1.185)

unless ¢(x) i1s a constant ficld. For future reference it is useful to rewrite
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(1.184) in terms of the Majorana spinors constructed from & and 7, using
(1.86¢)

(8,05 = 0:0,)p(x) = [0, O¢)p(x) = 2(Emy*nm) 19, (1.186)
In the same way we apply two successive supersymmetry transformations
to y,. This gives
677551:0(1 = Caaﬁd- d(ﬂ 3;3#)
= —i[(3y)(10“E) + 2(0*") o (3,45) (10, )]
= =2i[(8,)(0“E) = (075" 3,9)a(n0,)]
using (1.185) and the Fierz identity (AS). This gives
(0,05 = 0:0,)pa(x) = 2(E0“T = 10*E) 18, Y

= 2(6my 7)1 9,0 (1.187)
(again as required by (1.173) and (1.170)) provided
g0,y =0. (1.188)

Thus the transformations (1.178), (1.181) are representations of the super-
symmetry algebra provided y is a massless non-interacting Weyl field. In
fact in these circumstances it is straightforward to verify that the action can
be invariant under the supersymmetry transformations. Taking

£ = (3,93 p) +iys" o,y (1.189)

which describes a free massless complex scalar field, and a free massless
Weyl spinor field, we find

8:% = (8,9%)a(& 3*y) — a*(€ 8,P)(9%9)
—ic"(E0"T" 9,)(9,9%) + i c(P50" &) (8, 3,0)
= (a—ic*)(0,9*)(E0"y) — (ic + a*)(€ 0,9) (0 p)
+i0,[c(EPp)a“g) — 2c*(E0™ ) (8,9%)]. (1.190)

The total divergence does not contribute to the action, so the action is
supersymmetric if

a=ic*. (1.191)
Combining with (1.185) gives

=2

and a consistent choice is
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a=V2 c=V2i (1.192)
giving

S:p = V2 &y (1.193q)

Sep =1V20“Ea,9 (1.193b)

when substituted into (1.178) and (1.180).

Thus we have an on-shell realization of the supersymmetry algebra in the
field theory given by (1.189), but we have to use the equation of motion
(1.188). In fact this is a reflection of the fact that the bosonic and fermionic
degrees of freedom are not equal in the present context (unless we impose
the on-shell condition (1.188)). Off-shell a (Weyl) spinor field has two
complex components, whereas we have only introduced one (bosonic)
complex scalar field. To match the degrees of freedom we have to introduce
another complex scalar field F(x), having mass dimension

[F]=2. (1.194)
We start with (1.193a), as before, but modify (1.193b):
dep =1V20“Ed,p + dEF. (1.195)

This closes the algebra on @(x), as in (1.184), for any value of the constant d.
The extra term contributes to d, 0.y': it generates the extra term d§ 0, F.
Then we can close the algebra on y without using the equation of motion
provided that we take

8:F = e€5" 9,y (1.196)
and
de=2i. (1.197)

(As before, the highest-dimension field must transform by a total deriva-
tive.) Finally we require that the algebra closes on F, which it does without
further constraint. The introduction of F has enabled us to realize the
supersymmetry algebra without recourse to the field equations, but if we do
use them we know that we can achieve this with F = 0. This suggests that F'is
an ‘auxiliary’ field, i.e. one that can be eliminated by using its equation of
motion. We can easily modify (1.189) to accomplish this. We take

£ =(3,0")(0%p) +iyc* 3,y + F*F (1.198)

and then the Euler-Lagrange equation for F gives F = 0 immediately. It is
straightforward to verify that 6.& is a total derivative, so the action is
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supersymmetric. This technique of introducing auxiliary (non-propagating)
fields will be used extensively in later chapters to formulate (off-shell)
supersymmetric field theories with interactions.

1.6 Extended supersymmetry((’)

We have confined ourselves hitherto to the simplest extension of the
Poincaré algebra, by the inclusion of a single spinor generator Q,. For
reasons that will become apparent, this ‘simple’ supersymmetry is likely to
be the one with most relevance to the spectrum and interactions that can be
explored by the current, and foreseeable, generation of accelerators.
Nevertheless it is natural to wonder what would be the consequences of the
introduction of more than one supersymmetry generator Q.
(A=1,...,N) with A labelling some internal symmetry. Obviously the
index A is a spectator in all of the commutation relations with the generators
of the Poincaré algebra. Thus, as in (1.94), (1.101a)

(P4 0.41=0 (1.199)

M, Q.4 = ~i(0").f Qs (1.200)
and defining

0ia=(0.") (1.201)

[M#, Q%] = —i(5")%0" (1.202)

asin (1.101b).

The indices A label the representation of the internal symmetry group to
which Q,* belongs. We denote the Hermitian generators of the group by B,
SO

[B", B’ =ic™B' (1.203)
where ¢ are the structure constants. A representation (b")"  satisfies

[67,b°] =1ic™b (1.204)
and

[B", 0.%] = = (b)) 0. (1.205)

[B". Qsal = Quc(d) 4. (1.206)

Finally we have to close the algebra of the supersymmetry generators. On
general grounds, as in (1.103b), we should expect

{07, 0sp) = A poliyP,. (1.207)

Then taking the adjoint shows that the matrix A is Hermitian, and in fact
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positive definite, as before. So we can diagonalize A and rescale the Qs and
Qs so that

{0%,. Qpp} =2050%P,. (1.208)

The main difference in principle arises in the anti-commutator {Q,*, QﬂB 3.
We can exclude the Poincaré generators, as in (1.105), but, because of the
internal symmetry, we are allowed

{QaA? QﬂB} = faﬁZAB (1.209)
with €, defined in (1.34) and

ZAB = 78B4 (1.210)
a linear combination of the internal symmetry generators:

ZAB = (¢")*BB’ (1.211)
where the quantities g have dimension

[ql=1 (1.212)
in view of (1.176). With a bit of work”’ we can show that
(247, Q.1 =[Z%%, Qucl = (277, B"] = [2%%, Z°P] =0, (1.213)

That is to say, Z*Z commutes with everything: it belongs to the abelian
invariant subalgebra of the internal symmetry group; hence the name
‘central charges’<8).

In the absence of central charges the internal symmetry group is U(N),
since the algebra is invariant under the substitutions

0. = U"0,” Quq=UP"Q,° (1.214)

provided that U is unitary. The effect of the central charges is to reduce this
symmetry. Note that the anti-symmetry (1.210) shows that central charges
cannot occur in simple (N = 1) supersymmetry, and the U(1) invariance is
called R-symmetry in this case.

We shall not explore the representations of extended supersymmetry in
very much detail. Clearly the existence of extra supersymmetry generators
has the effect of enlarging the number of fields/states that constitute a
supermultiplet. In the absence of central charges the analysis preceding
(1.139) holds for each supersymmetry generator Qs 4 . Thus if we start with a
massless single-particle state of helicity 4, there are N states with helicity

A-1

(AE)™'?Q0s4lp, 2y = |p, A — 3, A) (A=1,...,N). (1.215)

The states with helicity 4 — 1 are obtained by applying O35, with B # A, so
there are YC, = N!/2!(N — 2)! of them. Proceeding in this way, the (mass-
less) irreducible representation with highest helicity A will close with a state
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Table 1.2 N = 2 supermultiplet examples.

TCP-conjugate
A Helicity Degeneracy  helicity Supermultiplet
1 1 1 -1 ]
l 2 - Vector
0 1 0
b4 -
0 2 — Hypermultiplet
_% 1 —
2 2 1 -2 ]
3 2 -3 ¢ Gravity
1 1 -1

having helicity A — N/2, since each Q5 lowers the helicity by 1 and only
totally antisymmetric states (A # B # C # . . .) are allowed; the supermul-
tiplet closes when all N lowering operators have been applied. The dimen-
sionality of the supermultiplet is evidently 2", since for each Q5 4 there are
two possibilities: to apply it, or not to apply it, to the original state |p, 1).
Together these states comprise a (possibly reducible) representation of the
internal symmetry group U(N). If we wish to construct a supersymmetric
Yang-Mills theory, then we shall certainly wish to include one-particle
(gauge boson) states with helicity |A| = 1, and to preserve the renormalizabi-
lity we shall also require that there are no states with helicity |4| > 1. Itfollows
that the largest extended supersymmetry compatible with these require-
ments must have N < 4. In the same way, a theory involving the graviton with
|A| = 2, and that does not contain states with || > 2, must have N < 8.
The simplest extension is, of course, to take N = 2. The above argument
shows that the supermultiplets are four-dimensional (real) representations
of U(2), in the absence of central charges. Thus the vector supermultiplet
starts with a highest helicity 2 = 1. It has two helicity +1 states and a single
helicity-0 state. As for the N =1 case, we shall need to include the TCP-
conjugate states in order to construct a Lorentz invariant field theory.
However, if we start with highest helicity 4 = 3, then the supermultiplet has
two helicity-0 states and a single helicity —3 state. Thus this supermultiplet,
is TCP-self-conjugate: it includes a Majorana fermion and a complex scalar
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Table 1.3 N = 4 supermultiplets.

TCP-conjugate
A Helicity Degeneracy  helicity Supermultiplet
1 1 1 — ]
; 4 -
0 6 — Vector
__% 4 —
-1 1
2 2 1 -2 ]
: 4 -~
1 6 -1 ¢ Gravity
5 4 =
0 1 0

in the same supermultiplet. For this reason it is sometimes called a ‘hyper-
multiplet’. Table 1.2 summarizes these examples of N = 2 supermultiplets.
Tables 1.3 and 1.4 give N = 4 and N = § examples.

From a phenomenological perspective the hypermultiplet looks rather
unattractive. The N = 2 supersymmetry requires that the helicity +3 states

Table 1.4 N = 8 gravity supermultiplet.

A Helicity Degeneracy
2 2 1
3 8
1 28
i 56
0 70
-3 56
-1 28
_% 8
-2 1
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transform in the same way with respect to any gauge symmetry. This would
be perfectly acceptable if the only such symmetries were SU(3) of colour and
U(1) of electromagnetism, since both chiral components of a quark field do
transform in the same way with respect to both groups. However, it is a cast-
iron experimental fact that the weak interactions do nor treat left and right
chiral components in the same way. The SU(2) of the electroweak group
SU(2) x U(1) is realized non-trivially by the left chiral components: the left-
handed component (e ) of the electron’s field belongs to a doublet, whereas
the right-handed component (eg) transforms trivially. Thus if N =2 (or
N > 2) supersymmetry has any connection with reality we shall need (at
some time) to discover the ‘mirror’ partner ER of e, which also belongs to an
SU(2) doublet. Since we know that (even N = 1) supersymmetry is broken,
it is always possible that these hitherto unobserved states have a mass (just)
beyond the current experimental bound. However, the fact that the chiral
anomaly cancels within each generation® is generally taken to be circum-
stantial evidence that no such mirror states actually exist: if they did the
anomaly would cancel separately for each state. It is for this reason that the
simple (N = 1) supersymmetry is the only one that is thought to have any
physical relevance, at least at low energies. The ‘chiral’ supermultiplet has
just 1 = % and A = 0 states, and we are free to place the A = —J state into a
different representation of the gauge group. The objection to N = 2 super-
symmetries is that they are automatically ‘non-chiral’.

Exercises

1.1 Verify that the matrices 337, defined in (1.11), satisfy the Lorentz
algebra (1.8c¢).

1.2 Show that the matrix C, defined in (1.24), satisfies
[CTC™y,]=0

and hence deduce that
C=-CT

in all representations of the Clifford algebra.

1.3 Show that Poincaré invariance requires the relationship (1.51) for the
Poincaré transformed Dirac wave function, with S(A) obeying (1.52).

1.4 Check that the commutators (1.101) and (1.106) are consistent with
the Jacobi identities.

1.5 Show that with the Lagrangian & given in (1.198) the variation defined
in (1.174) is a total derivative.
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LAGRANGIANS FOR CHIRAL SUPERFIELDS

2.1 Introduction

Although it is possible to construct supersymmetric Lagrangians directly
from the component fields belonging to a supermultiplet as in §1.5, the
procedure is greatly facilitated by the introduction of superfields.(®
Whereas an ordinary field is a function of the space-time coordinates x only,
a superfield S(x, 8, §) is also a function of anticommuting Grassmann
variables 6, and 8, transforming as two-component Weyl spinors:

{00119,8}={Oa’éﬁ.}z{éd’éﬁ’}zo' (21)

(A discussion of Grassmann variables is given following (1.71).) The fields
of the supermultiplet then arise as the coefficients in an expansion of
S(x, 6, 6) in powers of # and § (which necessarily terminates after a finite
number of terms for anticommuting Grassmann variables).

The general superfield S(x, 8, §) turns out to contain more than one
supermultiplet, and the chiral and vector supermultiplets of §1.4 are
obtained by reducing the number of component fields in S by imposing
appropriate constraints. In this chapter it will be shown that we obtain the
chiral supermultiplet of §§1.4, 5 by requiring an appropriate covariant
derivative of S to vanish. In the case of the vector supermultiplet, as we shall
see in Chapter 3, the appropriate constraint is just S” = S.

When potentially realistic supersymmetric theories are constructed, the
chiral superfields discussed in this chapter provide the matter fields, i.e. the
quarks, leptons and Higgs scalars and associated with them in the same
multiplet their supersymmetric partners, which in the case of the quarks and
leptons are the scalar squarks and sleptons and in the case of the Higgses are
the fermionic Higgsinos. The gauge fields and their fermionic supersym-
metric partners, the gauginos, are to be assigned to the vector superfields
discussed in the next chapter. The presence of supersymmetric partners for
particles is the source of the remarkable non-renormalization theorems,
discussed later in this chapter, which are at the root of the supersymmetry
solution to the hierarchy problem.

Since the supersymmetric partners of particles are not observed at low
energy it is necessary for any potentially realistic theory to contain a
mechanism that will spontaneously break supersymmetry to provide mass
splittings within supermultiplets. One such mechanism, F-term supersym-
metry breaking, will be discussed in this chapter, and another such, D-term

DOI: 10.1201/9780367805807-2



34 LAGRANGIANS FOR CHIRAL SUPERFIELDS

supersymmetry breaking, in the next, while supersymmetry breaking by
gaugino condensates will be deferred to chapter 5.

2.2 Superfield representations of the supersymmetry algebra

The supersymmetry algebra of §1.3 is generated by the momentum opera-
tors P, and the Weyl spinor supersymmetry generators Q,, and Q:

[Qa. P.] =04, P.]= [P, P,] =0 2.2)

{Q> Q/a} = {Qo'u Qﬁ'} =0 (2.3)
and

{Qa. 03} =20%43P,. (2.4)
A finite element of the corresponding group is

G(x*, 6,6) = exp(i(6Q + 60 — x*P,)) (2.5)

where 6, and 6, are Grassmann variable parameters. We wish to construct
linear representations of this group (of the supersymmetry algebra). This
can be done by considering the action induced in (x*, 8, §) parameter space
by the group elements as follows. It is not difficult to show that (Exercise 2.1)

G(x*, 6, 6)G(a*, &, &)
= G(x* + a* ~iEc“G +100"E,0 + &, 6 + E) (2.6)
because the Hausdorff formula
etef=exp(A+ B+ A, B]+-) 2.7

terminates at the first commutator for the group elements considered here.
Thus (acting on the right) the supersymmetry generators induce the motion
in group parameter space:

exp(i(6Q + 0 — a*P,)):
(x#,8,0)— (x* +a* —i1Ec"H +160%E, 0+ & 0+ E). (2.8)
For a function S(x*, 6, ) (referred to as a superfield) we have
S(x“ +a* —1E0"G +i1600“E,0 + & 6+ &)
= - z 08
= S(x* 6, 0)+ (a* —iEc"8 +i100"E) —
S(x*, )+ (a* —i&o i cr’.;‘)ax/4

aS = oS
+E e 2.9
ey E“aed (2.9)
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from which it follows that the action of the supersymmetry algebra on
superfields

S(x“, 6, 0) — exp(i(6Q + £Q — a*“P,))S(x*, 6, 6) (2.10)
is generated by
P,=is, (2.11)
iQ, = % ~ig4:6%0, (2.12)
i0s=--L +i6%%,0,. (2.13)
36°¢ /

This is the linear representation of the supersymmetry algebra we were
seeking. It is easy to check (Exercise 2.2) that P,, Q,, and O, of (2.11),
(2.12) and (2.13) realize the algebra (2.2)-(2.4), as consistency requires.

The general superfield S(x*, 6, 8) may be expanded as a power series in 6
and & involving not more than two powers of 8 and 8, because 6 and 6 are
two-component Grassmann variables. The coefficients of the various
powers of @ and @ in this expansion are ordinary fields (functions of x*).
Such a superfield provides a representation of the supersymmetry algebra
that is in the first instance reducible. Irreducible representations of the
supersymmetry algebra are obtained by imposing on the superfields con-
straints that are covariant under the supersymmetry algebra. The simpiest
such constraint is S = §7, which we use in the next chapter to construct the
vector superfield, whose component fields form the vector supermultiplet of
§1.4. In this section, we use supersymmetric covariant derivatives to
construct the chiral superfield whose component fields form the chiral
supermultiplet of §1.4.

Fermionic derivatives D, D, which anticommute with the generators
(acting on superfields) of the supersymmetry algebra may be defined by

D, = oo +iohid%s, (2.14)

= 0 e

Ddz_@“le O'ada#. (215)
The proof that

{Dcw Qﬂ} = {Da’ Qﬁ} = {Dd’ Qﬂ} = {l_)d> Qﬂ’} =0 (216)

follows directly (Exercise 2.3) using the explicit expressions for Q, and Oy
of (2.12) and (2.13). These covariant derivatives also have the algebra

{Da,Dd}=2iaﬁd6# (217)
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{D,,Dg} = {Ds, D3} =0. (2.18)

The operators D, and D, may be used to impose covariant constraints on
superfields because they anticommute with the generators (acting on super-
fields) of the supersymmetry algebra Q and Q and so commute with
£Q + £Q which occurs in supersymmetry transformations. It is thus possible
to apply the covariant condition

DS =0. (2.19)

A superfield on which the constraint (2.19) has been imposed we shall
denote by ® and refer to as a chiral superfield:

D,®=0. (2.20)

2.3 Expansion of the chiral superfield in component fields

With D, given by (2.15), we see that any function of # and

yH=x" +i600"0 (2.21)
satisfies the constraint (2.20), because

D,6=0 (2.22)
and

Dyy“=0. (2.23)

Indeed ®(y*, ) is the most general solution of (2.20), because, after
changing variables from (x#, 8, 8) to (y*, 8, 6),
= 0
a0%|, 4

Expanding ®(y#, 6) in powers of the two-component Grassmann vari-
able 0 gives
D(y*, 0) = @(y) + V2 Oy(y) + 6F(y) (2.25)

where @ and F are complex scalar fields and y is a left-handed Weyl spinor
field. Thus, the general expansion of a chiral superfield in component fields
is

D(x*, 6, §) = @(x) + V2 0y(x) + 80F(x) + 18,0 0“6
+1V209,p00“0 —%3,0,0 00“660"6. (2.26)

With the aid of the identities of §1.2 and Appendix A, this may be
rearranged as
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D(x*, 6, 6) = ¢ + V2 0y + 00F + 19,0050

- %06 ap0"0—1%0,0“p0666. (2.27)
It follows immediately that the conjugate superfield @ has the component
field expansion
O ="+ V26§ + 66F —io,0 000

+ % 6660 8,3 — 19, 9“¢" 6666 (2.28)

and satisfies the constraint
D, ® =0. (2.29)

We shall sometimes refer to @ as a left chiral superfield and @ as a right
chiral superfield (because they involve the left- and right-handed Weyl
spinors ¢ and 1, respectively).

From (2.10)—(2.13) the behaviour of the superfield ® under an infinitesi-
mal supersymmetry transformation is

O+ 0D (2.30)
where

0P =i(EQ + EQ)® (2.31)
that is

a a 3 U A =& a - na
6q)=§ W—IO’QdG a'u>q)+§ (W_le O"lédaﬂq). (232)

From (2.32) may be derived the supersymmetry transformations of the
component fields in the expansion (2.27) by comparing

0P =00+ V200y +600F+ - (2.33)
with
00 = V2 &y + 260F + 219, 00“&
+ %99 P otE+ - (2.34)
Thus,
S =V2&y (2.35)
Sy =V2EF—V23,90"E (2.36)

and
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OF=iV2a,p o"& (2.37)

in agreement with equations (1.193a), (1.196) and (1.197). It will be
important for the purpose of constructing supersymmetric Lagrangians in
§2.5 to notice that the change in F under a supersymmetry transformation is
a total divergence.

2.4 Products of chiral superfields

For the construction of renormalizable supersymmetric Lagrangians in §2.5
it will prove necessary to study the products of chiral superfields ®;®;,
®,P®d, and @, ®,. where the index i distinguishes the various left chiral
superfields ®; in the theory. Because Q. Q and D are linear differential
operators on superspace it is immediate that any product of two left chiral
superfields is again a left chiral superfield, i.e. transforms as (2.10) and
satisfies the constraint (2.20). (Consequently any product of left chiral
superfields is a left chiral superfield.) By direct calculation ®,( y. 6)®,( y. 0)
and @ y. 0)D;(y. )P, (y. 6) have the expansions in the form (2.25).

Oy, )P;(y. 0) = ¢ Mg y) + V20 e (y) + e Vi (»)

+ 00(¢( Y)F(Y) + @(VF(Y) = v ¥y y) (2.38)
and
Dy, 0)2;(y. O)Pi(¥. ) = @i Y)@()gi(y)

+V2 (W, 0;¢x + QY Pr + QP YK

+ 00(q,0,F + ¢ Fj@ + Fipipp

=YY Pk — VPP — Yk - (2.39)

These expansions may then be written in terms of x, 6 and 6 by substituting
for y from (2.21). Also

D (y, 00Dy, 0) = ¢ (Mg y) + V2 0u( 3@ ()
+ V205L 1)@ (y) + 208 )0 () + Fi(y)g: ()66
+ F ()@ )86 + V2 0063 y)F{(y)
+ V2 666y,(y)F (y) + 6006F; (y)F{( y) (2.40)

which is nor a left chiral superfield. (It is a vector superfield as can be seen by
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comparing with §3.2.) Again, the final expansion in x, 8 and 8 is obtained by
substituting for y from (2.21).

Of particular importance for the construction of supersymmetric Lagran-
gians in the next section is the coefficient of 86 in the expansion of
D(x, 0, 0)@,(x, 6, 0) and Dy(x, 8, 6)®(x, 6, O)Dy(x, 6, 6), referred to as the
F-term (by analogy with (2.26)) and denoted by [®®/]f or [®,D,D]F.
Also important is the coefficient of 6666 in the expansion of
P, (x, 6, 6)®;(x, 6, §), referred to as the D-term (by analogy with (3.4) or
(3.27) for the vector superfield, apart from a factor of 5). After substituting
for y from (2.21) we find that

[q)iq)j]F = [cbi(x’ 6’ é)cDj(xa 0’ é)]coeff. of 66

= () F(x) + @ (x)F(x) — w(x)y;(x) (2.41)
[(biCqu)k]F = [®y(x, 6, é), q)j(xa o, é), Dy(x, 0, é)coeff. of 66
= @0 Fp + @ F@p + Fi@j0k — W00k — Yu®; — Yiorp: (2.42)
and
[(Di+(bj]D = [df(x, 6, é)(bj(x’ 6, é)]coeff. of 6666
=F'Fi+%0,0 0“g; - Yol 8,040 — 10, e @,
+ %17),6” . — % 0,9 04y (2.43)

This last equation requires extensive use of the identities of §1.2 and
Appendix A for its proof (Exercise 2.4).

2.5 Renormalizable supersymmetric Lagrangians for chiral superfields

When constructing a supersymmetric Lagrangian using products of chiral
superfields @, it is necessary to use terms that are invariant under a
supersymmetry transformation up to a total divergence. As observed after
(2.37), the variation under a supersymmetry transformation of the F-term in
a chiral superfield is a total divergence. Also, as will be seen in §3.2, the
variation under a supersymmetry transformation of the D-term in a vector
superfield is a total divergence and this applies in particular to the D-term in
®,"®,. Thus we may construct supersymmetric Lagrangians by using the
D-term of ®;®; and the F-term of products of left chiral superfields
(together with their Hermitian conjugates). In general, the supersymmetric
Lagrangian £ has the form

£= [0/ + (W(®)]r + 1) (2.44)
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where W(®), which is referred to as the superpotential, must involve only up
to the third power of the superfields ®, to obtain a renormalizable Lagran-
gian. ([®,®D,]F is a product of ordinary fields of dimension four, and
F-terms involving more factors of the ®; will have dimension greater than
four.) Apart from a possible tadpole term linear in the ®;, we may write
(with sums over i, j and k understood)

with m;;and 4 real and symmetric in their indices. Then, apart from surface
terms,

E=0,0 0“p;+ 19,00, + F'F,
+ (mye.F; — %mijwiwj + Ai®i@iF = Aipp i @x + HC).  (2.46)

The field equations arising from this Lagrangian are

80" ;= myF}" + 20 Fi' (2.47)
154 9,y = — myhy — 2hpbpn’ (2.48)
and
. aWi
E == my@; — L@@ = — a_;(p_) (2.49)

where W(¢) is the superpotential with each @, replaced by ¢,. The last of
these equations shows that the fields F; are merely auxiliary fields which may
now be eliminated. (This results from there being no derivatives of the F; in
the Lagrangian.) Using (2.49) the Lagrangian becomes

L= 3;&01‘% 3“g; + 1y, 0" 9, — F'F,
-G M + A @x + HC)
= 0,01 0% + 1 P,5" 9,9 ~ Imyq; + Aol
— Gmpap; + ;@ + HC). (2.50)
In particular, the tree level effective potential V is given by
V =F'F,=|FJ] (2.51)
with

Ff=— IW(e) (2.52)
0P,
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asin (2.49). Itis not too difficult to show (Exercise 2.5) that (2.51) and (2.52)
hold for any superpotential W(®) (not just the renormalizable form of
(2.45)) provided that the ‘kinetic term’ in the Lagrangian is of the minimal
form [®;"®,],, of (2.45), and there are no interactions coupling the chiral
superfields to other fields. The tree level effective potential for supersym-
metric theories of chiral superfields thus has the remarkable property of
being positive semi-definite. (We shall see in Chapter 3 that V remains
positive semi-definite when the chiral superfields are coupled to vector
superfields.)

2.6 Feynman rules for chiral supermuitiplets

For the purpose of performing Feynman diagram calculations it is usually
more convenient to use Majorana spinor fields rather than Weyl spinor fields
(partly because most particle physicists have developed a facility for using
Dirac y-matrices rather than Pauli spin matrices.) The Lagrangian (2.46)
may be cast in terms of Majorana spinors by using the identities (see (1.86))

VY, =y, + i (2.53)

U5V, = — w, + P, (2.54)
and

Ty, =o' s, + Po* 8,y = 295 3,y (2.55)

dropping a total divergence, where ¥ denotes Majorana spinors and y
denotes Weyl spinors. Thus,

F =0, 0% p; = |mye,; + iijk§0j¢k|2

1=
+

2

7“0V = Fmy W, — %K (VW) — ¥, 5% g

NFP NS}
=

(‘T’i‘l’j + ‘I’i?’s‘l’j)(Pk+ (2.56)

and the Feynman rules for vertices are
J

"'7 ¢ —idpl—vs) (2.57)
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When

the Majorana spinor propagator is
J
. 10if

D T (2.60)

2.7 Mass and coupling constant renormalization

A very important property of supersymmetric theories is the lack of infinite-
mass renormalization other than by renormalization of the wave function.
As we shall see in Chapter 6, this means that once the hierarchy of mass
scales between the electroweak scale (10°-10° GeV) and the grand unifica-
tion scale (10'°~10" GeV) has been established at tree level, the hierarchy is
not destroyed by radiative corrections. This phenomenon may be illustrated
by considering a simple model with three superfields @, ®, and ®_, with the
first two of these superfields having no mass term, and the third having a
large mass. In a non-supersymmetric model we would normally expect mass
renormalization to induce a large mass, proportional to m,, for ®, and ®,,.
Here we shall find that it does not.
The superpotential for the model is

w(@,,o,,P,)=10,0,D. + m,P,P, (2.61)
with corresponding F-terms
. ow
Fi=— = 2.62
* P N (2.62)
==Y e (2.63)
7 a(py
F; = - W == AQUX(;O}, - my,p, (264)

0
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and Lagrangian
L= 0,0, 0" g + " 8“py + 8,0, 0 .
+ %\foy” 0,V + %‘ffyy” a,¥, + %‘szy” a,V,
- @) 00 0. + 000 0. + 0 0.0, 0,)
—mig. g, — imAg 0 0. + 09,7 — mj VP,
A, - ) - T+ Tl

— - 1= - .
(\I'rxlpz - ‘"nyS\Pz)q)y - E(\I}xwz + \PXVS\PZ)(py

N2 e N

— — A= — N
(\qu,z - \I’yVS\Pz)(pX - 5 (\P‘yxpz + \P‘y)/S‘"Pz)gax :

The corresponding Feynman rules for vertices are then

b4
\\ //Z
L |
/\/\ T —iA? etc
v \\
5 y
N
4—2-—2—2(1—;/5) etc
2
X
y

.».z_; —%(1-{- ys) etc

z .
D= —idm,
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(2.65)

(2.66)

(2.67)

(2.68)

(2.69)
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y
\\
»*

S—l—1 —iim,. (2.70)
rd

'
X

In supersymmetric theories it is necessary to use a regularization pro-
cedure for Feynman diagrams that manifestly preserves supersymmetry (at
least at low loop orders). A suitable procedure is dimensional reduction
regularization’® ™ in which the Dirac gamma matrix algebra is worked out
first in four dimensions, and the momentum integrations are then performed
in d = 2w dimensions. Using dimensional reduction regularization, the one-
loop diagrams involving m, contributing to the renormalization of the ¢,
mass are

R
{ 2a1
} d 1
\ =} 1
- \-M/_—b_ {(zn)zw (CI ) (2 )
X X
y
. d P dg 1
- - = wTr((I-i-/) I -
e ST
2
d*¥g 1
=—2)° J 2.72)
e =) (
and
y
-
X V4 N x d2w 1
- \ 12,2 q
. | G e @
S
Z
Thus,
. d2w 1
sum of diagrams = — A” ! (27[)[{1? =0 (2.74)

using the usual prescription for this quadratically divergent integral. We
therefore conclude that there is no contribution to the mass renormalization
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of m2 proportional to mZ. Consequently, the presence of the large mass m, in
the theory does not induce large masses for m, and m, through radiative
corrections, and a mass hierarchy can be preserved. This is an essentially
supersymmetric effect because cancellations are occurring between the
diagrams involving fermion loops and those involving boson loops, and the
cancellation depends on a particular relationship between the Yukawa
coupling and the ¢* and ¢* couplings.

In supersymmetric theories of chiral superfields there is also no infinite
renormalization of coupling constants other than by wave function renorma-
lizations. This can also be illustrated by considering the simple model (2.61).
The one-loop diagram contributing to the renormalization of the vertex
\px(l - VS)\Ify(pz is

_ (&)3 [ g 1
2) | @ry** (¢ — m2)
X (I —ys) ;1,(1 = ¥s) ;1?;(1 + ¥s)
=0 (2.75)

because (I — ys5)(I + ys) is zero. In the next section we shall indicate the
origin of these remarkable results.

2.8 Non-renormalization theorems

The results of §2.7 are a special case of a general non-renormalization
theorem which may be stated as follows.

The superpotential (for an N = 1 supersymmetric theory) is not renorma-
lized, except by finite amounts, in any order of perturbation theory, other
than by wave function renormalizations.

The proof of this theorem depends on supergraph techniques that allow
several Feynman diagrams involving different component fields belonging
to the same supermultiplets to be calculated simultaneously. Although we
do not discuss these techniques here (a detailed discussion may be found in,
e.g., Srivastava®, Wess and Bagger'® or West(”), we sketch the ideas
involved in deriving the above theorem. In the absence of massless fields
even renormalization of the superpotential by finite amounts is disallowed.
However, subtleties arise in the presence of massless fields® and finite
renormalizations can occur beyond one-loop level even in the massless
Wess—Zumino model.

It is necessary first to write the Lagrangian as an integral over the
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Grassmann variables 6 and 6 (over superspace). As discussed in references
9, integration over Grassmann variables is defined such that

[d0“=Jdé"‘=0 (2.76)

and

{d@“@‘*:Jdédéd: 1 (2.77)

with no summation over « or @ implied. This allows an arbitrary function of
6 and 4 to be integrated, because for Grassmann variables we need never
consider powers higher than the first power of any component of 6 or 6.
Multiple integrals are interpreted as iterated integrals. Volume elements in
superspace are defined by

d’0=-%dodo = —1do*de, (2.78)

d*§= - 3d6d6 =~ 1db,dee (2.79)
and

d*e = d%*9 d%6. (2.80)

It then follows from (2.76) and (2.77) that the non-zero integrals over
superspace are (Exercise 2.5)

sze 6° = Idzé 6*=1. (2.81)

The Lagrangian (2.44) may now be written as
¢ = Id“@ Z @D, + ( J &0 W(d) + HC) (2.82)

because the superspace integrations project out D- and F-terms as a result of
(2.76) and (2.81).

The non-renormalization theorem derives from the observation that in
supergraph perturbation theory any radiative correction to the effective
action can be written as a single superspace integration [ d*6 over a product
of quantities that are local in 6 and 6 with no factors of superspace
O-functions. The superpotential term in (2.82) is rot of this form because it
involves only [ d?6 and can only be written as an integration over d*6 by
introducing a superspace -function 6(6). Consequently, the superpotential
undergoes no (direct) renormalization. On the other hand, the ®;"®; terms
in (2.82) are renormalized, in general, resulting in wave function renormali-
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zations. Thus, any renormalization of masses and coupling constants is due
entirely to wave function renormalization.

2.9 Spontaneous supersymmetry breaking

There is clearly a need for supersymmetry to be broken in realistic models
since we do not see scalar particles accompanied by fermions degenerate in
mass with them, nor vice versa. In this section, we discuss how supersym-
metry breaking may arise by spontaneous breakdown of symmetry in a
theory with a supersymmetric Lagrangian. Let us consider first ways of
recognizing when supersymmetry is spontaneously broken. The criterion for
spontaneous supersymmetry breaking is that the physical vacuum state |0)
should nor be invariant under a general supersymmetry transformation.
Equivalently, |0) should not be annihilated by all the supersymmetry
generators, i.e.

0./0) # 0 or 04/0)#0 (2.83)

for some «, for spontaneous supersymmetry breaking. This has implications
for the energy of the ground state because (2.4) can be used to relate the
Hamiltonian to the supersymmetry generators. With the aid of the identity

Tr(0“5") = 6%4(5")P = 2 (2.84)
equation (2.4) can be inverted to obtain

P’ =4@")"*{Qu. 05) (2.85)
as discussed in §1.3. In particular, the Hamiltonian is

H=P"=40,0i + 0iQ; + 0:0; + 0:0,) (2.86)

where O is the Hermitian adjoint of Q. Thus, H is positive semi-definite.
When supersymmetry is unbroken in the vacuum state this state has zero
energy, and when supersymmetry is spontaneously broken in the vacuum
state it has positive energy. As aresult, whenever a supersymmetric vacuum
state exists as a local minimum of the effective potential it is the global
minimum. If there is more than one supersymmetric vacuum, they are all
degenerate in energy with zero energy. For the global minimum of the
effective potential (the physical vacuum) to be non-supersymmetric it is
therefore necessary for the effective potential V to possess no supersym-
metric minimum. Generic forms of V for unbroken supersymmetry and
spontaneously broken supersymmetry are shown in figures 2.1, 2.2 and 2.3.

Another perspective on spontaneous breaking of supersymmetry is ob-
tained by observing that the supersymmetry breaking must arise from some
fields in the theory having vacuum expectation values (VEvs) that are not
invariant under supersymmetry transformations. In a theory of chiral
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—»
¢

Figure 2.1 The generic effective potential V for unbroken supersymmetry, where ¢
is the vEV of some scalar field.

superfields, the only one of the supersymmetry transformation laws (2.35)—
(2.37) whose expectation value can have a non-zero right-hand side, without
breaking Lorentz invariance, is (2.36). Thus, the mechanism for spon-
taneous supersymmetry breaking is for

(0]6,0) = V2 &O|F;|0) (2.87)

to be non-zero for some chiral supermultiplet @;, i.e. for one of the auxiliary

Figure 2.2 The generic effective potential V for unbroken supersymmetry with two
supersymmetric vacua where ¢ is the Vv of some scalar field.
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vl

Figure 2.3 The generic effective potential V for spontaneously broken supersym-
metry where ¢ is the vev of some scalar field.

fields F; to have a non-zero vacuum expectation value, where in terms of
physical fields F; is given by (2.52). Thus in theories of chiral superfields F; is
the order parameter for spontaneous supersymmetry breaking.

(O|F|0y = 0 for spontaneous supersymmetry breaking. (2.88)

It may be seen from (2.51) that when such F-term supersymmetry breaking
occurs the value of the effective potential in the vacuum state is positive.
This is consistent with the general conclusion derived from (2.86). (We shall
see in Chapter 3 that another mechanism for spontaneous supersymmetry
breaking exists for supersymmetric gauge theories with a U(1) factor in the
gauge group. This involves a vacuum expectation value for the auxiliary field
D of a vector supermultiplet instead of the auxiliary field F of a chiral
supermultiplet. We shall also see in Chapters 4 and 5 that other mechanisms
for supersymmetry breaking are possible in supergravity theories. )

Once spontaneous supersymmetry breaking has occurred a massless
Goldstone fermion is expected to appear because the supersymmetry
generator is fermionic, much as a Goldstone boson appears when ordinary
global symmetries are spontaneously broken. When a single auxiliary field
F; acquires a vev the Goldstone fermion will be the spinor ; in the
supermultiplet @, to which F; belongs. This is in exact analogy to the
Goldstone boson in a theory of spontaneously broken ordinary global
symmetry being in the same multiplet as the scalar that develops a vEv. The
Goldstone fermion is potentially a problem for globally supersymmetric
theories. However, we shall see in Chapters 4 and 5 that when global
supersymmetry becomes local supersymmetry in supergravity theories the
Goldstone fermion is ‘eaten’ by the gravitino to give the gravitino a mass,
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Figure 2.4 The effective potential V for the Wess—Zumino model (for m > 0).

just as Goldstone bosons are ‘eaten’ by gauge fields when an ordinary global
symmetry becomes a (local) gauge symmetry.

2.10 F-term supersymmetry breaking

It has been observed in §2.9 that in globally supersymmetric theories of
chiral superfields supersymmetry breaking occurs via the auxiliary field F;in
some chiral supermultiplet ®; acquiring a vev. It has also been observed
that, in a globally supersymmetric theory, whenever a supersymmetric
vacuum state exists as a local minimum of the effective potential it will be the
global minimum, since it has zero energy whereas all vacua in which
supersymmetry is spontaneously broken have positive energy. Thus, to
obtain a theory with spontaneously broken supersymmetry it is necessary to
ensure that the effective potential has no supersymmetric minimum. This
considerably restricts the possible forms of the superpotential. In particular,
any superpotential of the form (2.45) that does not contain terms linear in
the superfields can never produce spontaneous supersymmetry breaking
because there is always at least one solution of

Ff=-— W_9 for all i (2.89)

0P;
obtained by taking all expectation values ¢; equal to zero, which is a
supersymmetric minimum. For instance, for the Wess—Zumino model
W(®) = $ m®* + 319° (2.90)
there are two supersymmetric minima, one at ¢ =0 and the other at
@ = —m/A. (See figure 2.4.)
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The renormalizable superpotential (2.45) may be generalized to include
terms linear in the superfields by writing

W(®) = f®; + 3 m;®, @, + $1,, .29, (2.91)

Even then supersymmetric minima of the effective potential generally arise
except for carefully chosen numbers of superfields and values of coefficients
in (2.91). The simplest example of a model without any supersymmetric
minima is the O’Raifeartaigh model which has three chiral superfields @,
®, and @3 with superpotential

W(Dy, @;, @3) = 4, D1(P5 — M?) + u®,@5. (2.92)
For this model,
aWw 5
—-F'=—=A(ps - Mz) (2.93)
9,
oW
~Fr=2" = 2.94
2 = g T (2.94)
ow
-F'= o 209193 + U@, (2.95)
@3

and there is no solution with F;, F, and F; all zero. Thus, supersymmetry is
spontaneously broken.
For M? < %242, the absolute minimum of the effective potential

3
V= Z |F? = Alg3 — M1 + 1l@s? + lugs + 24,0105 (2.96)
i=1
occurs at
(p2) =(p3)=0 (2.97)

and (¢;) is undetermined (i.e. the potential has a flat direction). At this
absolute minimum,

F' = M? F'=F"=0 (2.98)
and
V=iiM*>0. (2.99)

Because F) is non-zero we expect that ¥, is the Goldstone fermion. This
may be verified by looking at the fermion mass matrix given by the
Lagrangian terms &%, as in (2.50),

Ef, = = Homy + 22d@) )y s + He (2.100)
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which is unaffected by the terms linear in the ®; in the superpotential. For
the present model,

My3 =Mz = U (2.101)
and

Aizz = A3y = Az = Ay (2.102)
with all other m,; and 4, equal to zero. Then,

L= = 3223 + 22 @1)y3 + HO). (2.103)

Thus, v, is massless as expected, and there are two massive combinations of
¥, and y4. If we assume for convenience that

ZVE (2.104)
these are two Weyl spinors of mass u4. Equivalently, defining

v = (ig) (2.105)

we have
P = — y¥y (2.106)

corresponding to a single Dirac spinor of mass u.

The bosonic masses may be obtained from the |F,|* terms in the super-
potential after shifting the complex scalar fields by the vEvs. Then, with the
expectation values (2.97) and (2.104), the bosonic mass terms £5 are

PE = 13MA (@5 + (937)) — (@2 @s + @37 93). (2.107)

If we define real scalar fields a5 and b3 by

1 .
Pz = W (03 +1 b3) (2108)
this becomes
$B = — Yu? = 23MD)ak - Y12 + 23MP)bE — 120, (2.109)

Thus, the complex scalar field ¢, is massless, the complex scalar field ¢, has
mass i, and the real scalar fields a5 and b; have masses

mi =y’ — 2A3M? (2.110)
and
mi, = p? + 24M?2. (2.111)

This means that ¢, and ¢, are still degenerate in mass with their super-
partner fermions y; and vy, even in the presence of supersymmetry break-



EXERCISES 53

ing. On the other hand, supersymmetry breaking manifests itself by a; and
b; having masses that differ from the mass u of their superpartner ;. The
reason for this outcome is that only the superfield ®; couples to the
superfield @, containing the Goldstone fermion in (2.92). '

It will be noticed that although m, and m,, differ from m,,, it is
nonetheless the case that

mZ, + mg, = 2u* = 2m2, (2.112)

just as in the absence of supersymmetry breaking. This is a special case of the
general tree level result!!? for theories of chiral superfields

STr M2 = Z (-1)XQJ+ )m2=0 (2.113)
J

where STr M? (the supertrace) denotes the trace of the mass-squared matrix
over the real fields, of spin J. In the presence of supersymmetry breaking
equation (2.113) is modified by radiative corrections. It is also modifted in
theories containing vector superfields if D-terms develop VEvs.

The supersymmetry-breaking scale M2 may be defined as the expectation
value of the F-term responsible for supersymmetry breaking. Thus, in the
present case,

M?=i M (2.114)
Casting (2.110) and (2.111) in terms of M2,

mi, = u* — 20 M? (2.115)
and

myp, = u* + 24, M?2. (2.116)

Thus, the squared-mass splittings within supermultiplets resulting from
supersymmetry breaking are on the scale of A;MZ2. It is possible for this scale
to be much smaller than the supersymmetry-breaking scale M if the
coupling 4, of the other chiral superfields to the Goldstone fermion super-
field is small.

Exercises
2.1 Derive (2.6) for the product of two group elements associated with the
supersymmetry algebra.

2.2 Show that P,, Q, and Q, defined by (2.11)—(2.13) realize the super-
symmetry algebra.

2.3 Derive the anti-commutator (2.16) amongst fermionic covariant de-
rivatives and generators of the supersymmetry algebra.
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2.4 Show that the tree level effective potential is
V= ’Filz
where

o _aw
9p;

i

for any superpotential W(®d,) when the ‘kinetic term’ in the Lagrangian is of
the minimal form [®,'®;] .

2.5 Show that

Jd2002=Jd2ééz= 1.
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LAGRANGIANS FOR VECTOR
SUPERFIELDS

3.1 Introduction

We saw in Chapter 1 that the general (on-shell) representation of supersym-
metry has (particle) states | p, 1), of momentum p and helicity 4, together
with the (‘sparticle’) states Q5| p, 1) ~ |p, 4 — 1), having the same momen-
tum but half a unit less helicity. Thus the simplest realization involves a
(Weyl) spinor field y,(x) and a scalar field ¢(x), so the known fermion fields
(quarks and leptons) have (yet to be discovered) scalar superpartners (the
squarks and sleptons). We have seen also that to extend this to an off-shell
realization it was necessary to introduce an auxiliary field F(x), and that the
three fields may be elegantly viewed as the component fields of a ‘chiral’
superfield ®( y, 6). Any renormalizable supersymmetric field theory involv-
ing just scalar and spinor fields can then be formulated most succinctly in
terms of products of chiral superfields, as was shown in Chapter 2. However,
the quarks and leptons, and therefore the squarks and sleptons, all partici-
pate in gauge theories, quantum chromodynamics and electroweak theory,
which of course involve gauge vector bosons. Thus to formulate a supersym-
metric version of quantum electrodynamics, for example, we shall certainly
have to involve the vector supermultiplet, which involves the photon and its
spin-} partner the photino, and we might reasonably expect that a superfield
description of these should also exist.

In the following section we shall construct the vector superfield; in general
it includes four auxiliary scalar fields as well as an auxiliary fermion field.
However, we can utilize the gauge invariance of the theories in which this
superfield is deployed to eliminate all except one of these fields, the so-called
D-field. This is shown in §3.3. In fact this D-term provides another way to
break supersymmetry, besides the F-term method described in §2.9. This
method is described in §3.5. In order to construct gauge-invariant kinetic
terms for the vector potential A,(x) in quantum electrodynamics, it is of
course essential to introduce the electromagnetic field strength tensor
F,.(x). To make this theory supersymmetric, therefore, we must also
construct a field strength superfield, as well as the U(1) gauge-invariant and
supersymmetric Lagrangian. This too is done in §3.3. In §3.4 we investigate
spontaneous symmetry breaking of a global and local U(1) gauge invariance
in the context of a supersymmetric theory. Then besides the Goldstone
boson which arises when the global symmetry is broken, the (unbroken)

DOI: 10.1201/9780367805807-3
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supersymmetry ensures that there is a massless Goldstone fermion. Simi-
larly, when the local symmetry is broken, besides the massive gauge boson
the supersymmetry ensures the existence of a massive gaugino. The general-
ization of these ideas to non-abelian gauge theories is discussed in §3.7 and
illustrated in §3.8, in which we construct a supersymmetric version of
electroweak theory. Finally, in §3.8, we derive the renormalization group
equations for the gauge coupling constants in a general supersymmetry
gauge theory. Applying this to the standard SU(3) x SU(2) x U(1) model
we find that the gauge coupling constants achieve a common value at a
unification scale of under 10'® GeV, thereby supplying the best (circumstan-
tial) evidence to date for supersymmetry (and grand unification).

3.2 The vector superfield

The vector supermultiplet includes a (massless) vector particle (with helicity
eigenstates +1) together with the fermionic gaugino (having helicity eigen-
states +3). We therefore seek a ‘vector’ superfield involving a real gauge
field V,(x) and its fermionic partner 4,(x). It suffices to start with a Lorentz
invariant superfield F(x, 8, 8). This may be expanded in powers of 8, 8 up to
and including quadratic terms in both 8 and 6. (Any cubic or higher powers
necessarily vanish because of the anti-commutation properties.) Using just
these fermionic coordinates, we saw in §1.2 that we can construct the
Lorentz scalar quantities 86 and 66, and the vector 80“9 = — 6g*6. The
only candidate tensor quantities 60“*0 and 63“*f vanish identically. Thus
without loss of generality we may write any Lorentz invariant superfield in
the form

F(x, 0, 8) = f(x) + 0p(x) + 0%(x) + 80m(x) + 66n(x)
+ 0046V, (x) + 666 (x) + 666vy(x) + 666d(x) 3.1)

where f, m, n, d are scalar fields, V', is a vector field, and ¢, y, %, 4 are Weyl
spinor fields. If we require that F(x, 6, 8) is real:

F(x, 0, ) = F(x, 6, 6) (3.2)
then the properties derived in (1.78), (1.80) give

f=r* V,=V,* d=d* (3.3a)

m* =n Q= A= (3.3b)

Then the superfield F has two (Weyl) spinors each with two complex
components, giving a total of eight real fermionic degrees of freedom. These
are matched by the total of eight (real) bosonic degrees of freedom
comprised by f(1), d(1), m(2), V,(4). It is convenient to rewrite this
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superfield using special field combinations for the coefficients of the 660,
066 and 8666 components of F. Instead of (3.1) we write
V(x, 6,0) = C(x) +1i60x(x) —i0%(x) +3i668[M(x) + i N(x)]
—3160[M(x) — i N(x)] + 680*6V (x)
+1606|i(x) + %a# aﬂx(x)} — 1666 [A(x) + % o 8,7(x)
+30666[D — %4, ¢“C] (3.4)

where C, M, N, D are real scalar fields. As before, y, A are Weyl spinor fields
and V,, is a (real) vector field. There is, of course, no loss of generality in
using the form (3.4), rather than (3.1), since the extra terms in the
coefficients merely use (correctly Lorentz transforming) fields constructed
from those used elsewhere. However, there is also no immediately apparent
advantage. The advantage becomes clear when we derive the transform-
ation properties of the component fields under a supersymmetry transform-
ation. (We shall find that the fields V,,=48,V, —4,V,, 4, 4, D form a
representation of the supersymmetry algebra by themselves.) The reason
for this is that with the form (3.4) the components can all be written as
covariant derivatives of the superfield V, evaluated at 8§ =6 =0. For
example, it is obvious using the definitions (2.14) and (2.15) that

Vi=C (3.5)
DV| =iy, DV =—-i7 (3.6)

where the vertical line signifies evaluation at 8 = § = 0. With a little more
work, and the use of the results of §1.3, we can also see that

D?DV|=—4il, D?*=D.V|=4il, (3.7
where we use the notation

D*=D°D, D?= D D¢ (3.8)
introduced in (1.75), and

D*= e"‘ﬂDﬂ =~ 6_6«9_ +1i e"‘ﬂo’gﬂ'éﬁ 0, (3.9a)
Dé=e%D; = —5 — i e¥0Pat; 9, (3.95)

Similarly we find

(Do, Ds]V| = 2044V, (3.10)
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DPD*D V| = 485D + 2i(6*5")V,, (3.11)
where

Vi=49,V, -3V, (3.12)
is the (U(1) gauge-invariant) field strength. It follows immediately from
(3.11) that

D*D?D_,V| = 8D. (3.13)

It is now straightforward to determine the transformation properties of the
components under an (infinitesimal) supersymmetry transformation. We
use

6V =i(Q + EQ)V (3.14)
with Q, Q given by (2.12), (2.13). For example

6C=i(EQ + EQ)V| = (ED + ED)V| = i(&x — &%) (3.15)
using (3.6). In the same way we find
ol = — % (€D + ED)D*D,V| = — i D&, — K0“5") P&V, (3.16)
OVH = i(EgH A — Ao E) — *(Ex + EX) (3.17)
oD = 3,(—E0*} + AotE). (3.18)

Then it follows from (3.17) that the transformation property of the field
strength V, is given by

SV = (EaV] — 10"E) — 1 9¥(Ea*) — Ao"E). (3.19)

Thus, as claimed, 4, 4, V,~and D form an (irreducible) representation of the
supersymmetry algebra, by themselves. Note also that the variation of the
D-field is a total divergence. The dimensions of the fields in the ‘vector
supermultiplet’ are fixed by requiring that the vector field V), has its
canonical dimension

[V]=1. (3.20)
Then since D, like Q,, has dimension 3 it follows that

[6]=[6]= -3 (3.21)
and then

[C]=0 (3.22a)

[=3=0 (3.22b)

[M]=1=[N] (3.22¢)
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[A]=3=[4] (3.224d)
[D] = 2. (3.22¢)

So, as noted in Chapter 1, the highest-dimension field (D) in the supermul-
tiplet must transform as a total divergence. Further since 4, 0“C also
transforms as a total divergence, we see that D — % a,0%C does too and so
therefore does the entire coefficient of 8066 in V(x 6, 6). This is the
justification of the claim in §2.5 that the variation of the D-term in a vector
superfield is a total divergence.

Since the only requirement (3.2) for a vector superfield is that it be real, it
is easy to construct a particular example of one using the chiral superfield ®
and the anti-chiral superfield ®' given in (2.27), (2.28). For instance

(P — @) =i(p — @) +1V2(0y — 6) +100F — i ééF*

- 600%09,(p+¢") — —\172 606G“ o,y + —= \/i 6660" 3,9
- 11660646, (¢ — ¢") (3.23)
has the form (3.4) with

C=i(p—¢") (3.240)
x=V2y (3.24b)
M+iN)=F (3.24¢)
Ve=—08,¢p+¢") (3.24d)
A=0 (3.24¢)
D =0. (3.24f)

Of course, for this identification to work the dimension of the fields ¢, v, F
must be shifted by one unit from the canonical dimensions (1.175), (1.179),
(1.194) which they are assigned in order to make the usual identification
with quarks, leptons etc. Nevertheless the force of the observation (3.24)
becomes clear when we note that the vector potential V), for the superfield
i(® — ®") is a pure U(1) gauge transformation, and thls suggests how to
make a supersymmetric generalization of gauge invariance.

3.3 Supersymmetric gauge invariance

We start with the familiar local U(1) gauge invariance (of Qep). Under such
a gauge transformation the vector potential transforms as

V.(x)—V,/'(x) = V,(x) + 3,A(x) (3.25)
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where A(x) is a ‘gauge function’. The discussion at the end of §3.2 suggests
an immediate way to supersymmetrize the transformation (3.25). Since V/, is
a component of the vector superfield (3.4), and 9,A =3,(¢ + @") is in
i(® — ®*), Wess and Zumino'V suggested that the superfield transforms as

V(x,8,0)— V'(x, 6, 0)=V(x,0, ) +i[®(x, 8, §) - d'(x,0,0)] (3.26)

under a U(1) gauge transformation. In fact, it is clear from (3.24) thatin a
gauge theory the fields C, y, M, N are not physical degrees of freedom, since
they can be ‘gauged away’ by a suitable choice of ¢ — ¢, v, F while still
leaving A = @ + ¢ arbitrary. Then in the ‘Wess—Zumino gauge’ the vector
superfield is

Vwz(x, 6, 6) = 60*0V,(x) + 1666A(x) — i 0604(x) + 366066D(x)  (3.27)

and from (3.24) the fields 4, 4, D are gauge invariant while V, transforms as
in (3.25). Note that in the Wess—Zumino gauge the field D, which from
(3.18) transforms as a total divergence, is the coefficient of #968. Also all
powers V% with n > 2 vanish, since they will involve at least °.

The only non-zero power is

Vivz(x, 6, 0) = — (66“0) (657 6)V, V, = 36660V*V, (3.28)

using (1.74a) and (A7). Such a term supplies a mass for the vector field, and
thereby breaks the gauge invariance. Since the massive vector theory is not
gauge invariant, the degrees of freedom C, y, M, N are physical and cannot
be gauged away. In fact, as is clear from their dimensionality (3.22), the field
C supplies the longitudinal mode of the vector field, while yx, ¥ supply the
extra degrees of freedom for the massive gaugino field.

To construct a supersymmetric gauge field theory we need first to
construct the field strength superfield, and secondly to couple the vector
superfield to the charged (chiral) matter superfield in a gauge-invariant way.
We have already observed that the fields 4, 4, V.»and D form an irreducible
representation of the supersymmetry algebra, and that all of these fields are
gauge invariant. This suggests that the field strength superfield is a spinor
(chiral) superfield, since the lowest-dimension field is 4, with [A,] =3 = [1]
while [V,,] =2 =[D]. It is easy to construct the required superfield W,
using covariant derivatives. Let

W,=D*D,V. (3.29)
Then from (3.7)
W, =4id, (3.30)

and we see that the lowest-dimension field is 4, as required. Also, it follows
from (3.29) that

D;W,=0 (3.31)
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since
D3D;Ds =0 (3.32)

automatically. Thus W, is a chiral superfield satisfying the constraint (2.20),
which means that it has the general form

Wa(ya 0) =4 ;La(y) + 6ﬂ¢aﬁ(y) + eeFa(y) (333(1)
as in (2.25), with
y* = x* + 160" (3.33p)

but now @, is a bosonic field and F, a spinor field. It follows from (3.32),
(3.28) and (3.11) that

DgW,| = @up = DgD*D, V| = €3,[402D + 2i(0“G"),V,,]. (3.34)
Also, using (2.17) and (3.7)
D*W,| = —4F, = D*D*D,V| = D*[D?, D, V|

= DADy{D,.. D#} - {D,, D3} D#)V|

= —4i0#;0,D2DPV| = — 16044 5,4% (3.35)
So substituting into (3.33a) gives the field strength superfield
Wiy, 0) = 4i 2a(y) = [40.°D(y) + 2i(045")oV, ()15

+46%04,; 9,44 (3.36)

with y given by (3.33b). To construct the (gauge-invariant) supersymmetric
pure gauge theory we want the F-component of W*W,,, since, as shown in
Chapter 2, this transforms as a total divergence under supersymmetry
transformations and therefore yields an invariant action. A simple calcu-
lation yields

H(WeW,)p = — V9V, +idc* 8,4 — {V*(*V,,) + iD* (3.37)

where

Vi =5 gV (3.38)

€

is the dual field strength tensor. We can use (3.37) as the supersymmetric
generalization of the familiar kinetic terms —%VWV’” of the U(1) gauge
field, since the term involving *V,, is a total divergence and so does not
affect the equations of motion. The D-field is an auxiliary field which can be
eliminated using the equations of motion. The gaugino contribution can be
rewritten in terms of the (four-component) Majorana spinor
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Am = (/}z) (3.39a)
A
140" 8,4 = 3Amy* 9,Am (3.39b)

(dropping a total divergence again).

To go beyond a pure gauge theory we also require a supersymmetric
version of the interaction of the gauge field with (charged) matter. The
conventional wisdom is that the known matter fields {quarks, leptons, Higgs
(7)) are all described by chiral superfields, whose properties were discussed
in Chapter 2.

To describe a charged massive field, such as an electron, we must include
both its left and right chiral components (and of course the left and right
chiral components of the anti-particle). Thus for a massive charged super-
field we need to employ two (left) chiral superfields, @, and ®,. Then the
complex chiral superfield

1 .
transforms under a U(1) gauge transformation as
S— 8" =exp(—2igA)S (3.41)

where to avoid confusion now (and henceforth) we denote the scalar chiral
superfield associated with the gauge transformation by A (rather than ®).
The reason for the factor 2 in the exponent will become apparent later. Then

\N \;(<I>1 —i®,) (3.42)
transforms as
§*— 8% = ST exp(2i gA"). (3.43)

Now consider the combination ST exp(2gV)S with V the vector superfield
(3.4) which transforms as

VoV =V+i(A—-AY) (3.44)

under a U(1l) gauge transformation, as in (3.26). Then it is easy to
demonstrate that the quoted combination is U(1) gauge invariant, since

S* exp(2qV')S’ = S" exp(2i gA") exp[2qV + 2i g(A — AT)]
x exp(—2i gA)S = " exp(2gV)S. (3.45)

In the same way we can show that if we define
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Il

T=5(@ i) (3.46

then

T— T =exp(2igA\)T (3.47)
and the combination

T" exp(—2qV)T = T"" exp(—2qV")T' (3.48)

is also gauge invariant. Both (3.45) and (3.48) are real superfields, since V
is, so the D-terms of each yield a supersymmetry-invariant action. As in
Chapter 2, we construct mass terms using just left (or just right) chiral
superfields. From (3.41), (3.47) ST, and therefore also S*T", is U(1) gauge
invariant, and the required mass term is given by the F-term of
m(ST + STT"). Putting all this together yields the Lagrangian for the
supersymmetric U(1) gauge-invariant theory

L=s(WeW)r+ (S7e2S+ T e 2Ty + m(ST + S™T"). (3.49)
In the Wess—Zumino gauge (3.27), the exponential
e?wz =1+ 2qVwz + 2¢°Viz (3.50)

since Viz = 0, n > 2, as already noted. The leading term of the exponential
contributes

(STS + T“‘T)D = (®1+(D1 + ¢2+¢2)D (351)
and the mass terms
m(ST + S* TN = im(®,® + ®,%)r + HC (3.52)

just asin (2.44), (2.45). The appearance of interaction terms proportional to
g and ¢ is also to be expected since in a supersymmetric theory there must
also appear interactions of the gauge field with the (charged) scalar particles
(squarks, sleptons) which are the supersymmetric partners of the known
matter fields.

It is straightforward in principle, although tedious in practice, to express
(3.49) in terms of the component fields of superfields S, T, V. We write S in
the form (2.27) involving (¢s, ¥s, Fs), T in the same way but involving
(971> 7, Fr), and V in the Wess—Zumino gauge (3.27). Then

(8Te*S)p = (D#QDS)T(D’I(PS) +iygo# DﬂW’s
+ F5'Fs +1V2q(psTysi — osipsh) + qos os D (3.53a)
where

D= 9% +iqV*. (3.53b)
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So using the earlier results (2.46), (3.37) we find
£ = (D;4¢s)+(D’4¢s) + (D,u(Pf)(D“(PFY +1iys0* D, s
+iyro” Dpr + Fi'Fs+ Fr'Fr+iV2q(ps'ys — gr wr)h
+1V2q(@rpr — @sPs)A + 4(@s'es — 7 ¢1)D
+m(gsFr+ @rFs + ¢’ Fr' + o7 Fs' — wswr — Psipr)
— VLV +iko* 8,4 + D% (3.54)

The fields Fs, Fr, D are auxiliary, since their derivatives do not occur. Using
their field equations

Fs+ mes =0= Fr+ mgg (3.55a)
D+ q(ps'ps — o7’ 9r) =0 (3.55b)
we may eliminate them and obtain
£ = (Dups) (D ps) = m*es'gs + (D, ¢r)(D*7r") = m*pr o7
+iyso” Df@s +iyro” Dapr — mysypr — mysyr
+iV2q(@s'ys — or v +iV2q(erPr — @siis)
-3 (s os — 91 @r)’ — IV, V¥ +iko* 9,4 (3.56)

Finally we combine the Weyl spinors ¢ g, ¥ 7to construct a Dirac spinor, asin
(1.83). We take

v = (%ﬁ;) (3.57)

and use the Majorana spinor Ay, defined in (3.39). Then
£=iVy“ DY - m¥¥ + (D,ps) (D*ps) — m*es' gs
+ (Do) (D er) — mor' or — 3¢%(@s ¢s — 91 @r)’
+ % [AmYi(gs  + ¢7) + Auivs¥(er — @s)

— VAui(es + @7) + ¥iysAuler — @s)] — 3V, V™
i+ ¢
Comparing with the gauge-invariant U(1) field theory described in Chapter

9 of Bailin and Love'?, for example, we see that the Dirac field ¥ has charge
g, as do @5, @7 . Besides the usual minimal couplings of the charged fields
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¥, @s, @7 we note that the supersymmetry has forced the fields to have the
same mass, as expected, but has also completely determined the self-
couplings of the scalars as well as coupling the scalars to the (massless)
gaugino field Ay;. The Feynman rules for the vertices are

¢ —igy, (3.59)
s
\\ PI .
S L —ig(p +p'), (3.60)
s
P
T
\ ’
Y ne :
y\IVVU . lfI(P +p )/4 (361)
T /{P
() 's (7
N /
\\ //
3¢ ¢ —2ig? (3.62)
/7 \\
g \
(1 s s (1)
\r 7-/
AN //
. 2
< s g (3.63)
< // \\
v N
s B
N
N
Y g8, (3.64)
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\T B
AN
C 98 (3.65)
1/ v
Vd
S, —4
- —(1- 3.66
> \/i( 75) ( )
<=2t 214y (3.67)
. _\/i /5 . .

3.4 Spontaneously broken gauge invariance

We saw in Bailin and Love® that when a theory with a global internal
symmetry is spontaneously broken, by a scalar field developing a non-zero
vacuum expectation value, then massless Goldstone bosons appear in the
theory (and there are relationships between the trilinear and quadrilinear
couplings of the scalars). When the internal symmetry is promoted to a local
(gauge) symmetry, the spontaneously broken theory has no Goldstone
bosons. Instead erstwhile massless gauge fields ‘eat’ the putative Goldstone
bosons and we have a theory with massive vector bosons. It is this mechanism
thatisusedinthe standard electroweak theory. Itis clearly of interest to study
this phenomenon in the case where we have a supersymmetric gauge theory.

The test bed for the investigation of spontaneous symmetry breaking is a
theory with a single complex scalar field, so the simplest supersymmetric
extension is a theory with chiral superfields ®,, as in §2.5. The potential is

V(g;) = F'F; (3.684)
where
F' = = (myg; + Lo + f7) (3.68b)

when we allow for a linear (tadpole) term f;®; in the superpotential W(®,)
given in (2.45). If the equations
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F=0 (3.69)

have solutions in which the scalar fields ¢; have non-zero values, then, as
discussed in §2.9, the supersymmetry will be unbroken, but the internal
(global) symmetry may be broken.

For example, we may take a theory with three chiral superfields S, T, N,
with S and T transforming as in (3.41), (3.47) under a U(1) global transform-
ation, and N invariant:

§— 8 =e HaMg (3.70)

T— T =e?%%T (3.71)

N—-N'=N (3.72)
where Aq is the constant chiral superfield. Then

W(S,T,N)=fN+ ASTN (3.73)

is invariant under the U(1) transformation. The requirement (3.69) that the
F-terms all vanish gives the simultaneous equations

Atn=10 (3.74a)
Asn=10 (3.74b)
Ast+f=0 (3.74¢)
for the vacuum expectation values s, ¢, n of the scalar components
(po=s (3.75a)
(prio=1t (3.75b)
(pndo=n (3.75¢)
of the three superfields. The solution
n=0 st=fiA (3.76)

requires s and 7 to be non-zero and hence (spontaneously) breaks the U(1)
invariance. We therefore shift the fields ¢, @by

Qs =5+ {g (3.77a)
er=t+ ¢r. (3.77b)
The potential is then
V(@s, &1, on) = A7+ ¢r)onl* + 22/(s + @s)onl’
+[A(s + @s)(t + ¢r) + fI?
=235 + )on'on
+ 22(s@r + 195) (s@r + ths) + -+ - (3.78)

where we have used (3.74), and the unspecified terms . . . are the cubic and
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quartic couplings of the scalar fields. Evidently there are two massive scalar
fields with squared mass A%(s® + ¢2), as well as the massless Goldstone boson
mode (proportional to) — @+ s@s. (It is easy to see that this is in accord
with the general treatment given in Chapter 13 of Bailin and Love® in which
we showed that (in a U(1) theory) the mode 2 qu;;is massless, where v; are
the vEvs of the scalar fields ¢;.)

Since supersymmetry is unbroken, there must also be a massless Gold-
stone fermionic mode. This can be verified using (2.56), which exhibits the
Yukawa couplings in a theory involving chiral superfields. The scalar
couplings generate fermion mass terms when we make the shifts (3.77)

- %Mki’i%@k + @) = = Apn(syr + tyg) + - (3.79)

where . . . refers to the Yukawa couplings of the shifted fields ¢5. @7, @y . As
anticipated the fermionic mode proportional to ~ ¥, + sW¥s is the
massless Goldstone fermion.

Now let us consider the spontaneous breaking when the U(1) symmetry is
local. We know, of course, that the massless gauge boson will become
massive, and because supersymmetry is unbroken there must also be a
massive gaugino: the erstwhile massless Majorana field Ay, combines with
the massless Goldstone fermion mode to generate a massive Dirac fermion.
This is the supersymmetrized Higgs mechanism.

The Lagrangian for the U(1) local gauge-invariant version of the simple
model we are studying is

F=H(WW )+ (S7e2VS + T e 2T + N'N)p

+ ({W(S, T, N)]z+ HO). (3.80)
The potential is now

V(@s. @7, 9n) = Fs'Fs + Fr Fr + Fy'Fy + 3D? (3.81a)
where

Fg'=— g(% = — AQr@n (3.81b)

Fr'=~lgson (3.81¢)

F\ == Qoser+f) (3.81d)

D =—q(ps'ps — o7 ¢1). (3.81e)
Thus the (supersymmetry-preserving) minimum is when

s=t= -V n=0. (3.82)

As usual the covariant derivatives of the scalar fields in (3.58) generate the
vector boson mass terms
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my? = 2g°%(s* + 2) = 4g*fIA. (3.83)

However, the same scalars’ vEvs also generate a bilinear coupling of the
gaugino field Ay, to the fermion matter field W in (3.58). This gives

my = 26]\/]% (3.84)

as anticipated because of the preserved supersymmetry.

3.5 D-term supersymmetry breaking

So far, we have insisted that the non-zero vEvs of the scalar fields preserve
the supersymmetry, and certainly if this is possible it will be the global
minimum of the potential, as discussed in §2.10. However, for the gauge
theories that we are considering there is an additional method of breaking
supersymmetry, besides the F-term method of Chapter 2. The new method
utilizes the field D(x) of the vector superfield.

We noted in §2.9 that spontaneous breaking of supersymmetry requires
that some field in the theory, which is not invariant under the supersymmetry
transformation, acquires a non-zero vev. For the chiral superfield the only
possibility is the field F(x). When there is a vector superfield present there is
the possibility that the field D(x) has a VEV

©|D(x)[0) = d # 0. (3.85)

In other words the D-field is an order parameter for spontaneous supersym-
metry breaking via the vector superfield, just as the fields F; are for breaking
with chiral superfields. Notice that (3.85) is the only way to achieve a non-
zero variation under the supersymmetry transformations (3.15), (3.16),
(3.17), (3.18) without breaking Lorentz invariance. This means that the
gaugino field 1,(x) has a variation

(08:4o(x)|0) = — i £,d # 0. (3.86)

This non-vanishing of d is consistent with our earlier observation that to
break supersymmetry it is necessary for the effective potential V to possess
no supersymmetric minimum. The field D(x) contributes $D* to V, as is
apparent in (3.81a), so with d # 0 we have

v=1d>>0. (3.87)

At first sight, the D-term method of supersymmetry breaking looks
unpromising since for a U(1) gauge theory interacting with chiral superfields
®, having charges ¢;, the generalization of the Lagrangian (3.49) yields

D=- Z e g (3.88)

H

as a generalization of (3.55b).
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Thus d is zero if the scalars ¢; have zero vevs, and supersymmetry is
unbroken. Further, since the supersymmetric state is always stable, it will be
the preferred state. (Of course, depending on the superpotential W(®;) it
may be that zero vEvs for all ¢, is not allowed, and then supersymmetry is
broken.) However, the D-term method that we wish to discuss does not rely
on the superpotential. Indeed it is most simply realized when W, and
therefore the F-terms, are absent. It utilizes the fact that (for a U(1) gauge
theory only) there is an additional gauge-invariant supersymmetric term
that may be added to the Lagrangian. This is (proportional to) the D-term of
the vector superfield

£, =ED(x). (3.89)

We have already noted that the D-term of any vector supermultiplet yields a
supersymmetric action, and for the U(1) gauge theory, we noted also that
the D-term is gauge invariant. The addition of such a Fayet-Iliopoulos®
D-term changes the equation (3.88) for the auxiliary D-field to

D=- (5 + z eigoi*goi). (3.90)

Itis then possible to break supersymmetry in a gauge theory with just a single
chiral field @ having charge e. The Lagrangian is

£ =n(WW,)p+ (97 e*V®)p + E(V)p.

The superpotential, and therefore the F-term, is forced to vanish because of
U(1) invariance and

D=—(E+eq'p). (3.91)

If £e <0 we get a vanishing D with a non-zero Vev for ¢. This provides
another example of the supersymmetric Higgs mechanism discussed in the
previous section. However, if e > 0, we minimize V(¢) = 1D? by choosing
a zero VEV for ¢. Thus the U(1) gauge invariance is unbroken, but since

d = — £ # 0 the minimum of V' is 3£% and supersymmetry is (spontaneously)
broken. In fact

Vi) = 3(§ + eg’p)? (3.92)
so the scalar field ¢ acquires a non-zero mass

m,’ = ek (3.93)

while its fermionic partner i remains massless, thereby verifying that
supersymmetry is broken. The unbroken gauge invariance ensures that the
gauge field V, remains massless, as does its superpartner the gaugino field 4.
However, the masslessness of A is due to it being the Goldstone fermion
associated with the spontaneous breaking of global supersymmetry; it is
called the ‘Goldstino’.
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A similar phenomenon arises in the (more realistic?) model (3.49) which
represents a supersymmetric extension of quantum electrodynamics. When
we add the Fayet-Iliopoulos term (3.89) the only effect is upon the scalar
sector: the fermion sector does not feel the broken supersymmetry. The D-
term in (3.58) is modified to

HE+elos’os — or o)) (3.94)
SO
2 __ .2
ms=m"+ e§ (3.95q)
ma=m? — e (3.95b)
but
my,=m. (3.96)

3.6 Supersymmetric non-abelian gauge theories

If supersymmetry is realized in nature, it is certainly at an energy scale that is
higher than that of the electroweak scale. It is therefore essential to have a
supersymmetric extension not only of the U(1) abelian gauge invariance, as
discussed in the preceding sections, but also of the non-abelian gauge
invariance that occurs in electroweak theory, quantum chromodynamics
and grand unified theories.

Suppose that we have a chiral superfield ® transforming as an (irreduc-
ible) representation of a non-abelian group G. Under a gauge transform-
ation

b — &' = exp(—2i gt°A%)P (3.97)

where the A“ are chiral superfields and the Hermitian matrices ¢* constitute
the representation of G to which ® belongs. That is to say,

[t9, t2] = i fobere (3.98)
where the f%°¢ are the totally antisymmetric structure constants of G. Then
&' - &7 = d' exp(2i gt?AY). (3.99)

The (non-abelian) gauge-invariant combination of superfields that is
analogous to the abelian case (3.45) is

@' exp(2gt*V*)d (3.100)

where V* are the vector superfields containing the non-abelian vector
bosons belonging to the adjoint representation of G. The gauge invariance
of the above combination follows provided that the gauge-transformed
vector superfields V' satisfy
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exp(V") = exp(—i A%) exp(V) exp(i A) (3.101a)
where
A =2gA%” V =2gVh, (3.101b)

It should be noted that the above equation does have a solution for
V' =2gV'% precisely because the matrices t“ represent the generators of a
group. As in the non-supersymmetric case, it suffices to consider an
infinitesimal gauge transformation in which we neglect terms of order A”.
Even so, the general solution of (3.101) is non-trivial and requires the use of
the Baker-Hausdorff formula. However, we shall content ourselves with
the first few terms. We write

exp(V') —exp(V) = 0V + {0V V + V V)

+ i OVVE+VOVV +VISV]+ - (3.102a)
where

V=V -V, (3.102b)
For infinitesimal A

exp(—i A exp(V) exp(i A) — exp V =i(A — A7)
~ t 12 12
FiVA = ATV) £ S (PA = ATV 4o (3.103)
Then substituting into (3.101) we can solve (perturbatively) for 6V giving
SV =i(A— A%) + %[V, A+ AT+ é [V,[V,A= AT +---. (3.104)

In terms of the superfields we get

Ve — V= i(Aa _ Am“) _ gfabcvb(Ac + Ac‘r)
= 3EFCLEVIVANT = AT (3.105)

Then it is easy to see that the first rwo terms generate the familiar gauge
transformation of the non-abelian vector potential

Vil = Vio+ 00" + ¢) + gf*(¢" + ¢")V, (3.106)

where ¢ is the (leading) scalar term of A?. As before, we shall work in the
Wess—Zumino gauge of the superfields V“. However, a general choice of the
gauge superfield A? will yield a V' that is not in the Wess—Zumino gauge,
although it can be transformed to it by a supersymmetry transformation. If
we require that both V' and V¢ are in the Wess—Zumino gauge, so that
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V/aV/erc — 0 (3107)
then we must choose A® such that
VaVPA© =0 (3.108)

in which case the third and succeeding terms of (3.104) vanish and we get

SVWZ =i(A — AN + % [VWZ A+ AT (3.109)

To construct the non-abelian field strength superfield, analogous to
(3.29), we first need to generalize the supersymmetric covariant derivatives
to be gauge and supersymmetric covariant®®. We define these as

v, (A =u,a d) (3.110)

and having the property that if a (matter) superfield ® transforms as in (3.97)
under a gauge transformation, then the (supersymmetry- and) gauge-
covariant derivative ® transforms as

(V4D) = exp(—i A}V, D) (3.111)
using the notation (3.101). Thus

Vi =e 0V, et (3.112)
Since A is a chiral superfield,

D,A=0=D/A" (3.113)
we may choose

Vo=D, (3.114)
and then

V)=V, (3.115)
We also define

Vo=eVD,e" (3.116)

in the notation of (3.101) so that using (3.113)
Val — e—V’ Da eV’ — e—i A e—Vei At Da e—i A¥ eV eiA
=e Me VD, Vet =AY, 0 (3.117)
as required. Finally we can define V, by a gauge-covariant generalization of
the supersymmetry algebra:
(Ve Ve) =2i0%:V

ue

(3.118)
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We leave the construction of V,, as an exercise. The form (3.116) of V,, can be
expanded as

iv,=iD,+ie V(D e") (3.119)

which invites the interpretation of the second term as a (supersymmetric)
gauge connection:

[,=ie Y(D,e"). (3.120)
Under a gauge transformation we get, as in (3.117),

I =ie V' (D,e")=e" T, el +ie 4D, e  (3.121)
characteristic of a gauge connection. In the abelian case I, reduces to

r,=2igDb,V (3.122)

and consulting (3.29) this suggests that the non-abelian generalization of the
field strength (spinor) superfield is given by

W,=Qig) DT, = (2g)"'D*e "(D,e"). (3.123)
It is easy to see that W, transforms covariantly, since the (inhomogeneous)
last term of (3.121) drops out because A is chiral.
Expanding in powers of V gives
—iT,=DV+3DV,V]+--- (3.124)
and in the Wess—Zumino gauge only the first two terms survive. In terms of
the component superfields we get

We=D?D,V°+igf**D*D, V>V (3.125)

and the effect of the second term is to convert the ordinary derivatives in
(3.36) into gauge-covariant derivatives. Thus we get

W2 = 4i A + [40% D( y) +2i(0“G*)L V5, (1)165

+ 46045 3,2°%(y) (3.126a)

where
4, =0,V =9,V — gfVive (3.126b)
DA% = §,A%% — gfitey piee, (3.126¢)

Then, as in (3.37), the (pure) gauge-invariant and supersymmetric contri-
bution to the Lagrangian is given by

Ly =gl (WW,) + (W) (W)]p
= —JVe V™ +i2%" 9,2 + §D*D* (3.127)

in the Wess—Zumino gauge. Similarly when we calculate the gauge inter-
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action (3.100) with the chiral matter supermultiplet ® the only difference
from (3.53) is that the gauge-covariant derivatives are now those of the non-
abelian theory:

Ly =[®" eVCD]D = (Qbﬂ(p)*(gbﬂfp) +iyo* @#JFIIJ + F'F

+1V2g(¢'t°A%y — Pt°A%g) + gg't® D% (3.128a)
where

D = 0,00 + i gV, (3.1280)

In general, in physical applications, there are several chiral supermulti-
plets ®; transforming as possibly different representations of the gauge
group G. Then, of course, for each £, we use for V the matrix defined in
(3.101b) but constructed with the representation ¢(; appropriate to ®;.
Then the final part of the Lagrangian is given, as before, by the F-part of the
superpotential

Lie = [W(D(;)) + HC]p (3.129)

which is required to be invariant under the action of G (as well as no more
than cubic in the superfields ®). Then the auxiliary fields are given by

Fiy=— W (3.130a)

Q)
D= = golyttge (3.1300)

and the tree level approximation to the effective potential is

Vigw) = Z

i

W2 1 ( s )2
+ NN 3.131
0w 28 2 ZQO(I) OPE) ( )

The simplest illustration of this is supersymmetric Qcp with a single quark
flavour. As for the U(1) case, we need two chiral supermultiplets which we
denote by ®¢ and @, where &g includes the left chiral component of the
quark field and @ the left chiral component of the anti-quark field; @,
then includes the right chiral component of the quark field. Under a gauge
transformation @ transforms as in (3.97)

Dg—> Dy’ = exp(—2i gst*A?) Dy (3.132)

where ¢ are the eight 3 X 3 matrices constituting the 3 representation of
SU(3). Since @ constitutes a 3 representation

O, — O = exp(2i gt AY) Dy (3.133)

It follows that the transpose
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&7 — & exp(2i gat°A”) (3.134)
and so

W(dg, dr) = — mP D (3.135)
is SU(3) invariant, and
Vigs, o1) = m*(@s'¢s + @7 o7) + 1831es s — o7t o] (3.136)

is the (tree level) effective potential. (In the above we are denoting by g3 the
{SU(3)) acp coupling constant, to avoid confusion with the electroweak
coupling constants (g, g') that arise in §3.7.)

Asin (3.58) we may express the Lagrangian in terms of the quark’s Dirac
spinor field ¥ and the gaugino Majorana spinor fields Ay,

L=iTyH @,V — m¥¥ + (@“‘PS)T(@M(PS) - mes ¢s
+ (DY @Dup1") — Mo o1 — 383(@s ' ps — @1 ety
+ 5 [Rules” + oW + Rulor" - ) iyst¥

- U5+ @AY + Vr(er* — @5) i ysAiy]

a auy i Aa a
- %V/U/V "+ EAM‘}/M @uAM (3137)
where
D@5 = 3,05 +ig3t"V, s (3.138a)
B, A% = 8,A% — &P VEAL. (3.138b)

3.7 Supersymmetric electroweak theory

It is also instructive to write down a supersymmetric version of the
SU(2).. X U(1)y gauge theory which has been so spectacularly verified by
experiments during the past twenty or so years. In particular we must
construct a supersymmetric version of the (non-abelian) Higgs mechanism
that is required to break the gauge symmetry and generate masses. Thus
besides introducing chiral superfields for each of the chiral components of
the known fermions, we must also assign the fields of the electroweak Higgs
scalars to chiral superfields. It would be nice if we could economize by
placing these in the same superfields as some of the known fermions. For
example, the chiral supermultiplet ®(Ey) which contains the electron
doublet (v, , e; ) will also have a scalar doublet component with the same
electric charges (7.1 , 1 ), which a priori could be used to generate masses
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for the down-like quarks and charged leptons. In the non-supersymmetric
theory the up-like quarks acquire their masses using the charge-conjugate
doublet (—¢é7, 7¢; ), but in the supersymmetric theory this will be associated
with the right chiral antiparticle doublet (—e%, vegr) which appears in
®'(EL). It therefore cannot be used in the superpotential W(®;)) which, as
was shown in Chapter 2, must be constructed entirely from left chiral
superfields. Thus, in order to generate masses for the up quarks, we are
forced to introduce a new left chiral supermultiplet ®(H,) having weak
isospin 4 but hypercharge %, which includes a scalar doublet (H{ , HY).
Further since there is also a new charged chiral fermion in this supermulti-
plet, we must ensure that it can be given a Dirac mass, since a Majorana mass
will break charge conservation; in any case we require a mass term for the
scalar doublet in order to drive the spontaneous symmetry breaking. The
cheapest solution is therefore to introduce a further chiral supermultiplet
®(H,) having weak isospin % and hypercharge —4, which contains a scalar
doublet (H3, H5 ). Then ®(H,) is used to give masses to the down-like
quarks and charged leptons and ®(H ) to give masses to the up-like quarks.
Thus in the minimal supersymmetric electroweak theory there are two chiral
supermultiplets besides those needed for the known matter fields.

We denote the three doublet superfields that contain the (left chiral)
lepton doublets by L) (I = e, u, 7). Similarly the quark doublets are in the
superfields Q) (f = 1, 2, 3) with an undisplayed colour index running over
the three labels which constitute the 3 representation of SU(3). The singlet
superfields are denoted by /¢, U"), D) where the three family labels
indicate the flavours u,c,t in UY) and d,s, b in DY): the superscript ¢
indicates charge conjugate, and for the quark fields there is an undisplayed
colour index running over the three components of the 3representation. We
also abbreviate our earlier notation and denote the two Higgs doublet
superfields by H;, H,. Then the Yukawa couplings necessary to generate
masses for the charged leptons and quarks arise from the F-part of a
superpotential of the form

W= mOLOTieH, ) + > mPQVTi vy ;) DX
l f.8

+ Z m(QUT i T, H, ) US® (3.139)
fg

where m™ and m@ are (proportional to) the up-like and down-like quark
mass matrices. (The factor i 72 is just the matrix €, used to construct an
SU(2) singlet from two doublets of the internal symmetry group, just as we
did in (1.73) for the space-time spinors.) In the two terms involving quark
fields an implicit sum over the (three undisplayed) colour labels is assumed.

The remaining parts of the Lagrangian are simply written down using the
techniques developed in the earlier sections of this chapter. We denote by
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W, (i =1,2,3)and B, the field strength superfields of the SU(2) and U(1)
gauge theories, so as in (3.125) and (3.29)

Wi = D*D W' + i ge"* D*(D ,W))W* (3.140a)
B,=DD.B (3.140b)

where W', B are the vector superfields. Then the supersymmetric pure
gauge Lagrangian is

Py =HWeEW, + WEW™ + 2B*B_|r. (3.141)

The interaction of the gauge supermultiplets with the chiral matter and
Higgs supermultiplets is fixed by their weak isospin and hypercharge
quantum numbers:

Lo = {Z LOexp(igr-W—1ig'B)LY
!

+ Z QY exp(igr- W+ 3ig'B)QY’
f

+ Z U exp(—%ig'B)UYP + Z D exp(3i g'B)D°V
f f

+ Z I exp(2i g'B)I° + H," exp(igr- W + ig'B)H,
;

+ H, exp(igr-W-— ig’B)Hz} . (3.142)
D

We leave it as an (extended) exercise to express the Lagrangian in terms of
the component fields, and to eliminate the auxiliary fields.

We might also use the technology developed in this chapter to formulate a
supersymmetric grand unified theory, which unifies supersymmetric Qcp
and supersymmetric electroweak theory in a single (supersymmetric)
theory. However, we shall postpone that pleasure until Chapter 6. The
reason is that the scale at which such a symmetry is apparent is even higher
than in the non-supersymmetric case, discussed in Chapter 16 of Bailin and
Love®. In fact the scale (10'® GeV) is comparable with the Planck energy
(10 GeV) at which we are forced to discuss quantum gravity. At this scale
instead of supersymmetry being a (rigid) global symmetry, we must allow it
to be a local symmetry, just like the gauge symmetries. Such theories are
called ‘supergravity’ theories and their formulation is the topic that we begin
to address in the following chapter. Before doing that, however, we can at
least see why the unification scale is pushed to an even larger energy by
(global) supersymmetry.
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3.8 The renormalization group equations

We recall first that the renormalized coupling constants necessarily depend
upon the scale M used in their definition. Since the physics described by the
(bare) Lagrangian is independent of M, it must be that coupling constants
‘run’ with M, and so physical quantities calculated with different values of M
have the same values, provided that they are calculated to a sufficiently high
order. The renormalization group equations specify precisely how the
renormalized coupling constants vary. We saw in Bailin and Love® (Chap-
ter 12) that for a general gauge group G with coupling constant g the fine-
structure constant

a=gldn (3.143)
satisfies

M(‘i% = - % a? + 0(a) (3.144a)
where

b=YC(G) -3 GR) =} C(S) (3.1440)

R S

with

C1(G)o® = fecdfbed (3.144¢)

where £ are the structure constants of G, defined in (3.98). The sum over
R is for Weyl fermions in representations T of G and

C,(R)6% = tr(Tg°Tg). (3.145)

The sum over S is for scalars in representations Ts of G and C,(S) is defined
analogously to C»(R).

In a supersymmetric theory the gauge bosons are accompanied by
gauginos, in the same (adjoint) representation of G. Thus the vector
supermultiplet contributes

b(V) =%Cy(G) - 3C1(G) =3Ci(G) (3.146)

to b. Similarly in a chiral supermultiplet each Weyl fermion is accompanied
by a scalar in the same representation of G, so their contribution is

b(®) = — 3C5(R) — 3C5(R) = — Cx(R). (3.147)
In all we have
b =3C,(G) - Z Cy(R) (3.148)
R

with the sum being over the representations R of all chiral supermuttiplets. It
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follows that for the supersymmetric standard model, described in the
previous section, we have for the qcp group SU(3)

b3 =9 - 2”0 (3.149)

where ng is the number of (fermion) generations. Similarly, for the SU(2)
group we have

by =6 —2ng — iny (3.150)
where ny is the number of Higgs doublets, and for the U(1)y group

by =—¥ng —iny. (3.151)
Integrating (3.144) between m, and (the unification scale) my gives

o Y(my) — o (my) = —2i1n . (3.152)
2.77.' mZ

The unification scale (m ) is defined as the scale at which all three (properly
normalized) coupling constants have equal value. Thus

az(my) = ay(my) = %al(mX) = agyr(mx). (3.153)

The origin of the factor 3 was explained in Bailin and Love?, and derives
from the requirement that the U(1)y is associated with a (diagonal) gener-
ator of SU(5) whose normalization is determined by (3.145). The same
normalization also arises in SO(10) and “flipped’ SU(5) x U(1). Eliminating
the a priori unknowns agyr{my) and In my/m, constrains the values of
a;(m_) through the relation

[8b5 — 3(by + by)] sin® Oy (mz)
— _ _ aem(mZ)
=3(bs — b,y) + (5b, 31)1)——0[3 s (3.154)

given in (16.45) of Bailin and Love?, for example. a.., is the ordinary
electromagnetic fine-structure constant and O is the weak mixing angle
defined by

tan? Ow = oy /. (3.155)
Using the supersymmetric values of the b, given in (3.149)—-(3.151) gives
(54 + 3nyg) sin Oy (mp) = 9 + dnyy + (30 — rgy) Lem72) (3.156)
az(mz)

independently of n. In the minimal supersymmetric model
ny =2 (3.157)

as we have seen in §3.7, and the fine-structure constants have the values®”
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e (M) = 128.8 (3.158)
az(mz) = 0.108 £ 0.005. (3.159)
Then (3.156) gives
sin’ Oyw(my) = 0.234 (3.160)
whereas experimentally
sin® @y (mz) = 0.2336 + 0.0018. (3.161)

Thus the supersymmetric renormalization group equations ‘predict’
sin? @y, with remarkable accuracy. Put another way, starting with the
measured values of the three gauge coupling constants the renormalization
group equations predict that all three achieve the same value at the
unification scale my. In contrast, the non-supersymmetric equations ex-
clude such a single unification scale by seven standard deviations. (The value
of sin? By, predicted is 0.21.) This looks like excellent circumstantial evi-
dence for supersymmetry and grand unification. The unification scale is also
independent of ng and given by

(18 + nyy) In 2% = 27fa, .~ (my) — S~ '(my)]. (3.162)
mgz
Using
mz =91.176 + 0.023 GeV (3.163)
this gives
my = 1.46 x 101 GeV (3.164)

which is only three orders of magnitude from the Planck scale, and
comfortably consistent with the measured lower bounds on the lifetime of
the proton, as we shall see. In contrast, the non-supersymmetric theory gives
my =5 x 10'* GeV, which is excluded by the data.
The common value agyr(my) of the three coupling constants is given

by
(18 + ny)agur '(mx) = a3~ (mz)(=6 + Png + ny)

+ (9 = 2ny)aen " my). (3.165)
We take®

ng =3 (3.166)
as conclusively shown by the LEP experiments, and then

agut Hmy) =25.8. (3.167)
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Exercises

3.1 Verify (3.7).

3.2 Verify that the F-part of W*W, gives the expression (3.37).
3.3 Verify (3.109).

3.4 Construct V, using (3.118).

3.5 Verify (3.126).

3.6* Express the Lagrangian (3.142) in terms of the component fields and
eliminate the auxiliary fields.
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4

PURE SUPERGRAVITY

4.1 Introduction

Most symmetries in particle physics are realized as local symmetries (gauge
symmetries) rather than mere global symmetries. This suggests that super-
symmetry should also be realized as a local symmetry. Then the group
parameters & and a* in (2.10) should be allowed to be functions of the point
in space-time. In particular, because the supersymmetry algebra contains
the generator of translations P,, we should consider translations that vary
from point to point in space-time. Thus, we expect local supersymmetry to
be, among other things, a theory of general coordinate transformations of
space-time, and so a theory of gravity. The theory of local supersymmetry is
therefore referred to as supergravity.

It might be thought that supergravity effects could be neglected at the
electroweak scale, and that global supersymmetry could then be used rather
than local supersymmetry. However, there are phenomenological consider-
ations that suggest that supergravity effects are important even at such low
energies. For instance, in theories with F-term supersymmetry breaking,
equations (2.115) and (2.116) show that at tree level a fermion such as a
lepton has a scalar supersymmetric partner of higher mass than itself and
another of lower mass than itself. This does not occur in the real world and if
the theory is to be phenomenologically acceptable it is necessary for the
quantum corrections to STr M? to be significant. In realistic models of this
type the supersymmetry-breaking scale Mg (where M? is the expectation
value of the F-term responsible for supersymmetry breaking) is typically
found to be 10'°-10'! GeV (more details of such models may be found in the
review of Nilles‘V). In these circumstances, effects of supergravity cannot be
neglected. Specifically, we shall find in Chapter 5 that, in the presence of
supersymmetry breaking, scalar particles in supergravity theory acquire
masses of order Mg*/mp where mp is the Planck mass (~10'° GeV). For M
of order 10'° to 10! GeV, these contributions to the scalar masses are of
order 10> GeV and may not be neglected. It is therefore prudent to consider
supergravity from the outset.

In this chapter, we shall consider pure supergravity without couplings to
matter fields. A pure gravity theory would involve only the spin-2 graviton.
A pure supergravity theory will have to include in addition the super-
symmetric partner of the graviton. From §1.4 it can be seen that the spin-2
graviton could belong either to a supermultiplet containing a spin-3 particle
or to one containing a spin-3 particle. It is well known that theories

DOI: 10.1201/9780367805807-4



84 PURE SUPERGRAVITY

containing particles with spins greater than 2 tend to have undesirable
features, and it is therefore natural to assume in formulating supergravity
that the supermultiplet of the graviton (the supergravity multiplet) contains
a spin-3 particle, referred to as the gravitino. (It will be seen in §5.3, when
the coupling of the gravity supermultiplet to matter is considered, that this is
the correct choice, because the gravitino is the ‘gauge field’ associated with
the local supersymmetry transformation.)

The problem of constructing the locally supersymmetric Lagrangian for
the supergravity multiplet (the pure supergravity Lagrangian) can be
tackled in two stages. First, construct the globally supersymmetric Lagran-
gian for the supergravity multiplet, and second use the Noether procedure to
derive the locally supersymmetric Lagrangian from the globally super-
symmetric Lagrangian. In the next section we shall show how the Noether
procedure works for the simpler case of an ordinary global symmetry, before
proceeding in the subsequent section to the construction of the supergravity
Lagrangian.

4.2 The Noether procedure

The Noether procedure is a systematic technique for deriving an action with
a local symmetry from an action with a global symmetry. The simplest
example of this procedure is obtained by considering the action for a free
massless Dirac field v,

So= in“x Pyh o, (4.1)

This action is invariant under the transformation
poe : 4.2)

where ¢ is a constant phase, i.e. Sphas an abelian global symmetry. To make
the transformation local we allow ¢ to depend on the space-time coordinates
and consider

P e Wy, (4.3)

However, as it stands S, is not invariant under the local transformation but
instead changes by an amount

Sy = Jd4x Yyry d,e = Jd“xj“ 3,8 (4.4)

where

=gy (4.5)
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is the Noether current associated with the symmetry (4.2) of S,.
To restore invariance a gauge field A# is introduced that transforms under
(4.3) as

A= A, + 0, (4.6)

and a term coupling A* to the Noether current is added to the action to
obtain the modified action

§=58,— fd“xj"A# = Jd“xizzyﬂ(a,, +iA . 4.7

The action § is then invariant under the local symmetry (4.3) and (4.6). (Of
course, S is just the action for the quantum electrodynamics of the Dirac
field, apart from the kinetic term for the electromagnetic field A, which is
separately invariant, and with the electromagnetic coupling constant
absorbed in the definition of A,,.)

In this simple example, the locally invariant action was achieved in a single
stage, because the variation of the term — [ d* J“A, added to §;, exactly
cancelled the variation of Syunder the local transformation. More generally,
for example for an initial non-abelian global symmetry, the cancellation only
occurs correct to lowest order in some expansion parameter, and the process
has to be iterated. At each stage, a further term is added to the action to
cancel its variation correct to the next order in the expansion parameter,
and, in general, for this to occur it is also necessary to add further terms to
the transformation law (equation (4.6)) of the gauge field (in such a way that
the algebra of transformations still closes). After a finite number of
iterations (with luck) an action is obtained that is exactly invariant under the
local symmetry, i.e. under the form of (4.3) and under the final form of (4.6)
appropriate to the symmetry being studied.

To fill out the above general remarks, we now carry through the Noether
procedure to derive the pure gauge field action for non-abelian gauge
theory® from the globally symmetric action

So=—1 I G,/*"G,,* d*x (4.8)
where

G/"=90"A, — §"A (4.9)
andA,*,a=1, -, r,are vector fields transforming as the adjoint represen-

tation (of dimension r) of some Lie group. If T, are the generators of the
Lie group and f,; are the structure constants defined such that

[Taa Tb] = ifabcTc (410)
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then under an infinitesimal global transformation of the group with param-
eters g,,

A — A+ favcer AL (4.11)

The action (4.8) is invariant under this transformation.

In the derivation of an action with local non-abelian symmetry from the
globally symmetric action, it will prove useful to notice that the action (4.8)
is also invariant under the abelian local transformation

Af— A+ o, (4.12)

where the ¢, now depend on the space-time coordinates.
The action S is not invariant under the transformation (4.11) when ¢, is
space-time dependent, but changes by an amount

88, = Jd‘*x ja" 8.8 (4.13)

where
ja# = gfachb/wAvc (414>

is the Noether current associated with the symmetry generator T,. Invar-
iance is restored, correct to first order in the coupling constant g, by adding a
term coupling A,* to the Noether current to the Lagrangian, and simul-
taneously modifying the transformation law (4.11). In detail, we replace S
by

S1=8,-3 f d*xj, A" (4.15)

and modify the transformation law (4.11) by the addition of a term 9%¢,, so
that it becomes

A — A+ gfapcer AL + d¥e,. (4.16)

The required cancellation of 85, against the variation of the term coupling
A, to the Noether currentin (4.15) is achieved entirely (Exercise 4.1) by the
extra term d%¢, in (4.16). The modified transformation law combines the
non-abelian global symmetry (4.11) and the abelian local symmetry (4.12)
into a single non-abelian local symmetry. ‘

The action §; is invariant under the non-abelian local symmetry (4.16)
correct to order g. To achieve invariance correct to order g%, a further
modification of the action is required, but no further modification of the
transformation law (4.16). The variation of S; under (4.16) is

851 = — &funefoue jA,fAfA; ahe, dix. @.17)



THE GLOBALLY SUPERSYMMETRIC LAGRANGIAN 87

If we replace $; by

§= Sl + gzzfabcfbde JAuaAchevAd# d4x (418)

(substituting A, for —d*e, in the expression (4.17) up to a numerical
factor) then the variation of the added term cancels 65 correct to order g2,
and § is invariant under the local symmetry transformation (4.16) to this
order in g. Indeed, a little more effort shows that S is now exactly invariant
(to all orders in g).

Assembling the terms in (4.18), the final action is

§=-1 J d*x F,°F* (4.19)

with
Fa/w = Ga/w - gfabcAb#Acv = aﬂAaV - aVAa# - gfabcAbuAvc (420)

which is the usual action for pure non-abelian gauge field theory®.

We shall use the general procedure described here in §4.4 to derive a
locally supersymmetric action for the supergravity multiplet from a globally
supersymmetric action.

4.3 The globally supersymmetric Lagrangian for the supergravity
multiplet

Before constructing the locally supersymmetric pure supergravity Lagran-
gian, we first obtain the globally supersymmetric (free) Lagrangian for the
supergravity multiplet of the graviton and its spin-3 partner the gravitino.
The on-shell free Lagrangian for a chiral supermulitiplet discussed in §1.5
was just the sum of quadratic kinetic terms for the Weyl spinor field and the
complex scalar field making up this supermultiplet. By analogy, we might
expect to have to use here the sum of a quadratic kinetic term for the
gravitino, which we may conveniently describe by a massless Majorana
vector spinor field ¥#, and a quadratic kinetic term for the spin-2 graviton,
described by a traceless symmetric tensor g,,. (As discussed in §1.3, a
supermultiplet has the same number of bosonic and fermionic degrees of
freedom. Thus, on-shell the supermultiplet of the graviton contains the two
bosonic degrees of freedom of the graviton and the two fermionic degrees of
freedom of a massless Weyl vector spinor, or equivalently a massless
Majorana vector spinor.) The massless Rarita-Schwinger action® Sgg
provides a suitable kinetic term for the gravitino.
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Srs = — 1} J d*x €7V vy, 8,¥, (4.21)

where our conventions for y, and ys are as in §1.2, and €“**? is the totally
antisymmetric Levi-Cevita symbol defined so that

1P =1. (4.22)

The graviton Lagrangian requires a little more thought.

The Einstein action provides the most natural choice of Lagrangian term
for the graviton, but it is not quadratic in g, (indeed not even polynomial).
This is not surprising because the Einstein action describes a theory
invariant under local coordinate transformations and, at this stage, we are
merely trying to construct a theory with global supersymmetry. To obtain a
Lagrangian term that is quadratic in the graviton field we need to use the
action for linearized Einstein gravity. (The linearized field equation can be
found in textbooks on gravitation in discussions of gravitational waves®.)
Let us write

8uv = Nuy + Khy, (4.23)
where 7,,, is the Minkowski metric, and
k> = 871Gy (4.24)

where Gy is the Newtonian gravitational constant. (It will sometimes be
convenient later to take units where x*=1.) The factor « in (4.23) is
introduced so that 4, has mass dimensions 1, as appropriate to a bosonic
field describing the graviton. Expanding the Einstein field equation to linear
order in h,, leads to the action Stinstemn for linearized Einstein gravity
(Exercise 4.2)

SIEINSTEIN == %jd4x (R;I;v - %WWRL)hW (4.25)

where indices are raised and lowered using 7“" and #,,,,, the linearized Ricci

tensor R};v is given by

3*h *nt 9*h* h*
RL =4[ S 7 w . 22 4.26
wv =1 ( axtox,  oxox’ | ax” ox*  ox“ax’ (4.26)
and the linearized curvature scalar R" by
R-=»*"RL,. (4.27)

It may now be suspected that the on-shell globally supersymmetric action
ScrLogar for the supergravity muitiplet is

SGLOBAL = SRS + SIEINSTEIN' (428)
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To check that this is the case it is necessary to construct transformations
connecting the graviton and gravitino fields (%, and ¥, ) which realize the
N =1 supersymmetry algebra and leave the action invariant. Since we are
constructing an on-shell realization of the supersymmetry algebra we only
expect the algebra to close correctly provided that we use the field equations
and, in general, any gauge invariances of the theory. In the present case, the
field equations are

R;,=0 (4.29)
and
€%y, 8,9, =0. (4.30)

The Rarita—Schwinger action (4.21) is invariant under the gauge transform-
ation

W, >V, +9n="V,+06,, (4.31)

where # is an arbitrary Majorana spinor parameter and the linearized
Einstein action (4.25) is invariant under the gauge transformation

By = Py + 0,8, + 3,8, = By + Ochy (4.32)

where ¢, is an arbitrary four-vector parameter, as can be checked directly.

Con51der the global supersymmetry transformation e’ EQ, where & is a
Majorana spinor parameter and Q is the Majorana spinor supersymmetry
generator of (1.107). The effect of this global supersymmetry transform-
ation on the supergravity multiplet is expected to be of a form linear in § and
the fields, and with the correct symmetry in the indices,

h;w_> hyv + Clé(yyq,v + VV‘I,,M) + CZquéVp\Pp = h,uv + 6§h;w (433)
and

W, T, + 307 0, + 4 0,h, 6=V, + 6.9, (4.34)
where

ot =2l ) (4.35)

(This matrix was denoted by 2*” in Chapter 1 to avoid confusion with a
related 2 X 2 matrix.) The constant coefficients, ¢y, ¢,, c3 and ¢, will now be
determined by the requirement that the transformations (4.31), (4.32),
(4.33) and (4.34) together with space-time translations form a closed algebra
that realizes the supersymmetry algebra correctly on-shell up to gauge
transformations.

We look first at the action of the commutator of the Ravita—Schwinger
gauge transformation (4.31) and the supersymmetry transformation on 4,,,,,
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[6,, 051h0 = 1&(r 0,1 + ¥, 8,0) + a1, EYP 0,7 (4.36)
This is just an Einstein gauge transformation (4.32) with

8/4 = Cléyyr] (437)
provided that we take

¢ =0. (4.38)

(Otherwise the algebra does not close.)
Second, we study the action of the commutator of the Einstein gauge
transformation (4.32) and the supersymmetry transformation on ¥,

[9., 0:]V, = c3077(0, 0,8, )E + c4(9, 0%, + 8, 9,°)E. (4.39)

This is a Rarita~Schwinger gauge transformation with

n=c0”" 0,68 (4.40)
provided that we take

Turning next to the action of the commutator of two supersymmetry

transformations with parameters &; and &, on 4, , we find

[651 > 6&2]}1/41/ = C1C3(éz’)/lu0'm aphrv 51 - ‘:El‘}/uopt aphrv 52) + (/" < V) (442)
where we have used (4.38) and (4.41). This may be simplified by using the
y-matrix identity

Ya¥uVv = Nauly + Nuw¥a = NavYu + iglyvpyi‘yp (443)
and the Majorana spinor identities (1.86). Thus
[651 s é§z]huv =2i CIC3(5271§1 auhtv + 52)/151 avh'm - 252)”’51 aph/tv) (444)
which is the sum of an Einstein gauge transformation (4.32) with

&= 2i 510352}’151}% (4.45)

and a space-time translation. The coefficient of the space-time translation in
(4.44) is consistent with the supersymmetry algebra (as in (1.184)) provided
that

2C1C3 =-1. (446)

Finally, we consider the action of the commutator of two supersymmetry
transformations on ¥,. After some labour this can be written as

[0s,, 05,1V, =21 E'E RV, —i0,(EV 6V, + 16 Ey V) (4.47)

which is the sum of a space-time translation with the correct coefficient to
agree with the supersymmetry algebra of (1.187), and a gauge transform-
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ation (4.31) on ¥,. The derivation (Exercise 4.3) requires the use of the
Fierz identity for Majorana spinors

éy;t avq, Upr’] == %éyiﬂa pt}’;.?’y avqf (448)

and the Rarita-Schwinger field equation (4.30) which can be written in the
alternative forms®

%5y, 0,¥, =0 (4.49a)

y(0.¥, —9,¥,)=0 (4.49b)
or

Eurorys(37WT — 97W7) = 2i(3,¥, — 0,%,). (4.49¢)

In summary, we should take the action of the global supersymmetry
transformation e’ ¥¢ on the fields of the on-shell supergravity multiplet to be

Py — My + Ol = Ry + €Y, + 7,9,) (4.50)
and
Vo W+ 05, = W, = 2 07 (4.51)
C1

Then, the algebra (4.50), (4.51), (4.31) and (4.32) of supersymmetry
transformations and gauge transformations taken together with space-time
translations closes, and the commutators of supersymmetry transformations
are as required by the supersymmetry algebra up to a gauge transformation,
provided that we employ the Rarita-Schwinger field equation (4.49). It
remains to check that the action (4.28), (4.25) and (4.21) for the on-shell
supergravity multiplet is invariant under the supersymmetry transform-
ations (4.50) and (4.51). After some labour (Exercise 4.4) it can be shown
that the action is indeed invariant provided that we choose

¢ = —i2. (4.52)

Thus, the final form of the global supersymmetry transformation ' 5 for the
on-shell supergravity multiplet is

i-
M= Py + Ohy = by — 2 Er Y, +vY,) (4.53)
and
VY, -V, +0:Y, =V, —i0”d,h,5. (4.54)
4.4 The locally supersymmetric Lagrangian for the supergravity multiplet

In §4.3, we have seen how to construct an action (4.28) for the on-shell
supergravity multiplet that is invariant under global supersymmetry trans-
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formations (4.53) and (4.54). In this section, we shall sketch the derivation
of the corresponding locally supersymmetric action utilizing the Noether
procedure described in §4.2. .

Consider the local supersymmetry transformation e' <2 where &(x) is a
Majorana spinor parameter that depends on the point in space time and Q is
a Majorana spinor supersymmetry generator of (1.107). It is tempting to
surmise that the action (4.28) can be made locally supersymmetric rather
than just globally supersymmetric by replacing the linearized Einstein
Lagrangian by the usual Einstein Lagrangian, and replacing the derivatives
in the Rarita—Schwinger Lagrangian by covariant derivatives. It turns out
that this is almost the case, but that some extra terms quartic in the Rarita—
Schwinger field need to be added to the Lagrangian, or equivalently that an
extra term needs to be added to the standard covariant derivative®.

The action (4.28) is invariant under the supersymmetry transformation
¢ *¢ when & is independent of x, but ceases to be invariant when & depends
on x. To apply the Noether procedure of §4.2, we begin by modifying the
globally supersymmetric action (4.28) and the transformation laws of the
fields of the supergravity multiplet so as to obtain an action that is locally
supersymmetric to lowest order in «, which is the appropriate expansion
parameter here.

Under the transformations (4.53) and (4.54), but with £ now dependent
on x, the variation of the action (4.28) is

0SGLoBAL = {d‘txlr” au& (4.55)

where j* is the Majorana vector spinor Noether current

jH= %s””p"‘ffpysy,,o“ 3l (4.56)
An action §; invariant to order x may be obtained by modifying the
transformation law (4.54) of ¥, to

YV, >V, +6:¥Y, =V, +ak ' 9,E—10"d,h,, & (4.57)

where a is a constant, and adding a term to S ogar coupling ¥, to the
Noether current, so that

Sy =SGLoBaL — 2—'; [ d4xj-“‘1’,4. (4.58)

No modification of the transformation law for h,,, is required at this stage.
As we shall see shortly, equations (4.57) and (4.58) shape up neatly in terms
of a covariant derivative provided that we take

a=2, (4.59)
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Proceeding in this way to obtain actions invariant to higher orders in «
leads (with sufficient labour) to the final local supersymmetry transform-
ation laws'®

e — e, + 6ce," = e — i kEy™Y,, (4.60)

where e, is the vierbein-©® with u a world index and m a local Lorentz
index, satisfying 4, = ¢,”e,",,,, and

v, -V, +6:¥, =¥, + 2kt Dt (4.61)
where D, is the covariant derivative

mn

D,=0,— i@, (4.62)
with
@ pormn = Opymn + % Cuym¥n + ¥, 0%, - V¥, (4.63)
and
Oprmn = 38m" (8,80 — 8,€,,) + 3€,,P€,° dg€ 6,7 — (m <> 1) (4.64)

which is the standard spin connection®-®. The covariant derivative D,
differs from the minimal covariant derivative of general relativity™ by the
term quadratic in the Rarita—Schwinger field, which is necessary to achieve
invariance of the action at order «>. The final locally supersymmetric
action® is

S=- 2%2 J d*x |dete|R — %[d“x e“"P sy, DY, (4.65)

which is the sum of the standard Einstein action, with R the curvature scalar,
and the action for the Rarita—Schwinger field covariantized using the non-
minimal covariant derivative (4.62). It is straightforward to check that the
transformation laws (4.60) and (4.61) and action (4.65) reduce to (4.53),
(4.57) and (4.58) correct to order . The invariance of (4.65) under (4.60)
and (4.61) to all orders in k may be checked directly. This is a somewhat
laborious process which can be simplified”"® by using the first-order
formalism in which the vierbein and spin connection are treated as indepen-
dent variables with the spin connection ultimately given in terms of the
vierbein by solving the field equations.

Exercises

4.1 Check the invariance of the action (4.15) correct to order g under the
transformation (4.16), and of the action (4.18) correct to order g2,
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4.2 Derive the action for linearized Einstein gravity by expanding the
Einstein field equations to linear order in A,,,,.

4.3 Show that the commutator of two supersymmetry transformations acts
on a Rarita—Schwinger spinor as in (4.47).

4.4 Show that the choice (4.52) of ¢, gives a globally supersymmetric
action for the supergravity multiplet.
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COUPLING OF SUPERGRAVITY TO
MATTER

5.1 Introduction

To make contact with the physics of quarks, leptons, gauge fields and
Higgses it is necessary to extend the discussion of the pure supergravity
Lagrangian of the graviton and gravitino of Chapter 4 to include couplings to
these ‘matter fields’. In Chapter 4, the locally supersymmetric Lagrangian
for the supergravity multiplet was derived from the globally supersymmetric
Lagrangian using the Noether procedure of §4.2. In this chapter, we shall
use the same technique to illustrate how couplings of the supergravity
multiplet to matter fields may be obtained, before proceeding to a discussion
of supersymmetry breaking in supergravity theories. Whereas in globally
supersymmetric theories supersymmetry breaking manifested itself in the
appearance of a massiess Goldstone fermion, in locally supersymmetric
theories we shall find that the corresponding effect is the appearance of a
mass for the gravitino, which is the gauge particle of local supersymmetry.
Supersymmetry breaking in a ‘hidden sector’ is communicated to the
‘observable sector’ (of quarks, leptons etc) in the form of supersymmetry-
breaking terms in an otherwise globally supersymmetric low-energy Lagran-
gian. For the supersymmetry-breaking mass splittings within supermultip-
lets to be small enough (<1 TeV) for the hierarchy problem of grand unified
theories to be solved (as discussed in §5.6) it will be found to be necessary for
the gravitino mass 73/, to be small on the Planck scale mp. This is most
naturally achieved in the no-scale supergravity theories, with which we
conclude the chapter, in which m;,, is undetermined at tree level with
non-gravitational radiative corrections leading to a value of ms/, hierarchi-
cally suppressed relative to the Planck scale.

5.2 The supergravity Lagrangian for the Wess—Zumino model

The simplest matter field system to couple to supergravity by making the
supersymmetry local is the free massless chiral supermultiplet of the Wess—
Zumino model. From (2.50), the corresponding globally supersymmetric
Lagrangian is

Lo =0,9* 0" g + 195" 8,y (5.1)

DOI: 10.1201/9780367805807-5
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where 1 is a Weyl spinor, and the on-shell global supersymmetry transform-
ation laws corresponding to (2.36) and (2.37) are

8¢ = V2Ewy (5.2)
and

Sy = -1 V24,0 0"&y (5.3)
where £y is a Weyl spinor parameter. Alternatively, the Lagrangian may be
written in terms of a Majorana spinor ¥ as in (2.56):

Lo=0,0% 0%p + %‘T’y” o, ¥. (5.4)

It is not difficult (Exercise 5.1) to show that the global supersymmetry
transformation laws (5.2) and (5.3) may be recast in terms of the Majorana
spinor ¥ and real fields A and B defined by

#=s(4+iB) (5.5)
as

0A =&V (5.6)

OB =iEys¥ (5.7)
and

oV =—-iy“9,(A+iysB)§ (5.8)
where & is the Majorana spinor parameter

(g 6

To obtain a corresponding locally supersymmetric Lagrangian we need to
replace & by £(x), i.e. to allow & to depend on the point of space-time, and,
employing the Noether procedure, to add terms to the Lagrangian and to the
supersymmetry transformation laws until invariance is restored. In the
absence of space-time dependence of &, the variation 6%, of £, under a
supersymmetry transformation is a total derivative and so ¥, is globally
supersymmetric. Allowing & to have space-time dependence, but retaining
for the moment the transformation laws (5.6), (5.7) and (5.8) (where 9,
differentiates A + i ysB but not &), we have instead (Exercise 5.2)

8% = 9,& j (5.10)

up to a total divergence, where
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j“=4(A — iysBV. (5.11)

Cancellation of 0%, may be achieved by adding a term to the Lagrangian
coupling the (Noether) current j# to a gauge field for the local supersym-
metry transformation, by analogy with the Yang-Mills case of §4.2. Since
the supersymmetry generator is a Majorana spinor, the corresponding gauge
field should be a vector spinor ¥#, which we identify with the gravitino of
§4.3. The transformation law of ¥ under a local supersymmetry transform-
ation is already known from (4.61). To leading order in « it is

v, — \I’#+2K_18#§. (5.12)
Thus, if we add the Lagrangian term
¢ = aifﬂj# (5.13)

the supersymmetry transformation variations 0%, and 0%, cancel to zeroth
order in « for

(5.14)

K
a=—=-
2
To cancel 6%, + 6%, to next to leading order (order «) it is necessary to

add further terms to the Lagrangian and to the supersymmetry transform-
ation laws. To this order (Exercise 5.3)

0%, = — 0,£j* +i kP "ET,, + ‘7" e“ " . 9,EA 3,B

ik . — <
+ -2—5" P78,¥,y.EA 0,B (5.15)

u

where, displaying only the A-dependent part,

T, =0,A0,A—31,,0,A0PA+ - (5.16)
which is just the energy—-momentum tensor, and

A9,B=A3,B~Bi,A. (5.17)

To cancel the T,,-dependent part of 6%, it is necessary to add to the
Lagrangian the linearized gravity coupling of the graviton to the energy-
momentum tensor

Py = — why, T (5.18)

With the aid of the transformation law for the graviton (4.53), it can be seen
that 6%, cancels the T, term in 0%, correct to order «.

As aresult of (5.12), the third term in (5.15) is cancelled by adding to the
Lagrangian
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i — .
L= — 1 Ke“ P,y ¥, A3,B. (5.19)

The last term in (5.15) is cancelled by the variation of the gravitino kinetic
term of (4.21) if we modify the local supersymmetry transformation law of
W, by addition of a term to

oW, = 2«71 9,E +1ikysEA3,B. (5.20)

Of course, once the supersymmetry transformation law for the gravitino
has been modified as in (5.20}), the variation of the existing Lagrangian terms
is correspondingly modified at order «°. For example, there is the extra term
from &,

2 . R
8%, = % Eys#(A —iysByy*WAGB + - (5.21)

which is cancelled by adding
= -

There are also various four-fermion terms arising which we have not
computed.

The process ends at order «* apart from covariantization with respect to
gravity, so we find that the coupling of a free massless chiral supermultiplet
to supergravity is given by the Lagrangian

PL=- % |det e|R — %s“vm‘f’uysyv D,¥, + |dete| 9,¢* 3¢
K
+ % dete|¥y“ D,V — g |det €], 0(A — i ysB)y“¥
. _ . 2 _ .
-~ i KCe“ o v W, A D,B — ’—;— det e|¥ysy“¥A D,B

+ four-fermion terms (5.23)

where all derivatives D, are covariantized with respect to gravity, the first
two terms are as in (4.65), and e, is the vierbein. The local supersymmetry
transformation laws are

0A = E¥ (5.24)
0B =&y ¥ (5.25)
de," = —ikéy™V, (5.26)
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0¥, =2k""D,E +ixkEA D,B + two-fermion terms (5.27)
and
0¥ = —iy*D,(A +iysB)§ + two-fermion terms. (5.28)

A similar approach®™ may be used to derive the coupling of the vector
supermultiplet to supergravity.

5.3 The general supergravity Lagrangian for chiral supermultiplets

In §5.2, the coupling to supergravity of free chiral supermultiplets was
derived from the globally supersymmetric Lagrangians using the Noether
procedure. For interacting (before coupling to supergravity) chiral super-
multiplets, this same procedure has been used to determine the coupling to
supergravity for some cases. However, the very laborious general result has
in practice been derived using the less intuitively appealing but more
efficient local tensor calculus technique®*®, and we now present the result.
The most general globally supersymmetric Lagrangian for chiral superfields
®, describing complex scalar fields ¢; and Weyl spinor fields y;, or equiva-
lently Majorana spinor fields ¥;, is

LGLOBAL = Jd“@ K(®", ®) + sze (W(®) + HC) (5.29)

where the first term in (2.82) has been generalized to allow a general
function K of the superfields ®;" and ®; because non-renormalizable kinetic
terms cannot be excluded in the presence of gravity. Correspondingly, the
superpotential W(®) may contain arbitrary powers of the superfields ®;.
The supergravity Lagrangian turns out to depend only on a single function of
the scalar fields ¢;* and ¢,, namely

G(g*, @) = J(¢*, @) + In|W|? (5.30)
where
J(¢*, @) = — 3In(—K/3). (5.31)

The function G is referred to as the Kahler potential. (Sometimes J is
referred to in this way.) The same supergravity Lagrangians can be obtained
for different choices of J and W, because G is invariant under the transform-
ation

J—=J+ h(p) + h*(¢*)
W—e "W (5.32)
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for an arbitrary function 4.
It is convenient to write the supergravity Lagrangian in terms of the left
and right chiral components of the Majorana spinors

V=31~ ys)¥; (5.33)

Vir =5+ y5)¥; (5.34)
and their conjugates

=W, 3( + ys) (5.35)

‘T’iR = \T’i 3= ys). (5.36)

This makes it easy to interpret the result in terms of Dirac spinors assembled
from left and right chiral components of Majorana spinors.
The rather lengthy supergravity Lagrangian ¥ may be split into terms as

where £y contains only bosonic fields, $gx contains fermionic fields and
covariant derivatives, and supplies the fermion kinetic energy terms, and ¥
fermionic fields but no covariant derivatives. In detail®-®, with |det | the
determinant of the vierbein e¢,”, and R the curvature scalar, in units with ©
set equal to 1,

|dete| Py = — IR + G' D, @, D*¢’" + eG(3 - G,-(G—l);lcf) (5.38)

where the derivatives D, are covariantized with respect to gravity. To keep
track of differentiation with respect to scalar fields and their adjoints, the
scalar fields have been written as ¢; and their adjoints as ¢, and the
derivatives of the Kihler potential as

G =% G,-Ea—(f* (5.39)
0P; 0@
and
Gi= 6(22;;,*~ (5.40)
The inverse (G~ '); obeys
(G~ )G} = o (5.41)

The kinetic terms and the tree level effective potential of the scalar fields are
provided by £g:
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|det e] 1pg = — didete| eV sy, DY,

+ %'det el—lsllVPG\T;#yv\I;p(Gi Do(pi - Gi Da(pi*)
. Gy y* DY/ + z 7 PV (— Gl +3G.G)
2 2
1 i*
+ 5 O POy U + Hc>. (5.42)

This contains the kinetic terms for the fermions and some non-
renormalizable interaction terms. Finally,

|dete] '%r = %eG/z\f'”a/‘”‘If,,
+5e9(— G' - G'G + GUG )GV, ¥;r
+ % e¢’ ZG"‘f’#Ly"‘I’iL + Hc| + four-fermion terms (5.43)

with ¢* as in (4.35). This contribution to the Lagrangian contains the
fermion Yukawa couplings, and numerous non-renormalizable terms which
can be found in full in the original literature’® or elsewhere”. (The
zero-superpotential limit, corresponding to the supergravity-coupled Wess—
Zumino model of §5.2, cannot be taken straightforwardly because the
superpotential enters the Kéhler potential logarithmically in (5.30).)

The local supersymmetry transformation laws (analogous to (5.24)-
(5.28)) are

Op; = \/ié‘l’i = \/iéR\PiL (5.44)
de,” = — i kEY™Y, (5.45)
o0V, =2«"'DE+ k&G D,g: — G; D,¢")

+ie? 2;/#5 + two-fermion terms (5.46)

and
OV, = —i P(A; +iysB)E — V2e°(G™1)GE + two-fermion terms (5.47)
where @; is decomposed into real fields A; and B; as

0 = %(A,. +iB,). (5.48)

The renormalizable globally supersymmetric Lagrangian of (2.56) can be
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recovered for m; = 0 by taking the superpotential asin (2.45) (withm;; = 0),

and the function K in (5.29) to be
K(®', )=, '®, -3 (5.50)

which differs from the D-term in (2.44) by a constant, which has no
significance in the globally supersymmetric theory butis of importance in the
locally supersymmetric theory which is coupled to gravity. Neglecting non-
renormalizable terms in (5.38), (5.42) and (5.43) then leads (Exercise 5.4) to
(2.56), with m; = 0.

In general, in the presence of gravity, there is no requirement that the
Lagrangian should be renormalizable, and, in particular, there is no reason
for K(®, ®) to correspond to only renormalizable kinetic terms in the
globally supersymmetric Lagrangian. Accordingly, it is often convenient in
model calculations to use the form of K that leads to minimal kinetic terms in
the supergravity Lagrangian, namely

K = - 3exp(—®,0/3). (5.51)
Then,

G=g¢¢ +In|W? (5.52)
and

Gi= 6. (5.53)

As a consequence of (5.53), the kinetic terms for the scalar fields (in (5.38))
are simply 8,¢; 3“@; and the kinetic terms for the fermion fields in (5.42)
are

%\Tfﬂ_'}/# aﬂ‘lfﬂ_ + HC.

5.4 The general supergravity Lagrangian including vector supermultiplets

As observed in §5.2, the coupling of the vector supermultiplet to supergra-
vity may be derived by the Noether procedure. However, in practice, the
complete supergravity Lagrangian involving vector supermultiplets and
chiral supermultiplets has been derived® by the local tensor calculus
method®. To state the result we first need to write down the general (not
necessarily renormalizable) globally supersymmetric Lagrangian for vector
superfields V as defined in §3.6, and chiral superfields ®;:
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PGLoBaL = [d“e K(®" eV, d) + sza (W(®) + He)

+ [dze (fp(PIW, W, + HC) (5.54)

where W% is the gauge field strength superfield of (3.125) with spinor index
a and gauge group index a, f,,(®) is an arbitrary function of the chiral
superfields which would be just d,, in the renormalizable case, W(®) is the
superpotential, and, in the function K of (5.29), e*¢" has been introduced to
couple the chiral supermultiplets to the gauge fields, as in §3.6.

The resulting supergravity Lagrangian £ may be separated conveniently
into several terms

§£=$B+$FK+$F+§£B+$FK+$F (555)

where $p, $rx and Py are identical to £, Lpx and L of (5.38), (5.42) and
(5.43), except that the covariant derivatives are to be covariantized with
respect to the gauge group in the usual way, as well as with respect to gravity.
The terms £y, Lrx and Fp are as follows:

-14 uv i i uv
‘det e} 1§£B = _%(Refab)(Fa)qub‘ + Z(Imfab)(Fa)#va#

2 .
= E(Re [ G Ty 0 GH T (5.56)
where the gauge field strength (F,),,, is
(Fa)/w = avaa - avvya - gfachbevc (557)
and its dual (F,),, is
(Fa)/w = eyvpa(Fa)po' (558)

The last term in (5.56), which involves the generators (T,), of the gauge
group in the appropriate representation for the g¢;, is the D-term of (3.127)
generalized to take account of f,,(®) in (5.54),

det el ™' P = %Refabw)(%za Dy + Yy oV (Fy),,

D i i :
0" D gy | = 1 fl) DuCdet elhrsyan)

_ %afgb(p(_@ TR0 (F vt + HC (5.59)

where A, is the gaugino.
Finally,
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d 1 SE —le Zafab G Y.G i A
|det e~ =3¢ - (G™Y)G b

i i I, . i H
58 G(T,) 9V Ly Aar + 21 gGUT,) ik Pitar ¥iL

2g Refab fbc G (T )z](p]\I,kRj'cL + HC

+ four-fermion terms. (5.60)

If some of the scalar fields ¢; develop expectation values, equation (5.60)
can give rise to gaugino mass terms.

The corresponding local supersymmetry transformation laws are identical
to (5.44)—(5.47) for d¢;, de,”, 6¥, and OV, except that the covariant
derivative in (5.47) is also covariantized with respect to the gauge group and
there are some extra two-fermion terms involving gauginos. In addition,
there are the transformation laws for the gauge fields and gauginos,

OVH = — E ") + HC (5.61)

and

O = 0" (Fp)mbL + 2g Re £, G(T, )i @& + two-fermion terms  (5.62)

with ¢#” asin (4.35). The complete expressions for the Lagrangian inclusive
of four-fermion terms, and for the local supersymmetry transformation laws
inclusive of two-fermion terms, can be found in the original literature® or
elsewhere®,

5.5 Spontaneous supersymmetry breaking in supergravity

In §2.9, it was found that for globally supersymmetric theories a super-
symmetric vacuum state had zero energy, and if supersymmetry was spon-
taneously broken in the vacuum state it had positive energy. It was also
found that spontaneous supersymmetry breaking occurs if one of the
auxiliary fields F; of a chiral supermultiplet ®; develops a non-zero Vev, or,
as in §3.5, there is the alternative of the auxiliary field D, of a vector
supermultiplet V, developing a vev. A Goldstone fermion arises from the
supermultiplet to which F; or D, belongs. For theories with local super-
symmetry there are some differences and some similarities.

One difference is that the vacuum energy is no longer positive semi-
definite. This can be seen by looking at the tree level effective potential V
arising from equations (5.38) and (5.56). For simplicity, consider first the
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case of a single gauge-singlet chiral superfield ® with minimal kinetic terms
arising from

G=¢*¢+In|W? (5.63)
as in (5.52). Then, after a little algebra, we find from (5.38) that
2
V= efﬂ*fﬂ( f;lv+ qp*W‘ - 3|W[2) (5.64)
@

for supergravity, to be compared with

aW|?

W (5.65)

v=|

from (2.51) and (2.52) for the globally supersymmetric case. (We are using
@™ to denote the complex conjugate of the expectation value of ¢.) Itis clear
from (5.64) that there is now the possibility of a ground state with negative
energy.

For spontaneous supersymmetry breaking to occur, at least one of the
fields in the theory must have a VEv that is not invariant under supersym-
metry transformations. The only supersymmetry transformation laws
amongst (5.44)—(5.48) and (5.61), (5.62) that can have a non-zero right-
hand side without breaking Lorentz invariance are (5.47) and (5.62). If
moreover we assume that there are no non-zero expectation values for the
terms on the right-hand side involving fermionic fields, then (for non-
spatially varying expectation values) we may simplify (5.47) and (5.62) to

0[6¥,]0) = — e“H(G NG (5.66)

and
(0102,/0) = 3 g Re fap G(Ty )y (5.67)

where the scalar fields on the right-hand sides of (5.66) and (5.67) are being
used to denote their expectation values. (In §5.8, we shall discuss the case of
supersymmetry breaking by a gaugino condensate, in which case we have to
take account of a vev for a product of two fermionic gaugino fields.)

For the case of a single gauge-singlet chiral superfield ® with Kahler
potential given by (5.63), equation (5.66) simplifies to

<O‘6\I]“O> I exp(%((p*(p t In ‘W’z)) <8W: + QDW*) 5 (568)
w o

and the right-hand side of (5.67) is zero. Then, the criterion for supersym-
metry breaking is that the vev of dW/d¢ + ¢*W should be non-zero. This is
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the generalization of F-term supersymmetry breaking to supergravity.
Returning to (5.64), we see that

V=—3e"?W? (5.69)

in a supersymmetric vacuum. Thus, the energy of a supersymmetric vacuum
is negative. When supersymmetry is broken, the vev of dW/dp + ¢*W is
non-zero, and it is possible for a cancellation to occur in (5.64) to give a
vacuum with zero energy. There is therefore the attractive possibility in
supergravity theories of obtaining a vacuum state with zero cosmological
constant when supersymmetry is broken.

Consider next the case of a gauge non-singlet chiral superfield ®; with
minimal kinetic terms arising from

G=¢" ¢, +In|W? (5.70)
and with the minimal choice of gauge field kinetic terms given by
far(®) = Oap- (5.71)
Then, from (5.38) and (5.56) we find the tree level effective potential
V=e?'s (—3|W¢2 + ‘%’ g W‘ ) + g; G(T )0 G Tue  (5.72)
where
: 1 oW
G=¢ +—— 5.73
7 W, (5.73)
for supergravity, to be compared with the positive semi-definite
oW* | g* .
V= ‘g + 56" (199" (Tuw (5.74)

for the globally supersymmetric case. Assuming no expectation values on
the right-hand sides of equations (5.47) and (5.62) involving fermionic
fields, these equations may be simplified to

Lo, 2 .
(0%5‘1’1[0) _ _ exp(z((pf qa/:— In |W| ) (‘Z‘(’;}* + (pzw*) E (5.75)

and
0/62,/0) = 3 8G(T,), 98 (5.76)

There are now two different mechanisms for supersymmetry breaking
depending on whether one of the ¥, or one of the 4, has a vEv that is not
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invariant under supersymmetry transformations. In the former case, the
criterion for supersymmetry breaking is

‘;lv b @FW 0 (5.77)

1

for some values of i, generalizing F-term supersymmetry breaking to
supergravity. In the latter case, the criterion is

Gi(Ta)i]{pj #( (578)

for some value of a, generalizing D-term supersymmetry breaking to
supergravity. (In either case, a necessary condition for supersymmetry
breaking is that G’ should be non-zero for at least one value of i.)

5.6 The super-Higgs mechanism and gravitino mass

In §2.9 and §2.10, we saw that in globally supersymmetric theories of chiral
superfields when F-term supersymmetry breaking occurred with an auxiliary
field developing an expectation value, the spinor in the supermuitiplet of this
auxiliary field was the Goldstone fermion. In locally supersymmetric theor-
ies, we might expect that the Goldstone fermion would be ‘eaten’ by the
gauge field of local supersymmetry, namely the gravitino, and in this way the
gravitino would acquire a mass. (The helicity ] states of the Goldstone
fermion are combined with the helicity +3 states of the massless gravitino to
give the states of a massive spin-3 particle.)

That this happens®-®® can be seen by looking at the terms L of (5.43)
quadratic in the spin-1 fields ¥; and the gravitino field W, . In outline, when
G’ is non-zero for some value of i (and we have seen in §5.5 that this is a
necessary condition for supersymmetry breaking) there is a mixing of the
would-be Goldstone fermion G'¥; with the gravitino through the mass term
((1/V?2) eG/ZGi‘T’#Ly"‘IfI-L + HC). Once the Goldstone fermion has been
‘eaten’ by the gravitino (the super-Higgs mechanism) we are left with a
massive gravitino ¥, with mass term (i/2) eGn/z‘If/’lo"V\If;, where Gj is the
expectation value of G in the physical vacuum. Recall that we have been
working in units where «? in (4.24) has been taken to be 1. Thus, all masses
are in units of the Planck mass mp defined by

8aGyms = K*mb =1 (5.79)

where Gy is the Newtonian gravitational constant. Explicitly restoring the
mass unit, the gravitino mass m;, is

myn = e%%mp (5.80)

where
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mp=2.4x 10" GeV. (5.81)

It is instructive to work through the super-Higgs effect in a little more
detail. For simplicity, we shall continue to use the minimal form of G as in
(5.70). The appropriate choice of expectation values for G and its deriva-
tives is that corresponding t0 the physical vacuum. First, the vacuum must be
a minimum of the effective potential, V. Assuming, for simplicity, no D-
terms, Vis as in (5.38):

V=- eG(S - G,-(G'l);cf). (5.82)
To obtain

v =0 (5.83)

0@y
when

= (3j (5.84)

we need

G*+ GG* =0. (5.85)

Second, we require the value of Vin the physical vacuum to be zero to obtain
a vanishing cosmological constant. Thus we also need

G,G/=3. (5.86)

For the minimal form (5.70) of G, and assuming that the expectation
values of the scalar fields are real, the mass terms ¥f derived from (5.43)
simplify to

—lcpm i ST, v i IR,
|dete| '¥p = 566/2‘1’#0” v, + WeG/ZG VY,
- 1e9H(GI + G'GIYV Y. (5.87)
The contribution of the Goldstone fermion
n =G, (5.88)
may be separated from the contributions of the other chiral fermions by
rewriting (5.87) in the form

dete] 'Y = - e“2W 0, +\/5 e“2Y vy

i
2
—1e“ - L9 H(GY + %GiGj)‘T’i‘I’j. (5.89)

It is not difficult to verify using (5.85) and (5.86), as appropriate to the
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physical vacuum, that there is no contribution to the mass of # from the mass
matrix

M7= G"+iG'G. (5.90)

It may be shown that all terms in the Lagrangian quadratic in the fermion
fields may be written in terms of

, i V2 _
v =‘I'# _3—-\/——2’}/#7] "—3—6 G2 8#77 (591)
and the ¥,. In particular (Exercise 5.5) the mass terms of (5.89) may be cast
in the form

|dete|~1ep = %ecfzwif;oﬂvw; - 1e9(GY + 1G'GH T, (5.92)

Whereas ¥, was a massless spin-3 field, W, is a massive spin-3 field with the
extra helicities deriving from the contribution of the Goldstone fermion 7 to
(5.91). The mass of the gravitino is given by the value of e’? in the physical
vacuum, as advertised in (5.80).

Further insight can be obtained by considering the local supersymmetry
transformation laws (5.46) and (5.47). For the minimal form (5.70) of G,

and in the physical vacuum, equation (5.47) yields
on=-3V2e%% +.... (5.93)

To lowest order in «, the Goldstone fermion can be gauged to zero by
choosing

1 -ar
=——= . 5.94
E=—7pE 1 (5.94)
Then, the gauge-transformed gravitino field
v, =¥,+0¥, (5.95)

arising from (5.46) is given by (5.91). Thus, as expected in a Higgs
phenomenon, there is a choice of (supersymmetric) gauge in which the
Goldstone fermion disappears from the theory having been ‘eaten’ by the
gauge-transformed gravitino ¥,

For the case of D-term breaking of supersymmetry, the term £y in the
Lagrangian mixing the gravitino with the would-be Goldstone fermion is
given by

|det el _1££MIX = ; eG/zGi\T’

V2 #
i i _
- EgG (T2)y@¥ Ly AaL + HC. (5.96)

Lyﬂ\yiL + HC
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(The latter term, arising from (5.60), is non-zero when (5.78) is satisfied,
corresponding to D-term supersymmetry breaking.) For minimal G, as in
(5.70), and real expectation values for the scalar fields, the Goldstone
fermion is

1= G, = Lo e OPGHT,) 0,0 (5.97)

and similar arguments to those just given can be constructed (Exercise 5.6)
to display the super-Higgs mechanism.

5.7 Hidden-sector supersymmetry breaking

The most successful applications of supergravity to the construction of
supersymmetric grand unified models (see Chapter 6 and the review of
Nilles”) have the supersymmetry breaking occurring in a ‘hidden sector’,
by which is meant a sector of the theory that couples to the ‘observable
sector’, of quark, leptons, gauge fields, Higgses and their supersymmetric
partners, only through gravitational interactions. The simplest model of a
supersymmetry-breaking hidden sector uses the Polonyi superpotential for a
single gauge-singlet chiral superfield @,

W(D) = m*(® + ) (5.98)

where m and j are real parameters with dimensions of mass. Let us also for
simplicity adopt minimal kinetic terms so that the Kéhler potential is

G=g¢*¢+In|W}? (5.99)
asin (5.63). Then, the tree level effective potential derived from (5.64) is

V=m*e" (1 + ¢*(¢ + B - 3l + BP). (5.100)
For the special choice

B=2-V3 (5.101)
it may be shown (Exercise 5.7) that V has an absolute minimum at

g=py=V3-1 (5.102)

with V = 0 (and so the desirable feature of a vanishing cosmological constant
in the physical vacuum). At this minimum,

%‘1’+ O*W = \3m? (5.103)
9

is non-zero and consequently supersymmetry is broken, as discussed in §5.6.
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The Majorana fermion W is the Goldstone fermion and is ‘eaten’ by the
gravitino to give the gravitino a mass. Using (5.80), we then find
_exp(V3 - 12 m? .
M3y = f m—% Mp (5104)
where the factors of mp have been restored in e“’?. It is worth noticing that
the gravitino mass can be much smaller than the Planck mass if m/mp is
small.

In (2.114), the supersymmetry-breaking scale M% for a globally supersym-
metric theory was defined as the expectation value of the F-term responsible
for supersymmetry breaking. For the case of supergravity, comparing (5.66)
with (2.87), the supersymmetry-breaking scale is defined (almost) corre-
spondingly by

M5 =e“*(G7hHIG, (5.105)

where it is understood that the right-hand side denotes the expectation value
taken at the absolute minimum of the effective potential. In the present case

1 oW
Mi=eC? p*+ === 5.106
s=¢ @ W o ( )
and we find
M2 =\3m,mp. (5.107)

(This is a general result for theories where the supersymmetry-breaking
absolute minimum has V = 0.) Conversely,

M3y = M%/\/gmp (5108)

which means that the gravitino mass will be small compared with the
supersymmetry-breaking scale whenever My is small on the Planck scale.
For instance, a gravitino mass of the order of 100 GeV is obtained when Mg
is of the order of 10'° GeV.

The masses of the fermions and scalars arising from the chiral supermul-
tiplet ® and the supergravity multiplet may be calculated in terms of m5,.
For the fermions, equation (5.92) gives the mass matrix in the physical
vacuum

det e| 1 = %mm@;awqf;. (5.109)

This is as expected because the fermion from the supermultiplet ® is the
Goldstone fermion that has been ‘eaten’ by the gravitino, and is in agree-
ment with the remarks following (5.89). For the scalars, the mass terms £
arising from the (5.38) are given by (Exercise 5.8)

B == 2ming'*e = 2(V3 = Dminle'e + ¢ ¢'*) (5.110)
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where we have written

Q=q@+ ¢ (5.111)

with ¢, the expectation value of ¢ in the physical vacuum as in (5.102).
Defining real scalar fields A and B by

¢’=%(A+i3) (5.112)
we then find

m4 = 2\V3m3,, (5.113)
and

mb =22 — V3)mi,. (5.114)

For globally supersymmetric theories with only chiral supermultiplets we
foundin §2.10 that the supertrace of the mass-squared matrix over real fields
was zero. Here we find, with the inclusion of the supergravity multiplet, that

3/2
STrM* =) (-D¥QJ+D)mi=—dm3,, +m4 +m3=0 (5.115)
J=0

which is the same as for the globally supersymmetric case. However, for
theories with the supergravity multiplet plus N chiral supermultiplets, this
generalizes to

STr M? =2(N — 1)m3,. (5.116)

There is the attractive feature that the scalar particles are required by
(5.116) to be more massive on the average than their fermionic super-
partners. This accords with experience, in that, for instance, the squarks and
sleptons must be more massive than the quarks and leptons. As we have
remarked earlier, it is possible for mj, to be much smaller than the
supersymmetry-breaking scale and so, even when the supersymmetry-
breaking scale is large, it is possible to have modest mass splittings within
supermultiplets.

5.8 Supersymmetry breaking by gaugino condensates

As already mentioned following (5.67), another possible mechanism® for
supersymmetry breaking in a supergravity theory would be for a product of
two fermionic gaugino fields to develop a VEv. Including gaugino terms
(5.47) is
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OW; = —i D(A; +iysB)E — V2 (G)GiE — §fur(GiAshy

+ other two-fermion terms (5.117)
with
= afab
= e 5.118
f bj aq}/ ( )

where f,,, is the coefficient of the gauge field strength term as in (5.54). Thus,
an expectation value for 1°A” can break supersymmetry by making the
expectation value of W; non-invariant under a supersymmetry transform-
ation. For this to occur it is necessary for some components of f,,; to be
non-zero, which requires non-minimal gauge field kinetic terms.

It may be possible for gaugino condensation to occur in a hidden sector of
the theory if the gauge group is a product of two factors one of which
contains the gauge group of the standard model. For instance, in heterotic
string theories, as we shall see in Chapter 9, it is possible for the gauge group
to be Eg X Eg with the first exceptional group factor containing the standard
model gauge group and the second factor providing a hidden sector. It has
been argued® that a gaugino condensate with

(A928Y ~ ui? (5.119)
should develop if the running gauge coupling constant for the hidden sector
becomes strong at an energy scale u.

In the presence of such a gaugino condensate, the four-fermion term from
(5.60),

|det e| ' Laix = 3o Vi 04 Vi ¥, Apr + HC (5.120)
will cause
1 = faplhars)¥; (5.121)

to mix with the gravitino. Thus, # should be identified as the Goldstone
fermion. The value of the gravitino mass ms,, arising from the supersym-
metry breaking depends on the details of the Kahler potential because of
(5.80). However, the order of magnitude ms;, may be determined by
observing that supersymmetry breaking through gaugino condensates is
known not to occur in the case of globally supersymmetric theories. It
follows that the supersymmetry breaking tends to zero as mp — <, and we
expect the supersymmetry-breaking scale M3 to be at most

M2~ 1iP/mp (5.122)

with the possibility of it being suppressed by a further power of mp.
Correspondingly, the gravitino mass arising from (5.108) is at most

Mayy ~,u3/m% (5.123)
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A small gravitino mass can result even for large values of u provided that u is
small on the scale of the Planck mass.

5.9 Supersymmetry-breaking effects in the observable sector

In §5.7 and §5.8, mechanisms by which supersymmetry may be broken in the
hidden sector have been discussed. The next question that must be
addressed is of how the supersymmetry breaking that occurs in the hidden
sector feeds through into the observable sector. In particular, we need an
effective low-energy Lagrangian?-® including supersymmetry-breaking
effects that can be used at energies small compared with the Planck scale.
The chiral superfields may be divided into hidden-sector superfields Z;
and observable-sector superfields Y, with corresponding scalars z; and y,,
where we are using indices i, J, k, ... for the hidden sector, and indices
r,s,t, ... for the observable sector. For simplicity, let us assume that the
superpotential is additive in the hidden and observable sectors:

W(Z,,Y,) = W(Z,) + W(Y,). (5.124)

(This certainly avoids any couplings other than gravitational between the
two sectors.) Let us also assume that the kinetic terms are minimal,
corresponding to a Kéhler potential

G=mpX(z"z;+y"y,) + In(|W|*/m}) (5.125)

where we have displayed the Planck mass, mp. Then, the tree level effective
potential (excluding D-terms) deriving from (5.38) is

2

V= exp((Z" 2+ y p)imd) (\QV—V + (W W)
BZZ- myp
- T o
+ \8W+y2(W+ W)‘ - 3mp2|W + W\2>~ (5.126)
yr mP

A form for the effective potential appropriate to energies small compared
with the Planck scale can be obtained by replacing z; by the expectation
value at the minimum of the effective potential and working to leading order
in mp!. In general, the hidden-sector expectation values at the minimum of
V may be written as

(z;) = a;mp (5.127)
(W) = ums (5.128)

and
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621~

where g; and c; are dimensionless quantities, and u is a mass scale character-
izing the expectation value of the hidden-sector superpotential. (As we shall
see in a moment it is convenient here to write this scale as um3, rather than
as m’mp, if we were to follow §5.7.) Using (5.80), the gravitino mass is then
given by

M3y = e‘a"P/ZIM . (5130)

In taking the low-energy limit, we need to hold m,, fixed as mp — %, and,
from (5.130), this means working to leading order in u#/mp. In the low-
energy limit, equation (5.126) reduces (Exercise 5.9) to

V=el { Wl + 42y, + u(y, oW +(A-3)W+ ccﬂ (5.131)
oy, 3y,
where
= (¢ + a)a;". (5.132)
Using (5.130), and defining a modified superpotential
W = elal2y (5.133)
then (5.131) may be rewritten as
N A
V= sz R . ‘;W 4 (A= W+ cc|- (5.134)

The first term is of the standard form (2.51) for unbroken global supersym-
metry with superpotential W, and the remaining terms are supersymmetry-
breaking terms. The part of the low-energy Lagrangian involving chiral
spin-3 fermions deriving from (5.43) is as for unbroken global supersym-
metry with superpotential W. Thus, ms,, is the supersymmetry-breaking
mass splitting between bosons and fermions in the same chiral supermulti-
plet. In the special case where the hidden-sector superpotential is the
Polonyi superpotential of §5.7, it is not difficult (Exercise 5.10) to check that

A=3-V3 Polonyi superpotential. (5.135)

The parameters A and m3,, in (5.134) should be understood as being defined
at the Planck scale in the first instance. Thus, to employ the effective
potential at the electroweak scale it will be necessary to run the parameters
between the two energy scales by means of renormalization group
equations, as will be discussed in Chapter 6.

An attractive possibility for the observable-sector superpotential Wis that
it should be trilinear in the chiral superfields Y,, so as to avoid any small
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(~100 GeV) adjustable mass parameters. Then, the effective potential
simplifies to
A

oW
9y,

V=

2 2 2 AR
+m3ply,l* + Ama (W + W), (5.136)

A feature of (5.134) and (5.136) is that there is a universal super-
symmetry-breaking mass mj, for the scalars y, from all chiral supermulti-
plets. It is possible to obtain effective potentials in which this universality is
absent by taking the kinetic terms for the chiral superfields to be non-
minimal. However, universal supersymmetry-breaking scalar masses may
be desirable because flavour-changing neutral currents are then avoidedin a
natural way.

In general, the low-energy effective potential may contain D-terms.
These are readily obtained from (5.56), and, for G of the form (5.125), the
complete low-energy effective potential is

V= ‘Z}v}: i + m3ply, 2+ mapnly, 2;‘: +(A- 3)"/‘7 +cC

+3Refa DDy (5.137)
with

D, = gy (T,),s;s- (5.138)

Another possible source of supersymmetry breaking in the observable
sector is the occurrence of gaugino masses while the corresponding gauge
fields remain massless; so there are mass splittings within the vector
supermultiplets. For this to be possible at tree level, it is necessary that non-
minimal gauge kinetic terms should be present with £, in (5.54) a non-trivial
function of the chiral superfields. Then, the first term in (5.60),

Pony = Le0” ‘Z;z;* (G™Y,G s (5.139)

can induce gaugino masses provided that G* is non-zero for some value of &,
which is the case whenever supersymmetry is broken, as discussed in §5.5.
Observing that of,,*/d¢/" has dimensions of inverse mass, assuming a
hidden-sector scalar field vev of order mp responsible for supersymmetry
breaking, and defining a supersymmetry-breaking scale My as in (5.105),
we see that the gaugino masses m,,, are of order of magnitude

My~ Mg/mp ~ msy (5.140)

where (5.108) has been used. Thus, the gaugino masses are another possible
supersymmetry-breaking effect on the scale of the gravitino mass.
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5.10 No-scale supergravity

In order to solve the hierarchy problem of grand unified theories (see
Chapter 6) it is necessary to ensure that the supersymmetry-breaking mass
splittings in the observable sector are not greater than about 1 TeV. The
discussion of §5.9 then suggests that we require a gravitino mass ms, of not
more than 1 TeV. In §5.7 such a gravitino mass was obtained by introducing
by hand into the superpotential of the hidden sector a mass scale m that
could be adjusted to obtain the required value of my,, as in (5.104). Thisis a
somewhat unnatural procedure and it might be more attractive to have a
theory in which the only input mass scale is the Planck scale mp. This can be
achieved if (in the absence of observable-sector superfields) the effective
potential for the hidden sector is flat (constant). Then, the expectation
values of the hidden-sector scalars are undetermined at tree level and
consequently the gravitino mass of (5.80) is undetermined at tree level. It
may then be possible for non-gravitational radiative corrections to the
effective potential to lift the degeneracy of the tree level effective potential,
and so the gravitino mass m,/, may be hierarchically smaller than the Planck
scale mp. (When scalar vacuum expectation values arise from radiative
corrections in this way they can be suppressed by an exponential factor
relative to the natural mass scale because the radiative correction to the
effective potential is logarithmic in the scalar vev.) Such theories® are
called no-scale supergravity theories.

Kaéhler potentials of the no-scale supergravity type occur naturally in the
supergravity limit of string theories'>>(| the simplest example being

G=-3In(z+z¥) (5.141)
where z is a hidden-sector scalar. For this Kahler potential

oG _ 9G

—=—=-3z+z)"! 5.142
dz  9z* (z+29 ( )
G -

=3(z+2")7° 14

Py 3(z+z%) (5.143)

and consequently the effective potential

V=- eG(s - G,-(G—l);ia') (5.144)
of (5.82) gives

V=0 (5.145)

for all values of z.

The desired property of a gravitino mass undetermined at tree level may
be retained when observable-sector superfields are incorporated provided
that the tree level effective potential is positive semi-definite with a flat
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direction (a direction along which V'is constant) along which the degeneracy
in the value of z can be lifted by radiative corrections. A simple example is
provided by the Kéahler potential

G=-3In(z+z* —ky"y,) + In|W[? (5.146)
where k is a positive constant and the superpotential is

W =dp0ypyedr (5.147)

with ¢ a constant, and d,,,, numerical coefficients. For this K&hler potential

*
3z +2* - kyr*yr)G—l - (Z +r*2 kg)lsar) (5.148)

where we have taken the upper index to be the row index asin (5.38). Aftera
little algebra, equation (5.144) together with the D-terms of (5.56) gives the
positive semi-definite effective potential (Exercise 5.11)

oW

V=0 (z+2" = kyy,) 7
Bk)"(z+ 2" = ky" y,) 3,

2 éL2 .
+ % Refa'D.D, (5.149)

where
Dy = G'(To)ysys- (5.150)
The minimum of the potential occurs for

W _,
3y,

D,=0 for all r and a (5.151)

and the cosmological constant is then zero. The expectation value of z is
undetermined at the minimum of the tree level effective potential, and so
radiative corrections can again determine mi,.

Unlike (5.126), the form (5.149) of V yields no supersymmetry-breaking
scalar masses or A-terms in the low-energy limit. Thus, at first sight there is
no way that supersymmetry breaking can communicate itself to the observ-
able sector. However, in no-scale supergravity theories deriving from string
theory1? there is often a second hidden-sector scalar field S which enters the
gauge kinetic term f,, in the form

fab = 0abS. (5.152)

Then, a supersymmetry-breaking gaugino mass can arise as in (5.139).
Other supersymmetry-breaking effects (such as scalar masses) can then be
induced by radiative corrections when the parameters of the theory are run
to the electroweak scale using renormalization group equations.
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Exercises

5.1 Rewrite the supersymmetry transformation laws (5.2) and (5.3) in
terms of Majorana spinor and real scalar fields.

5.2 Derive (5.10) for the variation of the Lagrangian £,.
5.3 Derive the next-to-leading-order variation of the Lagrangian (5.15).

5.4 Show that the supergravity Lagrangian defined by (5.38), (5.42) and
(5.43) reduces to the globally supersymmetric form (2.56) with m; = 0 when
non-renormalizable terms are neglected.

5.5 Show that the mass term of (5.89) may be rewritten in the form (5.92).

5.6 Perform the calculations necessary to demonstrate explicitly the super-
Higgs mechanism for the case of D-term supersymmetry breaking.

5.7 Show that the Polonyi model effective potential of (5.100) has an
absolute minimum at ¢y = V3 — 1.

5.8 Derive the supersymmetry-breaking scalar mass terms of (5.110).

5.9 Derive the low-energy effective potential (5.131) for hidden-sector
supersymmetry breaking of supergravity.

5.10 Show that the supersymmetry-breaking parameter A has the value
3 — B for the Polonyi superpotential.

5.11 Derive the effective potential (5.149) from the Kéihler potential
(5.146).
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6

SUPERGRAVITY GRAND UNIFIED
THEORIES

6.1 The hierarchy problem

We noted in Chapter 3 that there is indirect evidence both for super-
symmetry and for grand unification from the calculated evolution of the cp
and electroweak coupling constants (e, a,,3a;) to a common value of
ag = 7 at an energy scale my of order 10!° GeV. If these indications are
confirmed experimentally, by the discovery of supersymmetric particles on
LEP200 or LHC, for example, the most pressing questions will be to
determine what supersymmetric grand unified theory (GuTt) describes nature
above this energy scale, and to understand how its gauge symmetry and
supersymmetry are broken to the familiar gauge theories that we observe.
We shall address these shortly.

First we discuss the generic ‘hierarchy problem’ that is inherent in all GuTs,
namely the huge disparity between the (huge) energy scale at which the Gut
symmetry is broken and the (TeV) energy scale characterizing the familiar
breaking of the electroweak symmetry. The advantage of a supersymmetric
theory is that these two scales may be built into the tree level effective
potential, and the non-renormalization theorems discussed earlier then
ensure that higher-order loop radiative corrections do not destroy the
hierarchy. However, even supersymmetric theories do not explain the origin
of the two scales in the parameters of the input potential. In a supergravity
theory emerging from string theory the Gur scale may plausibly be near the
string scale (related to the Planck scale of 10'® GeV), but the origin of the
electroweak scale remains problematic. At the time of writing the favoured
solution is that the electroweak symmetry breaking is driven by radiative
corrections, in which the mass-squared term for the electroweak scalar
‘runs’ from a positive value at the Gur scale to a negative value at the TeV
scale, thereby inducing the spontaneous breaking of the electroweak
symmetry. To investigate such a scenario we first need to formulate the
supergravity Gut. This is done in §6.2 for the minimal SU(5) theory. In §6.3
we take universal soft supersymmetry-breaking masses for the scalars (my)
and gauginos (m;»), as well as trilinear scalar interactions with their
associated A-parameters. We then formulate the (coupled) renormalization
group equations for the Yukawa couplings, scalar masses and A-parameters
and investigate the possibility of obtaining the required electroweak
symmetry breakdown. The soft supersymmetry breaking also induces mix-

DOI: 10.1201/9780367805807-6
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ing between the gauginos and Higgsinos. This is discussed in §6.4, and the
current status of experimental searches for these and other sparticles is
reviewed in §6.5. In §6.6 we consider proton decay in the context of
supersymmetric GUTs. The principal generic difference compared with non-
supersymmetric GUTs arises from the existence of additional mechanisms for
inducing proton decay, some of them at an unacceptably high rate. We
discuss the removal of the unwanted terms by the assumption of additional
(discrete or continuous) symmetry.

The limited evidence for supersymmetry is most welcome for reasons that
were briefly alluded to in Chapter 1. These relate to the ‘hierarchy’ problem
that afflicts all non-supersymmetric Guts. All GUTs require at least two levels
of spontaneous symmetry breaking. The first is to break the GuT symmetry,
and this is achieved by a scalar field ® acquiring a vacuum expectation value
(VEV)

(0l®|0) = V = O(10"° GeV). (6.1)

The second is the familiar electroweak breaking which is achieved by the
neutral component ¢ of the Higgs doublet acquiring a vEv

(0|@l0) = v =246 GeV. (6.2)

The hierarchy problem derives from the vast difference between these two
scales

V/v = 0(10") (6.3)

and the difficulty of arranging this in a natural way. The tree level effective
potential for these fields has the generic form

Vo(®@, @) = — 34D + 1BO* ~ Jag? + jbg" + 3ad2g?. (6.4)
The cut symmetry breakdown (6.1) is achieved by choosing A, B such that
Vi=A/B

and this sets the mass scale for the superheavy Higgs particle(s) associated
with ®. The problem arises at the electroweak symmetry breaking (6.2),
since the superheavy scale V is communicated to the ¢-sector by the term
proportional to 4 in (6.4). Such a term is always present, since a represen-
tation multiplied by its complex conjugate always includes the singlet
representation. The superheavy Higgs fields decouple, and the required
symmetry breaking is ensured by choosing

v?=(a—AV?)/b. (6.5)

Evidently to achieve the required value (6.2) it is necessary to fine-tune
the value of a to one part in 10?°, and it is this fine-tuning that is thought to be
so unnatural. It might not seem so distasteful if it only had to be done once.
However, radiative corrections produce loop corrections to the effective
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potential and we have to retune at each order in perturbation theory to
accommodate the induced corrections to a, 4, V, b. Even so it should be
borne in mind that it is only a matter of taste; after all, we are by now quite
accustomed to doing something that, in a way, is even worse. When we
renormalize we have to choose counter-terms that cancel the infinities that
arise from the divergent loop momentum integrations. It is (only) the
further finite retunings that are now regarded as unaesthetic.

The advantage of supersymmetric theories is that it is only the tree level
potential whose parameters have to be fine-tuned, as in (6.5). The non-
renormalization theorems, discussed in §§2.6, 2.7, ensure that loop correc-
tions do not destroy the hierarchy, so there is no necessity to retune. Of
course, since we know that supersymmetry must be broken, the situation is
not quite so clean. The non-renormalization theorems derive from a
cancellation of radiative corrections between the contributions from super-
symmetric partners. Thus if the average supersymmetry-breaking mass-
squared splittings within supermultiplets are of order u?, we shall obtain
finite radiative corrections from graphs like (2.71, 2, 3) with

om?2 ~ iz— u? (6.6)
* o8 '

with A some Yukawa or gauge coupling constant. So the retuning problem
will not arise provided the supersymmetry-breaking mass splitting x is of
order v:

U~ . 6.7)

In other words the super-partners of the known quarks and leptons and
gauge particles should all have masses less than or of order 1 TeV or so, if we
insist that the hierarchy problem is to be solved by supersymmetry. This then
suggests, but does not require, that we should attempt to relate supersym-
metry breakdown to the electroweak symmetry-breaking mechanism.

We have seen in Chapter 5 that an attractive mechanism for achieving the
required supersymmetry breakdown in supergravity theories is to assume
the existence of a ‘hidden’ sector of the theory, involving particles that
interact only gravitationally with the quarks, leptons, gauge particles of the
‘observable’ sector; such a situation is realized naturally in heterotic string
theories. In the observable sector the supersymmetry breaking is manifested
by the appearance of (soft) mass terms for the scalars and/or the gauginos.
The masses of the scalars () and the masses of the gauginos (m;, ) are of
the order of the gravitino mass (m5,):

Mo~ My~ My ~ M3/mp (6.8)

where Mg measures the supersymmetry breaking scale. Then the required
TeV scale for the particle—sparticle mass splitting is obtained when
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Mg = 0(10* GeV). (6.9)

In turn such a value for Mg might be understood as arising in a no-scale
theory as a hierarchic suppression of the Planck scale mp. However, this
does not explain why the electroweak symmetry breaking scale (v) is of the
same order of magnitude O(1 TeV) as the supersymmetry-breaking mass
splittings (6.7).

Indeed, if we add to the supersymmetric standard model superpotential
(3.139) the only renormalizable term involving the Higgs chiral superfields
H;, H, that is consistent with SU(2) x U(1) symmetry+

W, = mHTi7°H, (6.10)

then the F-terms generate mass terms

Z ‘an

for the Higgs scalar components k,, h,, of H;, H,. We see that, since
m? >0, there is no possibility of breaking the SU(2) x U(1) symmetry
spontaneously. Furthermore the additional terms in the low-energy effec-
tive potential (5.137), which arise in models possessing hidden-sector
supergravity breaking, also do not generate the necessary negative mass-
squared terms. Thus, far from relating the electroweak breaking to the
supersymmetry breakdown, we cannot even achieve spontaneous symmetry
breaking.

The simplest way out is to introduce a new SU(2) x U(1) singlet chiral
superfield Y, and instead of W, add the term

W, = AY(HT i ?H, — 1?) (6.12)

to the standard model superpotential. Then the effective potential (5.137)
for the Higgs sector is

V =3kl it%h, — w?? + A2y*y(hih, + hihy)
+ m%,z(y*y + Ak + h3hy) + mspAA(yh] i 12h, + He)
+ (2= AM(y + y*) + 58" (hihy — hihy)?
+ §y3(hit'hy — hit'hy)? (6.13)

where the last two terms are the D-terms. In writing (6.13) we have
suppressed the factors exp(3/a,?) in the definitions (5.130) and (5.133) of
mss, and W. They may be restored at the end by rescaling all masses with this

= m*(hjh, + hihy) (6.11)

+We ignore until §6.6 the possibility of adding terms that do not conserve baryon
number and/or lepton number.
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factor. It is easy to verify (Exercise 6.1) that (6.13) does lead to the
spontaneous breaking of SU(2) x U(1) to U(1)., provided

(Au)* > m3s. (6.14)

We shall not proceed further with the minimization of V. Suffice it to say that
the magnitude of (the common value of) the vevs of & and 4, is determined
by the parameter u that we had to introduce in order to achieve the
SU(2) x U(1) breaking. Thus the electroweak breaking scale is effectively
input via ¢ and is not related to the supersymmetry-breaking scale. The
solution to this problem that is favoured at present is that the electroweak
symmetry breaking is induced by radiative corrections. In this scenario the
mass-squared term for the electroweak Higgs fields is positive (or zero) at
the Gur scale (6.1), but as the couplings evolve, because of radiative
corrections, the renormalization group equations drive the mass-squared
negative at the TeV scale (6.2), thereby causing the electroweak transition.
We shall see later how this can happen. First we formulate the minimal
SU(S) supergravity GUT.

6.2 The minimal SU(5) supergravity GUT

We have described in the previous chapter (§5.4) how to write down the
supergravity Lagrangian for general (gauge) vector superfields coupled to
general chiral supermultiplets. The procedure starts with a version of the
global supersymmetric theory, generalized, by the introduction of the
Kahler potential (G or K) and the function f,,, to include non-
renormalizable terms. The original (renormalizable) theory is fixed once the
superpotential W(®) is known. In the case of the SU(5) Gur, the chiral
superfields must include those associated with the three generations of chiral
fermions. These are denoted by ¢ (i=1,2, ..., 5) transforming as the 5
representation of SU(5), and x{f], which transforms as the 10 represen-
tation; f= 1, 2, 3 labels the generations. In addition there is the adjoint of
scalars 2% (a=1,...,24) necessary to break the SU(5) symmetry to
SU(3) x SU(2) x SU(1), and two further Higgs scalar multiplets, denoted
H, H'(i=1,...,5)associated with the electroweak symmetry breakdown;
H transforms as a §, and H as a 5. The couplings required to generate
fermion masses derive from the superpotential

W= X @ G+ md i) (6.15)
18

In addition we need the terms that lead to SU(5) breaking. It is convenient to
represent the adjoint scalars by a (traceless Hermitian 5 X 5) matrix

Si=24(t%); (6.16)
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where ¢? are the 5 X S matrices representing SU(5).
Then the required breaking can arise from

Ws = 4G tr 23 + 1M, tr32). (6.17)

Ignoring the supergravity contributions for the moment, the effective
potential is given by

V=§a:3g§-

2 2

—tr oW _ 1513W2
osi o3k

=12tr 3%+ M3 - bt 32

= AB[tr 3% - Yr22)% + M3tr 3% + 2M, tr 3. (6.18)
It is easy to verify that the F-term
Fs =3+ M2 — }tr3? (6.19)
is zero for three independence choices of 2. These are
=0 (6.20a)
S =iM, diag(1,1,1,1, —4) (6.20b)
2 = M, diag(2,2,2, -3, -3). (6.20¢)

Thus V has three degenerate minima at which V = 0, so supersymmetry is
unbroken. Clearly, at the first SU(5) is unbroken, at the second it is broken
to SU(4) x U(1), and at the third to SU(3) x SU(2) x U(1). This is a
generic feature of globally supersymmetric theories. However, in the case of
supergravity GUTs we have seen how the supersymmetry may be broken via
gravitational interactions with a hidden sector and so we might anticipate
that the supergravity contributions in (5.137) will lift the degeneracy and, we
hope, select the SU(3) x SU(2) x U(1) minimum as the preferred phase. In
the presence of the supergravity corrections, the stationary points of the
effective potential occur when

Fs + mpS(W+ (W) =0 (6.21)
where (W) is given by (5.128). In the limit mp— < this gives
324+ (M + /A2 —ttr3? =0, (6.22)

Thus, as in (6.20), there are three solutions, but the positions are shifted by
the replacement

M, — M,y + uli (6.23)

which is small if m,, is of TeV order, while M; is on the GuUT scale. These
(supersymmetric) vacua are no longer degenerate, since V has the value
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V=cdloua - 3w (6.24)

at such stationary points, and W has different values for each of the three
minima. Allowing for the shift (6.23), we find, corresponding to the three
cases in (6.20),

e\al\zﬁ/ =0 (6250)
W = 197 (M + u/A (M — 2ulhy) (6.25b)
e %W = 52,(M + wlh V(M — 2u/hy). (6.25¢)

Thus if A < 3, as it is for the Polonyi potential, the global minimum is the
SU(3) x SU(2) x U(1) phase, as required.
Besides the terms (6.15) and (6.17) of the superpotential, we must have in
addition the terms
Wy = ALH(S + 3M,)H. (6.26)

At the SU(3) x SU(2) x U(1) minimum we may replace 3 by its VEV to
obtain an effective superpotential that generates mass terms for the colour
triplet and doublet scalars in H and H. Explicitly we see

my(3) = mg(3) = A,[3M, + 2(M; + uliy)] (6.27a)
my(2) = mp(2) = 34[My — (M, + pliy)]. (6.27b)

We have seen that M; must be of order 10'® GeV in order to break the SU(5)
symmetry at the ‘observed’ scale. This is welcome as a mass scale for the
Higgs colour triplet scalars, since they can mediate proton decay, and would
do so at an unacceptably high rate if their masses were less than
O(10% GeV). However, we also require light electroweak Higgs doublet
scalar fields h;, h,, and this requires
to TeV accuracy. Dropping the massive colour triplet states then gives an
effective SU(2) x U(1) superpotential of the form (6.10) with

m= — 312’7’13/2/&1 (629)

and we noted before that this cannot generate spontaneous breaking of the
electroweak gauge group. However, we must also include the supergravity-
induced contributions to the effective potential, besides the global super-
symmetric contribution (6.11). Including such terms, we find, using (5.137),

Vet = (m* + m3p)(hihy + B3hy) + mmsp[(A — DhT it%h, + 5c]  (6.30)
which yields the required symmetry breaking, provided that
m? — mmy;n|A — 1] + m3,, <0. (6.31)

This is satisfied for certain values of m/ms,, provided that
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A —1]>2. (6.32)

Of course the required TeV scale for m is a result of the fine-tuning (6.28),
which we have input; nothing in the model requires it to be so, and in this
sense we are no better off than in the original model (6.12).

What we really need is a model that has no mass scale input, and in which
all low-energy mass scales derive from the supersymmetry breakdown which
is transmitted to the observable sector by the parameter m;,. Since there
are to be no explicit mass parameters in the superpotential, it must be
trilinear in the fields.

We discussed just this possibility in §5.9. It leads to the effective potential
given in (5.136) since

y,g—W =3W. (6.33)

r

Then we can also write

A

oW|?
Vegg = la—
Y,

oW

2 LRl
+ M3y d* + imsp |:Ayr P + cc

: (6.34)

r

Since W is homogeneous, the effective potential is zero when all fields have
zero vEvs. Thus the only way to obtain symmetry breakdown, which requires
non-zero VEVs, is when Vg is negative. However, it is easy to see that this
can happen only if

4] >3. (6.35)

To illustrate this consider a simplified model with three singlet (chiral
superfields) and

W=IXYZ. (6.36)
Then
Vet = Z[|XY* + [YZ]* + | ZX]?]

+ mip[| X PP+ Y2 + | Z]2) + mapA(AXYZ + HC) (6.37)

where we are now using the same symbol to denote the chiral superfield and
its scalar component. The symmetry requires that Vi attains its minimum
when

(X =M =KZ)|=v (6.38)
and

arg A + arg(X) + arg{Y) + arg{Z) = x. (6.39)
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Then the stationary points are given by (Exercise 6.2)

v=o,%%[\A|¢\/\A|2—8] (6.40)
at which the potential has the value

Vet = v2(m§,2 - 121}2)- ) (6.41)
When |A| > 3,

Ay =imspl|Al + VAR - 8] > myp (6.42)

so the non-trivial minimum is the global minimum, as claimed in (6.35).

To realize this mechanism in electroweak theory it is essential to enlarge
the Higgs sector, since we cannot make an SU(2) singlet using three
doublets. The ‘cheapest’ enlargement is to introduce a singlet superfield Y
and take™™

Wy =AHTi?2H,Y + LoV, (6.43)

Then, as above, when |A| > 3 there is an absolute minimum of the effective
potential at which the SU(2) X U(1) symmetry is broken. Unfortunately,
when we include the further terms in the superpotential that are required to
generate the fermion masses, the absolute minimum typically occurs at a
place where the slepton and squark fields have a non-zero VEv: in other
words the SU(3) X U(1)., gauge symmetry is preferentially broken. This is
already pretty clear from (6.38) since the global minimum occurs when all
fields have a non-zero Vev, including in our case coloured and charged
scalars.
The best bet at this juncture is to arrange that

A=3 (6.44)

since then all of the local minima occur at V., and so are degenerate.
Radiative corrections might perhaps spoil this degeneracy, and, we hope,
select the charge-conserving SU(2) X U(1)-breaking solution as the absol-
ute minimum.

Actually the introduction of singlet fields, such as Y, introduces further
unsatisfactory features for supergravity Gurs. If Y in (6.43) is an SU(S)
singlet, then it can couple to the heavy colour triplet Higgs, and this
threatens the stability of the TeV mass scale ms, which transmits the
supersymmetry breaking to the observable sector'®. We shall not pursue
this point further, but instead consider the possibility that we can sustain just
the minimal Higgs sector (with no singlets Y). The breaking of the electro-
weak symmetry at tree level is then impossible, as we have seen, but it might
be driven by radiative corrections.
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6.3 Renormalization group equations®

At the unification scale (the Planck scale?) we shall assume that the scalar
masses have a universal value my. To see whether electroweak breaking can
arise from radiative corrections we need to write down the renormalization
group equation for the squared mass of the electroweak Higgs scalars
(hy, hy). Of course this equation involves other masses and coupling con-
stants so it is necessary to consider the evolution of all of the parameters of
the theory as we run the energy scale from 10’ GeV down to electroweak
scale.

We have already written down in (3.139) the part of the observable-sector
superpotential that is necessary to induce mass terms for the quarks and
leptons at the electroweak symmetry breakdown. The only other term
consistent with the gauge symmetry (and renormalizability) is that given in
(6.10). It is, as we have said, unaesthetic to input any small mass scale (such
as m) other than the gravitino mass mj, deriving from supersymmetry
breaking in the hidden sector. However, without such a term the theory
possesses axions, as we shall see later, so we shall include it without further
ado. Assuming, as in §5.9, that the full superpotential is the sum of the
observable-sector piece plus a hidden sector piece W, the effective potential
for the scalar particles is given by

oW
5y,

Vet = ]

2
+ mﬂyr|2 + Vo) {Z A[GIL[T i TszlC
li

+ Z [ABGLQ'T i H,D + AGLQ T i 7°*H, U]
f.e
+ BuHTi7°H, + HC} +1iD? (6.45)

where we are now using the same symbol to denote the chiral superfield and
its scalar component. The scalar masses m? have the common values

m? =m} (6.46)

(perhaps equal to m3,,) at the unification scale. Similarly at this scale the
various A-parameters have a common value:

AB=AF=A=A (6.47)
and, as in (6.30),
B=A-1 (6.48)

Allowing for possibly non-minimal gauge kinetic functions f%,, where
i=1,2,3 refers to the three gauge groups U(1), SU_(2), SU.(3), the
D-terms in (6.45) are given by
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Ip?=1 z Re fi; DD}, (6.49a)

where
sz = %gin(Ta)rsyS' (649b)

The non-minimal gauge kinetic functions can also give rise to non-zero
gaugino masses, as discussed in §5.9. Thus besides the soft supersymmetry-
breaking masses in (6.45) we also include gaugino (Majorana) mass terms

%Z 7, RN (6.50)

where as before i = 1, 2, 3 labels the three gauge groups.
At the Planck scale these too have a common value

m;=my, (6.51)

of order myz,.

Before formulating the renormalization group equations that determine
whether the electroweak symmetry is broken by radiative corrections, let us
first try to get some sort of feel for whether it is even feasible. The terms in
(6.45) involving just the electroweak Higgs scalars lead to an effective
potential having the general form

Vi =miH H, + m3H}H, — m3(HTit*H, + HC)
+3gi(H{H, — HIH,)* + §g5(H{r'H, + Hyr'H, )’ (6.52)

and electroweak symmetry breaking occurs when this potential has a
non-trivial minimum. This will happen in particular if m? < 0, as we shall
see. The generic structure of the radiative contributions to a scalar squared
mass is

omZ ~g*(mz — m3) (6.53)
where g measures the coupling strength, m? is the contribution from a
virtual-fermion loop, and mp is from a virtual-boson loop; the opposite sign
derives from the usual —1 factor from closed fermion loops. It follows that
the contributions from the gauge interactions is typically positive, since the
gauge vector particles are massless, while the gauginos have a non-zero mass
from the supersymmetry breaking. However, besides their electroweak
gauge interactions the Higgs scalars have Yukawa couplings to the quarks
and leptons, as displayed in (6.45). The largest of these is the coupling of H,
to the top quark, since it is the most massive. Its supersymmetric partner, the
top squark (or stop), is even more massive, so the top/stop contribution is
negative and can in principle drive m? negative. This gives a non-zero Vev to
H,, and in fact H,. Furthermore the non-zero Vev for H, leaves U(1).,
unbroken, as required (Exercise 6.3).
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Figure 6.1 Diagrams contributing to the G%; renormalization group equation.

We denote the vEvs of the neutral components of H; , by v; ,, and these
are non-zero when the minimum of

Vi(v1, v2) = miv? + m3v3 + 2miviv; + (g1 + 83)(vi — 13)° (6.54)

is away from the origin. Note that the quartic terms derive entirely from the
D-terms, and that they vanish if [v;| = |v,|. Stability against v, , running to
infinity in this case therefore requires

mi + m3=2\md|. (6.55)

Also, the breakdown of SU(2) X U(1) requires that the quadratic part is
negative in some direction of the (v, v,) plane, and for this it is necessary
that

mims < mj (6.56)

which is satisfied, in particular, in the case where m7? is negative, as we
envisage.

We have already noted the renormalization group equations for the gauge
coupling constants in §3.8. For three generations of chiral fermions (ng = 3)
and the minimal Higgs content in a supersymmetric theory (n; = 2), these
become

da 11
mEa_ 2L 2 6.57
a2 (6.57a)
da2 1 2
do _ 1 57b
Mm~=2=% (6.57)
des _ 3
- (6.57¢)

at single-loop order. The corresponding equations for the Yukawa coupling
constants may be computed in a similar manner. We are especially con-
cerned with the largest of these, namely G55, which eventually generates the
top quark mass. It is customary to neglect the contributions to all diagrams
from all except this Yukawa coupling. Its renormalization group equation
can be computed from the diagrams shown in figure 6.1.
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Figure 6.2 Diagrams contributing to the m? renormalization group equation.

They give

dGj 3 u G5
M—=32 ) (G — =2

2 BGos + 3, + Reny). (6.58)

dM  8x

Similarly the corresponding three-scalar vertex given in (6.45) generates an
equation for the A-parameter:

d 123 3 u U
Mm (A%mzp) = a2 (A%3m3)(G33 )2
— L Gayits + Jay + Rauiy) (6:59)

where r; are the gaugino masses, whose evolution is given by
a;/m; = constant. (6.60)

The spontaneous symmetry breakdown is driven by the running of m3, aswe

have already seen. Its evolution is calculated from the diagrams in figure 6.2:
dm? _ 3(G%)* u
Md_M] = _(&7:%) [m} + mis + mpr + (m3pA% )]

2 . -
T4 [fom3 + daymi]. (6.61)

Evidently we also need the equations for m7;s and mgs which may be

calculated in a similar manner:

dmi: _ (G5)?
dM 47°

[mi + mis + m2Q3 + (m3A%)?]

2 . _
— = (a3 + gasit) (6.62)
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Figure 6.3 Diagrams contributing to the x4 renormalization group equation.

dm2 5 Gu 2 y
Mmg“ = &873130)_ [mi + mys + my: + (m3,A% )]

2 . . ~
= 2 (fayi3 + Jaid + sy, (6.69)

The parameter m3 in (6.52) is given by
m% = Bums, (6.64)

where the evolution of u is determined from the diagrams in figure 6.3.
They give

Mg;i 3

u 1
;dM= 16.7'[2 (G33)2_E(al +3a2) (6‘65)

The corresponding diagrams with external scalars determine the evolution
of the B-parameter

d 3 u u 2 _ -
MEM (Bmsp) = — g (A53m3,) (G5 )2 - J‘; (%azmz + Zlfalml ) (6.66)

If we neglect all Yukawa couplings except for G5; then the running of all
other scalar masses is determined just by the gauge couplings. In particular
the mass m3 in (6.52) satisfies

dm3 253 2 1 -2

——= = —Z (3a,m5 + zo77). 6.67

dM - (Z 21762 441 1) ( )

It is now straightforward, in principle, to perform the numerical inte-

gration of these equations for given input values of the parameters A, m,,
WU, msn, my, G4%; at the unification scale my at which the gauge coupling
constants have the common value

as(my) = ax(my) = 3y (myx) = acur(mx). (3.153)

The values of these last two parameters are those required by the data and
given in (3.164) and (3.167).

To get a feel for what actually happens we note first that the Yukawa
coupling contributions to the running of the masses m3, miz, m%j in (6.61),
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(6.62) and (6.63) have the effect of reducing the squared mass as the scale M
is reduced. Further, since the coefficients of (G%)? arein the ratio 3:2:1, m?
decreases at a faster rate than the other masses squared; thus for suitable
values of the parameters m? becomes negative before the squark mass-
squared terms do. By subtracting the equations it is clear that this remains
true even allowing for the contributions of the gauge couplings, which
oppose the decrease.

For this to work the coupling (G%)* must be large enough to drive m}
negative, and this leads to a lower bound on the mass of the top quark, since
it is fixed when G%; is known:

m, = GL3‘3U1 . (6'68)

The actual value of the lower bound depends on the other parameters,
notably A. However, we can also see from (6.58) that for large GY%; the first
term dominates and this reduces G3;as M is reduced; if G455 is too large at the
unification scale, it becomes too small at lower energies to drive m73 negative.
In this way an upper bound on G%;, and therefore m,, is found. Altogether
the allowed range is®

100 GeV = m, < 200 GeV (6.69)

with the renormalization group fixed point of (6.58) tending to attract G3; to
the value

(G5 = - Bas(m,) + Jaaom,) + Bea ()] (6.70)

corresponding to m, =210 GeV. The values of ms, that allow this are
typically in the range

80 GeV = msp, < 300 GeV. (6.71)

The renormalization group equation (6.61) shows that the running of m?
to the required negative value is assisted by the (m3,A4%;)° term. A larger
A-value permits the symmetry breaking with a smaller value of G%;, and
therefore of m,. However, we have already noted that A cannot be too large,
or else the global minimum of the scalar potential will not be that which
preserves SU(3), X U(1).,,. Allowing for different masses, as induced by
radiative corrections, the A-parameter A associated with the term AXYZ in
the superpotential is constrained by®

|A,|? < 3(m% + m% + m%)mi, (6.72)

in order to avoid the unwanted minimum. (Note that, as required, this
reduces to |A| < 3 when all masses are ms,.)

Incidentally this model also illustrates the source of the axion problem to
which we have alluded. Evidently such a superpotential possesses a global
U(1) symmetry in which
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X—e X Y>el®y Z—e lartany (6.73)

with ax, ay arbitrary. One choice of ax, ay is associated with the (gauged)
U(1)em symmetry, but there is clearly an independent U(1) that is not
gauged. The occurrence of the spontaneous symmetry breaking will violate
the global symmetry and generate an unwanted Peccei-Quinn axion®. It is
for this reason that the u-term (6.10) was introduced into the potential
(6.45)—it excludes any such global symmetry.

The upshot of all of this is that for a range of unification scale parameters
the renormalization group equations do generate the required symmetry
breaking, and all low-energy parameters are determined by a few basic input
parameters.

In order to test the consistency of the theory with the data, we need to
establish the relationship of the low-energy parameters determined by the
renormalization group to the experimentally measured quantities. The low-
energy effective potential is determined by the parameters m;* (i = 1, 2, 3),
a; (j=1,2), and using (6.64) these are all known at low energies, for given
input values of the parameters. Using these we may determine the vEvs v .
It is convenient to use instead the related quantities v, € defined by

v’ =0+ 03 (6.74a)
tan 6 = v, /v,. (6.74b)

Then 6 is given by

sin26 = — m%z%%m% (6.75)
(provided that the constraint (6.55) is satisfied) and v* by
The gauge boson masses are
may = 2mann? (6.77a)
m% = 2m(a; + ap 07, (6.77b)

The physical Higgs scalar particles are found by combining the fields in the
two scalar doublets

H;‘)

HY H,= (Hg)- (6.78)

H, =
1( H3

It is convenient to introduce
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Wy = —iT2HE = (’;g;) (6.79)
and then define

x = (cos )H,| — (sin 6)y, (6.80qa)

@ = (sin 6)H; + (cos O)y, (6.80b)
so that

Oy =0 g0 =) (6.8)

Evidently y is an ‘ordinary’ doublet while ¢ supplies the three Goldstone
boson fields. This is to say, the fields y*, ¥° and ¢, in

=) el (1/\/’2?;% + ifﬂz)) (682

are physical fields, and the Goldstone bosons ¢, ¢, are eaten in the Higgs
mechanism. Expressing the low-energy potential in terms of these fields
then enables us to determine the masses of the physical states. The charged
scalars y* have

M= =mi + m3 + miy (6.83)

and, writing

o_ 1 .
=—(u+ 6.84
=500 +in) (6.84)
the field x, is a pseudoscalar, and has a mass given by
miz =m?+ m3. (6.85)

The two fields ¢, and y; are scalars and mix and produce eigenstates with
mass eigenvalues given by

m2, ms = %(miz +m%) * %[(mfcz +m%)? — 4m)2(2m22 cos? 20]12 (6.86)

which requires that there is one scalar lighter than the Z boson.

The mass parameters for the first- and second-generation squarks and
sleptons satisfy renormalization group equations of a form similar to (6.67),
and these can be integrated analytically; the generic structure is

dm? _ -1

= = a2
M- m Ci0;M; (6.87)

which is solved by
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Ci r~ .
mmy) = mi(mz) = S {iE(my) = inf(mz)] (6.89)

where the b, are given in (6.57) as

de; _

M
dMm

- bial. (6.89)
We shall not give details of the parameter c;, but refer the interested reader
to reference (3). However, it is important to recognize that these mass
parameters are not the physical masses of the squarks and sleptons under
discussion. This is because the D-terms and the trilinear scalar terms in
(6.45) generate additional contributions to the squared masses when the
scalars acquire non-zero VEvs, besides the explicit mass terms m2. The
determination of these additional contributions is controlled by the evol-
ution of the various A-parameters, as well as that of the Yukawa couplings.
We omit details of these too.

Because of the non-negligible Yukawa couplings the situation is even
more complicated for the top squarks (the ‘stops’). The two scalars (71 ,7g)
have a non-diagonal mass matrix(” which has two eigenvalues

mrgl, = 3(miL + mkr) T [(miL — mkr)* + 4mig]"?  (6.90a)

where
miy = myps + m; + a(e, — a; )v* cos 26 (6.90b)
2 .2 2, 4m 2
mMRzR = mys + m; + 3 a1V cos 26 (6.90¢)
miR = UG%‘3[A§‘3m3/2 sin 6 + U Cos 0] (690d)

are determined by integrating the renormalization equations given earlier.
The important point here is that the lighter state (¢;) can in principle be
lighter than the top quark itself.

6.4 Charginos and neutralinos

We have just seen that because of the existence of the soft supersymmetry-
breaking trilinear scalar interactions, as well as the inclusion of the u-term in
the superpotential, there is a non-zero coupling of the 7} squark to the 7y
squark, and consequently a non-diagonal stop mass matrix, when the
electroweak symmetry is spontaneously broken. As a result the mass
eigenstates are superpositions of 7; and 7z . A similar mixing effect occurs in
the fermionic sector between the electroweak gauginos and the Higgsinos
when the electroweak symmetry is broken. Of course, since charge is
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conserved (because U(1)., is unbroken) there is only mixing between states
of the same charge. N

We start with the mixing between the charged gauginos, the Winos W=,
and the Higgsinos H;* (i = 1, 2). We have input non-zero gaugino masses in
(6.50), deriving from possibly non-minimal gauge kinetic functions in the
hidden sector. The Wino mass terms come from the a = 1, 2 generators of
the SU (2) gauge group and can be written as

Vi (RIAL + A2A2) = iy (W W~ + W) (6.91a)
where

IS 1 1192

W= = W (;\,2 -+ 1/12) (691b)

are Weyl spinors constructed from the Weyl spinors 45 of the SU(2) gaugino
Majorana spinor fields A7. Similarly the Higgsino mass terms derive from
the uH;i17,H, terms introduced into the superpotential for the reasons
discussed earlier. The charged terms come from the uH7{ H; piece, which,
as in (3.56), generates the mass term

WHTHT + H{H7) (6.92)
where I?IT, ﬁ{ are the spinor components of the superfields H; , H5 . The
bilinear coupling of these fields arises from the gauge terms displayed in

(3.128a) when the neutral components 49, 43 of the scalar doublets H, H,
develop vevs. Then we find

gz\/—é Z H;-talaf],‘ = gz(vlﬁ/_ltlr + U2W+FI2_) (693)
213

after spontaneous symmetry breaking. All of these mass terms may be

combined using the ‘chargino’ mass matrix (C) as

g .7 m b 9% W_

(W™ 1H+)( 2 )( ~_)~ (6.94)
1 gy —u/\iH;

We diagonalize C by forming the linear combinations

(cos 6. —sin 9i>< vT/t>

- .95
sinf, cosf. \iH™" (6.95)

and choosing the angles 6., appropriately. Then the mass eigenvalues are

mycos 8, cos O_ + govy cos B_sin 6, + g,u,sin B_ cos 6,

—usin 6, sin 6_ (6.96a)
— mysin 6, sin 8_ + g,v;sin 6_ cos 8, + g,v, cos f_sin 6,

+ucosb, cosf_. (6.96b)
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A similar, but more complicated, treatment applies to the mixing of the
neutral gauginos with the neutral Higgsinos. The two neutral electroweak
gauginos are the SU(2) Wino W? and the U(1) Bino B. These mix with the
two neutral Higgsinos after spontaneous symmetry breaking and yield the
‘neutralino’ mass matrix (N)

W B A A

m, 0 —igu V2 igwy V2 { w3
« 0 m g /V2 —iguy/V2 | | B
—-igu/V2  igw/V2 0 —u { HY
igv/V2  —igw,/V2 —H 0 HY
(6.97)

This too can be diagonalized, but we shall give no further details here. We
merely note that the masses m; and s, are related by virtue of the
renormalization group equation (6.60), the unification condition (3.153)
and the common gaugino mass (m,,,) at the unification scale:

agur(mx) _ o _ Sy (z ﬂ). (6.98)
myp my  3my

"y

Note also that when u and 71, (and hence /) are zero, the combinations
photino

7= (W + &:B)(g + )" (6.99)
and
S = (v;HY + v, H) /v (6.100)
are massless, while the two orthogonal combinations Zino
Z=(g:B - &W)/(g + )" (6.101)
and
= (v,H) — v,HY v (6.102)

give degenerate states (1/\/5)(2 + A) with mass
1
mz=75 (g1 + &) v =my. (6.103)

In the_same limit the chargino mass eigenstates are the Dirac spinors

(W*,H>)and (Hy, W™) with masses g,v5, g20; respectively, both of which
are less than 2my,.
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6.5 Experimental signatures

The experimental searches for supersymmetric particles are all constrained
by the assumption that ‘R-parity’ is conserved®. This imposes a discrete
symmetry on the allowed interactions, which requires, in particular that the
(so far unobserved) super-partners of the known particles can only be
produced in pairs. Then the lightest supersymmetric particle (Lsp) is stable.
This assumption of R-parity conservation is introduced primarily to simplify
the otherwise prodigiously complicated production and decay mechanisms.
However, we shall see in §6.6 that the known absence of fast proton decay
requires some such symmetry in the supersymmetric theories that we are
considering.

LEP experiments give lower bounds in the masses of sparticles®: the
absence of Z decays that are not in accord with the predictions of the
standard model bound the charged slepton, squark and chargino:

mg, mi, my Zimy (6.104)
while the ‘invisible’ width of the Z gives a sneutrino bound
m; > 42 GeV. (6.105)

In principle, better limits on the squark and gluino masses can be obtained at
pp colliders, if they are light enough to be pair produced. Ultimately the
sparticles decay to the rLsp which escapes detection, thereby giving an
imbalance of energy transverse to the beam. However, to derive mass
bounds further assumptions must be made. All analyses assume that the
lightest neutralino (%9) is the Lsp. If the next lightest sparticle is a squark, it
is assumed to decay only via

g —q7} (6.106)

so the experimental signal from squark pair procuction will be two jets plus
missing transverse energy. On the other hand, if the gluinos are the next
lightest sparticles, it is assumed that the only decay is

g — qazi (6.107)

(via a virtual squark), so the signal from gluino pair production is four jets
plus missing transverse energy. Then with the further assumptions that the
Lsp is massless and that all squarks have the same mass, the 1991 CDF data
give

Fis = mz > 150 GeV m; > 170 GeV. (6.108)

Given the numerous assumptions needed it is difficult to assess how reliable
these bounds are. If the squarks and gluinos are sufficiently massive that
chargino and other neutralino decays are kinematically allowed, then these
dominate the direct decays of g, § , and the Lsp is produced at the end of a
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Figure 6.4 B- and L-non-conserving diagrams in the SU(5) Gur.

cascade of decays. Allowing for the cascade decays weakens the lower
bounds'” to

m; = 135 GeV m; = 130 GeV. (6.109)
Then using (6.60) we can bound the SU(2) gaugino mass parameter:
iy = 22 i1y = 40 GeV (6.110)
as

using (3.158), (3.159), (3.161). Combining this with the absence of observed
neutralinos in Z-decays gives a lower bound of

my = 20 GeV (6.111)

for the lightest neutralino?.

6.6 Proton decay

The minimal (non-supersymmetric) SU(S) Gut has 12 diquark and lepto-
quark gauge bosons X7*°, Y*!/* which couple to baryon-number- (B-) and
lepton-number- (L-) non-conserving currents. These gauge bosons acquire
masses my = my = O(10'° GeV) when the SU(5) gauge symmetry is
broken, and the massive bosons can mediate low-energy B- and L-non-
conserving processes. In particular the Feynman diagrams shown in figure
6.4 generate a (colour singlet) effective Lagrangian for nucleon decay
(p—e*a v.a").
They give

2 -
Ferr = o €l [T57(L = 7)][E71 = 75)de + di(1 = 75)e]

+ (@5 (1 = vs)dlldin. (1 = ps)vel) (6.112)

using just the quark and lepton fields of the first generation; g5 is the gauge
coupling constant of the SU(5) GurT, evaluated at the scale m . This leads to
a decay width

2
T(p—e™nd) = o(-"‘—i m§>>‘ (6.113)
mx
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With the renormalization group equations predicting the GuT ‘fine-structure
constant’ as = g/4m = 1/42 and the unification scale my ~ 10'° GeV, this
gives a lifetime

I Yp—e*a®) = 010 yr). (6.114)

More sophisticated treatments!?), including an enhancement factor due
to gluon radiative corrections, reduce this to

I"(poe™n’)=45x10¥=17 (6.115)

well below the measured lower bound*® of 6 x 103 yr, which is why the
non-supersymmetric theory is dead. The supersymmetric SU(5) Gur of
course allows proton decay via the same diagrams but the larger values of
(ag and) my, givenin (3.164) and (3.167), increase the predicted value of 7,
way above the measured lower bound, principally because of the pro-
portionality of the width to mx*.

Another way to see that the matrix element is proportional to m3?, and
hence that T o m3*, is to note that the mass dimension of the four-quark
field operator in L is [M®]. Then to ensure that L. has the required
dimension [M?], it is necessary to supply [M 2], and the unification scale m
provides this in the gauge-boson-mediated processes shown in figure 6.4. In
fact it is clear that something like this must be true of any (non-
supersymmetric) GUT: to construct a colour singlet baryon-number-non-
conserving operator the only possibility is to use three quark fields; then to
make a Lorentz invariant effective Lagrangian a further fermion (lepton)
field must also occur. The missing [M~?] is supplied by whatever mass can
mediate the baryon number non-conservation. In the minimal SU(5) cut
p—e'n’ can also be mediated by the colour triplet Higgs in the 5
representation, which naturally has a mass of order m y (but is not compelled
to do so).

In a supersymmetric Gut, however, there are additional operators that
might arise as an effective Lagrangian. In the first place, there are additional
SU(3) x SU(2) x U(1)-invariant terms that can be added to the superpo-
tential (3.139):

OW = RLOTIALI+ ) IDLOTi 200w
I,m,n Lfg

+ Z ,1};})1 U pe® pet (6.116)
fghn

where [, m, n = e, u, v label the leptons and f, g, A = 1, 2, 3 label the three
quark generations. Each of these violates L- and/or B-conservation, and
taking the F-part gives a dimension 4-operator, just as it does for the terms in
(3.139). Thus these operators are unsuppressed by any power of the super-
heavy mass scale, and, if they are all present, they generate an amplitude for
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Figure 6.5 d-squark-mediated B- and L-non-conserving amplitude.

proton decay suppressed only by the supersymmetry mass breaking
scale!, as shown in figure 6.5.

Itis for this reason that an additional (discrete) symmetry must be invoked
to forbid them: estimating the proton decay rate using the diagram of figure
6.5, and comparing with the measured bound leads to the constraint!®

AP < ml o Imk ~107%. (6.117)

The simplest way to expunge the offending terms is to require a ‘family
reflection symmetry’™> under which

LO 5 - LD € — ¢ oY) = — o
U - — yeH DD 5 — pH
HI—_)HI Hz—)Hz. (6.118)

Then, all of the terms (3.139) needed to generate masses are allowed, as is
the term (6.10) needed to ensure v; # v,, but all of the B- and L-non-
conserving terms (6.116) are forbidden.

We shall discuss later alternative ways of removing these dimension-4
operators. Assuming that they are absent for some reason, there remains the
possibility of dimension-5 B- and L-non-conserving operators">, which will
only be suppressed by a single power of the superheavy scale, and which may
well be the dominant contributors to proton decay in supersymmetric
theories.

The dimension-5 B- and L-non-conserving operators allowed by the
SU(3) x SU(2) x U(1) symmetry have the structure

= [00QL], (6.119a)

= [U°U°DI}f (6.119b)

= [QQQH,]r (6.119¢)

= [QUIL)¢ (6.119d)

= [LLHH\]F (6.119¢)
Og = [LH,H,H,]r (6.119f)
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Figure 6.6 Proton decay induced by O;.

O, = [HH\I'|p (6.119g)
Og = [H{H,I]p (6.1194)
0y =[QU°L]p (6.119)
01 = [UD"I]p (6.119))

where we have omitted the generation labels, as well as all of the group
labels. Each chiral superfield has dimension 1. Since the superspace coordi-
nate @ has dimension ~%, as in (3.21), the dimension of the F-part of a
product of »n superfields is

(@ @, [M"H] (6.120)
while the dimension of the D-part of a product is
(@ D)lp: [M*T2]. (6.121)

To generate proton decay, which does not involve any sparticles, the above
operators must be dressed by radiative corrections involving only (light)
particles and sparticles. Thus O, generates the diagrams shown in figure 6.6.
In figure 6.6(a) two incoming quarks annihilate to produce a squark and a
slepton—this is the dimension-5 B- and L-violation—and these convert to a
quark and lepton via electroweak gaugino exchange. As in the previous
examples, proton decay is achieved by adding a spectator quark.

Evidently not all of the above operators can by themselves generate
vation of B, and O does not have L-non-conservation. Of course, if some of
the dimension-4 operators (6.116) survived, the missing ingredient might be
supplied this way. Thus Os together with the term proportional to A® will
generate proton decay, as in figure 6.5, when the electroweak symmetry is
broken, so H, is replaced by (O|H,|O) ~ v,. At any rate, if the family
reflection symmetry (6.118) is invoked, only O, , 4survive, and O, cannot
generate proton decay in the absence of the dimension-4 operators which
are also deleted by the symmetry.

We therefore consider just Oy ,, remembering that the chiral superfields
obey Bose statistics. Consider first O,:

0, = e Ui D U DI (6.122)
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Figure 6.7 Higgsino contribution to O;.

where i,j, k = 1,2, 3 are the SU(3) labels. Bose statistics therefore require
that the generation labels f, g are different, f # g, so one of the U fields must
be the c-quark (c) superfield (or else ¢©). Since this is an SU(2) singlet,
neither the electroweak nor the strong dressings, shown in figure 6.6, can
change the flavour. It follows that O, does not contribute to nucleon decay,
since ¢, ¢ are too massive. Finally, then, there is Oy:

01 = (@I POP)(QPT i LD
= Eijk(u,(f)d](g) —_ dl(f)u](g))(uih)l _ d/((h)vl) (6123)

and the Bose statistics again requires the use of at least two quark gener-
ations. On this occasion, however, we can use Wino exchange in figure 6.6 to
convert the second- or third-generation up-like flavour to a down-like
flavour (d, 5); in the case of a neutrino decay, however, we can use strong
dressing, via gluino exchange, which leaves the (down-like) flavour
unchanged. It follows that the dominant decay mode will be

p— K7 (6.124)

in a supersymmetric theory, provided, of course that in the supersymmetric
GuT the operator O, actually arises. The expression (6.123) for O, gives a
two-fermion—two-sfermion vertex in which both incoming fermions are left
chiral, and both incoming sfermions are the partners of left chiral fermions.
Such a vertex therefore cannot arise via gaugino exchange, since gauge
particles conserve helicity. It can, however, arise in the supersymmetric
SU(5) theory via colour triplet Higgsino exchange, as shown in figure 6.7, in
which the cross denotes the Dirac mass of the Higgsino.

Using the vertices in (6.15), we can estimate the effective strength of this
vertex

G, = GG Imuy(3) (6.125)

where mg(3) is the colour triplet Higgsino mass. The dressing via strong
interactions, as shown in figure 6.6, then gives an effective Lagrangian of the
form

Fepe = Gefsz‘/k(uidj)(SkVu) (6.126)

{omitting the y-matrices) with
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Qs m
Gor=G —=-% 6.127
ot = O3 ( )
where m, is the gluino mass and m; the squark mass. Reasonable estimates
of the parameters then yield

Gy~ g2/8m%. (6.128)

Thus the dominant decay mode (into kaons) has a lifetime of order 10°° yr,
as before.

All of this is dependent upon the assumed family reflection symmetry.
There are other symmetries that forbid the dimension-4 operators. In
particular, if the offending terms are dropped, the remaining theory has a
larger (global) symmetry called R-symmetry. This is a U(1) continuous
symmetry, parametrized by «, under which the superspace coordinate 6
transforms as

6— el (6.129)
and a general chiral superfield ® as

@ e Rep. (6.130)
So we can say that 8 and ® have R-charges:

Ry =1 R(®)=R. (6.131)

Evidently, since the superpotential W contributes [ d°6 W to the Lagran-
gian, the theory is R-invariant if

R(W) =2. (6.132)

Referring now to the terms that interest us, namely (3.139), (6.10) and
(6.116), we see that there is an R-invariance in which the superfields have
charges

R(QW, L®, yHe, pe o) = | (6.133a)
R(H,,H,) =1 (6.133b)

and that excludes the (offending) terms (6.116).
The transformation properties (6.129), (6.130) show that the scalar and
spinor components of ¢ have charges

R(¢) =R R(y)=R-1 (6.134)
and according to (6.133)
R(q,1)=—3 R(g,1)=3 (6.135a)
R(hy, hy) =1 R(h;, hy) =0. (6.135b)

Since it is real, the vector superfield V has zero charge:
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R(V)=0. (6.136)
Referring to (3.4), we deduce that the gauge field component V, has
RV,)=0 (6.137)

since @, 6 have opposite charges. It follows too from (3.4) that the gaugino
fields transform non-trivially:

RA) =1 (6.138)

and this means that gaugino Majorana mass terms such as (6.50) are
forbidden by R-symmetry. Since there is experimental evidence that the
gluinos have non-zero masses, as we have seen in (6.108), it seems that the
R-invariance must be (spontaneously) broken. This in turn generates an
unwanted Goldstone boson (actually an axion, since the U(1) is anomal-
ous). Thus it appears that the continuous symmetry cannot be used to
exclude the unwanted terms in the superpotential. This has led to a fuller
investigation of the discrete R-parities that may be used to exclude some, but
not all, of the B- and L-non-conserving operators, but in a way that is
consistent with present data on proton decay®.

Exercises

6.1 Show that the potential (6.13) does generate the spontaneous breaking
of SU(2) x U(1) provided that |Au| > ms,.

6.2 Verify (6.40) and (6.41).

6.3 Show that the minimum of the Higgs potential (6.52) leaves U(1)¢,
unbroken.

6.4 Calculate the R-charges of the chiral superfields in the supersymmetric
standard model that are needed to give all ‘particles’ zero R-charge, and all
‘sparticles’ non-zero R-charge.
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THE BOSONIC STRING

7.1 Introduction

Historically, relativistic string theory was developed as a possible theory of
strong interactions!) before the role was filled by quantum chromo-
dynamics. Subsequently, the occurrence of a massless spin-2 particle in the
spectrum of states of the string suggested an alternative use for string theory
as a possible framework for gravitation® that might succeed in overcoming
the problems that had been encountered in trying to obtain a renormalizable
theory of quantum gravity. In particular, there is an intuitive argument,
which we shall explain in the next section, as to why string theory might not
suffer from the ultraviolet divergences of quantum field theory of point
particles. This argument is borne out by detailed calculations of string loop
diagrams. In the case of the heterotic string, to be discussed in Chapter 9, not
only does the theory provide a satisfactory framework for quantum gravity
but it also appears able to unify gravity with the strong, weak and electro-
magnetic interactions. These remarkable properties make string theory a
candidate theory of all physics (a ‘theory of everything’). At the present
time, the theory is usually formulated in the form of relativistic quantum
mechanics, a relativistic quantum field theory of strings not yet having been
fully developed (if indeed this is the appropriate framework for a complete
string theory).

7.2 The bosonic string action

Whereas the position of a point particle in D dimensions may be described by
degrees of freedom X*(r), u=0,1, ..., D — 1, depending only on a time-
like coordinate 7, to describe a string we need in addition a space-like
coordinate o. Then, the string degrees of freedom X*(z, o),
u=0,1,...,D — 1, can trace out a curve as ¢ varies at fixed 7. The curve
may be open or closed (open or closed strings as in figure 7.1) and it is
convenient to take

O=sosux (7.1)

to be the range over which o varies as the string is traced out from one end to
the other for an open string, or once round the string for a closed string. Ast
varies the string sweeps out a world sheet (figure 7.2) just as a point particle
sweeps out a world line, and it is appropriate to refer to the coordinates r and

DOI: 10.1201/9780367805807-7
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Ve

Figure 7.1 Open and closed strings.

—_— T

g—0

Figure 7.2 Open- and closed-string world sheets.

o as world sheet coordinates. We shall see in §7.8 that consistency of the
theory requires D to be 26.

An action is required to embody the dynamics of the bosonic string. For a
massless, non-relativistic string of length L the action of classical mechanics

is
T t L dy 2
S=—=| dt| dx|== 7.2

2 Iz, IO dx ( )
where y is the displacement of the string at position x, T is the tension in the
string, and ¢, and ¢; are some initial and final times. When writing down an
analogous action for the relativistic bosonic string propagating in D-
dimensional flat space we wish to ensure that it is not only Lorentz covariant
in form but also that the physics does not depend on the particular choice of
world sheet coordinates r and o. To this end we introduce a space-time
metric

M= diag(l,-1,-++,-1)  w,v=0,1,--,D=1 (7.3)

and a world sheet metric /,4(7, 0) of signature (+, —) where @ =0 and 1
refers to T and o, respectively, and adopt the action for the relativistic
bosonic string

7, 4
S=- ﬂ fdr[ do (- det B)?h*n"” §,X, 85 X,. (7.4)
0

Ti
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Figure 7.3 Point particle and string interactions.

The required world sheet coordinate covariance then follows in the same
way as the space-time coordinate covariance of general relativity. Thus, the
action (7.4) has by construction local world sheet reparametrization invar-
iance, and global D-dimensional space-time Poincaré invariance. In detail,
the infinitesimal transformation for world sheet reparametrization invar-
iance is

OX* = E% 9, X" Oh*P = & 9 b + 0, E* 1P + 0,88 b (7.5)

where £* is the infinitesimal shift in the coordinates (z, o). The transform-
ation for global D-dimensional space-time Poincaré invariance is

OX# =" X"+ a* Ohos =0 (7.6)
where [, and a* are constants with

Lw = Mol ® (7.7

antisymmetric. Additionally, at least at the classical level, the action has a
local Weyl scaling or conformal invariance under the coordinate-dependent
rescaling of the world sheet metric

(5]’10{/3 = A(T, U)haﬁ 0X*=0. (78)

It should be noted that this is not included in the world sheet reparametriza-
tion invariance, because those transformations have 6. X* # 0 as a result of
the 7- and o-dependence of X*. The existence of this accidental conformal
invariance is peculiar to strings and is not shared by reparametrization-
invariant objects with more dimensions such as membranes.

As mentioned in the introduction, string theory is expected to be free
from the ultraviolet divergences that occur in the quantum field theory of
point particles, for the following reason. In the quantum field theory of point
particles, interactions are associated with vertices where world lines meet,
and, correspondingly, string interactions should be associated with world
sheets joining, as in figure 7.3 for closed strings. An important difference is
that whereas for a point particle theory there is a well defined point where
the interaction occurs, for a string theory there is no well defined point at
which the two strings merge into one. If we consider two observers
corresponding to different choices of world sheet coordinates their lines of
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Figure 7.4 Strings merging as seen by different observers. The solid lines are lines of
constant 7 and the dashed lines are lines of constant v’. What the observers see at
various values of v and 1’ is depicted alongside.

Figure 7.5 Loop corrections to a vertex in point particle field theory and in string
theory.

constant 7 differt and, as in figure 7.4, one observer will see the two strings
merging at the point marked by the solid dot, and the other at the point
marked by the cross. If we now consider loop corrections to the vertex as in
figure 7.5, in the point particle field theory diagram ultraviolet divergences

+As will be seen in §7.7, it is possible in the light cone gauge to choose the world
sheet coordinates such that 7 is identified with any specified combination of X™ and
X, and it is this freedom which is exploited here.
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arise from propagators meeting at a well defined interaction point. On the
other hand, we do not expect such problems in the string case because there
is no well defined point at which the interaction occurs. This expectation is
confirmed by detailed calculations in string loop perturbation theory®®.

7.3 Equations of motion and covariant gauges

String equations of motion may be obtained as Euler-Lagrange equations
by varying the action with respect to X* and with respect to 4,5. The former
equations of motion are

3ol (— det h)2h*P aﬂx*‘> =0 (7.9)

where it has been assumed that the surface terms vanish, a point to which we
return shortly. The latter equations of motion are

Top == 0aX" 35X, + Hhaph” 9, X" 35X, = 0 (7.10)

where 7,5 may be interpreted as the energy-momentum tensor obtained by
regarding the string action as the action for a two-dimensional fieid theory of
D free scalar fields X*. In deriving (7.10}, the identities

8(det h) = det h h¥° S, (7.11)
and
Oh*f = — h*YhP Sh,,s (7.12)

are useful. For any solution of the equations of motion (7.10), the integrand
of the string action (7.4) may be cast in the form |det 3,X* d5X,|"?, which
shows that the action has a geometrical interpretation in terms of the area of
the string world sheet.

Just as in gauge field theory or general relativity, there are fewer
independent dynamical degrees of freedom than appear explicitly in the
action, and the number of degrees of freedom may be reduced by a suitable
choice of gauge. In the present case, the gauge symmetries are the two-
dimensional world sheet reparametrization invariances (7.5}, and the con-
formal invariance (7.8). The reparametrization invariance may be used to
reduce the metric h,4 of signature (+, —), which in the first instance has
three independent components, to the form

g = €% P (7.13)
where
N4 = diag(l, —1). (7.14)

This choice of gauge is usually referred to as conformal gauge. If we also
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exploit the conformal invariance (7.8), the metric may be further simplified
to

hop = Nag- (7.15)
When we refer to covariant gauges in what follows we shall have (7.15) in
mind. There is some further gauge freedom, which we do not employ for the
time being, that can be used to reduce the number of components of X*.
This will be used in §7.7 to obtain the non-covariant light cone gauge which
does not put all the components of X* on the same footing.
In the covariant gauge (7.15), the equation of motion (7.9) simplifies to
the one-dimensional wave equation

I O i POy (7.16)
“ or*  90?

The string degrees of freedom X* are further constrained by (7.10) which
may now be written as

w “
TOO=T11=_1(£%+£%)=O (7.17)
2\ 0t ot do do
and
u
Ty = Ty = - X2 _ g (7.18)
Tt 00

where we are using indices 0 and 1 to refer to 7 and o, respectively. In
particular,

hT s =Tog— T1y =0 (7.19)

i.e. the two-dimensional energy-momentum tensor is traceless.

As remarked earlier, the validity of (7.16) depends on the vanishing of
the surface terms when the variation of the action is made. In the case of a
closed string, the boundary conditions

XH(t, 0+ ) = X#(1, 0) closed string (7.20)

ensure that the surface terms are zero. For an open string, and in covariant
gauge, the surface terms again vanish provided that we impose the boundary
conditions

axX*

e 0 wheno=0and o= open string. (7.21)

7.4 Mode expansion and quantization

For a closed string, the general solution of the wave equation (7.16)
consistent with the boundary conditions (7.20) is (Exercise 7.1)
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X¢=xt+ lzp”t

i l U o—2in(r — o) l ~u o—2in(r + o)
+2l ale +=dhe
n#0 n n

closed string (7.22)

where the zero-frequency part (zero mode) has been treated separately, and
a fundamental length

[ = (aT)~12 (7.23)

has been introduced for later convenience. We shall often work in units
where [ is 1. Hermicity of the operator X* requires the centre-of-mass
coordinates and momenta x* and p* to be Hermitian, and imposes the
conditions on the Hermitian adjoints of the oscillator coefficients

()" = o, (@) = a~,,. (7.24)

As always for solutions of the one-dimensional wave equation, the solution
may be separated into the sum of a term depending on r — o (the right-
mover part) and a term depending on 7 + o (the left-mover part). Thus, for
the closed string, there is the separation into right mover X% and left mover
X{,

X4z, 0) = X&(r—0)+ X{(r+ 0) (7.25)
where
u _ — Ll u 172 ufr l l U —2in(r - o)
X4(r=0) = bx + 4%z ~ 0) + 31 Z Sale (7.26)
n#0
and
4 1 152 i 1 U n—2in(z+ o)
Xt(r +0) =4 + 1pH(r + 0) + 51 Z Zate (7.27)
n
n#0

Quantization of the closed string requires us to identify the canonical
momentum conjugate to X#,

oL

Pftr,0)=—— 7.28
(r0) = (7.28)
where
. u
xu =X (7.29)
at

and £ is the Lagrangian density defined by writing the action as
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S=J‘er’ do &. (7.30)
Ti 0
From the action (7.4) in covariant gauge,
" .
PH(z, o) = T% = TX*. (7.31)
T

Equal-t canonical commutation relations may now be imposed, namely
[X“(z, 0), X*(1, 0')] = [X*(z, 0), X*(1, 0")] = 0 (7.32)
and

[PH(z, 0), X"(z, 0')] = T[X*(x, 0), X*(1, 0')] =i 6(0 — 0" )n*". (7.33)

Substituting (7.26) and (7.27) into (7.32) and (7.33) it can be seen that
(Exercise 7.2) the corresponding commutator for the centre-of-mass coordi-
nate x* and the centre-of-mass momentum p* of the string is

[x*,p*] = —in*” (7.34)
and the corresponding commutators for the oscillators af; and @4 are

[at, @l = = MOy o™ (7.35)

[, @] = = My o™ (7.36)
and

[at,, an]=0. (7.37)

The operators

aﬁj—:—_a/’in a/’;:——-alfl n>0 (738)

al = — G# n>0 (7.39)

have standard commutation relations for harmonic oscillator creation and
annihilation operators, with a factor of n*",

(@, an'] == 0mun”. (7.40)

It remains to implement the constraints (7.17) and (7.18) on X¥, and we
return to this in §7.5.
The Hamiltonian in covariant gauge

4 i u “
(0 ) T[ g [P K2

= ¢
at Jt  dt do 90

: (7.41)

H=J do

0 0
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may be written in terms of the oscillators a/; and &/, in the mode expansion
(7.22) as (Exercise 7.3)

= ) (@t + @) —p “D. (7.42)

n#0

For an open string, the general solution of the wave equation (7.16)
consistent with the boundary conditions (7.21) is (Exercise 7.4)

X4 =xt+ Pprr +il z %a‘,‘, e "7 cos(no) open string. (7.43)

n#0

In the open-string case, the left- and right-mover oscillator terms are not
independent, having been linked by the boundary conditions (7.21), and a
separation into left and right movers is not particularly useful. Quantizing in
the same way as for the closed string using (7.32) and (7.33) leads to the non-
zero commutators for the centre-of-mass coordinates

[x“p"l=—in* (7.45)
and for the oscillator coefficients

[, ap] = = MmO 4 5 01" (7.46)
The constraints (7.17) and (7.18) on X* will be discussed in §7.7. For the

open string, the Hamiltonian takes the form (Exercise 7.5)

2
H=-}% Z at e, — l—p"pu. (7.47)

2
n#0

7.5 Virasoro algebra and masses of states for the closed string

The string degrees of freedom in covariant gauge must not only satisfy the
wave equation (7.16), leading to the mode expansion (7.22), but must also
satisfy the constraint equations (7.17) and (7.18) which originate from the
h.s equation of motion and are a consequence of the reparametrization
invariance of the string action. To analyse these constraints it is convenient
to define combinations 7., and T__ of the components of the two-
dimensional energy-momentum tensor 7,5 by

X X0, | O,
ot 00 J\ 0 d

+

Tir=5(Too+ To) = = z( (7.48)

and
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(7.49)

0 X* 0 X*\[0X, oX.
T =M= T) = - 42 - S 2%,

Jat do /\ dt doc

/

Noticing that T , can only depend on X[ (r + o), that T_ _ can only depend
on X'x(t — o) and that

© “ “ “
0X1 _ Xy 0Xr _ _ 80Xk (7.50)
ot o ot do
we can write (7.48) and (7.49) more succinctly as
973
T,, = — XL X (7.51)
at 97
and
2.8 S 203 (7.52)
at ot

The constraint equations (7.17) and (7.18) may be written as
T,,=T__=0. (7.53)

Classically, we are free to implement these constraints straightforwardly.
However, quantum mechanically we shall see that it is not possible to
impose the full content of (7.53) without inconsistency, and in that case it is
useful to work with the Fourier components

LmEIJ doe?im—ar__
2 4]
T . / M2
=—IJ daezlm“-")(@—*‘) m£0 (7.54)
2], ot

and

Z’m EIJ”dO.e2im(T+U)T++
2 0

T . HA2
= —ZJ doe?im+o) (aX—L) m#0 (7.55)
2 9T

which are referred to as the Virasoro operators. Substituting the expansions
(7.26) and (7.27) into (7.54) and (7.55) gives the expressions for the
Virasoro operators:

L,=-} Z @by _ ity m#0 (7.56)
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and

Ly==5 Y @y m#0 (7.57)

p* (7.58)

with /asin (7.23), so as to be able to cast the result in this neat form. Strictly,
if we were to use (7.54) and (7.55) to define Lyand Lythen (7.56) and (7.57)
would also apply for m = 0. However, for reasons that we discuss in a
moment we shall denote the expressions obtained in this way by Ljand L§,.
Thus,

L’) = g[ do T _=-— % Z aﬁn@un (759)

and
ST Y
L() = ‘2_ [ do T++ =- % Z a?na,zm- (760)

20

n= - =

If we arrange the oscillators in Lj and L} in normal-ordered form with all
annihilation operators a4, n > 0, to the right of all creation operators a* ,,
n > 0, then we have

Ly=-labao— > aa,—a (7.61)
n=1
and
Ly= —datd,, - Z Gyl — G (7.62)
n=1

where a is a formally infinite constant arising from the commutators. This
constant needs to be regularized in some way, and we shall show in §7.8 that
we should take a to be 1. (No such problem arises for L,, and L,, when
m # 0.) It is conventional to define Ly and Ly to be just the normat-ordered
products

x

Lo=—1: z Ayt (7.63)

n=—x
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and
L=~ 1 i G B (7.64)
With this definition _
Ly=— %a’éaﬂo - i al,a,,=Li+a (7.65)
n=1
and
Lo=—Yata,o - i @, =L + a. (7.66)
n=1

The Hamiltonian (7.41) is related to the Virasoro operators by
H=2(Ly+ Ly) =2(Ly + Lo — 2a). (7.67)

The constraint equations (7.53) may be formulated in terms of the
Virasoro operators, which are the Fourier components of 7, and T__, as
the conditions for physical states |¢),

L,l@)=Lyj¢)=0 m>0 (7.68)
and

Lilg) = Lilg) = 0 (7.69)
or equivalently,

Lo|@) = Lolg) = alg). (7.70)

(We shall see in §7.8 that a should be taken to be 1.) The conditions (7.68)
are applied only for m > 0 and not for m < 0 for reasons to do with the
algebra of the Virasoro operators.

The algebra may be derived from the explicit expressions (7.56), (7.57),
(7.65) and (7.66) for the Virasoro operators using the commutation relations
(7.35)~(7.37) which are also valid for m or n equal to zero with the definition
(7.58) of aff and @ . Let us concentrate for the moment on the algebra of the
L, . Whenm+n#0,|[L,,, L,]can be calculated straightforwardly (Exer-
cise 7.6). In particular, when m and n are both non-zero we obtain

[LmaL Epam p& up+n_%2(m_p)a¢n+n—payp

= Z (m p)ap w,m+n—p (771)
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Using the antisymmetry of the commutator in m and n, and comparing with
(7.56), this may be cast in the form

[L,..L,]=(m—-n)L, ., m,n#0. (1.72)

A similar calculation shows that the same result applies when one of m or n is
zero, but not both.

It remains to consider the case 1 and n both non-zero butm + r = 0. (The
case m and n both zero is trivial.) Then, both the infinite sums in the first line
of (7.71) have normal-ordering problems and adding the two terms is very
delicate. We therefore write the general formula

[Lm’ Ln] = (m - n)Lm nt b(m)6m+n,0 (773)

where b(m) is a constant deriving from the proper treatment of normal
ordering when m + n is zero. This constant, referred to as the conformal
anomaly, may be evaluated by considering [L,,,, L _,,]. As a preliminary to
this evaluation recall that the %" and a“ of (7.38) have harmonic oscillator
commutation relations and a Fock space may therefore be defined by
applying creation operators a%’ (or a“ ,) to a ground state that is annihilated
by all the a/; (or a4;) where n is positive. A ground state and a corresponding
Fock space of the oscillator algebra may be constructed for any value of the
centre-of-mass momentum p of the string and all possible ground states are
conveniently labelled as |0; p). In the case of |0; 0), the Fock space ground
state is also annihilated by af of (7.58). (Notice that this is not a physical
state obeying (7.70).) The constant b(m) may now be evaluated (Exercise
7.7) as the expectation value of [L,,, L_,,] with m >0, in the Fock space
ground state |0; 0) with zero centre-of-mass momentum.

m—1

O3 0l[L s L1100 =2 " plom = p) = Dom(m® = 1). (7.74)

p=1

In deriving (7.74) oscillators have been moved past other oscillators so as to
act on this ground state with the aid of the commutators (7.35). Thus, the
right-mover part of the Virasoro algebra for general m and # is

(Lo L] = 01 = WL+ om0 = Do 00 (179)
The left-mover part of the Virasoro algebra

Do =10 s 0 (176)

LoDl = =)Lyt 2
[m9 n] (m n) m+n 12

is derived in exactly the same fashion, and because the oscillators «% and &
always commute, the algebra is completed by
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[L,,, L,] =0. (7.77)

The presence of the constant term (the conformal anomaly) in (7.75) and
(7.76) can now be seen to prevent us from extending the conditions (7.68)
and (7.70) for physical states to negative values of m. If we consider the
expectation value of [L,,,, L_,,], with m > 0, in a normalized physical state
@), we find with the aid of (7.68), (7.75) and (7.70) that

(@IL L - l@) =2ma + IDzm(m2 -1). (7.78)

If we were to require L_,,|@) to be zero for two or more values of m with
m = 1 we would have an inconsistency. We shall see later that in physically
acceptable theories the appropriate choices of D andaare D = 26 anda = 1.
In that case, we reach the stronger conclusion that we cannot consistently
demand L_,,|@) to be zero for any positive m. However, condition (7.68) is
sufficient to ensure that (¢|L,|¢) is zero for all non-zero n, because when n is
negative we can use the fact that

L,=L",. (7.79)

The physical state conditions (7.68)~(7.70) have an important role in the
theory in preventing the occurrence of ghosts, by which we mean, in the
present context, states with negative norm. That such states could arise can
be seen by considering the commutation relations (7.40) of the creation and
annihilation operators. For the time components, we have

[a2,a% = —1. (7.80)
Thus, the Fock space state a5, '|0; 0) has negative norm because
(0; Olapay, 105 0) = (0; 0[ah,, 1105 0) = — 1. (7.81)

We should hope that the physical state conditions might forbid the occur-
rence of such states. There are certainly enough conditions because (7.68)
applies for every positive value of n, and indeed it can be shown that for
D =26 and a=1 all ghosts are removed from the theory by these
conditions®. Zero-norm states occur in the theory for D = 26 but these
decouple from scattering amplitudes of positive-norm physical states.

The masses M of physical states in the closed-string theory may be
obtained from (7.70). In units where / = 1, equation (7.70) yields

o ©

M= fpip,= = ) atau—a=— > @, —a (1.82)

n=1 n=1
This may be written as

M?=M% + M (7.83)
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where
IM2 = - Z A (7.84)
n=1
12 = - Z @ iy — @ (7.85)
n=1
and
M% = M?. (7.86)

Thus we may think of the squared mass as having equal contributions from
the left and right movers. This last equation is a consequence of

Lolg) = Lolg) (7.87)

for all physical states |@). Because of the commutators (7.35) and (7.36),
acting with a*,, (m > 0) on a state increases the value of JM% by m, and
acting with G*,, increases the value of M7 by m.

7.6 Virasoro algebra and masses of states for the open string

Asdiscussed in §7.4, the boundary conditions for the open string mean that a
separation into left and right movers is not useful because the left- and right-
mover oscillator terms are not independent. Consequently, the open-string
expansion (7.43) only involves one set of oscillators &%, and, correspond-
ingly, we would only expect to define a single Virasoro algebra, rather than
independent algebras for the left and right movers. The constraint equations
(7.17) and (7.18) may as before be written as the pair of equations

T..=T__=0 (7.88)

with 7, , and 7__ as in (7.48) and (7.49). Generators L,, of a Virasoro
algebra may then be defined by taking a combination of Fourier components
of T, , and T__ in the following way

T X il R
L, = TJ doe!mC+oaT,  + TI dgel™r—aT__, (7.89)
0 ]

Itis not too difficult to check that these generators may be expressed in terms
of the oscillators o, of (7.43) as
L,=-} Z s — ln m+0 (7.90)

n=— =
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where we have defined
ap = Ip* (7.91)

with [ as in (7.23). Notice that this differs by a factor of two from the
definition (7.58) for the closed string. Just as for the right movers of the
closed string we define

m
.\)h—l
M 8

a’inaﬂn (7.92)

and impose the physical state conditions
L,lgy=0 m>0 (7.93)
and

Lolg) = alo) (7.94)

where

I\)I»—-
M 8

nQuy + a. (7.95)

The same Virasoro algebra as before is obtained because we are dealing with
oscillators with the same commutation relations.

Dm0y o (196)

[Lm’ Ln] = (m - n)Lm+n +
The Hamiltonian of (7.47) is related to Ly by
H=L,-a. (7.97)

The masses of physical states are obtained from (7.94), and (7.91). In units
where [ =1,

%

IM? = - Z al,a,, —a. (7.98)

n=1

This is of almost the same form as the corresponding expression (7.82) for
the closed string but differs by a factor of four on the left-hand side.
7.7 The light cone gauge

In §7.3, we employed the reparametrization and local Weyl scaling invar-
iance of the action of the string to choose the covariant gauge defined by



166 THE BOSONIC STRING

(7.15). In choosing this gauge not all the gauge freedom has been removed
and it is possible to impose further gauge conditions that reduce the number
of non-trivial components of X* and leave only physical dynamical degrees
of freedom®. Let us first define light cone coordinates for a string in D
dimensions

+_ 1 5o D-1
X = (X0 X0, (7.99)

A reparametrization (7.5) followed by a local Weyl scaling (7.8) is consistent
with the gauge conditions (7.15), provided that we choose

An® = — (5%EP + 9PE®). (7.100)

This residual gauge invariance allows us to make the essentially trivial choice
for X+

X*(r,0)=x"+1p*r (7.101)

where x* and p* are constants, and / is as in (7.23). To show this we first
notice that (7.100) implies that £°+ &' may be taken to be arbitrary
functions of 7 £ o, respectively. In particular, £° is the sum of an arbitrary
function of 7 + ¢ and an arbitrary function of r — ¢. Recalling that &% is an
infinitesimal shift on (z, o) we see that we may combine a reparametrization
and a local Weyl scaling to obtain a new 7, say 7', which is the sum of an
arbitrary function of 7 + o and an arbitrary function of 7 — ¢. This means
that 7' may be identified with any chosen solution u of the wave equation

(‘32 _9 )u=0. (7.102)

o2 d0”

Since X~ obeys this equation, and consequently so does aX™ + b for any
constants a and b, we may make the identification (7.101), where the prime
on the variable 7’ for the chosen gauge has now been dropped.

The coordinate X~ may now be calculated in terms of the transverse
degrees of freedom X', i=1,...,D — 2, in the following way. The con-
straint equations (7.17) and (7.18) written in terms of light cone variables
become

+ - + - i\2 N2
0X* 0X~  0X* X =1<<9£> +(£)) (7.103)
ot ot do do  2\\ ot led
and
+ — —_ + i i
OXT0X™ | 0XT X" _ oX'0X' (7.104)

ot 00 at 9o ot 90

Using (7.101) for X * gives
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80X~  1{[aX'\*  [aX'\?
Ppt === +(Z~ 7.1
p ot 2(( 67:) (60)) (7.105)

and
20X _ X' X'

_ 7.106
do 0t 00 ( )

which may be solved to obtain X~ in terms of the transverse degrees of
freedom X apart from an integration constant x . Thus, in the light cone
gauge the only dynamical degrees of freedom are the transverse degrees of
freedom X*. We need only solve the string equations of motion (7.16) for the
transverse degrees of freedom, using closed- or open-string boundary
combinations as appropriate. There will be the usual mode expansions
(7.22) or (7.26) and (7.27) for the closed string, and (7.43) for the open
string, for the transverse degrees of freedom.

In the light cone gauge, the derivation of the masses of physical states
proceeds somewhat differently to the derivation of §7.5 for the covariant
gauge. In the case of the closed string, equation (7.105) may be written with
the aid of (7.31) and (7.101) as

Pyt Ty = %((aXi)z N (?ﬁ)z) (7.107)

? do

Using the expansion (7.22), and integrating from 0 to & with respect to o,
gives (Exercise 7.8)

WME=dp?=10p P~ (P =} ) (aL,ah+al,d)—a  (7.108)

n=1

where we have chosen /=1, or equivalently, from (7.23), have taken
T = 2~!. The normal-ordering constant a may be determined because it
arises from reordering some of the terms in the original sum over n from —
to % using the commutators (7.35) and (7.36). The result is

__D-2)
= : Zl n. (7.109)
If we regularize this divergent expression using {-function regularization
with {(s) = £,/ _ ; n~* analytically continued to s = —1, then
(D-2) (D-2)
= -2 f(-1)=— 7.110
LD = (7.110)

(A discussion of the use of ¢-function regularization in the field theory
context can be found in Ramond ®.)
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For the closed-string case, equation (7.106) may be integrated from 0 to
with respect to ¢ and the periodicity X in the interval 0 to 7 may be used to
deduce that

J‘ XX 0. (7.111)
o 0T 00

Using the expansion {7.22) then yields the further condition
FTRT R N R
Z GLady = ) ol (7.112)

where the normal-ordering constants, which are the same on the left- and
right-hand sides, have cancelled. Combining (7.108) and (7.112) we may
write

M?*=M%+ M}; (7.113)
where
M3 = z o al—a (7.114)
n=1
M2 = Z @l —a (7.115)
n=1
Mi=M? (7.116)

and a is given by (7.110).

A similar treatment may be used for the open-string case except that there
is no condition like (7.112) because the string degrees of freedom are not in
this case periodic in ¢ in the interval 0 to z. For the open string we obtain
(Exercise 7.9)

IM? = Z o el —a (7.117)

n=1

with a again given by (7.110).

7.8 Low-lying string states

Bosonic string states may be constructed in the light cone gauge by acting
with products of oscillators &’ ,,and ¢ ,,,i=1,..., D — 2, on the ground
states |0)g and |0), for the right and left movers, respectively, and forming
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the product of the right- and left-mover states obtained. To calculate the
masses of these states we need the value of the normal-ordering constant a in
(7.114) and (7.115). This constant may be determined by constructing the
Lorentz generators for the D-dimensional string theory, using the Noether
currents for the Lorentz group, and requiring that the commutators of the
Lorentz generators do not have any quantum anomalies spoiling the Lorentz
invariance®®. The vanishing of these anomalies requires

D =26 (7.118)
and (without using (7.110), which is a check on the result)
a=1. (7.119)

We shall see shortly that there is a simple argument from the masses of the
string states that leads to the same conclusion. In later chapters it will be seen
how theories in 4 dimensions rather than 26 dimensions may be constructed.
For the closed bosonic string, the ground state |0)g for the right movers is
obtained when the oscillator contribution to (7.114) is zero, and so |0) has
M% = —4, and similarly |0), has M} = —4. Thus, the closed-string ground
state has M2 = —8, in units where / of (7.23) is 1. This tachyonic ground state
constitutes a problem for the bosonic string which can be avoided for the
superstring of Chapter 8, and for the heterotic string of Chapter 9 which
employs superstring right movers and closed-bosonic-string left movers.
To obtain massless states consistently with (7.116) it is necessary for Mg
and M7 to be separately zero. Thus, the massless closed string states are

ol |O0REL [0 = 3(al {|O0rdL, 00 + al1|0)rd (00
- 209D — 2)_Ia/—<—1[0>Rd111|0>L)
+ 8D —2) 'k |0)rd% 10y,
+3(a | 0RE |00 — L 1[0)ra[0)L). (7.120)

The three terms in (7.120) correspond to a traceless symmetric tensor, which
may be identified with the graviton for D = 26 dimensions, a scalar referred
to as the dilaton, and an antisymmetric tensor. These last two types of
massless particle accompanying the graviton are characteristic of string
theory.

Since we are working in the light cone gauge where only the transverse
degrees of freedom are present, we should expect massive states to fall into
irreducible representations of SO(25) and massless states into irreducible
representations of SO(24). The states of (7.120) do fall neatly into SO(24)
representations but there are no other states of the same mass, no matter
what the value of 4, that can complete SO(25) multiplets. This is a further
argument that the states of (7.120) should be massless, and that the choice
a = 1 is the correct one. Consistency with (7.110) then requires D = 26.
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7.9 Path integral quantization

In quantum field theory, there are two basic approaches to quantization.
The first is canonical quantization, in which the classical field ¢ is replaced by
an operator field ¢ upon which canonical commutation relations are
imposed. This is analogous to the procedures that we have been using up to
this point in the quantization of string theory. The second is the path integral
approach, in which the generating functional W[J] is constructed as a path
integral over the exponential of the action in the presence of source terms,
and the Green functions of the theory are obtained as functional derivatives
of the generating functional. We shall now develop this approach to the
bosonic string?.

Because the bosonic string possesses gauge symmetries, namely world
sheet reparametrization invariance (7.5), the procedure required for path
integral quantization of the string is very similar to the Faddeev—Popov
method required for the quantization of gauge field theories®(©®® Tt is
convenient to introduce world sheet ‘light cone’ coordinates (not to be
confused with the space-time light cone coordinates of §7.7)

oct=tto (7.121)
with conjugate derivatives

3+ =30, a,). (7.122)
The components of the world sheet metric may be rewritten in terms of

Nes=n__=0 Mo =N_p =35 (7.123)

Choosing the covariant gauge of (7.13) is then equivalent to imposing the
gauge conditions

Foi(heg)=h, =0 (7.124)
and

F__(hyg)=h__=0. (7.125)
World sheet reparametrizations

tot1+ & o—0+ &' (7.126)
may be recast as

0F — 0% + &7, (7.127)
The effect of this reparametrization, as in (7.5), may be written as

Ohap =V o851+ Vg&, (7.128)

where
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Vagﬂ = (aa - FZ/;)&;/ (7129)

with I'5 the affine connection derived from the world sheet metric 4,5. In
terms of world sheet ‘light cone’ coordinates

Oh,, =2V, &, (7.130)
and
Oh__=2V_E_. (7.131)

To apply the Faddeev—-Popov quantization procedure to the string theory,
we require the path integral

Zx f@X"JQDhH Bh__ Bh,_ O[F, . 10[F-_]

X det (ifg:) det (652—__) els (7.132)

where S is the bosonic string action of (7.4). The effect of the functional
d-functions, with F,, and F__ as in (7.124) and (7.125), is to select the
gauge h,, =h__=0 and to leave an integral over X* and h,_ (or
equivalently, in this latter case, over ¢ of (7.13)). The determinants may be
cast in terms of Faddeev-Popov ghosts (not to be confused with the
negative-norm ghosts of §7.5) by using the identity®

detB = J@c Db expledza d’o’ c(t',0")B(t', 0';7, 0)bi(r, 0)  (7.133)

where the ghosts ¢; and anti-ghosts b; are anti-commuting Grassmann
variables, and

sza = J "dr J do (7.134)
Ti 0
as in (7.4). With the aid of (7.124) and (7.130) we see that
(5F++(T’,U,)= ' " "
i () 2V,.6(r' —1)6(0' - o). (7.135)

Thus, (7.133) (with the ghosts given the conventional labelling ¢™ and b__)
gives

t6F++ -
0&,

Similarly,

de JQDC_ Db__exp ;—; J d*oc(r,0) V. b__(7, 0). (7.136)
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det% = [@c* @b, . expijdza c*(r, 0) V_b, (1, 0). (7.137)
The path integral (7.132) may therefore be written as

Zx [@(p J@X“ De™ Bet Bb__ Db, , S+ 5w (7.138)
where

Sep = %sza (c™Vyb__+c"V_b,,). (7.139)

Although it is beyond our scope here, it may be shown!” that in this
formutation of the theory, with the Faddeev-Popov ghost contribution to
the Virasoro generators included, there is no anomaly in the Virasoro
algebra when

D =26 a=1. (7.140)

Exercises

7.1 Show that the general solution of the string wave equation with closed-
string boundary conditions is as in (7.22).

7.2 Derive the commutator (7.34) for string centre-of-mass coordinate x*
and centre-of-mass momentum p*.

7.3 Derive the expression (7.42) for the string Hamiltonian in terms of
oscillators.

7.4 Show that the general solution of the string wave equation with
open-string boundary conditions is (7.43).

7.5 Show thatin terms of oscillators the open-string Hamiltonian is (7.47).
7.6 Derive the Virasoro algebra commutator [L,,,, L,} when m + n # 0.

7.7 Calculate the constant b(m) in (7.73) by considering the expectation
value of [L,,,, L_,,].

7.8 Derive the expression (7.108) for the squared mass for the closed string
in terms of oscillators.

7.9 Repeat the calculation of Exercise 7.8 for the open string to obtain
(7.117).
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THE SUPERSTRING

8.1 Introduction

The bosonic string theory of Chapter 7 is not entirely satisfactory as a
complete theory, first because it does not possess any fermionic states, and
secondly because the string ground state is tachyonic (as discussed in §7.8).
Both these difficulties can be overcome by constructing a theory in which,
associated with each bosonic degree of freedom X*(z, 0),u=0,...,D — 1,
there is a world sheet spinor fermionic degree of freedom W*(z, o)
(described by a two-component Majorana spinor). The action for this theory
needs to be formulated in such a way as to avoid the occurrence of ghost
states of negative norm.

For the bosonic string, such ghosts were removed in §7.5 by the physical
state conditions (7.68)—(7.70) which had their origin in the constraint
equations (7.17) and (7.18), which in turn derived from variation of the
action with respect to the world sheet metric s,5. Thus, for the bosonic
string, the absence of negative-norm ghosts depends crucially on the
reparametrization-invariant form (7.4) of the action. This action is formally
an action for the coupling of the D scalar fields X* to two-dimensional
gravity. We may therefore suspect that an appropriate construction of the
action in the case when fermionic degrees of freedom ¥ are also present
might be to treat X* and ¥# as supersymmetric partners for a world sheet
supersymmetry, and to couple them to two-dimensional supergravity. It
turns out that such an action does indeed provide a theory in which all
negative-norm ghosts are removed by constraint equations arising as Euler—
Lagrange equations of the action. We shall see in §8.8 that consistency of the
theory requires D to be 10 for the superstring (rather than 26 as for the
bosonic string).

In the first instance, although the superstring possesses world sheet
supersymmetry, it does not possess space-time supersymmetry. However,
we shall see in §8.8 that a potential problem of tachyonic ground states is
avoided by applying a projection to the states of the theory, and after this
projection has been applied a ten-dimensional space-time supersymmetric
theory is obtained. Whether space-time supersymmetry survives in the final
four-dimensional theory depends on the way in which the ten-dimensional
theoryis compactified to four dimensions, as will be discussed in Chapter 10.

DOI: 10.1201/9780367805807-8
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8.2 The superstring action

As discussed in §8.1, the required action is formally an action coupling

supersymmetric partner bosonic and fermionic fields X*(z, ) and ¥#(z, o)

to two-dimensional supergravity”). Such an action may be derived using the

Noether procedure in a way similar to that for the construction of the action

for the chiral superfield coupled to four-dimensional supergravity in §5.2.
A suitable starting point for the Noether procedure is the action

So=— %t J d%o (—det B)V2(h* 9, X* 35X, +1¥“p*8,¥,) (8.1)
where
0 —i 0 i
0 1
= = 8.2
p (i 0 ) p (i 0) (8.2)
are two-dimensional y-matrices satisfying
{p% 0"} =21 (8.3)

with 77,4 as in (7.14).

The action §, possesses world sheet reparametrization invariance and an
on-shell global world sheet supersymmetry under the supersymmetry trans-
formation

OXH = EpH (8.4)
and
oVH=—ip%g, X"E (8.3)

where £ is a two-component Majorana spinor parameter. It may be checked
(Exercise 8.1) that ¥, is invariant under this transformation, and that the
transformation is truly a supersymmetry in the sense that the commutator of
two transformations ¢, and 9, is a translation:

[0, 8:]1X" = — 2i &, p%; 9, X~ (8.6)
and
[01, 8,]¥# = — 21 &,p°; 9, ¥~ (8.7)

In checking (8.6) and (8.7) some properties of two-component world sheet
Majorana spinors are required. For instance,

& = && (8.8)

and

élpafz =- é2pa§1 (8.9)
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which follow more or less immediately from the fact that the components of
the Majorana spinors are real and anti-commuting.

The action Sy is no longer invariant when & is replaced by a local variable
&(z, 0). Then,

88, = J% J d?o (—det h)'? 5,E7¢ (8.10)

where
J*=5pPp* ¥ 3,X, (8.11)

is the world sheet supercurrent. To cancel this variation of S, we need to
introduce the two-dimensional supergravity ‘gravitino’ y, with the trans-
formation

0% e = 0k (8.12)
Then 48, is cancelled by adding to the action:
S =- % J d%o (—det h)?7, PP p*¥* 35X, . (8.13)

However, the transformation of X, gives an extra term in 05y,
88, = — %szo(—det h)Y2 7, PP p W Y, a8 + - - -
= %sza(—deth)llzq’#‘lf”)_(apﬁp" dpE+ . (8.14)
This variation is cancelled in its turn by adding a further term to the action:
S, = —Z%sza(—det Y20 Wiy, 0P, (8.15)

Then with the addition of some terms to the local supersymmetry transform-
ations the action

S=85+85+S5, (8.16)
is invariant under

OXH = EpH (8.17)

OWH = —{ p®E(3,X* — BHy ) (8.18)

0fa= 3. (8.19)

and
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det = —2iEp°y, (8.20)

where e, is the zweibein, satisfying /1,5 = e‘;egnab. This is the locally world
sheet supersymmetric action we were seeking, which we shall use as our
action for the superstring.

Atleast at the classical level, the superstring action, like the bosonic string
action, also possesses a local Weyl scaling or conformal invariance under the
coordinate-dependent rescaling

Shap = AT, 0)hap (8.21)

0o = 3A(T, 0)1a (8.22)

OV# = — IA(7, o) H (8.23)
and

8X“=0 (8.24)

which now scale yx, and ¥* as well as h,3. Moreover, there is a local
(superconformal) symmetry that acts only on the ‘gravitino’ for two-
dimensional world sheet supergravity,

8% e =1pan(t, 0) (8.25)
and
Ohop = OWH = 0X* =0 (8.26)

where 7 is a two-dimensional world sheet Majorana spinor parameter.

8.3 Equations of motion and the covariant gauge

Variation of the action (8.16) with respect to X*, ¥#, h,zand y,, under the
assumption that the surface terms vanish, leads to Euler-Lagrange
equations. These equations take a particularly simple form if we choose a
covariant gauge, much as we did for the bosonic string. For the bosonic
string we were able to exploit the world sheet reparametrization invariance
and the conformal invariance to write the world sheet metric in the form

hap = Nap (8.27)
with
Nap = diag(l, —1) (8.28)

and the same is true for the superstring. In addition, the two-dimensional
world sheet supersymmetry together with the superconformal symmetry
(8.25), (8.26) may be employed to choose

Xa=0. (8.29)
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In this covariant gauge, the Fuler-Lagrange equations are

0, 9°X* =0 (8.30)
ip¥9,¥*=0 (8.31)
Top = — 0, X" 95X, ~ %‘T’”(pa 35 + P 0)Y,,

o8 | 1=,

+ ’7—2@ X0, X, + 3V 3, =0 (8.32)
and
J*=13pPp* ¥ 35X, =0 (8.33)

where T,z may be interpreted as the energy-momentum tensor for the
two-dimensional supergravity of the free scalar and Majorana spinor fields
X*and ¥*#, and J ¢ is the world sheet supercurrent. These last two equations
amount to constraint equations.

For the derivation of the Euler-Lagrange equations (8.30) and (8.31) to
be valid it is necessary for surface terms to vanish. In the case of the bosonic
degrees of freedom this allows open- and closed-string boundary conditions
as in (7.20), (7.21). The surface terms for the fermionic degrees of freedom
¥+ are a little more subtle and are best discussed by writing the world sheet
spinor ¥# in components as

g (g%) (8.34)

Then the equation of motion (8.31) reduces to the pair of equations

d d
—+—|¥%=0 8.35
(ar 80) R ( )
and
0 d
———|¥{=0. 8.36
(61 aa) L (8.36)

Consequently, W% is a function of 7 — ¢ only and describes right-moving
degrees of freedom, and W1 is a function of r + ¢ only, and describes
left-moving degrees of freedom. Moreover, the term S(¥*) involving ¥* in
the action in covariant gauge may be written as

S(WHy =1 J Po (P4 0_W,q + V50,9 ,8) (8.37)
JT
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where
9. =100, £ 9,). (8.38)

It may then be seen that, in the case of closed strings, the surface terms
arising from the variation of the action (8.37) vanish for boundary conditions

iz, 0+ 7)== ¥i(z, 0) (8.39)
and
Vi(r, 0+ ) = £ ¥i(z, 0). (8.40)

Notice that periodic or anti-periodic boundary conditions may be chosen
independently for the right movers ¥/ and the left movers ¥/ (periodic
boundary conditions for fermionic degrees of freedom are usually referred
to as Ramond® boundary conditions denoted by Rr, and anti-periodic
boundary conditions as Neveu-Schwarz®® boundary conditions, denoted by
NS).

For open strings, the surface terms vanish for boundary conditions

Vi(z, 0) = Yi(z, 0) (8.41)
and

Vi(r, n) = = Vi)(z, 7). (8.42)

8.4 Mode expansions and quantization

For the closed superstring, the mode expansions for the bosonic degrees of
freedom, and their quantization, are just as in §7.3 for the closed bosonic
string. The mode expansions for the fermionic right and left movers depend
on whether the choice of periodic (Ramond, r) or anti-periodic (Neveu—
Schwarz, Ns) boundary conditions is made, and this choice may be made
independently for the right and left movers. Thus, for the right movers the
mode expansion is

V= ) dhedr=9 R (8.43)
neZ
or
Vh= ) breTHCTD s (8.44)
reZ+1/2

where n runs over all the integers, and r runs over all the half-integers. For
the left movers, the mode expansion is
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Vi= ) dhe et g (8.45)
neZ
or
V= ) b ns, (8.46)
reZ+1/2

Modular invariance of the theory (discussed in Chapter 11) requires us to
consider all four possible pairings of boundary conditions (string sectors) in
a consistent theory.

Quantization of the fermionic degrees of freedom is achieved by imposing
the canonical anti-commutation relations (for the canonical momenta
(1/2”)\1,!}41 or L)

{¥R(1,0), Y&r(z, 0")} = {¥1(s, 0), ¥((z, 0')}

= —27ad8(c — o’ " (8.47)
and
[Wh(z, 0), Wiz, ")} =0. (8.48)

Substituting the mode expansions (8.43)—(8.46) in (8.47) and (8.48) it may
be seen (Exercise 8.2) that the corresponding anti-commutators for the
oscillators in the mode expansions are, for Ramond boundary conditions,

{df.dn) = {dbh.dn}y = = Ovn o™ (8.49)
and for Neveu-Schwarz boundary conditions
(b bYy = (B, bY) = = 6 s on™ (8.50)

with left- and right-mover oscillators anti-commuting. (Notice again that
Ramond or Neveu-Schwarz boundary conditions may be chosen indepen-
dently for the right and left movers.)

The Hamiltonian for the closed superstring in covariant gauge may be
calculated much as in §7.4 for the closed bosonic string with the result
(Exercise 8.3) that

H= -2 do(o,x* 8, X, + 9,X* 8,X,,
2m |,
ISR R ST Y (8.51)

where we have set [ of (7.23) equal to 1. In terms of the oscillators in the
mode expansions (7.22), (8.43) and (8.45) for Ramond boundary conditions
for both right and left movers,
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_ 1 -
H=- fpﬂp,u - Z (a!ina/m + alin a;m)
n#0

- Z (A% dy + d“ ). (8.52)

neZ

An exactly similar expression applies when the right and/or left movers have
Neveu-Schwarz boundary conditions with the replacement of d% by b
and/or d* or b* ,where re Z — 1.

For the open superstring, the mode expansions of the right and left
movers are not independent of each other. For periodic (Ramond, Rr)
boundary conditions in (8.42), the mode expansions are

1 .
Vi=—g > die 079 (8.53)
\/QnZZ
and
1 .
Vi=—r ) die "7 (8.54)
\/inZZ

The factors of 1/V/2 are conventional, and 2r of (8.43) is replaced by n in the
exponent because ¥ and ¥{ are not now required to be separately
periodic over the range 0 to = of ¢. For anti-periodic (Neveu-Schwarz, Ns)
boundary conditions on (8.42), the mode expansions are instead

W = % plein=o) (8.55)
reZ+1/2
and
v = % bleTir+ o), (8.56)
reZ+1/2

Quantization of the fermionic degrees of freedom is again achieved by
imposing (8.47) and (8.48), and the corresponding anti-commutators for the
oscillators in the mode expansions are

{dh,dy} = = O s o™ (8.57)
and

{b/;’b:} = —5r+:,077w- (858)

The Hamiltonian is again given by (8.51), and in terms of the oscillators in
the mode expansions (7.43), (8.53) and (8.54) for Ramond boundary
conditions

H=~1p'p,~} ) ayaum =1} ) nd“,d, (8.59)

n#0 ne
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and similarly for Neveu~Schwarz boundary conditions with d’; replaced by
b%.

In subsequent sections, we shall concentrate our attention upon the closed
superstring which, by providing the right movers for the heterotic string of
Chapter 9, has been the basis for all phenomenologically promising super-
string theories to date.

8.5 Super-Virasoro algebra for the closed string

The superstring degrees of freedom in the covariant gauge not only obey the
wave equations (8.30) and (8.31) but are also subject to the constraint
equations (8.32) and (8.33). In detail these constraints are

Too=Ti1 = — 33, X% 0, X, + 8, X* 8,X,,)

- -‘2- (W4 0, W, + Wi o W) =0 (8.60)
i
TOl = TlO = - BTX" BUX# - E(\I’i a+\P”L - \I,/;{ 8,‘1’#1{) =0 (861)
JO= (\Ir‘;{a‘x,l) =0 (8.62)
Vi9.X, '
Yro_X
Jl= RY=u ) _ (. .63
) (869
It is convenient to write the independent constraint equations as
T,,=T__=J,=J]_=0 (8.64)
where
i
Ty =XTo+ To) = ’3+X'ﬁa+X#L’“§‘P/{_ 0.V, (8.65)
i
T___ E%(TOO- TOI) = —B_XI;{G_X#R—E‘I’Q a._‘P”R (866)
Jo=V¥{0,X, (8.67)
and
J_=VRI_X,r (8.68)

with 0. as in (8.38).
As for the bosonic string, it is not possible quantum mechanically to
impose the full content of these constraints without inconsistency, and in
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these circumstances it is useful to work with the Fourier components of 7_ _
and T, .,

Lm=%J o™ =IT__ mo (8.69)
0
and
Znglij derim(r+0)T++ m#=0 (870)
0

where we are using units where / = 11in (7.23) and correspondingly 7= 7",
It is also useful to introduce Fourier components of J_ and J,. For
Neveu-Schwarz boundary conditions for the right movers we define

G,= ij doedrt=9)_ reZ+3 (8.71)
27 ),

and for Ramond boundary conditions for the right movers we define

Fm=—I doeXmtr=a)y_ meZ,m#0. (8.72)

Similarly, for Neveu-Schwarz boundary conditions for the left movers we
define

G,= %J dged oy, reZ+1% (8.73)
0

and for Ramond boundary conditions

~ s .
F,= iJ doedimz+ay, melZ. (8.74)
27 |,

As for the bosonic string in §7.5, we shall handle the case m = 0in (8.69) and
(8.70) separately.

These super-Virasoro operators may be expressed (Exercise 8.4) in terms
of the oscillators in the expansions (7.26) and (7.27) with the definitions
(7.58) and (8.43)~(8.46). For Neveu-Schwarz boundary conditions for the
right-mover fermionic degrees of freedom,

1 1 m
Lm=_zza¢n—nayn+2 Z (5_ )b/rln—rbur m # 0, Ns
neZ reZ+1/2

(8.75)

and
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Go==3 b4 o, (8.76)
L

neZz

For Ramond boundary conditions for the right movers we have instead

Lm=*%za/:rszQun+%Z(%_n>d;:n-”d#” m;éO’R (877)
neZ neZ

and

sz _% Z d/rln—nayn' (878)
nelZ

Similarly, for Neveu-Schwarz boundary conditions for the left-mover fer-
mionic degrees of freedom

I:m=—%zd’/n—ndﬁ+% Z %—r)l}’,;l_,l}w m #= 0, Ns

nelZ reZ+1/2
(8.79)

and

G,=-1 Z bE_ G (8.80)
nelZ

and for Ramond boundary conditions for the left movers

zm=“%zd’fn—ndm+% (—’;-"1)‘1“&—”6{,”1 m#0,r (8.81)
nez neZ

and

Fr= =4 d 0 (8.82)
nelZ

In all cases, m denotes an integer, and r denotes a half-integer.

As for the bosonic string, if we were to use (8.69) and (8.70) withm = 0 to
define L, and L, then (8.75), (8.77), (8.79) and (8.81) would also apply for
m = 0. However, as in §7.5, we shall denote the expressions obtained in this
way by Ly’ and L', and reserve L, and L, for certain normal-ordered
quantities to be introduced shortly. Thus,

Ly

L j do T-_ (8.83)
0

and

Ly s—l—f doT.. . (8.84)
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For Neveu-Schwarz boundary conditions for the right movers,

Ly=-}) a“an=} > b, NS (8.85)

ne”z reZ+1/2

and for Ramond boundary conditions

Zo’ = _% Z a’ina‘m ~% Z nd’indﬂ" R. (8'86)

neZ nelZ
Similarly, for Neveu—-Schwarz boundary conditions for the left movers

Ly==-}) @du-1 > rbth, NS (8.87)
neZz reZ+1/2

and for Ramond boundary conditions

Ly==1Y @t ndid, (8.88)

neZ neZ?

Arranging the bosonic and fermionic oscillators in Ly’ and Ly’ in normal-
ordered form with all annihilation operators % and d%, and b%, n and r
positive, to the right of all creation operators o, and d” ,, and b%,, nand r

positive, we have for right movers in the Neveu-Schwarz sector

Ly = — latioy - Z a y  — Z rb* b, —~ dns NS (8.89)

n>0 r>0

and for right movers in the Ramond sector

Ly =- %agau() - Z al, Cun — z nd/ind#" I 3 R. (8.90)

n>0 n>0

In (8.89) and (8.90), ans and ag are formally infinite constants arising from
the commutators and anti-commutators. We shall discuss the values of the
constants upon regularization in §8.7, and we shall find that ayg and ag have
the values 3 and 0, respectively. Similarly, for left movers in the Neveu-
Schwarz sector

LO, = — %d/éduo - Z d/ina.”n - Z ri)’irl-),u, — aNs NS (891)

n>0 r>0

and for left movers in the Ramond sector

Ly = — dabid, - z Gy Gy — Z nd*,d,, — ag R. (8.92)

n=>0 n>0

(The same constants ayg and ag must occur for both left and right movers
because the same numbers of oscillators with the same commutation and
anti-commutation relations are involved.)
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On the other hand, a common convention is to define Ly and ZO to be just
the normal-ordered products. Thus

Lo=-1 Z Lot i — Z rib< b, s (8.93)
n>7 reZ+1/2
and
Ly= -3 Z a"_na/m:—% Z n:d%,d,,: R (8.94)
neZ2 nelZ

with similar expressions for the left movers. With these definitions

Lo= Ly + ans NS (8.95)

Lo= Lo +ag R (8.96)

Lo= Lo + axs NS (8.97)
and

Ly=Lo +ag R. (8.98)

The constraint equations (8.64) may now be formulated in terms of the
super-Virasoro operators, which are the Fourier componentsof 7, ,, T__,
J, and J_. For the right movers, there are conditions on physical states |@):

Llg)=0 m>0 (8.99)
and
Lolg)=0 (8.100)

or equivalently, depending on whether the boundary conditions for the
fermionic right-mover degrees of freedom are Neveu—-Schwarz or Ramond,

Lolo) = ans|@) NS (8.101)
or

Lolg) = arlg) R. (8.102)
Also, in the right-mover Neveu-Schwarz sector,

G,lpy=0 r>0,Ns (8.103)

and in the right-mover Ramond sector,
F,le)=0 m>0,R. (8.104)

Exactly similar conditions apply for the left movers. These physical state
conditions are not applied for m or r negative for reasons to do with the
super-Virasoro algebra that we shall discuss later.
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The Hamiltonian (8.52), for right and left movers both in the Ramond
sector is related to the Virasoro operators by

H=2(Ly + Lo). (8.105)

The same expression applies for the other possible choices of boundary
conditions for the right- and left-mover fermionic degrees of freedom.

The super-Virasoro algebra for the right movers with Neveu-Schwarz
boundary conditions for the right-mover fermionic degrees of freedom can
be derived from the explicit expressions (8.75), (8.76) and (8.93) using the
commutators (7.35) of the bosonic oscillators % and the anti-commutators
(8.50) of the fermionic oscillators b%, with the result

[Lma Ln] = (m - n)Lm +nt A(m)ém +n,0 (8106)

[L,.,G,]= (-’2’1 - r) Gt r (8.107)
and

{Gra Gs}=2Lr+s+B(r)ar+s,0' (8108)

Similarly, for Ramond boundary conditions for the right-mover fermionic
degrees of freedom

[Lm’ Ln] = (m - n)Lm +n + C(m)dm +n,0 (8109)

(L F)= (2 =] P (8110
and

{Fm9Fn}=2Lm+n+E(m)6m+n,0' (8111)

Exactly similar algebras apply for the left movers.

In (8.106), (8.108), (8.109) and (8.111), A(m), B(r), C(m) and E(m) are c-
number anomaly terms deriving from normal-ordering problems. They may
be evaluated much as in §7.5, by studying expectation values of commuta-
tors in the ground state, and this will be the subject of the next section. For
convenience, we record the conclusions here, namely

A(m) = %m(m2 -1 (8.112)
B(r) =§(r2 -3 (8.113)

C(m) = §m3 (8.114)
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and

E(m) = %mz. (8.115)

8.6 Closed superstring ground states and superconformal anomalies

The mass-squared operator for the closed superstring may be obtained from
(8.101) and (8.102), using the expansion (8.93) and (8.94) (and the anal-
ogous expressions for the left movers), and recalling that the centre-of-mass
momentum p* enters as in (7.58) (with / = 1 in the units being employed).
By a similar line of argument to that pursued at the end of §7.5, we may
conveniently write the mass-squared operator in the form

M?*=M% + M? (8.116)
where
M2 = - Z &y Qo — Z rbX b, — ans (8.117)

n=1 r=1/2

for Ns-sector right movers,

x <]

IME = — Z @t — Z nd“ ,d,, — ag (8.118)

n=1 n=1

for r-sector right movers, and, analogously,
M2 = - Z G — 2 rb¥ By — ans (8.119)

for ns-sector left movers, and
xX

W= S @ad Y ndt,d, o (8.120)

n=1 n=1
for r-sector left movers, with
M? = Mg (8.121)

as a consequence of (8.101), (8.102) and the corresponding expansions for
left movers.

The oscillators in the mode expansions act as step-up and step-down
operators for the eigenvalues of M% and M7 because of the commutators
(7.35) and (7.36), and the anti-commutators (8.49) and (8.50). Acting with
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the oscillator a*,, or d“,, (m > 0) on a state increases the value of XM% by
m, and acting with the oscillator b“ , (r > 0) increases the value of }M% by r.
The oscillators ¢ ,,,, d“,, and b* , have a similar effect on M7 . The ground
state is the product of the ground state for the right movers and the ground
state for the left movers. Let us concentrate on the right-mover ground state.
If the fermionic right movers are in the Ns sector then the ground state [0)g is
obtained by requiring

a’]0)g = bY|0)g = 0 m,r>0. (8.122)

When the fermionic right movers are in the R sector, a collection of states
forming a degenerate ground state occurs rather than a unique ground state
asin the Ns case. Analogously to (8.122), we require the right-mover ground
state |0)g to satisfy

a’)0)g = d%|0)g = 0 m> 0. (8.123)

However, a subtlety results from the presence of the oscillators d¢, which
may act on a state without changing the value of M%. The nature of this
degenerate ground state may be elucidated by considering

yH=1V2d4 u=0,1,...,D—1. (8.124)
As a consequence of (8.49), the y* obey the (Clifford) algebra
vy =2 (8.125)

with 7,,,, as in (7.3), i.e. the y“ behave like D-dimensional y-matrices. Since
the various ground states transform amongst themselves under the action of
the d§ and so of the y*, the degenerate ground state is an irreducible
representation of the Clifford algebra. In turn, this means that the ground
state is a spinor representation of SO(1, D — 1) because the generators M*¥
of this representation may be constructed from the above y-matrices as

MM=iw&yq (8.126)

which satisfy the Lie algebra of SO(1, D — 1),
[M*, MP?] = i(n"PM¥° + n* " M*P — n“"M*P — n*PM*°). (8.127)

For the Ns sector, the superconformal anomalies A(m) and B(7) may now
be evaluated by calculating the expectation values of the commutator
(8.106) and the anti-commutator (8.108) in a zero-momentum Fock space
ground state |0; 0), with the results

mm=§mw%4) (8.128)

and
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B(r) = % (r*-3. (8.129)

(A ground state of the oscillator algebra Fock space with string centre-of-
mass momentum is labelled as |0; p).) In (8.128), a fermionic contribution
has been added to the bosonic contribution obtained in (7.74).

Similarly, for the g sector, the superconformal anomalies C(m) and E(m)
may be calculated from the expectation values of (8.109) and (8.111) in any
one of the degenerate zero-momentum Fock space ground states to yield

Clm) = _;an (8.130)
and
E(m) = %mz. (8.131)

As for the bosonic string, ghost states of negative norm are created by the
time components of the oscillators a* ,,. In addition, ghosts states are
created by the time components of the oscillators 4%, and b, for the r and
NS sectors respectively, because, for m positive,

(0;0ld,d2,,|0; 0) = (0; 0|{d},, d2,,}/0; 0) = — 1 (8.132)

employing (8.123), and similarly for the Ns sector. The physical state
conditions (8.99) and (8.104) for the Ramond sector, and (8.99) and (8.103)
for the Neveu-Schwarz sector, provide enough conditions to allow one to
forbid the occurrence of all ghost states. For D = 10, ag = 0 and ayg = 3,
which we shall see in §8.8 are the appropriate choices for the superstring, all
ghosts are indeed removed from the theory by these conditions®.

8.7 The light cone gauge

For the bosonic string in §7.7, we saw that even after the covariant gauge of
(7.15) had been selected, there remained further gauge freedom. This
freedom could be removed by imposing additional gauge conditions (light
cone gauge) in such a way as to reduce the number of non-trivial components
of X# and leave only physical dynamical degrees of freedom. For the
superstring, a covariant gauge was chosen in §8.3 in which the world sheet
‘gravitino’ x, was gauged away, and the world sheet metric was given by
(8.27). Just as for the bosonic string, a combination of a world sheet
reparametrization and a local Weyl scaling may be used to remove some
residual gauge freedom and select a gauge in which X™* is given by (see
(7.101))
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X (r,o)=x"+pr (8.133)

where x™ and p* are constants (in units where /is 1). In addition, a local
world sheet supersymmetry transformation may be used to choose

Pt =0 (8.134)

where

i

+_ 1 o q@D-1
K4 \/i(\lf = ) (8.135)
without modifying (8.133), because of (8.17).

The coordinates X~ and ¥~ may now be calculated in terms of the
transverse degrees of freedom X' and ¥/, i=1,...,D — 2, as follows.
Written in terms of light cone variables, the constraint equations (8.64)—
(8.68) become

To.=—20,X{ 0. X[ —%(\Ifﬁ 8. VL + ¥ 6. %Y)

+9.X 6, X1 — %\PfL 9. (8.136)
T =-28_Xto Xg-— % (Vi 0_Wn + ¥R 9_¥3)

+ o XL Xk + %\IfiR §_Wiy (8.137)
J. =V o, XL + ¥ o, X{ — Vi o, X, (8.138)
and
J_=PEo_Xg+Vro_Xg — VLo Xk (8.139)

where the world sheet derivatives 9. are given by (8.38). Applying the light
cone gauge conditions (8.133) and (8.134) leads to

pT oL XD = 0. XL 9, XL + %xpi 9, Wi (8.140)
and
pto_Xg=0_Xko_Xi+ %\p"R 9_Wh (8.141)

which may be solved for X{ and Xy in terms of transverse degrees of
freedom, and

TV =V 6, X| (8.142)
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and
IpTUR = VL o_Xk (8.143)

which express ¥ and Wg in terms of transverse degrees of freedom.
Thus, only the transverse degrees of freedom X fand Wi, i=1,...,D -2,
remain as dynamical degrees of freedom. These will have the usual mode
expansions for the closed superstring (7.26), (7.27) and (8.43)—(8.46), with
the space-time index u restricted to transverse degrees of freedom,
i=1,...,D-2.

The mass-squared operator in terms of left-mover oscillators can be
derived from (8.140) by substituting the expansions (7.27) for X{ and (8.45)
or (8.46) for ¥{ and integrating from 0 to r with respect to 0. All terms may
be written in normal-ordered form with positive values of n or  to the right
of negative values using the commutators (7.36) and anti-commutators
(8.49) or (8.50). In similar fashion, an alternative expression for the mass-
squared operator in terms of right-mover oscillators may be derived from
(8.141). In the Ramond sector, the result is

Mi=dpt= ) @+ > ndl,d

- i ool + Z di,dt (8.144)

which it is convenient to cast in the form

M?=M%+ M? (8.145)
with
IME = 2 @l ol + Z nd',d’ (8.146)
n=1 n=1
M3 = Z &, d + Z nd', di (8.147)
n=1 n=1
and
M%E = M3, (8.148)

No normal-ordering constant occurs in (8.146) and (8.147) because of an
exact cancellation between the bosonic and fermionic contributions in the
Ramond sector. Thus, ¢ in (8.118) or (8.120) is now identified to be

ag = 0. (8.149)
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(Using ¢-function regularization, as in §7.7, each bosonic degree of freedom
contributes 3 to ax and each fermionic degree of freedom, with periodic
boundary conditions as appropriate to the Ramond sector, contributes —z;

to aR.)
In the Neveu-Schwarz sector, the corresponding result is
M2 Z al ol + Z rbi bl — (D 2) (8.150)
= r=172
and
lz_x i =i C i (D—2)
M2 = Z @ al+ Z bl by - (8.151)
n=1 r=1/2
which determines ayg in (8.117) or (8.119) to be
(D=2
= 8.152
ans = 16 ( )

The normal-ordering constant has again been calculated using {-function
regularization, as in §7.7, so each bosonic degree of freedom contributes 5
to ans and each fermionic degree of freedom, with anti-periodic boundary
conditions as appropriate to the Neveu-Schwarz sector, contributes 75. We
shall see in §8.8 that the appropriate choice of D is 10.

8.8 Superstring states, GSO projections and space-time supersymmetry

In the light cone gauge, superstrmg states may be constructed by acting with
products of oscillators a’_, and d°_, or b, on the ground state \O)R for the
right movers, and with products of osmllators ' ,andd’,or b', on the
left-mover ground state |0); , and forming the product of the resulting right-
and left-mover states. A calculation of the masses of these states requires a
determination of the space-time dimensionality D of the superstring theory
to fix the normal-ordering constant ang = (D — 2)/16 which occurs in
(8.150) and (8.151). (The normal-ordering constant for the Ramond sector
has already been obtained in (8.149).) As for the bosonic string, normal-
ordering constants may be determined by requiring that the commutators of
the Lorentz generators in the light cone gauge are free from quantum
anomalies. For the superstring, this requires

D =10 (8.153)
and
= % (8.154)
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It then follows from (8.150) and (8.151) that the Ns sector ground state for
right or left movers is tachyonic with M or M? being —3.

The problem of tachyonic ground states may be avoided, and a (ten-
dimensional) space-time supersymmetric theory obtained at the same time,
by applying a projection to the states of the theory due to Gliozzi, Scherk
and Olive® (the Gso projection). This projection is performed separately on
left and right movers. For the Neveu-Schwarz sector, the Gso projection P is

VP
P= Qi(_z_l)__) NS sector (8.155)

where the number operator F is defined for left movers by

x

F= > ((FVf-@Ve) NS sector (8.156)
r=1/2

where f* and g2, as defined in (9.101), are oscillators for complex fermionic
degrees of freedom e a=1,.. ., 4, replacing the real fermions Yoi=1,
..., 8, and similarly for right movers with f* and g replacing f and g2.
Thus, only states with (—1)7 = ~1 survive the projection in the Ns sector.
Among other things, this has the effect of deleting the tachyonic ground
states with F = 0.

On the other hand, for the Ramond sector, the Gso projection is defined to
be

p= % 1+ p(=1)F Y R sector (8.157)

where 7 is either +1 or ~1 and may be chosen independently for the left and
right movers. In this case, F is defined for left movers by

F= ) (@) e = (@'en R sector (8.158)

m=1

where &, _, and &3, are defined in (9.109), and similarly for right movers with
cy—1 and e, replacing &, _; and é5;,. In this case, F contains a zero mode part
(€3)7¢g or (c§)"c§. Theories where 5 has the same value for both left and right
movers are, for historical reasons, referred to as type-11B theories and those
where » has opposite values for left and right movers as type-I1A theories.

The basic distinction between the states of type-I1A and type-11B theories
may be clarified by considering the zero-mode contribution to (—1)F. As
discussed in §8.6, the ground state for the Ramond sector in covariant gauge
is degenerate, forming a spinor of SO(1, D — 1). Correspondingly, in the
light cone gauge and with D = 10, the ground state is an SO(8) spinor. For
definiteness, let us focus on the right-mover Ramond ground state. An
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exactly similar discussion applies for the left movers. The 16 independent
components of this SO(8) spinor ground state may be chosen to be

4
noy =[] (@~

a=1

Or  n.=0orl (8.159)
where
aasc3=—\%(dga—1+id3a a=1,....4. (8.160)

The spinor splits into two spinors of opposite chirality y = =1 when we
introduce the chirality operator

=% (8.161)

where
XC( = y2a—ly2a o= ]., vy 4 (8162)

and y* is as in (8.124). It may be checked that a., anti-commutes with y,, so
that |0) and a,|0)g have opposite chirality. Moreover,

(Yo a%) = 2i (8.163)
from which it follows that we may take the chiralities of |0)g and a,|0)g to be

(—i)* =1 and i(—i)® = —1 respectively. Consequently, |n,) of (8.159) has
chirality

x=(=1)>" (8.164)

This means that if Fy is the zero-mode contribution to F, then the chirality y
of the SO(8) spinor ground state is

x= (=1 (8.165)

Thus, type-IIB theories have Ramond-sector spinor ground states for right
and left movers of the same chirality, whereas type-IIA theories impose
opposite chirality. Since there is no absolute definition of chirality, we may if
we wish take # = 1 for both right and left movers for the type-1IB theory,
and n =1 for right movers and # = —1 for left movers for the type-IIA
theory.

Before Gso projection, the massless states in the various Ramond and
Neveu-Schwarz sectors for right and left movers are

‘O)RBL1/2’0>L R—NS sector (8166)
b 1,5|0)|0) L NS-R sector (8.167)
bi_l/ﬂo)Ri)j_ 1/2‘0>L NS—NS sector (8168)
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and
10)g |0y R-R sector (8.169)

in terms of the oscillators for real fermionic degrees of freedom. These
oscillators may be written as linear combinations of the oscillators for
complex fermionic degrees of freedom using (9.102), (9.103), (9.110) and
(9.111). As a result they increase the eigenvalue of F by 1 modulo 2.
Consequently, the effect of the Gso projection on the massless states is to
preserve the states (8.168), to restrict the right movers in (8.166) and the left
movers in (8.167) to a single SO(8) chirality, and the right and left movers in
(8.169) each to a single chirality. For the type-1IB and type-IIA theories
discussed above, the Ramond-sector SO(8) spinor ground states for right
and left movers have the same and opposite chirality. respectively.

After Gso projection, the Ns-sector vector b’ |,»|0)g and the Rr-sector
spinor ground state |0)g have the same number of degrees of freedom,
namely 8, and similarly for the left movers. Thus, the massless states of the
theory given by (8.166)—(8.169) contain equal numbers of bosonic and
fermionic degrees of freedom. This matching of the numbers of degrees of
freedom is a necessary condition for supersymmetry and strongly suggests
that, after Gso projection, we have a supersymmetric theory (in ten dimen-
sions). This is confirmed by comparing the massless states with those of the
two possible ten-dimensional N = 2 supergravity theories. For the type-11A
theory, the massless states of (8.166)—(8.169) surviving Gso projection are
the products that can be formed by using an SO(8) vector or an SO(8) spinor
of definite chirality for the right movers, and an SO(8) vector or an SO(8)
spinor of opposite chirality for the left movers. These are precisely the
massless states of the ten-dimensional N = 2 supergravity theory that was
constructed® by dimensional reduction of eleven-dimensional supergrav-
ity. For the type-IIB theory, the massless states of (8.166)—(8.169) surviving
GSO projection are the same sorts of products of right and left movers but
with the same chirality of SO(8) spinor for right and left movers. These are
the massless states of the chiral version” of ten-dimensional N = 2 super-
gravity. The supersymmetry of these theories can be made manifest in
another formulation of superstring theory that we shall discuss briefly in the
next section.

8.9 Other formulations of the superstring

A path integral quantization for the superstring®® may be developed in
much the same way as for the bosonic string in §7.9. In the case of the
bosonic string, the Fadeev—Popov ghosts associated with the world sheet
reparametrization-invariance gauge symmetries use anti-commuting Grass-
mann variables. For the superstring, these Fadeev-Popov ghosts are
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required, but so also are ghosts associated with local world sheet supersym-
metry. Because world sheet supersymmetry transformations are parame-
trized by world sheet Majorana spinors, the Fadeev-Popov ghosts in this
case are commuting degrees of freedom rather than anti-commuting Grass-
mann variables.

Itis also possible to construct an alternative formulation of the superstring
in the light cone gauge in which space-time supersymmetry is manifest!. In
this approach, the theory is formulated in terms of 8 bosonic transverse
degrees of freedom X', i=1,...,8, providing 8 right movers and 8 left
movers, and 16 fermionic transverse degrees of freedom which form a world
sheet spinor, much as in (8.34), but with 8 right-mover degrees of freedom
constituting an SO(8) spinor of definite chirality, and 8 left-mover degrees of
freedom an SO(8) spinor of either the same or opposite chirality (corre-
sponding to the type-IIB and type-IIA cases discussed in §8.8). Thus, right
from the outset there are equal numbers of space-time bosonic and space-
time fermionic degrees of freedom in the string degrees of freedom them-
selves. This allows the light cone gauge superstring action to be written in a
form that displays space-time supersymmetry (as well as world sheet
supersymmetry). This formulation is equivalent to the formulation of §8.8
after the 6so projection has been applied to render it space-time supersym-
metric. Detailed expositions of these alternative formulations of the super-
string may be found elsewhere!”,

Exercises

8.1 Check that the transformation given by (8.4) and (8.5) is a world sheet
supersymmetry, and that the action (8.1) is invariant under this transform-
ation.

8.2 Derive the anti-commutators (8.49) and (8.50) for oscillators in the
superstring mode expansions.

8.3 Derive the Hamiltonian (8.51) for the closed superstring.

8.4 Express the super-Virasoro operators in terms of oscillators in the
superstring mode expansions.
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THE HETEROTIC STRING

9.1 Introduction

A realistic superstring theory will have to contain gauge fields for the
electroweak and strong interactions and perhaps for a grand unified theory.
The simplest way for this to happen is for gauge fields to be present in the
ten-dimensional theory, though, a priori, there is the possibility that the
gauge fields arise from the construction of a four-dimensional theory from
the ten-dimensional theory, as will be discussed in Chapter 10. For open
superstrings, this may be achieved” by associating with one end of the
string an index labelling a state of a representation R of some group, and
with the other end an index labelling a state of the conjugate representation
R. Such theories are only consistent® when the gauge group is SO(32) or
Sp(32).

The type-IIA closed superstring is unsuitable to describe the real world
because, as discussed in §8.8, it is non-chiral. The type-IIB closed super-
string is also unsuitable, in the first instance, because the only massless states
it contains are in the supergravity multiplet of N = 2 supergravity, so there
are no non-abelian gauge fields present in the ten-dimensional theory.

Nonetheless, theories of only closed strings may be obtained with a non-
abelian gauge group occurring in the ten-dimensional theory by the oblique
method of using the right movers of a type-II superstring and the left movers
of a bosonic string™. The 6so projection (8.155) and (8.157) is performed
on the right movers to ensure equal numbers of bosonic and fermionic
degrees of freedom, as required for space-time supersymmetry. The free-
dom to choose the right and left movers of different kinds of string derives
from the facts that the states of a bosonic string or of type-1I superstring are
direct products of the Fock space states for the right and left movers, and
that interactions respect this structure. Such a string theory is referred to as a
heterotic string. (To quote Gross et al®, heterosis is ‘increased vigour
displayed by crossbred plants or animals’.) At first sight, such a theory
makes little sense, because the right movers are in 10 space-time dimensions
whereas the left movers are in 26 space-time dimensions. However, in this
approach, 16 of the left-mover dimensions X* are ‘compactified’ by associat-
ing them with a 16-dimensional torus with radii on the assumedly extremely
small scale set by the string fundamental length / of (7.23). As we shall see in
§9.4, some gauge fields then arise in the Kaluza~Klein manner, as is to be
expected when a higher-dimensional theory containing gravity is reduced to

DOI: 10.1201/9780367805807-9
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a lower dimension by compactification®. There are also a large number of
additional gauge fields of a stringy origin whose existence depends on the
possibility of having winding numbers for the string on the torus. In this way,
the extra 16 left-mover dimensions provide the gauge group of the resulting
10-dimensional theory.

For the heterotic string, it is found that the possible gauge groups
consistent with gauge and gravitational anomaly cancellation® are SO(32)
or Eg x Eg. The latter possibility has led to phenomenologically promising
models because one Eg factor can contain Eg which in turn contains SO(10)
with useful subgroups such as flipped SU(5) x U(1) or SO(6) x SO(4),
while the other Eg factor can be treated as a hidden-sector gauge group,
much as in the discussion of supergravity in §5.7 and §5.8. We therefore
focus in what follows on the heterotic string with the Eg X Eg gauge group in
ten dimensions.

9.2 Mode expansions and quantization

For the right movers, the mode expansions for the heterotic string are those
of §8.4 for the closed superstring. For the bosonic degrees of freedom,

i M e
Klr—-0)= Ix# + }zp“(r -0)+ 5 2 %e 2in(r = o) (9.1)
n#0

and for the fermionic degrees of freedom

Vi(r—0)= » die =9 R sector 9.2)
nelZ
and
Vi(r—o0) = Z bu e 2irr—o) NS sector (9.3)
reZ+1/2
where ineachcase y =0,1,...,9.

For the left movers, it is convenient to introduce a notation that dis-
tinguishes the first ten degrees of freedom, which we denote by X¥,
u=0,1,...,9, from the last 16 degrees of freedom. We denote these 16
‘internal’ degrees of freedom by XIL, I=1,...,16. For the first ten degrees
of freedom the mode expansionis just as in §7.4 for the closed-bosonic-string
left movers

Lr+o)=dx+1p'(r+o)+5 > 221070 (9.4)
2 n#=0 n

whereu=0,1,...,9.
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For the 16 internal degrees of freedom we write

Xi(r+0)=xi +plr + +i ifz —2in(r + o) 95
L LtpLr+o)+3 e (9.5)
n#0

where I =1, ...,16.
The quantization for 4 =0, 1, . . ., 9 is that of §7.4 and §8.4, so

[x“, p"]=—in* (9.6)

[ahs ap] = [, dp] = = MOy 4 n on™ 9.7)

{db,,dn} == 0+ n on™ R sector (9.8
and

{6, by} =~ 06,45 0" NS sector (9.9)
where in each case u,v=20,1,...,9. More care is required for Xf_,
I=1,...,16, which are not paired with a right mover. Proper account may

be taken of the absence of corresponding right movers by first replacing X7
by X7 with both right- and left-mover degrees of freedom and then
eliminating the right movers by imposing the constraint

(6, — 9,)X' = 0. (9.10)

In §7.4, we could have arrived at the quantization condition (7.33) by writing
down the Poisson bracket of the classical theory, and then making the
transition to the quantum theory by replacing the Poisson bracket by the
corresponding commutator multiplied by —i. Here, a similar procedure may
be followed but using the Dirac bracket in the classical theory, to incorpor-
ate the (second-class) constraint (9.10), before passing to the quantum
theory by replacing this bracket by a commutator multiplied by —i. The
result of this calculation is to replace (7.33) (with 1, J substituted for 4, v) by

[Pt o), X/(z, 0')] = %6(0 — oy = - %6(0 — oY (9.11)

which differs by a factor of § from the naive expression. Consistency of the
mode expansion (9.5) with (9.11) then requires the factor of 3 to feed
through into the commutator

1 J 1 17 1 ¥as
=_—_pll=_4 9.12
[(xL,pi] 2’7 > ( )

while the oscillators &’ have the commutators
n

[dfn’ dfz] == mam +n,0771J = mém +n.06u (913)

(without %) because there is no contribution to (9.11) from right-mover
oscillators. (No similar modification is required for the right-mover fermio-
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nic degrees of freedom ¥4, which have no corresponding left movers,
because the anti-commutation relations (8.47) are already separated into
right and left movers.)

9.3 Compactification of the bosenic string on a circle

As discussed in §9.1, the 16 extra left-mover dimensions of the heterotic
string are to be compactified on a torus to obtain a ten-dimensional theory
with a gauge group arising from the compactified dimensions. In this section,
we warm up to this task by considering the simpler example of a bosonic
string with one dimension (for both right and left movers) compactified on a
circle, say X*°, Then, mode expansions for X*, u =0, 1, ...,24 are as in
§7.4:

Xi(r~0) = +3p*—0) + 1 ) Lake 0 (9.14)
2 n

n#Q
and
X{(r+o0)= IxH + %p"(t +0)+ % Z l&",‘, g=inz+ o) (9.15)
n#0 n
foru=0,1,...,24 However, in the cas¢ of X*°, which is compactified on a
circle of radius R we must make the identification

x® =x% + 2nRn (9.16)

for any integer n. There are then extra ways of satisfying the closed-string
boundary condition (7.20) corresponding to winding the string n times
round the circle, so

XB(1, 0+ n) = X*(1, 0) + 27Rn. (9.17)
Thus, the general mode expansion is
X%z, g) = x5 + pPr
#2042 N Laerdnt g @ediner) (9.
2 n#0 n
where
L =nR. (9.19)

The integer n in (9.19) is the winding number for the string configuration.
The momentum p* is then constrained by the requirement that
exp(i p*°x?°) should be single valued when we replace x*° by the equivalent
coordinate x* + 27Rn. Consequently, we must take
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25 _m 9.20
PT=%5 (9.20)

where m is any integer. Decomposing into right and left movers by writing t
andointermsofr —oand 7t + o,

X¥=XR + X0 (9.21)
where
XR(r~0)=xx +pR(r—0) + % Z %a? e 2T (9.22)
n=0
and
XP(+o0)=xF +pP(r+0) + % Z %dﬁs e~2inr+ ol (g 23)
n#0
with
PR = ¥p* - 2L) 9.24)
pt = 3(p* +2L) (9.25)
and
xB =xF + 1P, (9.26)

To obtain the 25-dimensional mass-squared operator for the physical
states we need to amend Lyand Ly of (7.65) and (7.66) to take account of the
effect of one string dimension being compactified on a circle. This amounts
to replacing 2,2,5= oP"p. by Eﬁ‘; 0P Pu— (2p%)* for Ly, and by

2/2,4= oP"p. — (2 p)? for L. It is convenient in the following exposition to

use p“p, to denote Ei‘; 0P*py, which is the 25-dimensional mass-squared
operator M? (rather than the 26-dimensional mass-squared operator as in

(7.82) where the sum over u is from 0 to 25). Then, we find

EME =40 p, = YR = ) (@ = a5 ) — 1

n=1

= %(P%.S)Z - Z (du—ndyn - dz—sn d25, n) -1 (927)

n=1
where the normal-ordering constant a of (7.82) has been set to 1 as required
by (7.118), and the sum over u for the oscillator terms is also from 0 to 24,

The mass-squared operator may now be cast in the form (analogous to (7.83)
to (7.86))

M? =M% + M} (9.28)
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where
%M _2(p )2 Z (a~n ;m a—na25 n) -1 (929)
n=1
% % 25)2 Z (aﬂna/m - —na25 n) -1 (930)
n=1
and
M% = M3 (9.31)

which allows us to think of the squared mass as having equal contributions
from right and left movers.

Alternatively, substituting the explicit expressions for pR and p? of (9.24)
and (9.25), we have

2542
%M2=(p8) +——— Z‘l(a—n un = @05, n)
1 =25 =
— Z (a—n ayp —na25.n)—1

2_

2 x
n’R> m* 1 z 5
= 2 __—_2 - E (o, ®yun az—bna25~”)

1< s
- 5 Z —n Xy — —na25 n) -1 (932)
with
z (a ~un - az—sna25 n) - z (a—n Ay az—sn ags, n)
n=1 n=1
= p®L = mn. (9.33)

Equation (9.32) displays the contributions to the 25-dimensional mass
squared from the winding number and momentum in the compactified
dimension.

The mass-squared operator may be written entirely in terms of physical
dynamical degrees of freedom by adopting the light cone gauge. It is
convenient for our present purposes to define the light cone coordinates to
be
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+_ 1 0 24
X*=—0X"xX 9.34
\/i( ) (9.34)
so that the transverse degrees of freedom are X', {i=1,...,23, and X%,

which corresponds to the compactified dimension. (Th1s dlffers from the
choice (7.89) which involves X instead of X**.) Following the argument of
§7.7, the mass-squared operator then takes the form

M?*=M%+ Mi (9.35)
where
=¥p¥)Y  + N- (9.36)
i —Q(p )2+N—1 (9.37)
with
N= Z (al,af + a5, ,) (9.38)
n=1
N= Z (dl—n d; + aZ_SH a25 n) (939)
n=1
and
M2 = M2, (9.40)
Alternatively,
2R m* N N
=1 D 9.41
8 2 8RE 22 (9.41)
with
N-N=mn. (9.42)

After compactification of one dimension on a circle, the massless states of
the resulting 25-dimensional theory include (in analogy with (7.120)) the
graviton, the dilaton, and the antisymmetric tensor for 25 dimensions, as the
traceless symmetric, trace and anti-symmetric’ parts of a’;|0)rd;|0) .
However, there are also massless vector particles V' and V' obtained by
taking one index to be associated with 25-dimensional space-time and the
other with the compactified dimension:

Vi = ai_1\0>Rd2_51|0>L (943)
and

Vi = a2_51\0>Rdi_1‘0>L. (944)
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One such massless vector could have been expected to arise in Kaluza—Klein
fashion when a dimension was compactified on a circle, with components of
the 26-dimensional metric tensor with one index associated with the com-
pactified dimension becoming the components of a U(1) gauge field for 25
dimensions. Here there are two such gauge fields, deriving from the 26-
dimensional metric tensor and the anti-symmetric tensor field, characteristic
of string theory, as (1/V2)(V’ + V).

The gauge group arising from the compactification on a circle can be
larger than U(1) X U(1) for a particular choice of the radius R. This
enhancement of the gauge group is a stringy phenomenon depending on the
existence of winding number. Let us use |m, n) to denote a state obtained
from the ground state by taking momentum p®> = m/R in the compactified
dimension, and winding number L = nR, but without applying any oscil-
lators to the ground state. Then, for a special choice of R, four extra massless
vector fields may be constructed, namely

Wi=a" 1,1) (9.45)

WL =a' -1, -1) (9.46)

Wio=a 1,-1) (9.47)
and

Wi =a'-1,1). (9.48)

This may be seen as follows. As a consequence of (9.35) and (9.40), a
massless state requires

M%=M:=0. (9.49)

One way to arrange this in (9.36) and (9.37) is to take N and N both to be
one, and p% and p? both to be zero (which implies that m and n are both
zero). This yields the massless vectors of (9.43) and (9.44). An alternative
way of obtaining massless vectors is to take N =1 and pg = 0 to arrange
M% =0, and to take N =0 and (p?°)? =2 to arrange Mi = 0. Using the
explicit expressions (9.24) and (9.25) for p¥ and p?°, and noticing that in this
case

mn=N-N=1 (9.50)
it follows that
m=n=1=1 (9.51)
and
R = 1. (9.52)
V2 '

These are therefore massless vectors W', and W provided that the radius of
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the circle on which a dimension is compactified is given by (9.52). Similarly,
massless vectors W and W also occur for this value of R. To sum up, for
the special choice (9.52) for the radius of the compactified dimension, there
are present in the theory the six massless vector fields required for the
adjoint representation of the gauge group SU(2) x SU(2). (That these
massless vector fields are indeed the gauge fields of an SU(2) x SU(2) gauge
group may be confirmed by explicitly constructing the generators of the
gauge group and checking that they commute with the mass-squared
operator.)

9.4 Compactification of the heterotic string on a torus

A ten-dimensional theory, with the ‘internal’ degrees of freedom X7,
I=1,...,16, of §9.2 providing a gauge group, may be constructed by
compactifying these degrees of freedom on a 16-dimensional torus. Much as
for the quantization, it is necessary to impose boundary conditions on X L
with both right and left movers, and then to eliminate the right movers. A
16-dimensional torus may be defined by introducing a lattice I' with basis

vectors e,’z, a=1,...,16, chosen to have length \/f, and by making the
identification
16
xl=xt+V2n 2 nRel (9.53)
a=1

where the R, are radii and the n, are arbitrary integers. There are then extra
ways of satisfying the closed-string boundary conditions (7.20) by winding
the string round the torus so that

16

Xz, 0+ 7) =Xz, 0) + V2= Z n.R.el = X'(r, 0) + 2nL! (9.54)
a=1
where
) 16
L'=— Rael. 9.55
\/iazln ¢ 0:55)

The L! are usually referred to as the winding numbers. Then, the mode
expansions are

X, 0)=x"+plr+ 2L

i 1 =2in(r — > =2in(zr
+§Z ~(ahe™ (r=0) 4 gl g=2in(r+o)y (9.56)

n#0
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Decomposing into right and left movers by writing 7 and ointerms of r — ¢
and 7 + g,

X'= x4t +xt (9.57)
where
X&(r - 0) = xk + pk(z - 0) +% Z ;11-01{1 g 2in(r—o) (9.58)
n#0
and
X+ =d +pla+o)+1 Y Lale 0 (9.59)
n#0
with
pR=3p"-2L" (9.60)
pL=3p'+2L") (9.61)
and
x!=xk +xi. (9.62)

We now wish to eliminate the right movers, which in particular means that
we should take

pR=0 (9.63)
with the consequence that
pL=2L" (9.64)

(Notice that if we were not to compactify the internal dimensions, the L!
would all be zero and the internal momenta p{ would have to be zero.)
Moreover, we should take

xk =0 (9.65)
which together with (9.62) and (9.53) means that

16
xl=xl +V2n Z nRel. (9.66)

a=1

The commutation relation (9.12) implies that it is 2p{ rather than p{
that generates translations of x{, and therefore we should require
exp(2i 2j% | pf x{) to be singled valued when x? is replaced by the equival-
ent coordinates of (9.66). If the lattice T, with basis vectors denoted by e*/,

dual to I', is defined by
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16

> eleil=oa (9.67)
I=1

then p! must be given by

16
1o 1N Ma
pi \/ia; R, % (9.68)

where m, are arbitrary integers.
In the light cone gauge, the ten-dimensional mass-squared operator for
the physical states is given by

M?> =M%+ M? (9.69)

with M% and M7 as follows. For the superstring right movers, using (8.146)
and (8.150) with D = 10,

iMiZ=N (9.70)
where
N= i (o', o) +nd-,d") R sector (9.71)
n=1
and
N= i al, o, + i rb, bl — 3 NS sector. (9.72)
n=1 r=172

For the bosonic string left movers with 16 dimensions compactified on a
torus, the analogue of (9.37) is

16
1 .
Mi=3 ) (LY +N~1 (9.73)
I=1
with
N= (@, a4, + a’,dpm) (9.74)
nzl

where a sum over i from 1 to 8, and over I from 1 to 16 is understood. Also,
for physical states,

M% = M;. (9.75)

(For the bosonic string, as well as the superstring, the light cone coordinates
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have been chosen to be (1/V2)(X° + X°), so that the transverse degrees of

freedom for ten-dimensional space-time are i =1, ..., 8.)
Massless states require
M% =M% =0. (9.76)
For massless vector bosons, the form (9.72) of M} appropriate to the Ns
sector has to be employed. There are 16 massless vectors Vi, =1, .. .,16,
of Kaluza—Klein type (analogous to (9.44)):
Vi=b"1,|00ra"|0) I=1,...,16 (9.77)

providing a U'®(1) gauge group. As in §9.3, the gauge group can be
enhanced for special choices of the lattice I' and the radii R,. Let us use the
notation | pf ) to denote a state obtained from the left-mover ground state by
taking momentum p{ in the compactified dimensions (without acting with
any oscillators). In the present case, the extra gauge fields W(p! ) arising in
a stringy way are

Wi(Pﬂ) = bi—1/2‘0>R\Pf.> (9.78)
with

> (ol =2 (9.79)
I

which, as can be seen from (9.73), ensures that M7 is zero. Whether there
are internal momenta for which (9.79) is satisfied depends on the lattice I, its
dual T, and the choice of radii R,.

As we shall now discuss, there are very few choices of the lattice T
consistent with an acceptable string theory. In Chapter 10, we shall see that
there is a fundamental constraint on string theories, referred to as modular
invariance, that is needed to ensure absence of gauge and gravitational
anomalies and finiteness of string loop contributions to scattering ampli-
tudes. Demanding a modular invariant theory restricts the radii of the torus
to be

R, =1/\V2 a=1,...,16 (9.80)
and the lattice I to be an even self-dual lattice, i.e. a lattice for which
I=r (9.81)
and
16
8oa = Z elel = even integer. (9.82)
I=1

There are only two such lattices in 16 dimensions, denoted by 'y and
I'g X Ty. The first of these (I';) contains the root lattice of SO(32) as a
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sublattice (and leads to an SO(32) gauge group). We shall focus on the
second possibility (I'y X I'y), which is the direct product of two Eg root
lattices. The momenta p! are then on the root lattice of Eg X Eg, and the
momenta of length two required to satisfy (9.79) are the weight vectors of
the adjoint representation of Eg XEg. It would therefore by unsurprising if
the extra massless vector fields (9.78), taken together with the Kaluza-Klein
gauge fields (9.77), were the gauge fields of an Eg X Eg gauge group. This
can be demonstrated by an explicit construction of the generators of the
gauge group, and a check that they commute with the mass-squared
operator. In this way, an Eg X Eg gauge group arises from a toroidal
compactification of the left-mover internal degrees of freedom of the
heterotic string.

Other massless states may be constructed by using the superstring right

movers b-1,|0r, i =1, ..., 8, for the Ns sector, and |0)g for the R sector,
with M% = 0, and the bosonic string left movers &_;|0); ,j =1, ..., 8, with
M? = 0. In this way, we obtain in the NS sector the massless states

bl 1|00l |0) Lj=1,...,8 (9.83)

which decompose into a traceless symmetric ten-dimensional graviton, a
scalar (dilaton), and an antisymmetric tensor. In the R sector there occur the
states

|00} j=1,...,8. (9.84)

The decomposition of the product of the ten-dimensional spinor right mover
and the ten-dimensional vector left mover provides a ten-dimensional
gravitino together with an eight-component ten-dimensional spinor. In this
way, the complete supergravity multiplet for ten-dimensional N =1
supergravity® is generated.

The theory contains no tachyons because the only right-mover state with
negative M is the Ns-sector ground state |0)g with M % = =2, and the only
left-mover state with negative M7 is the bosonic string ground state [0); with
M? = —4, and we cannot then satisfy Mi = M as required by (9.75).
(Notice that, unlike in the case of the superstring, the absence of tachyons is
not enforced by a Gso projection.)

9.5 Fermionization and bosonization

In the next section, we shall present an alternative formulation of the
heterotic string which replaces the internal bosonic degrees of freedom
compactified on a 16-dimensional torus by 32 world sheet fermionic degrees
of freedom, a process referred to as fermionization. That such a replacement
should be possible a priori depends on the fact that spin is not defined in two
dimensions and the two-dimensional nature of the world sheet. In this
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section, we shall illustrate fermionization (and the inverse process of
bosonization) by considering the simplest case of a single bosonic degree of
freedom compactified on a circle. This bosonic model has been discussed in
§9.3, where the compactified dimension was denoted by X2°. It will be
convenient here to display only the part of the squared mass due to X*°,
including the contribution —; to the normal-ordering constant. It will also
be convenient to suppress the index and denote X by X. Thus, following
(9.22) and (9.23) we write the mode expansions

Xe(r — 0) = xg + pr(t— 0) + = Z 1 a, e 39 (9.85)
2 n

n0
and
X (t+0)=x_ +p.(t+0) +% Z %dn g72in+ o) (9.86)
n=0
with
pr=3%p —2L) (9.87)
pL=13(p +2L) (9.88)
and
X =Xp + XL (9.89)
where
p=m/R (9.90)
and
L=nR (9.91)

where m and n are integers. The contribution of the single compactified
dimension to the squared mass

M? =M%+ M3 (9.92)
is given by

IMR =k + N =4 9.93)
and

IME=3pt + N -3 (9.94)
where

N= Z a_,a, (9.95)
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and

7= i G_,d,. (9.96)
n=1

We wish to show that for the choice of radius
R=1 (9.97)

there is an alternative formulation of the single compactified bosonic degree
of freedom X;_as single complex fermionic degree of freedom. (An exactly
similar discussion can of course be given for Xx.) From §8.4 and §8.7, a pair
of real fermionic degrees of freedom has left-mover mode expansions for
Neveu-Schwarz boundary conditions

pk Z B em2irE+ o) k=1,2 (9.98)
reZ+1/2

and the contribution of this pair of real fermions to the squared mass M7 is
given by

IpM? = Z B B = (9.99)
r=1/2

recalling that each Ns fermion contributes —75 to the normal-ordering
constant. A reformulation in terms of a single complex fermionic degree of
freedom ¥ may be made by writing

¢L=\—}—§(«pi+iwi) (9.100)
Then,
\ifL — Z (fr e—2i r(r + o) + g~r7 ezi r(r + U)) (9101)
r=1/2
with
f~ 7— (b1 +i [73 ) (9.102)
and
\f (BL, +ib%,). (9.103)

The contribution of ¥; to 1M ? may then be written as
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IMi= ) Hfif +88) % (9.104)

where we have used the fact that
(b*y = b%, k=1,2 (9.105)

which follows from the mode expansion (8.46) for real fermionic degrees of
freedom. As a consequence of the anti-commutation relations (8.50), the
oscillators for the complex fermion obey

{(F1.fsy=48 .8} =9, (9.106)

from which it follows that f; and g’ increase the eigenvalue of 3 M? by r.
On the other hand, for Ramond boundary conditions the pair of real
fermionic degrees of freedom has left-mover mode expansion

Wk = Z dk e-2in+o) k=1,2 (9.107)
nerZ
and contributes to M7 according to
M2 = Z nd%,d* +4 (9.108)

n

recalling that each Ramond fermion contributes 55 to the normal-ordering
constant. Reformulating in terms of a single complex fermionic degree of
freedom V¥ defined by (9.100) we obtain the mode expansion

b, = Z (G _ 1 e 2m=D(E+0) 4 gt G2im(r+ o)y (9.109)
m=1
with
c‘m_1=%(d}n_1+id~fn_l) m=1,...«  (9.110)
and
é:n:%(d"l_mﬂdim) m=1,..., ». (9.111)
The contribution of ¥ to $M? in this case is
IME= ) n(@e,+8e,) + 1 (9.112)
n=1

where we have used the fact following from the mode expansion (8.45) that
@dky =d*x, k=1,2. (9.113)
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As a consequence of the anticommutation relations (8.49) the oscillators for
the complex fermions obey

{Cris G} = €2 8,} = by (9.114)

from which it follows that ¢}, and €}, increase the eigenvalue of 1M1 by n.

A comparison of the values of 3M { in the bosonic and fermionic
formulations may now be made and such a comparison for some low-lying
states is given in tables 9.1 and 9.2 for the Ns sector and for the R sector of the
fermionic formulation, respectively. It can be seen that the number of states
of the fermionic theory at each value of }M?% is the same as the number of
states of the bosonic theory. A more detailed correspondence of states in the
two formulations may be achieved by defining a charge lattice momentum g
for the fermionic theory by

gu=NL+vL—} (9.115)
where
1
5 NS sector
= 9.116
L {O R sector ( )

and NI is the eigenvalue of the fermionic ‘number’ operator. For the Ns
sector, the ground state is defined to have N F=0andf; creates 1 unit and
g, creates —1 unit of NE. For the r sector, Nk is 0 or 1 for the two
components of the spinor ground state, ¢, creates 1 unit and e, creates —1
unit of N¥. Then for each value of M7, the number of fermionic states with
g = pp matches the number of bosonic states with this value of p(, as also
displayed in tables 9.1 and 9.2. In the case of table 9.2, |0); denotes the
degenerate spinor ground state and so denotes two states with different
values of g1 .

The equivalence of the theory of a single left-moving complex fermionic
degree of freedom and the theory of a single left-moving bosonic degree of
freedom compactified on a circle of radius R = 1 may be made more explicit
by writing

P =B (9.117)
where the normal ordering is taken to mean
D AN exp(— Z 1 @, e=2in(+ o)) exp(— z l a, e~2in(r+a)
n

n
n<Q ! n>0

x exp[2i(x, + (pL + H(z + 0))]. (9.118)
To show that the two theories are equivalent means checking that all

correlation functions are the same, which can be done by showing that the
replacement of ¥ by : e* %1 : gives the correct operator product expansions
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Table 9.1 Values of $M? for fermionic states in the Ns sector compared with
bosonic states for R = 1.

Charge lattice

iMm; momentum g; NS sector Bosonic theory
—% gu=pL=0 |0)p pL=0)
—+i qg=pL=1 ﬁ/z‘oh_ fpr="1
qu=pL=-1 gpl0L pL=-1
- %+1g=pL=0 fingnl0 d.q|pL=0)
-H+3 g =p =1 f;/2‘0>L ‘PL=1>
go=pL=-1 g,/0) SilpL=—
~H+2 g =p.=0 J{éﬁ/zgj‘/z‘oh, &nfinlO d_slpr =0), d—107—1‘PL =0
qL=pL=2 f§/2f1/2[0>L pL=2)
qL=prL= "2 §ng1nl0L pL=-2)

-%+3 g=p =1 f§/2§0>L,f§/2f;/zg;/2 0L doolpr=1),d_1d_4/p =1
qu=pL=—1 g0, 83210812101 doslpL=—1),a_1a_|p.=-1)

—#+3q.=p=0  figinlOL, §nfinl0L. d_slpL=0), d_rd_,|pL =0),

_fg/_zvgg/zfoh d_yd_yd_i|py = 0)
qL=pL = fsT/zfi/z 10> d_ilpL=2)
qu=pL= =2 §n&ipl0L d_ylpp = -2

for W, and currents constructed from it(®). The only unexpected feature of
the definition of normal ordering in (9.117) is the occurrence of p; + 3 rather
than p; otherwise (9.117) is just normal ordered in the usual sense.
However, from the discussion above of corresponding states in the two
formulations, anti-periodic (Ns) boundary conditions for the complex fer-
mionic degree of freedom should correspond to integral bosonic momentum
P, and periodic (R) boundary conditions should correspond to half-integral
bosonic momentum p; . The presence of p; + $in (9.117) ensures that this is
the case.

9.6 Fermionic formulation of the compactified heterotic string

The discussion of §9.5 suggests that it should be possible to find an
alternative formulation of the heterotic string in which the toroidally
compactified degree of freedom X{, I=1,..,16, are replaced by 16
complex left-moving fermionic degrees of freedom or 32 real fermionic
degrees of freedom. In this section, we shall show that by a suitable choice of
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Table 9.2 Values of $M? for fermionic states in the Ramond sector compared
with bosonic states for R = 1.

Charge lattice

1M} momentum ¢ R sector Bosonic theory
v gL =pL = %3 0)y pL= %D
B+l qu=p =3} érloy, pL=3d_ylpL=D
qu=pL=-%-% &0 pL ==, d_1lpL=—H
b+2 gqu=33 &0y, d_1lpL =3,
d_y|py =B, d_yd_y|pp =D
gu=1% % ¢1€10y,
d_slpL = -9, d_1d_y|pL=—b
gL = -3 -3 &0y d_ilpL=-3
t+3 =33 6110y pL=3
. . doslpL =%, ad_4|pL=1%
qL = 2,2 C3‘O>L
d_3|pL =5, d_yd_y|py =),
d_yG_1d_q|pL =%
qL = %7 _% égéil())b é;f;]O)L
d_slpL= —%% d_ra_i|pL= -3,
d_1d_1d_q|pL = ‘%)
gL = -5 -3 3510y,
d_s|pL = —3), d_id_i|pL= -3
gL =-3 -3 &6110) L lpL=-%

boundary conditions for these 32 real fermionic degrees of freedom, and by
applying a suitable Gso projection, we can indeed reproduce the Eg X Eg
gauge fields of §9.4.

Our desire to construct the version of the theory with the Eg X Eg gauge
group rather than the SO(32) gauge group suggests that we should separate
the 32 internal real fermionic left-mover degrees of freedom into two sets of
16 which we denote by A4, A =1, ...,16,andi*, A =1, .. ., 16. Because of
the possibility of assigning Ramond (r) or Neveu-Schwarz (Ns) boundary
conditions independently to the A% and A%, the internal theory then
possesses four sectors (R, R), (NS, NS), (R, Ns) and (NS, R), where the first
boundary condition of the pair refers to the 2 and the second to the 2. The
mode expansions for the A* are

it= 2 Jdem2in(z o) R sector (9.119)

nez
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and

it = Z Jd g2t To) NS sector (9.120)

reZ+1/2

and similarly for the 14,

To determine the masses of the states, the normal-ordering constants for
the four sectors are required. As discussed in §8.7, each real bosonic degree
of freedom contributes 2% to the normal-ordering constant, each real
fermionic degree of freedom with periodic () boundary conditions contrib-
utes —»y, and each real fermionic degree of freedom with anti-periodic (Ns)
boundary conditions contributes 7. Thus the normal-ordering constants 4
for the left movers for the above four sectors are

a(R,R) = —1 (9.121)

d(Ns, Ns) = +1 (9.122)
and

d(r,Ns) = d@(Ns,r) =0 (9.123)

including the contribution of the eight transverse left-mover bosonic degrees
of freedom associated with ten-dimensional space-time.
The mass-squared operator for the left movers is then

iM? = N(a, B) — d(a, B) (9.124)

where a, 8 =R or Ns depending on the boundary conditions for the two
sets of real fermions A* and 2. The normal-ordering constants d(a, 8) are
given by (9.121)—(9.123). The oscillator term N(a, f3) is given by

N, ®) = Z @Gl + Z n(AA, 04 + 1A 4 (9.125)
n=1 n=1
N(xs, Ns) = Z a,dal + Z YA A + 74 Ay (9.126)
n=1 r=1/2

N(r, Ns) = Z gl al + Z nAd A + Z PA A (9.127)
n=1 n=1 r=1/2

and

S

N(Ns,R) = Z a,al + i A A4 + inﬂ-f_‘nif (9.128)

n=1 r=1/2 n=1
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where i =1, ..., 8, runs over the transverse ten-dimensional space-time
degrees of freedom. The mass-squared operator for the right movers is as in
(9.70)=(9.72) with the usual requirement of equality of M% and M3 for
physical states.

The Eg X Eg gauge fields now arise from the four sectors in the following
way. In the (Ns, Ns) sector, there are the massless vector states

bL12/00rA% 1242 1] 00 (9.129)

bl l0)rA% 1242 12]0) (9.130)
and

bl1200rA% 1A 1] 00, (9.131)

which provide the representation (120,1), (1,120) and (16,16) of
SO(16) x SO(16), respectively. In the (R, NS) sector, there are the massless
vector fields

bl112|00[0)L . (9.132)

The left-mover ground state for this sector is the spinor representation of the
first SO(16) factor of SO(16) x SO(16) and so is the representation
(128, + 128’, 1) where 128 and 128’ are the two chiralities of the SO(16)
spinor constructed by applying an even or odd number of zero-mode
oscillators analogously to the two chiralities of the SO(10) spinor discussed
in §8.8. Similarly, in the (Ns, R) sector there are massless vector fields in
(1, 128 + 128’) of SO(16) X SO(16). The (r, R) sector contains no massless
states.

The 248-dimensional adjoint representation of Eg has the decomposition
under SO(16)

248 = 120 + 128. (9.133)

Thus, to obtain precisely the gauge fields of E¢ X Egit is necessary to delete
from the theory the massless vector states in (16, 16), (128',1) and (1, 128')
of SO(16) x SO(16). This may be achieved by introducing a pair of Gso
projections, one for the fermionic degrees of freedom A* and the other for
the A4, as follows. For the 2#, we make the projection

_1\F
p1t (D (9.134)

2

where Fis defined by
F= Z it a8 NS sector (9.135)

r=1/2
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and
F= Z A R sector. (9.136)

Then, surviving states have an even number of A* oscillators acting on the
ground state. In the Ramond sector, this includes the zero-mode oscillators
and so a single chirality of the SO(16) spinor is selected. An exactly similar
Gso projection is made for the 4. As a consequence of this pair of Gso
projections, the surviving massless vector states are, in the adjoint represen-
tation of Eg X Eg,

(248, 1) + (1, 248) = (120, 1) + (128, 1) + (1, 120) + (1, 128) (9.137)

The massless supergravity multiplet is constructed in exactly the same way as
in §9.4. In this way, we obtain exactly the same spectrum of massless states
as in the bosonic formulation of §9.4, and it can be shown that this extends to
the spectrum of massive states (Exercise 9.1).

Exercises

9.1 Construct the massive states of the Eg X Eg heterotic string at the first
excited level in both the fermionic and bosonic formulations.

9.2 By treating the real fermionic left-mover degrees of freedom as a single
set of 32 with the same boundary conditions, construct the SO(32) heterotic
string in the fermionic formulation.
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10

COMPACTIFICATION OF THE TEN-
DIMENSIONAL HETEROTIC STRING TO
FOUR DIMENSIONS

10.1 Introduction

Any string theory that is to be a candidate theory of the world we live in will
have to possess just four observable space-time dimensions, or, if there are
extra spatial dimensions, they will have to be compactified on a sufficiently
small scale as to be unobservable with the energies that are currently
available to us. In Chapter 9 a heterotic string theory with ten space-time
dimensions was constructed by either fermionizing 16 of the left-mover
bosonic degrees of freedom, or equivalently by compactifying these degrees
of freedom on a torus in such a way that an Eg X Eg gauge group arose from
these 16 extra left-mover dimensions. To complete the construction of a
four-dimensional theory it is necessary next to compactify six of these ten
dimensions in some way for both right and left movers. The simplest
possibility is a toroidal compactification. However, we shall see that such a
compactification produces a theory with N = 4 space-time supersymmetry
rather than the N = 1 space-time supersymmetry that we saw in Chapter 1
was required to obtain a chiral theory. Fortunately, theories with N =1
space-time supersymmetry can be obtained by simple modifications of
toroidal compactifications, referred to as orbifolds, in which points on the
torus are identified by a symmetry of the lattice of the torus. Alternatively,
compactification on a special class of manifolds, called Calabi-Yau mani-
folds, may be employed.

A somewhat different approach to the construction of four-dimensional
heterotic string theories, which we shall discuss in the next chapter, is to
return to the original heterotic string with the right movers of a superstring in
ten dimensions and the uncompactified left movers of a bosonic string in
sixteen dimensions, and to reduce the number of space-time dimensions to
four directly by fermionizing all other string degrees of freedom. In this
approach, there is no intermediate theory with ten space-time dimensions
that is compactified to four dimensions.

10.2 Toroidal compactifications

The simplest way of producing a four-dimensional theory from the ten-
dimensional heterotic string constructed in Chapter 9 is by compactifying six

DOI: 10.1201/9780367805807-10
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of the remaining spatial dimensions on a torus. A great attraction of such a
possibility is that the simple linear string equations of motion of previous
chapters are unmodified, as a consequence of the fact that a torus is locally
flat and so may be taken to have the same X*“-independent metric as flat
space, differing from flat space only in the imposition of spatial periodicity.

In the light cone gauge, the mode expansions for the transverse space-
time degrees of freedom X%, W& and X!, i = 1,2 associated with four-
dimensional space-time are as before in (9.1)—(9.4), the mode expansions
for the 16 left-mover internal degrees of freedom X . I=1,... 16areasin
(9.58) and (9.59), and the mode expansions for the fermionic degrees of
freedom associated with the remaining six spatial degrees of freedom W%,
k=3, ...,8are also unmodified and given by (9.2) and (9.3). On the other
hand, the mode expansions for the bosonic degrees of freedom X% and X¥
k=3, ...,8need to be amended to take account of the toroidal compactifi-
cation of these six spatial dimensions. If the lattice defining the six-
dimensional torus has basis vectors ef‘, k,t=3,...,8chosen to have length
V2, then for the centre-of-mass string coordinates x ¥ there is the identifi-
cation

8
xF=x*+V2n Z n.R.ef (10.1)
=3

where the R, are radii, and the n, are arbitrary integers. This results in extra
ways of satisfying the closed-string boundary conditions (7.20) by winding
the string round the torus, so

XXz, 0+ 71) = X*(z, 0) + 22L* (10.2)

where the winding numbers L* are given by

8
1
L¥=— Y nRe". (10.3)
\/223

By analogy with §9.4, we can then write

X’ﬁ(r -0)= x{i + p’fl(r -0)+ % Z 1 aﬁ e 2in(t=0o) (10.4)

n
n#0
and
X+ 0)=xf + pf(r+0) +% Z %dﬁ g 2inr+o) (10.5)
n#0
with

pk =3(p* —2L*) (10.6)
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pt =X p* +2L%) (10.7)

and

xk=xk +xk. (10.8)

However, unlike in §9.4, the six dimensions being compactified here have
both right movers X% and left movers X¥, and we do not wish to eliminate
the right movers. We must require exp(i % _ ; p“x*) to be single valued
when x* is replaced by the equivalent coordinates of (10.1). If the lattice with
basis vectors e* has a dual lattice with basis vectors e** where

8

D ekert =0, (10.9)

k=3

then p* must be given by

8
P =\2 Z %’efk (10.10)
k=3 !

where the m, are arbitrary integers.
The four-dimensional mass-squared operator for the physical states is

given by

M?=Mi+ M} (10.11)
with

ME = M} (10.12)
and M% and M7 as follows. For the superstring right movers,

8

1
IM3 = N+ 5;3 (pk)? (10.13)

with p%& given by (10.6), and N by (9.71) or (9.72). (Notice that 2p} is the
coefficient of (7 — ¢) and substitutes for p* of (7.26) in the uncompactified
case.) For the left movers in the bosonic formulation of the heterotic string,

16 8
- 1 1
1ag2 — K7 _ 1 2 L kY2
iMi=N-1+ 5 E (pL)" + 2k-§ 3(pL) (10.14)

=1

with N given by (9.74), p! by (9.61) and pf by (10.7). Alternatively, in the
fermionic formulation of the heterotic string,

8
IME = N(a. §) = (s ) + %Z (phY (10.15)
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with N(e, 8) and a(e, ), where @, 8 = R or Ns, as in (9.125)-(9.128) and
(9.121)—(9.123). It is not too difficult to show (Exercise 10.1) that massless
states generically have no momentum or winding number on the compact
manifold. This is analogous to the situation for the heterotic string left
movers in §9.4 where massless states with non-zero winding number only
occur for special choices of the lattice and radii.

The graviton for four-dimensional gravity for the toroidally compactified
theory is the Neveu—-Schwarz sector state

bL1l0)raL {0 ij=1,2. (10.16)
The four-dimensional gravity supermultiplet also contains four gravitini,
0)rd’ |0}, j=12. (10.17)

Here, |0)g is the SO(8) spinor Ramond sector ground state, which can, in the
first instance, be written as the direct product of a transverse space-time
spinor and an SO(6) spinor with eight components in 4 + 4 of SO(6).
However, since the SO(8) spinor is of definite chirality because of the Gso
projection, each space-time chirality is associated with only 4 or only 4, so we
get a total of eight spinor states, as required for four gravitini. Moreover,
there are six graviphotons (massless vector fields in the supergravity multi-
plet) given by the Neveu-Schwarz sector states

b* 15| 0)ra 1|0y k=3,...,8j=1,2. (10.18)

Thus, we have the spin-3 and spin-1 content of the gravity supermultiplet for
N = 4 supergravity, as in table 1.3. As discussed in §1.6, theories based on
N = 2 supersymmetry do not provide a suitable description of the world in
which we live because they are always non-chiral. This means that toroidal
compactification of the extra six spatial dimensions is not appropriate.
Fortunately, we shall see in the next section that there is a simple modifi-
cation of toroidal compactification, compactification on an orbifold, which
overcomes this difficulty.

10.3 Orbifold compactifications

A simple modification of toroidal compactification is compactification on an
orbifold'", a six-dimensional space obtained by identifying points on the
torus that are mapped into one another by certain discrete symmetries of the
lattice of the torus, referred to as the point group. This approach to
construction of a four-dimensional theory retains the advantage of toroidal
compactification that the linear string equations of motion of previous
chapters are still unmodified. At the same time, we shall see that itis possible
for orbifold compactification to produce a four-dimensional theory with
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N =1 supersymmetry rather than the undesired N = 4 supersymmetry of
toroidal compactification.

We shall focus attention here on one particular example of an orbifold,
namely the Z; orbifold. It will be convenient to use a complex basis for the
six spatial degrees of freedom X*, k = 3, . . ., 8 associated with the compact
manifold, and to employ complex coordinates Z%, a = 1, 2, 3, where

zZ! \[ (X>+iXxh (10.19)

VAR %(XS +iX% (10.20)
and

VARS %()ﬂ +iX®%). (10.21)

The lattice for the underlying torus of the Z; orbifold is defined by making
the identifications, fora =1, 2, 3,

Z9=7%+1 (10.22)
and
Z%= 7%+ ¥, (10.23)

Thus, if we assemble Z', Z? and Z* into a vector Z,

Z=Z+ ) (mpe,+n,f,) (10.24)

p=1
where the basis vectors e, and f,, for the lattice are defined by
e; = (100) e, = (010) e; = (001) (10.25)
and

f,=¢e""e p=1,2,3 (10.26)

P

and m, and n, are integers. The point group for the Z; orbifold is the Z;
discrete group generated by the element

W= dlag(e2-n/3 271/3 771/3) (1027)

acting on Z. The complex coordinates Z provide a basis for the three-
dimensional representation of the SU(3) subgroup of the SO(6) rotation
group for the six real coordinates X*, k = 3, . . ., 8 and w is a (finite) element
of this SU(3). It is not difficult to show (Exercise 10.2) that w has the action
on the basis vectors of the lattice of the torus
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we, = f, (10.28)
and

of,=— e, f,. (10.29)

Thus, the discrete group generated by w maps torus lattice vectors to torus
lattice vectors, i.e. is a symmetry of the torus. The construction of the Z;
orbifold is completed by identifying points on the torus that are mapped into
one another by elements of the Z; group generated by w, referred to as the
point group of the orbifold.

The orbifold is not quite a manifold because of the existence of a finite
number of fixed points on the torus that are mapped to themselves, up to a
lattice vector, by a point group element. The characteristic property of a
fixed point may be restated using the notion of a space group element (8, I),
which is a point group rotation 6 followed by a displacement by an amount /
on the lattice,

(0,Z =0Z + 1 (10.30)

where in general [ is of the form

3
I= Z (mye, +n,f,) (10.31)

p=1

where m, and n, are integers. A fixed point is then a point Z that is strictly
mapped to itself by a space group element, not just up to a lattice vector. We
shall see in §10.5 that the fixed points of an orbifold are of great importance,
the various twisted sectors of the orbifold discussed there having centre-of-
mass coordinates, which are fixed points. To find the fixed points we have to
solve

(w,DZ=12 (10.32)

with w asin (10.27) and /as in (10.31). (Fixed points of w are also fixed points
of w? = w™1.) It is not difficult to show (Exercise 10.3) that the fixed points
may be written in the form

el /6

Z=W(m1+n1,m2+n2,m3+n3)—(nl,nz,n3). (10.33)

Thus, there are 27 inequivalent fixed points
i /6

(<
Z= 73—(191 s D25 P3) (10.34)

withp, =0, £1forp=1, 2, 3, all other fixed pbints differing from these by a
lattice vector, and so being the same points on the torus. The fixed points
(10.34) satisfy (10.32) with
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= Z Doe,. (10.35)

However, equation (10.34) also gives a fixed point of (w, 1) with
3

I = z poe, + (I — )k (10.36)

p=1

for any lattice vector k, because Z — k is equivalent to Z on the torus.

The toroidal compactification of the heterotic string theory possesses an
Eg x Ej gauge group. A first step may be taken towards obtaining a realistic
gauge group by embedding the point group in the gauge group, i.e. by
associating with w an action () on the gauge degrees of freedom that is a
finite global element of the gauge group. The simplest possibility is to take Q
to be the element

Q=ow (10.37)

of the SU(3) subgroup of an E4 x SU(3) contained in the first Eg factor of
the Eg X Eg gauge group (the one to be associated with the observable
sector). We shall see in the next section that this breaks the observable
sector Eg to E¢ X SU(3). Further breaking of the gauge symmetry may be
achieved by the Wilson line mechanism discussed in §10.6.

The states of the toroidally compactified theory are not all bona fide
states of the orbifold theory. To define consistent states on the orbifold,
such that equivalent points on the orbifold are on the same footing, we
must restrict ourselves to states that are invariant under the action of the
point group (including the action of the embedding of the point group in the
gauge group). States of the orbifold theory derived as point-group-
invariant states of the corresponding toroidally compactified theory consti-
tute the so-called untwisted sector of the orbifold. In addition, the orbifold
theory possesses extra states not to be found in the toroidally compactified
theory, referred to as twisted-sector states. The twisted sectors of the
orbifold are obtained by observing that it is no longer necessary for the
closed heterotic string boundary conditions to be strictly satisfied. 1t is
sufficient for them to be satisfied up to the action of a point group element
{which links equivalent points on the orbifold). We shall discuss these
twisted sectors in §10.5.

10.4 The untwisted sector of the Z; orbifold

As discussed in §10.3, the untwisted sector of the Z; orbifold consists of
those states that can be constructed as a subset of the states of the underlying
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toroidal compactification by demanding point group invariance. The mass-
less states, from which the light states we observe originate, are of particular
interest. To construct these states we require the mode expansions of the
string degrees of freedom which are exactly those of the toroidal compactifi-
cation of §10.2, although it will usually be convenient here to cast the
bosonic and fermionic degrees of freedom associated with the compact
manifold in the complex basis of (10.19)-(10.21).

1t will now be shown that the undesired N = 4 supergravity of the toroidal
compactification has been reduced to N = 1 supergravity by the requirement
of point group invariance by checking that the number of gravitini has been
reduced from 4 to 1. In (10.17) we saw that the gravitini were the states

[0)ra4{0) j=12 (10.38)

where |0)g was the SO(8) spinor Ramond sector ground state of definite
chirality. This spinor decomposed into a 4 of SO(6) with (say) right chiral
space-time chirality, and a 4 of SO(6) with left chiral space-time chirality.
Under the SU(3) subgroup of SO(6) we have the decomposition

4=3+1 (10.39)

and, under the action of the point group element @ of (10.27), the 3
transforms with a phase factor e™ and the 1 is invariant. On the other
hand, the left mover (10.38), which is associated entirely with four-
dimensional space-time is invariant under the action of w. Thus, to make a
right chiral point-group-invariant state we must retain only the singlet in
(10.39). Similarly, to make a left-chiral point-group-invariant state we must
retain only the singlet in

4=3+1. (10.40)

These are then just the right and left chiral states of a single gravitino, as
required for N = 1 supergravity.

The Eg X E{ gauge group of the toroidal compactification is also modified
by the requirement of point group invariance when w has the embedding ()
in the gauge group of (10.37). This cannot affect the (hidden sector) Eg but
reduces the (observable sector) Eg to E¢ x SU(3) as follows. Under
E¢ x SU(3), the 248-dimensional adjoint of Eg decomposes as

248 = (78,1) + (1,8) + (27, 3) + (27, 3). (10.41)

The gauge fields of Eg arising from (9.129)—(9.132) have right mover
b' 150k, i = 1,2, which is invariant under the action of w. To obtain a
point-group-invariant state, it is therefore necessary for the left mover to be
invariant under the action of Q. This eliminates (27, 3) and (27, 3) in (10.41)
leaving only the states (78, 1) of the adjoint of E¢ and (1, 8) of the adjoint of
SU(3), so the gauge group is reduced to E4 X SU(3). (Notice that the 8 of
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SU(3) transforms trivially under Q because it is contained in 3 X 3and Q acts
with opposite phase factors on 3 and 3.)

Apart from providing the E¢ x SU(3) X Eg gauge fields, the states
(9.129)-(9.132) of the uncompactified theory also provide for the orbifold
compactified-theory matter fields in (27, 3) of E¢ X SU(3). These are the
point-group-invariant states with right movers of the type b%;,|0)g,
a=1,2,3, in the complex basis of (10.19)-(10.21), and left movers in the
(27, 3) component of the adjoint of E4. (Recall that in (9.129)—(9.132) the
index i runs over space-time and the compact manifold to form a ten-
dimensional vector state which in the four-dimensional sense is a vector and
six scalars.) In more detail, the right movers 5*%,|0)g transform as 3 of the
SU(3) subgroup of SO(6) associated with the six spatial degrees of freedom
of the compact manifold and so transform with a phase factor e™/ under the
action of w. We can therefore obtain point-group-invariant states by linking
these right movers with left movers in (27, 3) of E¢ X SU(3), which trans-
forms with phase factor e ~>™ under the action of Q. Similarly, linking the
right movers b%,,|0)g with left movers in (27,3) of E¢ x SU(3) yields
point-group-invariant states. In this way, we obtain scalar matter fields in
three copies of (27, 3) and three copies of (27, 3), one for each value of a. If
instead we consider Ramond-sector right movers, then the space-time right
chiral component of the SO(6) spinor in 3 of SU(3) in (10.39) links to (27, 3)
left movers, and the space-time left chiral component of the SO(6) spinor in
3 of SU(3) in (10.40) links to (27, 3) left movers, to provide point-group-
invariant states. Taken together with the above scalar states, this completes
three left chiral supermultiplets in (27, 3) of E¢ X SU(3) together with their
anti-particles.

The untwisted sector also contains certain Eq singlet scalars, referred to as
moduli, which are point-group-invariant states constructed using the left-
mover bosonic oscillators for the compact manifold ¢* ;. In the complex
basis of (10.19)—(10.21), these are the nine states

b% 1 |0)ra@* 0N a,f=1,2,3. (10.42)

The possibility of giving expectation values to these moduli scalars is related
to the possibility of modifying the scale or shape of the orbifold by adjusting
various radii and angles characterizing the underlying torus.

10.5 The twisted sector of the Z, orbifold

As observed in §10.3, the orbifold theory possesses additional states that
cannot occur in the toroidally compactified theory, the so-called twisted-
sector states, whose existence depends on the fact that it is sufficient in an
orbifold theory for the boundary conditions to be satisfied up to the action of
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a point group element. Indeed, the fundamental modular invariance of
string theory (see Chapter 11) requires the twisted-sector states to be
included in a consistent theory. For the Z; orbifold there are two twisted
sectors, the w and w”® = w ™! twisted sectors, in which the boundary con-
ditions are satisfied up to a ‘twist’ by @ or w?, respectively. Thus, in the
twisted sector the boundary conditions for the bosonic degrees of freedom
for the compactified dimensions in the complex basis of (10.19)-(10.21) are

Z(t, 0 + ) = wZ(7, 0) (10.43)

and for the fermionic degrees of freedom for the compactified dimensions,
again in the complex basis, the boundary conditions are

Wr(r, 0+ 1) = 0W¥g(7, 0) R sector (10.44)
and
Wi(r, 0+ ) = — wWg(1, 0) NS sector (10.45)

with similar expressions for the w? twisted sector with w? replacing w. In
addition, in the fermionic formulation of the heterotic string, there are three
complex left-moving fermions with their boundary conditions twisted by
Q) = w, analogously to (10.44) and (10.45).

The mode expansions in twisted sectors must differ from those for the
untwisted sector. Proceeding a little more generally than is required for the
Z;orbifold, when a bosonic degree of freedom (in the complex basis) Z* has
its boundary conditions twisted by e ~#™" with 0 < # < 1, and so

Z%(1, 0+ 1) = e ¥ 1Z%1, 0) (10.46)

then the appropriate mode expansion for the right mover Zg is
G(r-o)=z8+1 Z
2

Z (n oy i) 00 (10.47)

e—Zi(n — )z~ o)

where the oscillators 85 _ ,, and y; ;. , have commutation relations

[ﬂ;‘n -7 (ﬂg - n)T] = 601*/(” - n)émn (1048)

and

i s (4 )1 = Oap(rt + 0)dpn- (10.49)

The appropriate mode expansion for the left mover Z{ is
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in 1 - »
Ze IT+0)=2% 4+~ - - e—21(n+;7)(r+o)
L( ) L ) 0(n+77)ﬂn+r7

n=

where the oscillators Bﬁ +yand 7; _, have commutation relations

(B3 s (BE 2 )1 = Ot + 1)O (10.51)
and

(75— s (7= )T = Oap(rt = 1)0 . (10.52)

It is important to notice that consistency with the boundary condition
(10.46) implies that there can be no momentum p® for degrees of freedom
Z* for which the boundary conditions are twisted. Notice also that the
boundary condition (10.46) demands that the centre-of-mass coordinate

%=z + zf (10.53)
of the string satisfies
% =e Mz, (10.54)

For the w twisted sector of the Z; orbifold, 7 is % for each value of «, and
consistency with the boundary conditions requires that

2= wz (10.55)

up to a lattice vector (since points that differ by a lattice vector are the same
point on the torus or orbifold). Thus, we must require that

(w,z=12 (10.56)

for some lattice vector I. This is just the fixed point condition (10.32). Thus,
in twisted sectors of the string theory the centre-of-mass coordinate is
required to be at a fixed point of the corresponding point group element.

When a right-moving fermionic degree of freedom (in the complex basis)
W¢ hasits boundary conditions twisted by e "™ 7 with 0 < 5 < 1, then, in the
Ramond sector,

V&(r, 0 + 1) = e > IVE(1, 0) R sector (10.57)

and, in the Neveu-Schwarz sector, where the twist is superimposed upon the
underlying Neveu-Schwarz sector boundary condition,

V(1,0 + 1) = — > "VE(1, 0) NS sector. (10.58)

Then, the appropriate mode expansion for the Ramond sector is
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£

a(r - 0) = z cg_ e Hn=m=0)

n=1

+ Z (g ) efitrtmi=a) R sector (10.59)
n=0

where the oscillators have anti-commutation relations
{sz -5 (C'S - ?7)1.} = {ef:z + (eg + 77)1-} = 6mn6aﬁ' (1060)

For the Neveu-Schwarz sector, the form of mode expansion depends on

whether the twist # is less than or greater than 3. The corresponding

expansions are

RT—0)= ) (i, ype 0777100

n=1
+ (eg+ - 1/2)1‘ er(n +n—=12)(t - a))
NS sector, 0 <7 <% (10.61)

and

— —2in—n+12) (-0
ﬁ(f“o)—Z(Cff—qH/ze (n=7 =

n=1
+ (654_ y— 3/2)+ eZl(n +n—=32)r ~ o))
NS sector, <5 <1 (10.62)

where

{em - 125 (c/,f_ n* 1/2)Jr} = {ef:wn— 1725 (€£+n— 1/2)+}

= {e;.‘:z+77—3/2’ (€g+,7_3/2)+} = 6mn6a/3' (1063)
In the fermionic formulation of the heterotic string of §9.6, there are also
left-moving real fermionic degrees of freedom M, A=1,...,16, some of

which have twisted boundary conditions when the point group is embedded
in the gauge group. (To realize the point group embedding Q) = w on the
fermionic degrees of freedom involves rotating these degrees of freedom by
Q. This can be seen from (9.129) where the adjoint representation of the
SO(16) subgroup of Eg for the gauge fields arises from the action of a pair of
fermionic oscillators on the vacuum.) It is convenient to assemble these 16
real fermionic degrees of freedom into 8 complex fermionic degrees of
freedom, which we shall denote by 4”, p=1,...,8. For a left-moving
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fermionic degree of freedom A” with it boundary conditions twisted by
e~ 2™ with 0 < » < 1, in the Ramond sector,

IP(t, 0+ ) = e T )P(1, 0) R sector (10.64)
and in the Neveu-Schwarz sector,

P(1, 0+ ) = — e 71 iP(1, 0) NS sector. (10.65)

The corresponding mode expansion for the Ramond sector is

AP(T"‘U): Zpﬁ+ne—2i(n+n)(r+o)+ Z (Iuﬁ_r])'l'eﬁ(n—q)(r#—o)

n=20 n=1
R sector (10.66)

where the oscillators have anti-commutation relations

{5 sns (PR )T} = {thy -y (=)} = 0,007 (10.67)

For the Neveu-Schwarz sector, the form of the mode expansion depends on
whether the twist # is less than or greater than 1. The corresponding

expansions are

x

WP(t+0) = z <pﬁ+n_me—2i(n+n-1/2)(r+o)

n=1"

2i(n -y — 112
+(uh 1) e /)(Ho))

Ns sector, 0 <75 <3 (10.68)
and
WP(r+ o) = Z (pﬁ A e 2+ 7 ~32)(x +0)
n=1

2i(n —
+(#ﬁ_’7+1/2)1'el(n 7]+1/2)(r+0)>

Ns sector, 3 <y <1 (10.69)

where the oscillators have anti-commutation relations

{an+n—1/2aPZ+q—1/2} = {Pﬁz+q—3/2’P3+n—3/2}
= (U 12 (W~ 2 12)"} = 0nd?. (10.70)

In the bosonic formulation of the heterotic string, the embedding of the
point group in the gauge group is realized quite differently. Since, as
discussed in §9.5, bosonic degrees of freedom are converted into complex
fermionic degrees of freedom by exponentiation (as, for example, in
(9.117)) a twist on the boundary conditions of a complex fermionic degree of
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freedom becomes a shift on the boundary conditions of the bosonic degree
of freedom from which it is derived by fermionization. For the Z; orbifold,
with the standard embedding of the point group, the twist on the fermionic
boundary conditions ) = w, with @ as in (10.27), may be written as

Q= eXp % (le + J34 + 2‘]56) (1071)

where Ji,, J34 and Js¢ are the generators of the SO(6) rotation group of
which the SU(3) in which ( is defined is a subgroup. From (10.71), the twist
Q on the boundary conditions of three complex fermionic degrees of
freedom in the fermionic formulation becomes a shift 7V on the boundary
conditions of the bosonic degrees of freedom in the bosonic formulation,
with

Vi=(3330°)(0% (10.72)

where we have separated the bosonic degrees of freedom into those
associated with Eg and those associated with Eg . (Notice the factor of 2 in the
exponentin (9.117).) The role of p{ in (9.59) is now taken by p! — V| so far
as the boundary conditions are concerned, and the momentum lattice for the
bosonic degrees of freedom becomes a shifted Eg X Eg lattice, with
momenta shifted from the Eg X Ej lattice momenta by V/.

Mass formulae for the orbifold twisted sector may be derived from the
mode expansions following the steps described in Chapters 7 and 8 (Exercise
10.4). The contributions to M % may be decomposed in the form

IMR = iMR(B) + IMR(F) — a (10.73)

where M%(B) and MZ(F) are the contributions of bosonic and fermionic
degrees of freedom, and a is the normal-ordering constant. A bosonic
degree of freedom Z§ with its boundary conditions twisted by e 7™ 7, with
0 < 5 < 1, makes the following contribution to M&(s):

M@ = ) (BE-)Bi-yt > OEe)yEe,  (10.74)
n=90

n=1

In the Ramond, sector, a fermionic degree of freedom with its boundary
conditions twisted by e “>™ 7 makes the following contribution to MX(F):

IMRE) = ) (1= e e, + ) (e, Yes s,

n=1 n=0
R sector (10.75)

and in the Neveu-Schwarz sector a fermionic degree of freedom with a twist
of e *™7 superimposed on the underlying Neveu-Schwarz boundary con-
dition contributes
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=)

%M%{(F) = Z ((" -n- %)(Cﬁ—n - 1/2)4(03-;7 -1

n=1
+(n+n- %)(€5+ n— 1/2)Te§+ n—172
Ns sector, 0 <n <3 (10.76)

or

®©

IM%(F) = Z ((n — e i) e

n=1

‘|’(”+'7“%)(€?+;7—3/2)+€§+77«3/2

NS sector, 1 <y <1, {10.77)

As a consequence of the commutators and anti-commutators of the oscil-
lators given above, (B7_,)', (75 ,)", (ch—y)'s (€)', (€ p—12)
(en+y- ), (e%_ ne 112) and {e; , , - 32)7, acting on a string state, in-
crease the value of sM% for the state by n—n,n+tn, n—n, ntn,
n—n—%n+ny—%n—n+3andn+ 75 — 3 respectively.

The normal-ordering constant a in (10.73) may, as in Chapter 7 and
Chapter 8, be fixed by using zeta-function regularization. Then a complex
bosonic degree of freedom with boundary conditions twisted by e "2 7, with
0 <ny <1, contributes

=—Z<n+n) —d-Lp=h--n  (1078)
n=90
where

{za)= ) (nta)~ (10.79)

n=0
and a Ramond-sector complex fermionic degree of freedom contributes
a= -1+ -7 (10.80)

A complex fermionic degree of freedom in the Neveu-Schwarz sector with a
twist of e 7> " with 0 < 7 < 1, superimposed upon the underlying Neveu—
Schwarz boundary contribution, may be handled by replacing 7 by # + 3 in
(10.78), for 0 < 5 < 3, and by replacing by 7 — Lin (10.78) for ; <y < 1.
For the o twisted sector of the Z; orbifold, we may construct the scalar
super-partners of the fermions in which we are interested (such as quark and
lepton generations)} by considering the Neveu—Schwarz sector for the right
movers. Then, in the light cone gauge, there are two real bosonic and two
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real fermionic degrees of freedom (or one complex bosonic and one complex
fermionic degree of freedom) with untwisted boundary contributions. In
addition, there are three complex bosonic degrees of freedom with bound-
ary conditions twisted by # = %, and three complex fermionic degrees of
freedom with boundary contributions twisted by 7 =  (after subtracting }
for the underlying Neveu—Schwarz boundary condition). Thus

a=b+k-%-%-0. (10.81)

The massless right mover in the w twisted Neveu-Schwarz sector is therefore
the Neveu-Schwarz ground state [0)g.

Similarly, in the fermionic formulation of the heterotic string, we may
decompose $M7 in the form

IMi =IMi(B) +iMi(F) - a (10.82)

where M7 (B) and Mi(F) are the contributions of bosonic and fermionic
degrees of freedom and 4 is the normal-ordering constant. A bosonic degree
of freedom Z{ with its boundary contributions twisted by e 2™7, with
0 < 7 < 1, makes the following contribution to M{(B):

IMi@) = ) (Br. )i, ) GEo)TEo, (1083
n=0

n=1

and the oscillators (B2 . ,])* and (7 _ ,7)+ acting on a string state increase the
value of M?% by n +  and n — 5 respectively. The contributions of the
fermionic degrees of freedom in (10.66), (10.68) and (10.69) are analogous
to those for the right movers. For a complex bosonic degree of freedom with
boundary conditions twisted by e 727, with 0 < 5 < 1, the contribution to 4
is

a=1— (1l -mn) (10.84)
and for a Ramond-sector complex fermionic degree of freedom
a=—t+ml1-7n). (10.85)

For the Neveu-Schwarz sector the remarks following (10.80) again apply.
A discussion of the massless left movers for the w twisted sector in the
fermionic formation of the heterotic string requires the values for the
normal-ordering constants d(«, ), with @, § = Ns or R, where the index «
refers to the oscillators A4, A = 1, . . ., 16, associated with Eg, and the index
B refers to the oscillators A4, 4 = 1, . . ., 16, associated with Eg, as in §9.6.
When the A% are assembled into eight complex fermionic degrees of
freedomA?,p =1, ..., 8, asin the discussion above, three of these complex
degrees of freedom have boundary conditions twisted by # =% in the
Ramond sector, and, after subtracting 3 for the underlying Neveu-Schwarz
boundary condition, by # = £ in the Neveu-Schwarz sector. However, none
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of the 2 have twisted boundary conditions because the embedding of the
point group is entirely in the Eg factor of Eg X Eg. In addition, in the light
cone gauge, there are two real bosonic degrees of freedom (or one complex
bosonic degree of freedom) with untwisted boundary conditions, and three
complex bosonic degrees of freedom with boundary conditions twisted by
n = %. Consequently the normal-ordering constants are (Exercise 10.5)

a(rR,R) = —1 (10.86)

d(Ns,R) = —% (10.87)

d(ns, Ns) =3 (10.88)
and

a(r,Ns) = 0. (10.89)

It follows that there are no massless left movers in the (R, R) or (Ns,R)
sectors, because of the positive definiteness of the oscillator terms M? ()
and Mi(F) in M?. In the (Ns, Ns) sector, if the twisted boundary conditions
occur for A =11, ..., 16, then we can make massless left movers /1’31,2|0>L,
A =1,..., 10, using the oscillators of (9.120), and these 10 states constitute
a 10 of an SO(10) subgroup of E5. Also, using the degrees of freedom with
twisted boundary conditions, we can construct a singlet of SO(10), using the
oscillators of (10.69), (p%6) (p16) (p7/6)'10), with p, g and r all different.
In the (R, Ns) sector, there are precisely 10 real fermionic degrees of freedom
with (untwisted) periodic boundary conditions, and the massless ground
state is then the 16-dimensional spinor 16 of SO(10). Taken together, the
massless left movers make up the 27 of E¢, where, decomposed with respect
to the SO(10) subgroup,

27=16+10+ 1. (10.90)

In this way, we arrive at a (27, 1) of the surviving gauge group E¢ X SU(3) of
§10.4. There are 27 copies of (27, 1) because there is an w twisted sector
associated with each of the fixed points (10.34).

In the bosonic formulation of the heterotic string, in the light cone gauge,
the left movers consist of 24 real bosonic degrees of freedom, or 12 complex
bosonic degrees of freedom with 3 of these complex degrees of freedom
having boundary conditions twisted by # = %. In addition, the internal
bosonic degrees of freedom have boundary conditions shifted by 7V’ as in
(10.72). (These shifts do not affect the normal-ordering constant.) The
normal-ordering constant for the left movers is then

i=p—%=3 (10.91)

The corresponding mass formula is
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Mi =

ENE
N =

16
> (pL+ v+ N-3 (10.92)
I=1

where the shift V/is as in (10.72), and N is the oscillator term with bosonic
degrees of freedom with twisted boundary conditions contributing as in
(10.83) and bosonic degrees of freedom with untwisted boundary conditions
contributing as in (9.74). The eigenvalues of N are third integral and, in view
of the positive definiteness of the first term in (10.92), the only possibilities
for constructing massless left movers are for N = 0 or N = 1. The momentum
pl is required to be on the Eg x E lattice of §9.4, where the lattice consists
of all momenta of the form

p{‘:(nla'-"ns) or (n1+%,...,n8+%) (1093)
where the integers n; are constrained by

Z n; = even integer. (10.94)

i

The only solutions of M7 = 0 are for N = 0 and these are

pl+V'=(@i-1210Y (1095)

pL+V = (=b=46(D") (10.96)
and

pl+ V= (=2-220% (10.97)

where in (10.95) the underlining signifies that all five permutations are to be
included, and in (10.96) an even number of entries of 3 is required. The
states (10.95), (10.96) and (10.97) constitute 10, 16 and 1 of SO(10) and, as
in the fermionic formulation, we find 27 copies of (27, 1) of E¢ x SU(3), one
for each fixed point of w.

10.6 Wilson lines

The orbifold theory discussed in §§10.3-10.5 has some shortcomings. The
observable gauge group is Eg X SU(3) which needs to be broken ultimately
to SU(3) x SU(2) x U(1), and, moreover there are too many generations of
quarks and leptons. A mechanism that can be used to achieve some or all of
the required gauge symmetry breaking®-® and at the same time to
modify the matter-field content®® is the introduction of Wilson lines. The
mechanism requires the existence in the theory of non-zero quantities U of
the form
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U~expdAdx” 10.98
p

referred to as Wilson lines, which are a generalization of integrals that occur
in the Bohm-Aharonov effect in electrodynamics. In (10.98), k =3, ..., 8
runs over compact manifold coordinates, the integral is round some closed
loop not contractible to zero on the underlying torus of the orbifold, and the
Ay are components of some 10-dimensional gauge field with zero field
strength. The quantities (10.98) cannot be gauged to zero by an ordinary
gauge transformation, but they can be gauged away by means of a non-
single-valued gauge transformation. In this alternative formulation of the
theory the Wilson lines (10.98) are no longer present. Instead, the fermionic
degrees of freedom realizing the gauge group in the fermionic formulation of
the heterotic string acquire extra phases upon a circuit of the torus as a result
of the non-single-valued gauge transformation that has been performed.
Equivalently, in the bosonic formulation, the bosonic degrees of freedom
acquire extra shifts upon a circuit of the torus. As a consequence, the
boundary conditions for the twisted sectors of the orbifold are modified, as
we now discuss.

For the w twisted sectors of the Z; orbifold associated with the various
fixed points of w, the boundary conditions are twisted by a space group
element (w, I), where, as discussed in §10.3, we may take the lattice vector/
to be of the form

3
1= e (10.99)
p=1

where r, = 0, 1. The basis vectors e, of the torus lattice constitute single
circuits of the torus in various ‘directions’ and should, according to the above
discussion, be associated with additional twists on the boundary conditions
of the fermionic degrees of freedom, in the fermionic formulation, or with
additional shifts on the boundary conditions of the bosonic degrees of
freedom, in the bosonic formulation of the heterotic string. Thus, not only is
the point group rotation w now embedded in the gauge group, but, in the
theory in which non-trivial Wilson lines have been gauged away by a non-
single-valued transformation, the discrete translations e, are also embedded
in the gauge group. (The lattice basis vectors f, of (10.26) do not have
independent Wilson lines because of the action of w, as in (10.28), relating
equivalent paths on the orbifold that are inequivalent on the torus.)

In the bosonic formulation, if the embedding of @ in the gauge group is
represented by the shift 7V’ on the boundary conditions of the bosonic
degrees of freedom, and the embedding of e, by the shift :taf,, then the
momenta are shifted from the Eg x Ej lattice momenta p{ by V' + r,a.
Then, the left-mover mass formula for the (w, I) twisted sector of (10.92) is
modified to
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16
IME =1 (pL+ V4 ) + N -3 (10.100)
I=1

where r, = 0, £1, for the various fixed points of w. The spectrum of massless
states is now different for different fixed points because of the influence of
the embeddings a{, of the lattice basis vectors e,. (The embeddings af,
themselves are often referred to as the Wilson lines.)

In addition, we must demand in the untwisted sector space group
invariance rather than just point group invariance, i.e. invariance of the
states under the action of space group elements (w, I) and their embeddings
rather than only under the action of point group elements @ and their
embeddings. The extra invariance due to the embedding of / must reflect the
fact that ma), is a shift on the coordinates x’ and that exp(2ai p{af,)
represents the effect of this shift on a state with momentum p{ because it is
2pi that generates translations, as discussed in §9.4. Thus, space group
invariance imposes the constraint that exp(2zipia,) should be 1, or
equivalently

p{_af, = integer. (10.101)

(A similar condition is, in general, required for the twisted sectors where
space group invariance is implemented in a slightly more subtle way as a
generalized Gso projection. However, in the case of the Z; orbifold, all
massless states in the twisted sectors survive the generalized Gso
projection®(® for arbitrary embedding of the point group and for arbitrary
Wilson lines.)

Choices of the embedding of the space group in the gauge group are
restricted by the need for the embedding to be a homomorphism and by
modular invariance. In general, for space group elements (6;,1;) and

(029 l2)

(01, 0)(62, 1) = (616,11 + 6,11) (10.102)
and consequently for the Z; point group generated by w
(w,1)°=(I,0). (10.103)

For the embedding of the space group to be homomorphism it is therefore
necessary to have

3(VI+r,al) on an Eg x E{ lattice (10.104)

for r,= 0, 1. Thus, the embeddings of the point group element w and the
discrete translations e, are constrained by

3v! on an Eg X Ej lattice (10.105)
and

I
3a,

on an Eg X Ejg lattice. (10.106)



242 TEN-DIMENSIONAL HETEROTIC STRING

Also, the fundamental modular invariance property of a consistent string
theory (see Chapter 11) requires, for the Z; orbifold, that

3(Vi+ra)) =0 (mod 2) (10.107)

forr,=0, £1.

A simple example (Exercise 10.6) of a Zs-orbifold model with a single
Wilson line that is consistent with the constraints (10.105)—(10.107) on the
embeddings is obtained by taking V'’ as in (10.72) and

a} = ab=al = (0°333)(0)". (10.108)

Retaining only space-group-invariant states in the untwisted sector the
gauge group is reduced to [SU(3)]®, which we may interpret as
SU.(3) X SUL(3) X SUR(3) x SU(3) where the first three factors of SU(3)
came from the E¢ factor of the original Eq X SU(3) gauge group. The
surviving massless matter fields in the untwisted sector constitute nine copies
of (1, 3, 3, 1) of the [SU(3)]* gauge group. The twisted sectors with =, r, = 0
(mod 3) provide nine complete (27,1) representations of the original
E¢ X SU(3) group, which under [SU(3)]* decompose as

(27,1)=(1,3,3,1) +(3,3,1,1) + (3, 1,3, 1). (10.109)
The twisted sectors with 2,7, =1 (mod 3) provide nine copies of

(3,3,1,1)+(1,3,1, 3) + (3,1,1,3) + 3(1,1,3,1)  (10.110)
and the twisted sectors with 2, r, = 2 (mod 3) provide nine copies of

(3,1,3,1)+(1,1,3,3) + (3,1,1,3) + 3(1,3,1,1).  (10.111)

It can be seen that there is an exact cancellation of all non-abelian gauge
anomalies amongst these surviving massless states, as required for a consist-
ent gauge theory. It is a general result” that modular invariance of the
string theory ensures this gauge anomaly cancellation. It will also be noticed
that the twisted sectors in the presence of Wilson lines contain massless
states in exotic representations of SU.(3) x SU (3) x SUg(3). some of
which, with a standard definition of the electric charge Q. in terms of the
generators of the group

Qun=T5+ TR +1Y, +iVYg (10.112)

will be able to form fractionally charged colour singlets. This is a generic
feature® of string theories. Fully realistic theories will either have to have
hidden-sector non-abelian gauge group quantum numbers for these exotic
states that confine them, or some spontaneous symmetry-breaking mechan-
ism to provide them with large masses, in view of the tight cosmological
bounds on the abundance of fractionally charged states.
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10.7 Calabi-Yau manifolds

Throughout this chapter we have been focusing attention on orbifold
compactifications of the string theory because for such compactifications the
string field equations are the same as in the uncompactified theory. If one is
prepared to pay the price of much more difficult field equations it is possible
to compactify on a manifold®-(19 rather than an orbifold. To ensure that (at
least) N = 1 supersymmetry survives in four dimensions it is necessary to
choose this six-dimensional manifold to be a manifold of SU(3) holonomy
that is also Ricci flat, i.e. for which the Ricci tensor vanishes everywhere.
These are the Calabi—Yau manifolds.

A modular invariant theory may be obtained by making an embedding in
the gauge group analogous to the standard embedding of the point group in
the gauge group for the orbifold case. For the Calabi-Yau compactification
the analogous procedure is to identify the expectation value of the gauge
fields in the SU(3) factor of an Eg X SU(3) subgroup of the Eg of Eg X E§
with the value of the spin connection for the compact manifold (of SU(3)
holonomy).

Non-simply connected Calabi-Yau manifolds may be constructed by
quotienting the original simply connected Calabi—Yau manifold by a freely
acting (i.e. without fixed points) discrete symmetry group. Then gauge
symmetry breaking may be achieved by introducing Wilson lines'", using
non-contractible closed loops on the non-simply connected space, in a
similar fashion to the procedure in the orbifold case.

Calculation direct from the string theory is now very difficult because of
the modification of the string field equations. However, topological
methods® may be used to derive the spectrum of massless states, and
topological methods together with discrete symmetries of the manifold may
be used to derive some selection rules on Yukawa couplings. More detailed
calculations may be carried out by exploiting the connection between
Calabi-Yau manifolds and theories constructed using representations of the
superconformal algebra (Gepner models)"® for which explicit calculations
of correlation functions are possible. (At least a subset of Calabi-Yau
manifolds at special points in moduli space, i.e. for special choices of the
‘radii’ and ‘angles’ characterizing the manifold, are believed!® to be
equivalent to Gepner models.) It is beyond our scope here to pursue either
the topological methods employed for Calabi—-Yau manifolds, or the con-
struction of Gepner models.

Exercises
10.1 Show that, except for special choices of the lattice and radii of the

compact manifold, the massless states for an orbifold have no momentum or
winding number on the compact manifold.
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10.2 Check the action (10.28) and (10.29) of the point group element w on
the lattice basis vectors.

10.3 Show that the fixed points for the Z; orbifold may be written in the
form (10.33).

10.4 Derive the mass formulae (10.73)-(10.77) and (10.82)—(10.83) for the
orbifold twisted sector.

10.5 Calculate the normal-ordering constants of (10.86)—(10.89).

10.6 Construct the spectrum of massless states for the Z;-orbifold model
with point group embedding (10.72) and Wilson lines (10.108).
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11

DIRECT CONSTRUCTION OF FOUR-
DIMENSIONAL HETEROTIC STRING
THEORIES

11.1 Introduction

In Chapter 10 we saw how it was possible to construct heterotic string
theories with only four space-time dimensions by compactifying six of the
dimensions of the ten-dimensional heterotic string of Chapter 9 on an
orbifold or Calabi-Yau manifold. It is also possible to construct four-
dimensional heterotic string theories in a more direct fashion without the
intermediate state of a ten-dimensional theory. One approach”) returns to
the original heterotic string, with 10 dimensions for the superstring right
movers and 26 dimensions for the bosonic string left movers, bosonizes the
fermionic degrees of freedom, other than those associated with four-
dimensional space-time, and compactifies all the right- and left-moving
bosonic degrees of freedom on a torus, with the exception of those
associated with four-dimensional space-time. An alternative, essentially
equivalent, approach®® which we shall pursue here exploits the possi-
bility discussed in Chapter 9 of fermionizing toroidally compactified bosonic
degrees of freedom. In this approach, all bosonic degrees of freedom other
than the four-dimensional space-time degrees of freedom are replaced by
fermionic degrees of freedom. The boundary conditions for all the internal
fermionic degrees of freedom (i.e. other than four-dimensional space-time)
are then chosen in such a way as to be consistent with the fundamental
constraint of modular invariance. In the next two sections we shall describe
the way in which modular invariance enters a consistent string theory.

11.2 Modular invariance and partition functions

In string theory, interactions involving strings may be described by world
sheet diagrams such as figure 11.1 at tree level and such as figure 11.2 at one-
loop level and so forth. (Interacting strings will be discussed in detail in
Chapter 12.) The essential subtlety of the one-loop diagrams is contained in
the vacuum-to-vacuum amplitude of figure 11.3 which is a toroidal world
sheet. It is important not to double count contributions to the path integral
for the amplitudes coming from equivalent tori. To discuss this point it is
useful to introduce the modular parameter 7 to characterize tori. If we

DOI: 10.1201/9780367805807-11
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Figure 11.1 The string tree level amplitude.

Figure 11.2 The one-loop string amplitude.

combine the world sheet coordinates 7 and o into a single complex coordi-
nate

z=0+ir (11.1)
then we can define a world sheet torus by making the identifications

z=z+ A4 (11.2)
and

z=z+ 7k, (11.3)
so that

z=z+ a(nd + noks) (11.4)

where 4; and A, are two complex numbers, and »n; and n, are arbitrary
integers. If we wish, the conformal invariance (7.8) may be used to rescale
the world sheet metric for the torus so as to scale 4 to 1 while leaving the
ratio fixed. It is therefore only the ratio
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that is of significance for characterizing tori. Points on the torus may be
written as

z= 0141 + 024, with 0 < 0y, 0, < (11.6)
or, after rescaling 4; to 1, as
z= 0, + 0,. (11.7)

However, not all values of 7 describe inequivalent tori. Consider the
so-called modular transformations

lé a b /12
= 11.8
)= Al (s
where a, b, c and d are integers with
ad — bc = 1. (11.9)

These transformations induce the transformations on the modular para-

meter

_, at+b

T =—
ct+d

(11.10)

and form a group, the ‘modular group’, SL(2, Z). The inverse transform-
ation to (11.8) is

As d -b ié)
= 11.11
ol L N ¢ S
and, consequently,
nlﬂl + nziz = n&li + né/lé (1112)

where, for arbitrary integers n; and n,, #1 and n; are also arbitrary integers.
Then, when A7 and A are related to 4; and 4, by a modular transformation,
they define the same torus, through (11.4). Consequently, tori with modular
parameters related by (11.10) are equivalent.

Infinities in one-loop string amplitudes arising from including equivalent
tori infinitely many times in the path integral over world sheet metrics may
be avoided by restricting the integration to a finite range of modular
parameters. With the aid of the transformation (11.10) relating equivalent
modular parameters, this range is usually chosen to be

~l<Ret<l, Im# =0, 7 = 1. (11.13)

For this way of avoiding infinities to make sense it is necessary that the path
integral over string degrees of freedom, which will depend on %, should be
invariant under the modular transformation. (The dependence on 7 will
arise from the periodicity of the string degrees of freedom on the torus.) For
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the vacuum-to-vacuum amplitude what is required is that the so-called
partition function

Z~ | DX DY exp(—Sg) (11.14)

should be modular invariant, where @ X and @ ¥ refer to path integrals over
all bosonic and fermionic degrees of freedom of the string and Sk is the string
action continued in Euclidean space. (The vacuum-to-vacuum amplitude
itself involves a final integration over world sheet metrics.)

The evaluation of the partition function Z can be carried out by converting
the Euclidean path integral to a determinant®. The form of the result may
be made plausible by comparison with finite-temperature (7)) field theory.
In field theory at finite temperature ), the path integral for bosonic theories
is over fields that are periodic in the ‘time’ variable with periodicity S
(=VkT), and the vacuum-to-vacuum amplitude, which is the partition
function, is given by Tr(e "#*’) where H is the Hamiltonian operator. In the
present situation, roughly speaking, the modular parameter 7, which speci-
fies the periodicity on the torus, plays the role of 5 and it is not too surprising
that the contribution to the partition function (11.14) of free bosonic degrees
of freedom is given by

Z =Tr(q") Tr(g"r) = Tr(g".q"") (11.15)
where

g=e7"? (11.16)
and

g=e 77, (11.17)
In (11.15), the Hamiltonian of (7.67) has been written as

H=H_ + Hg (11.18)
where

Hg=2(Ly—a) (11.19)
and

Hy =2(Ly,—d) (11.20)

where a and 4 are the normal-ordering constants for right and left movers,
respectively.

In the case of fermionic degrees of freedom, the path integral of finite-
temperature field theory is over fields that are anti-periodic in the ‘time’
variable. We would therefore expect expression (11.15) for the partition
function to apply in string theory for free fermionic degrees of freedom in
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the Neveu-Schwarz sector. To decide what happens for the Ramond sector,
it is useful to think more generally about what happens when the boundary
conditions for the fermionic degrees of freedom are twisted boundary
conditions and to treat the transition from the Ramond to the Neveu-
Schwarz sector as the special case of boundary conditions twisted by
multiplying by —1.

For a complex fermionic left-moving degree of freedom ¥(o,, 0,), the
boundary conditions in the o, and o, directions of (11.6) on the torus may
be specified by

V(0,, 0y + 1) = e " "W(a,, 01) (11.21)
and
V(o, + 7, 0)) = e ¥ "¥(a,, 07) (11.22)

with 0 < u, v < 1. Then, the left-mover partition function factor for these
boundary conditions takes the form

ZZ - Tr(qHL(v) eZ:ti(l/Z - u)NF(U)) — Tr(q H, (v) (_1)NF(v) e—2.7ti uNF(u)) (1123)

where Hi (v) is the Hamiltonian for a complex fermionic left mover with
boundary conditions twisted by e "*™? (for example, 7 = v in (10.64)) and
Ng(v) is the fermionic number operator for left movers with these twisted
boundary conditions. The Ng(v)-dependent factor in (11.23) may be made
plausible by the following heuristic argument. First notice that we can
transform to a fermionic degree of freedom with anti-periodic boundary
conditions in the o, direction by making the change of variables

Y P = 2~ 172)oqp, (11.24)

By construction, the effect of this over a period (0 < 0, < ) is e>™* ~ /2 for
each occurrence of the fermionic degree of freedom. Starting from an
expectation based on (11.15), and the following discussion for the fermionic
Neveu-Schwarz sector, that for ¥ the contribution to Z would be given by

Z = Tr(qg"®)

it might then be expected that upon returning to the original string degree of
freedom ¥ we would have to introduce a factor

e—Zni(u - l/Z)NF(U)‘

In particular, if we take the boundary conditions in the ¢; and o,
directions to be either Neveu—Schwarz (ns) or Ramond (R) then for a single
left-moving real fermionic degree of freedom we should have

ZNS = Tr(gt ™)) (11.25)
ZES — Tr((—l)FqHL(NS)) (11.26)



250 FOUR-DIMENSIONAL HETEROTIC STRING THEORIES

Zys = Tr(g"®) (11.27)
and
ZR = Tr((—1)Fg"(®) (11.28)

where the fermion number operator Np(v) has been abbreviated to F. The
left-mover Hamiltonians for a single real fermionic degree of freedom
following from §8.5 with the normal-ordering constants as evaluaied in §8.7
are

Hy(Ns) =2 Z rb_,b, — %4 (11.29)
r>0,reZ+1/2
and
H () =2 Z nd_,d, +1. (11.30)
n>0,neZ

11.3 Partition functions and GSO projections

In §8.8, the Gso projections for the superstring were introduced ad hoc in
order to delete tachyonic ground states and to obtain equal numbers of
bosonic and fermionic degrees of freedom, as required for a space-time
supersymmetric theory. In this section, it will be shown that projections of
this type can be derived by demanding a modular invariant partition
function, which as we saw in §11.2 is necessary to avoid infinities in one-loop
string amplitudes.

For simplicity’®, we shall consider a group of eight left-moving real
fermionic degrees of freedom with all eight degrees of freedom having the
same boundary conditions on the world sheet torus. The left-mover Hamil-
tonian H; following from (11.29) and (11.30) (for a single fermionic degree
of freedom) takes the form

Hy(Ns) =2 Z rbi b —1 (11.31)

r>0,reZ+1/2
for Neveu—-Schwarz boundary conditions, and

H(r) =2 Z nd’di +3 (11.32)

n>0,neZ

for Ramond boundary conditions, where the sum over i runs over the eight
degrees of freedom.

To construct a modular invariant partition function it is necessary in
general to take a linear combination of terms with definite boundary
conditions. To explore this, consider the effect of a modular transformation
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on a fermionic degree of freedom with boundary conditions as in (11.21) and
(11.22), which we now write as

Y(o,, 0, + ) = h¥(0,, 07) (11.33)
and

Y(o, + 7, 0,) = g¥(0,, 01) (11.34)
where

(h,g) = (e727¥, e724), (11.35)

If points on the torus after the modular transformation (11.8) are written as
z=01A] + 034} with0=soi,0i<m (11.36)

the coordinates (03, 01) are related to (o,, 0,) by
o5 d —c\lo;
= . 11.37
i S 15

In terms of the new coordinates (03, 01) the boundary conditions for
Y(o5, 01) may be written as

V(03,01 + 1) = h'¥(03,01) (11.38)
and

Y(os+ 7m,01) =g ¥(os,01) (11.39)
with

(',8') = (h%", h'g"). (11.40)
Put another way, if we write

(h',g')=(e"¥V, e72mH) (11.41)

the connection between the boundary conditions for ¥ on the torus defined
by 7 and the boundary conditions for ¥ on the torus defined by 7’ of (11.10) is

(iﬁ) B (: Z)(E) (11.42)

Thus, the partition function contribution Z;, on the torus defined by 7 is
mapped to the partition function contribution Z%. on the torus defined by '.
Since, in general, the boundary conditions (v, u') differ from the boundary
conditions (v, #), a modular invariant partition function must be con-
structed as a linear combination of terms of the type Z7.

For the present case, if we consider the modular transformation

# = -1/t (11.43)
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then the mapping between partition function contributions on the torus
defined by T and the torus defined by 7’ is

-2 L2, -2 Zo— Zg (11.44)

up to possible phase factors. For the modular transformation

~u

P = 11.45
TR (11.45)
the corresponding mapping is
Zl/2—> Zl/2 ZCIJ/Z"‘) Ztl)/z Z(l)/2—> Z%@ Z8—~> 28 (11.46)

up to possible phase factors. To determine the phase factors involved
in these transformations we next construct the partition function terms
explicitly.

Using the left-mover Hamiltonians (11.29) and (11.30), together with
(11.25)-(11.28), and remembering that Z}, as defined in (11.23) is for a single
complex fermionic degree of freedom, we find that (Exercise 11.1)

Zr=q " [] (+q™1) (11.47)
n=1

ZY? =g 2 H (1—g> 1) (11.48)
n=1

Z8=29" [ (1 +¢™)? (11.49)
n=1

and
Z3=0. (11.50)

The factor of 2 in (11.49) and the vanishing of Z{ derive from the
contributions of the two possible Ramond ground states for each pair of real
fermions discussed in §8.8. For the Neveu-Schwarz and Ramond sectors
under discussion here with eight real fermionic degrees of freedom or
equivalently four complex fermionic degrees of freedom, the relevant
partition function contributions are

AR VAIN (11.51)
ANE VAR (11.52)
Zr%s = [Z(l)/2]4 (11-53)

and
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ZR =[Z3]". (11.54)

The infinite products in {11.47)—(11.49) are special cases of the genera-
lized §-functions”,

p ((u)’ z") = gV e i~ )
v

£

X H (1 _ qZ(n —v) eZ:riu)(l _ q2(n +uv~1) e—2:riu) (1155)

n=1

and in general (Exercise 11.2)
Zu =g mul-vg ((Z) 1?)- (11.56)

These generalized §-functions possess the useful shift properties:

T
o=l

They transform under modular transformations (11.10) as

i et

where ¢, is a twelfth root of unity independent of u and v,

and

_ at+b
o T— —
ct+d

(11.60)

and the action of « on

)
* (Z) - (z Z)(Z) (11.61)

For the present case,

is
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-]
- pi3]

)

ZR=0 (11.65)

where we have used the identity

— Ni—

and

[[a+ema+q =D =2]] a+¢>)

n=1 n=1

17T .
5 H (1+g°" D)% (11.66)
n=1

We may now construct a modular invariant partition function by taking a
suitable superposition of these terms

Z = 73288 + nR°ZR® + MNsZRs + TRZR (11.67)

Relationships between the coefficients n required for modular invariance
may be obtained by applying the transformation property (11.59). In the
present discussion, employing only a group of eight left-moving real fermio-
nic degrees of freedom, we should disregard the factors ¢,, which cancel
between left and right movers in a complete model. Then, using the modular
transformation

Pt =i+ 1) (11.68)
we find that

ZR8(EN(E + 1)) = = ZRs(D) (11.69)
and

ZRs(F(E + 1)) = = ZR3(F) (11.70)

and modular invariance of Z requires

s =~ 7NS- (11.71)
Also, using the modular transformation

Tt =1/ (11.72)
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Figure 11.3 The vacuum-to-vacuum string amplitude.

we find that

ZRS(-1/7) = ZRs(#) (11.73)
and

ZRs(=V8) = ZR3(9) (11.74)
and modular invariance of Z requires

nR> = nNs- (11.75)

Thus, the modular invariant partition function takes the form

- 1+ (=)F+!

_ Tr((ﬁi(_;_lﬁfﬁ qHLm)) (11.76)

where
7 = nR/MRS. (11.77)

Remembering that the partition function is essentially the vacuum-to-
vacuum amplitude of the theory of figure 11.3, equation (11.76) implies
projections (Gso projections) on the string states. For the Neveu-Schwarz
sector, the Gso projection P is

=1+(_1)F+1
2

P NS sector. (11.78)

In agreement with (8.155). For the Ramond sector, the projection is

_l+p(=pFfT!

P
2

R Sector (11.79)
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in agreement with (8.157). The coefficient # is not determined by modular
invariance of the partition function.

However, consideration of unitarity shows that # should be £1. All this
discussion has been for a group of eight real fermionic left movers. If instead
we consider a group of sixteen real fermionic left movers, as appropriate for
the internal degrees of freedom in the fermionic formulation of the heterotic
string, the projection (11.78) is modified to (1 + (—1)7)/2 in agreement with
(9.134).

Strictly, we should be considering right and left movers simultaneously to
impose modular invariance on the complete partition function of (11.15).
For a complex fermionic right mover with boundary conditions twisted by
e 2" and e ?™¥ in the 0, and o, directions on the world sheet torus,
respectively, the partition function contribution is instead Z;,, consistently
with the replacement of g by g in (11.15). It is not difficult (Exercise 11.3) to
repeat the arguments employed here retaining all right- and left-moving
fermionic degrees of freedom of the superstring to arrive at the Gso
projections (11.78) and (11.79), which now apply separately to left and right
movers. As in §8.8, type-1IB and type-I1A superstring theories are possible
depending on whether # in (11.79) has the same or opposite values for left
and right movers. Thus, the Gso projections that were introduced ad hoc in
§8.8 can now be derived from the fundamental requirement of modular
invariance of the theory.

In the next section, we shall discuss the way in which the requirement of
modular invariance can be used in the construction of consistent four-
dimensional heterotic string theories.

11.4 Four-dimensional heterotic string theories

In this section, we shall develop the fermionic construction of four-
dimensional heterotic string theories described in the introduction where all
bosonic degrees of freedom other than those associated with four-
dimensional space-time are fermionized®®. Before proceeding to the
constraints imposed on such theories by modular invariance, we shall first
establish notations for the boundary conditions for the fermionic degrees of
freedom, and shall also consider the requirements for world sheet supersym-
metry.

When all bosonic degrees of freedom other than those associated with
four-dimensional space-time are fermionized the complete set of degrees of
freedom of the heterotic string, in the light cone gauge, is as follows.
Associated with four-dimensional space-time there are the bosonic degrees
of freedom X', and the real fermionic right movers Yh,i=1,2. It will be
convenient to group these two real fermionic degrees of freedom into a
single complex degree of freedom, which we denote by 5. There are 18 real
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fermionic right-mover internal degrees of freedom A%g, A%z and %R,
k=3,...,8, because for each of the ‘original’ real fermionic degrees of
freedom there are two more arising from the fermionization of the corre-
sponding bosonic degree of freedom.

We shall assume in what follows that these real fermionic degrees of
freedom occur in pairs of triplets with the same boundary conditions, so that
we can assemble the six triplets of real fermionic degrees of freedom into
three triplets of complex fermionic degrees, which we denote by Afg, Ajr
and Ajg, a = 1, 2, 3. Finally, there are 44 real fermionic left-moving degrees
of freedom, which we assume can be assembled into 22 complex fermionic
degrees of freedom which we denote by &', A=1,...,22. The action for
all these string degrees of freedom is

S = %[dza [0, X" 9,X' — 9,X" 6,X' + 2i( 9,.n + HC)

+ 2i(Afr 9 Afr + ASr 0, A%R + ASg 6, AR + HC)

+ 21(& 9_E{ + m0)] (11.80)
where

9 =3(3, £ 8,). (11.81)

The fermionic degrees of freedom, both left and right movers, will be
denoted collectively by W/(z, o), and twisted-sector boundary conditions
will be written in the form

Vi1, 0+ 7) = e W1, 0) (11.82)
with
o<W/ <1, (11.83)

It is convenient to split the vector W of boundary conditions W' into right-
and left-mover boundary conditions Wi and Wy by writing

W= (Wg|Wy.). (11.84)

It is also convenient to write Wy in a way that displays the triplets of
fermionic degrees of freedom so that

W = (s(arbic) (azb2¢5) (asbacs)| W) (11.85)
where the twists are for the degrees of freedom
(n(A%RA%RAéR) (A%RAgRAgR) (A%RA%RAgR)‘gﬁ ).

It is important, for the elimination of ghosts from the theory to be
possible, that the right movers (which derive from the superstring) should
possess world sheet supersymmetry (unspoiled by the process of fermioniza-
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tion). With all the bosonic degrees of freedom other than those associated
with four-dimensional space-time fermionized, the world sheet supersym-
metry has to be realized in a non-linear way. To discover the form of the
supersymmetry transformations in these circumstances it is necessary to find
transformations that leave the action invariant and such that the commuta-
tor of two such transformations is a translation, as appropriate for the
supersymmetry algebra. This program has been carried® through with the
resulting world sheet supercurrent Tx (which is the analogue of (8.11))

Tr=2iVh o, X +i Z JLNLNL N (11.86)
k

For this supercurrent to be well defined, all terms in 7 must have the same
boundary conditions, and so the boundary conditions for the product of A%z ,
A5z and A5g must be the same as those for ¥4 . If, as assumed above, the
triplets A%r , ASg and A4 of real fermionic degrees of freedom are assembled
into triplets Afgr , A5r and Ajg of complex fermionic degrees of freedom, the
resulting condition on the boundary conditions, referred to as the triplet
constraint, is

a,+ b, +c,=s(mod1) (11.87)

where a,, b, and ¢, and s are half-integers or integers.

To construct a modular invariant partition function it is necessary to take a
superposition of terms with the various allowed boundary conditions in the
o, and o, directions on the world sheet torus for the vacuum-to-vacuum
amplitude. In the present case, the generalization of (11.23) to include all
left- and right-moving fermionic degrees of freedom is

ZW, = Tr(gHM.MgH") i, —w'). N(W)) (11.88)
where W, is defined to be
Wo = (3)"|()*). (11.89)

Scalar products are defined to have a minus sign for right movers so that, for
example,

W N =W, N_— W N (11.90)
and
N(W) = (Ng(W)IN_ (W)) (11.91)

is the vector of fermionic number operators for right and left movers with
boundary conditions twisted by W.

Z3. factorizes as a product of partition function factors and their conju-
gates of the type (11.23) for the 22 complex left movers and 10 complex right
movers.
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10 32
zw =[]z [] 2 (11.92)
=1 =11

Now, a modular invariant partition function must be constructed as a
superposition of the type

Z= Z cw.zv, (11.93)

W, W’

for some coefficients C},., where the sum is over all allowed boundary
conditions in the o, and o, directions.

Using the general expression (11.56) for the factors in Z¥ in terms of
generalized §-functions and the modular transformation property (11.59),
conditions for (11.93) to be modular invariant may be derived® ®»®,
These conditions fall into two general types. First, when a modular trans-
formation maps Z}y. to itself, modular invariance requires that no phase
factor should arise from the transformation. (This occurs when
(h',g')=(h,g) in (11.40).) This restricts the choices of boundary con-
ditions W in a consistent theory. Second, when a modular transformation
maps partition function terms Cyy.Z} into other such terms, relationships
amongst the C. are required for modular invariance. In the way discussed
in §11.3, summing over o, boundary conditions W for fixed o; boundary
conditions W' leads to generalized Gso projections.

The somewhat lengthy calculations involved are to be found given in some
detail in the original literature'®®, to which we refer the reader. The
results as regards the allowed boundary conditions in a modular invariant
theory may be summarized as follows. All allowed boundary conditions can
be written as linear combinations of a set of ‘basis vectors’ {W,}, so the most
general boundary conditions W are

W= Z_""’Wf' (11.94)

If the order m; of W; is defined to the smallest integer such that the
components of m;W; (no summation on i) are integers, then the qa; are
integers taking values in the range 0 to m; — 1. The bar over the top of o;W;
means that one is to take the fractional part of its components so that the
components of W satisfy (11.83). Basis vectors W, consistent with modular
invariance satisfy

m; > Wi =0 (mod2 (11.95)
2 Wn
I

m,.z Wi =0 (mod?2) (11.96)
!
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where W has been separated into right- and left-mover boundary conditions
asin (11.84),

mW,-W;=0 (mod?2) m; even (11.97)

mW;-W,=0 (mod1) m; odd (11.98)
(no sum on i implied), and, for i #j,

myW;-W;=0 (mod1) m;; even (11.99)
and

2m;W;-W;=0 (mod1) m;; odd (11.100)

where m;; is the least common multiple of 77; and m;, and the scalar products
are again defined in the fashion of (11.90).

Once a set of basis vectors W, has been chosen, all sectors of the theory
corresponding to distinct choices of boundary conditions are obtained from
(11.94). However, the theory is not completely specified until the genera-
lized Gso projections have been determined. Modular invariance tightly
constrains these projections for any choice of the W, but there is still some
freedom, which may be parametrized by certain parameters k; which are
subject to the conditions

m;k; =0 (mod 1) (11.101)

ky+k;=W,-W, (mod1) (11.102)
and

ki+kpo+s;—iW,-W,=0 (mod1) (11.103)

where §; is the first entry of W; as in (11.85), and no sum on i or j is implied
in (11.101) or (11.103). The generalized Gso projections for the W twisted
sector, with W given by (11.94), may be cast in the form

W, N(W)=s,—W, W+ Z kyo; + ko (mod1)  (11.104)
j

where
N(W) = (Ng(W)INL(W)) (11.105)

is the vector of eigenvalues of the fermionic number operator N (W) for the
sector with boundary conditions twisted by W, and the scalar products are
again defined as in (11.90).

There is an important subtlety when some of the fermionic degrees of
freedom have Ramond boundary conditions. Then, N(W) contains a contri-
bution from the zero modes e, of the subset ¥* with Ramond boundary
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conditions of the complete set of fermionic degrees of freedom (right- and
left-moving) W', These zero modes create spinor ground states

na) = ﬂ (e2)"/0) n,=0or1 (11.106)

as in (8.159), and the contribution Nyto =, NY(W) is
Ny = Zna. (11.107)

a

When £, N*(W) is multiplied by % in the generalized Gso projection (11.104)
(as can occur when W; has entries of 1 in appropriate positions), the
zero-mode contribution to (11.104) only depends on whether N, is even or
odd, and this amounts to the chirality of the spinor ground state (for both
right and left movers together) entering the projection, since the chirality of
the ground state is given by

x= (=DM (11.108)

as a consequence of (8.164).

11.5 Semi-realistic four-dimensional models

We shall now construct some examples®® of four-dimensional heterotic
string theories using the approach of the previous section. The simplest
example to be studied employs just two basis vectors wy and w; with wy (as
before) given by

Wo=(®"I()*) (11.109)
and W, given by
W, = (0(0%) (0%) (0%)/(3)*). (11.110)

(This choice of basis vectors is consistent with the modular invariance and
world sheet supersymmetry constraints of §11.4.) Since both basis vectors
have order two, the model has four sectors given by

W=0 W, W, W, + W,. (11.111)

The normal-ordering constants ag and a; for the 0 sector and W, + W,
sector are negative and consequently these sectors contain no massless
states. The normal-ordering constants for the other sectors are

(ag,a ) =(,1) for the W, sector

(ar,a1) =(0,1) for the W, sector. (11.112)
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The parameters k; that enter the generalized Gso projections are restricted
by (11.101)—(11.103) to take the values

kowo=0 or 1 (mod1) (11.113)

k;;=0 or 3 (mod1) (11.114)
and

ko1 = kio = ky; (mod1). (11.115)

There are 32 complex fermionic degrees of freedom (both right and left
movers) ¥/, /=1, ..., 32, and there are transverse four-dimensional space-
time real bosonic degrees of freedom X ’1'{ and X: ’L ,Jj =1, 2, whose oscillators
can be used in the construction of string states. Let us consider the W, sector
first. Adopting the notations of (9.101) and (9.109) for complex fermionic
degrees of freedom, with obvious modifications for right movers, the
massless right movers are

(f12)"10= and (812)'10)r I=1,...,10 (11.116)
and the massless left movers are

@40y i=1,2 (11.117)
and
Py (FinY 10 @) @) () (@2 ) 100

mn=11,...,32. (11.118)

The W, sector is subject to the generalized Gso projections (deriving from
(11.104)),

N —=Ng=1 (mod?2) (11.119)
and

N, - Z NL=0 (mod2) (11.120)
[1=3,4,6,7,9.10

where Nr and N|_ are the sums over all components of Ng and Ny,

Ng = Z Nk (11.121)
I=1,....10
and
N, = Z N (11.122)
I=11,....32

Amongst other things, these projections delete potential tachyonic states
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with m} = m{ = —1. The massless states in the W, sector surviving the
generalized Gso projections are as follows. First there are the states

(f32) | O)r @10} (11.123)
and

(g12) 10RE1|0) (11.124)

which for / = 1 provide the graviton, dilaton and antisymmetric tensor. In
the present four-dimensional case, the antisymmetric tensor is just a single
(pseudo) scalar state, so the graviton is accompanied by two real scalars. For
/=2, 5 and 8, which is also consistent with the generalized Gso projections,
we obtain instead six real vector fields. It may be conjectured at this stage
that these are the six graviphotons that occur in the N = 4 supergravity
multiplet of table 1.3, and we shall see shortly that the model does indeed
contain all the massless states necessary to complete this supermultiplet.

Second, there are the states obtained by taking a right mover of the form
(11.116) and a left mover of the form (11.118). Observing that (f7,)70).
and (g7%,)7|0). taken together provide the components of an SO(44) vector,
we see that the left movers (11.118) are the antisymmetric part of the
product of two SO(44) vectors and so transform as the adjoint represen-
tation of SO(44). Taking / = 1 for the right movers we obtain vector fields in
the adjoint of SO(44) that can provide the gauge fields of SO(44). Taking
instead / = 2, 5 or 8 (which also satisfies the generalized Gso projections)
gives six multiplets of real scalars in the adjoint of SO(44) (as required for
the N = 4 vector supermultiplet of table 1.3).

Next, let us consider the W sector. In that case the massless right movers
are just the ground state |0)g ; and the massless left movers are (11.117) and
(11.118), exactly as for the W, sector. Because the right movers ¥, ¥, ¥°
and ¥® have periodic boundary conditions, the ground state |0)g is an SO(8)
spinor. In this case, the generalized Gso projections are

N - Z NL =0 (mod2) (11.125)
1=3,4,6,7,9,10

and
N]_ - NR = 2(k01 + koo) (mOd 2). (11126)

It is important to notice that (11.126) contains contributions from the zero
modes of ¥!, w2, ¥° and ¥¥, which means that the chirality of the SO(8)
spinor ground state enters this projection in the way discussed at the end of
§11.4. In consequence, the surviving massless states possess a single SO(8)
chirality.

Taking |0)g as the right mover and the left mover of (11.117) to obtain the
states
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0ra’1[0) j=1,2 (11.127)

provides four four-dimensional vector spinor states with helicity 3 and four
four-dimensional spinor states with helicity 3 along with the same numbers
of massless states with helicity —3 and —3, as required for N = 4 supergravity
gravitinos and associated spin-s components. Taken together with the
massless states already obtained in the wy sector, these states complete the
N = 4 supergravity multiplet of table 1.3.

Taking |0)r as the right mover and the left movers of (11.118) provides
four states with helicity 1 and four with helicity —3 in the adjoint of SO(44) as
required for the N = 4 gauginos. Together with the massless states in the
adjoint of SO(44) from the W sector these states complete the N = 4 vector
supermultiplet of table 1.3.

Thus, the model generated by the basis vectors W, and W, is an N =4
supergravity theory with SO(44) gauge fields. More realistic models with
N = 1 supergravity may be obtained by adding further basis vectors consist-
ent with the modular invariance and world sheet supersymmetry con-
straints. We first add a single additional basis vector W, where

W, = (0(03) (303) (303)((3)"* 0%). (11.128)

Then, in addition to the massless states in the W, and W, sectors there are
also massless states in the W, sector with fermionic super-partners in the
W, + W, + W, sector. The parameters k; required for the generalized Gso
projections satisfy (11.113)—(11.115) and additionally

k=0 or 1 (modl) (11.129)

k=0 or % (modl) (11.130)

ks = koy = ky»  (mod 1) (11.131)
and

kyy =k, +% (mod1). (11.132)

The massless spectrum in the W, sector is modified by the W, generalized
GSO projection

NL - Z NhL=0 (mod2).  (11.133)
I=11,....24 1=3.4.5.7.8.10

The three complex gauge singlet vector fields are reduced to a single
complex vector field or, equivalently, two real vector fields. For the gauge
non-singlet vector fields, either both left-mover indices m and # of (11.118)
have to belong to {11, ..., 24} or both have to belong to {25,...,32}. In
this way, the surviving gauge fields make up the adjoint of SO(28) x SO(16).
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Moreover, the original three complex scalars in the adjoint of SO(44) are
reduced to one complex scalar in the adjoint of SO(28), one complex scalar
in the adjoint of SO(16) (each with right-mover index /= 2in (11.116)) and
two complex scalars which are vectors of both SO(28) and SO(16) (with
right-mover index / = 5 or 8).

For the W, sector, the W, generalized Gso projection is

Z N - Z Nb = 2(kps + k). (11.134)

I=11,....24 1=3.4,5.7.8.10

Noticing that N{ and N§{ have zero-mode contributions, we see that for the
gravitinos a definite chirality is chosen in the corresponding SO(4) subgroup
of SO(8). In consequence, the number of gravitinos is reduced from four to
two. Similarly, the number of massless spin-3 states associated with the
gravitinos in the original N = 4 theory is reduced to two. In the case of the
gauginos, the projection is also influenced by the representation of
SO(28) x SO(16) to which the left movers belong. As a result, there are
surviving gauginos in the adjoint of SO(28) and in the adjoint of SO(16) for
one right-mover SO(4) chirality, and surviving erstwhile gauginos (not now
associated with any gauge fields) transforming as a vector of both SO(28)
and SO(16) for the other SO(4) chirality.

It can now be seen that the massless states correspond to an N =2
supergravity theory with SO(28) x SO(16) gauge group. The N = 2 super-
gravity multiplet of table 1.2 is made up of the graviton and a single real
gauge singlet vector from the W, sector together with two gravitinos each
with helicity +3 from the W, sector. The remaining real gauge singlet vector
from the W, sector joins forces with two massless spin-} states each with
helicity +3 from the W, sector and two real scalars from the W, sector
(originally the dilaton and antisymmetric tensor of the N = 4 theory) to form
a gauge singlet N = 2 vector supermultiplet as in table 1.2. Moreover, the W,
and W, sectors provide the gauge fields together with their gauginos and two
real scalars, all in the adjoint of SO(28) x SO(16). In addition, the complex
scalars and erstwhile gauginos in the vector representation of both SO(28)
and SO(16) constitute an N = 2 hypermultiplet as in table 1.2.

In the W, sector, the massless states in the first instance are

0)=|0)s (11.135)

where because of the zero modes the right-mover ground state |0)g is an
SO(8) spinor and the left-mover ground state is an SO(16) spinor. The W,
W, and W, generalized Gso projections on the W, sector take the form

NL - NR =1+ Z(koz + k()o) (mOd 1) (11136)

N — Z NL =1+2(k,, + k) (mod1) (11.137)
[1=3,4,6,7,9,10
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and

Z NE - 2 NL=0 (mod2).  (11.138)
I=11,...,24 1=3.4,5,7,8,10

After applying these generalized Gso projections, a definite right-mover
SO(8) chirality is associated with a definite left-mover SO(16) chirality.
However, since the SO(8) spinor contains both four-dimensional space-time
chiralities the theory is non-chiral, as expected for N = 2 supergravity.

A chiral N = 1 supersymmetric theory may be obtained by the addition of
one further basis vector

W3 = (0 (30%) (03) (330)| ()" 07 (3)* 0°). (11.139)

The parameters k;; in the generalized Gso projections then satisfy (11.113)—
(11.115), (11.129)—(11.132) and additionally

kyo= ko3 = ks3 +3 (mod1) (11.140)

kyy=k;3+% (mod1) (11.141)
and

k3, = ky; (mod1). (11.142)

The normal-ordering constants are such that no new sectors with massless
states arise.
The W3 generalized 6so projection for the Wy sector takes the form

NL(SO(14)) + NL(SO(6)) — Z Nhk=0 (mod?2) (11.143)
1=2,4,6,7,8,9
where
NSO = > M (11.144)
I=11,...,17
and
NL(SO(6)) = Z N, (11.145)
1=25,...,27

This projection removes the remaining gauge singlet complex vector field
and so removes the real vector in the N = 2 supergravity multiplet and the
real vector in the gauge singlet N = 2 vector supermultiplet of which it is
composed. The gauge fields are reduced to those of SO(14) x SO(14)
x SO(10) X SO(6) and the model can be regarded as an SO(10) grand


http:1=3.4.5.7.8.10

SEMI-REALISTIC FOUR-DIMENSIONAL MODELS 267

unified theory with horizontal symmetry group SO(6) and SO(14) x SO(14)
hidden-sector gauge group.
In the W, sector, the W; projection takes the form

NLSO(4) + NL(SO(O) = > Ni=1+2(kis + k) (11.146)

1=2,4,6,7,8,9

where N and N§ have zero-mode contributions. The projection therefore
selects a definite chirality in the SO(4) associated with N, and N§ and
halves the number of gravitinos leaving just a single gravitino as required for
the N = 1 supergravity multiplet. The gauginos are unaffected. Thus, we
end up with the supergravity and the gauge field vector supermultiplet of an

N =1 theory.
Finally, the W; generalized Gso projection for the W, sector takes the form
NL(SO(14)) + N(SO(®) = > Nk
1=2,4,6,7.8.9
=1+2(ky; + k33) (mod?2) (11.147)

where Np(SO(6)), N, N& and Ny have a zero-mode contribution. Com-
bining (11.147) with (11.136) which has zero-mode contributions from Nk,
N%,N%, Ng and

NL(SO(16)) = Z NL (11.148)

1=25,...,32

we see that the four-dimensional space-time chirality for the right movers is
correlated with the SO(10) chirality for the left movers. However, both
SO(16) chiralities are allowed. Thus, after all projections, the W, sector
contains massless SO(14) x SO'(14) singlet states in

2(16,4), + 2(16, 4), + 2(16, 4)x + 2(16, 4)x (11.149)

where (a, b) r denotes the representation a of SO(10), b of SO(6) and
four-dimensional space-time chirality L or R. The two copies of each
representation occur because, as a result of the W, W; and W5 projections,
there is definite chirality in the SO(4) associated with N§ and N} (and so
two states) for a given space-time chirality. We now have a chiral theory, as
is permitted for N = 1 supersymmetry, with 16 generations in 16 of SO(10),
together with their anti-particles.

The discussion given in this chapter can be generalized slightly to allow for
the possible presence of some real fermionic degrees of freedom®® which
cannot be paired with other fermionic degrees of freedom with the same
boundary conditions to form complex fermionic degrees of freedom. With
this generalization, it has proved possible to construct potentially realistic
three-generation models with flipped SU(5) x U(1) grand unification!?,
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Exercises

11.1 Derive the partition function contributions for periodic and anti-
periodic boundary conditions (11.47)-(11.50).

11.2 Derive the partition function Z}, of (11.56) for general v and u.

11.3 Use modular invariance to derive the Gso projections for the super-
string.
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12

SUPERSTRING INTERACTIONS
12.1 Introduction

Apart from the intrinsic interest in formulating a consistent, relativistic
quantum string theory, its importance stems from the fact (belief) that it may
provide a finite quantum theory of all of the interactions in nature, including
gravitation. The particles whose interactions we study are identified with
single (massless) modes of the string. If we are to ascertain the consistency
(or lack of it) of string theory with the real world, it is obviously essential that
we can calculate scattering amplitudes whose external lines represent single-
particle states, but whose internal structure includes all of the allowed string
modes, not just a few single-particle states. Thus we are interested in
calculating diagrams such as the closed-string diagrams shown in figure 12.1.

This task is made feasible by utilizing the invariance of the theory under a
conformal rescaling of the world sheet metric 4,4(7, 0), described in §7.2.
Under a finite such transformation,

Bop— €*hop (12.1)

with A(r, 0) an arbitrary function of the world sheet coordinates 7, 0. By a
suitable choice of A we can always arrange that the external lines ‘puncture’
the world sheet at finite points. The simplest illustration is provided by a
single incoming particle and a single outgoing particle, as shown in figure
12.1(a), with a cylindrical world sheet, parametrized by z, ¢ with

—o <z < ™ O<s¢p<2n (12.2)

and having the metric

ds? = dz? + R?d¢?. (12.3)
Instead of z we may use the parameter 6 defined by

z = 2R In(tan }6) 0<f<um. (12.4)
Then

ds® = R%[(sin 8)"2d6? + d¢?] (12.5)

and exploiting the conformal invariance allows us to rescale the metric with a
factor

e = sin® 6. (12.6)
Then the new metric is

DOI: 10.1201/9780367805807-12
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la) g’

1 b) 15

® ®
® ©
{c) e

Figure 12.1 Conformal transformations of the closed-string world sheet mapping
asymptotic states into finite points.

ds® = R*(d6? + sin” 6 dg?) (12.7)

which we recognize as the metric on a 2-sphere of radius R. The initial and
final string states at z = —oo, -+ correspond to 8 = 0, 7, i.e. the north and
south poles of the sphere, as shown in figure 12.1(a").

For more complicated processes, such as those shown in figure 12.1, (b)
and (c), a suitable conformal factor e can always be found that maps each
external string state onto a finite point on the world sheet, as shown in figure
12.1, (b’) and (c'). This is possible because we only need to choose a
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-

Figure 12.2 Conformal transformations of the open-string world sheet.

conformal factor e” that has the desired asymptotic behaviour for each
external string, and these can be chosen independently.

Similar remarks apply in the case of open-string scattering, as shown in
figure 12.2(a). The world sheet can be conformally mapped onto a disk, or
onto the upper half-plane, with the external states now appearing at finite
points on the boundary, as shown in figure 12.2, (b) and (c).

In order to construct scattering amplitudes we must next deduce or define
a vertex operator characterizing the particular particle being emitted or
absorbed at this (finite) point on the world sheet. This is done for the lowest-
lying states of the bosonic string in §12.2; the required operator is derived
using the Lorentz properties of the particle, together with its ‘conformal
dimension’, which describes its behaviour under world sheet reparametriza-
tions. In §§12.2 and 12.3 we present the rules for calculating on-shell tree
scattering amplitudes for the open (and closed) bosonic string, using the
previously derived vertex operators and a propagator whose form is moti-
vated by our experience of calculating scattering amplitudes in (bosonic)
quantum field theory. We also verify that the (open-string) amplitudes
possess the anticipated symmetry under a cyclic permutation of the external
particles, and have poles corresponding to the known tachyon, vector states
and the whole tower of massive string states. The generalization of these
topics to the superstring is addressed in §12.5. In this case we need the vertex
operators for the emission of a boson from a bosonic state of the string, the
emission of a boson from a fermionic state of the string, and the emission of a
fermion from a fermionic state of the string, turning it into a bosonic state.
The form of these superstring operators is constrained by requiring invar-
iance under supersymmetric reparametrizations of the world sheet. We also
use the vertex operators to determine the three-graviton vertex and the
graviton—gravitino—gravitino vertex in the context of the closed superstring.
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The former reproduces the three-graviton vertex which may be derived from
general relativity, while the latter reproduces the interaction vertex that was
obtained previously in supergravity theory. Finally, in §12.6, we outline
recent developments that are beyond the scope of this text. In particular we
indicate how scattering amplitudes are calculated in (potentially) realistic
theories such as the orbifold and fermionic models discussed in Chapters 10
and 11. We also give a short report on the current status of the most
developed realistic model, the flipped SU(5) X U(1) (fermionic) model.

12.2 Bosonic string vertex operators and conformal dimensions

For closed strings, when we have mapped the external string states to
puncture the world sheet at finite points, there must appear local operators
that characterize the individual string states associated with each such point.
We denote by W, (7, 0) the local operator that corresponds to the absorption
of a string state |A) at the point (7, o) on the world sheet. W, must carry the
quantum numbers appropriate to the state | A) and must be constructed from
the operator X* and its derivatives (in the case of the bosonic string). Thusin
the case where |A) is the (tachyon) ground state, W, must be a (D-
dimensional) scalar, while if |A) is a graviton state, W, must transform
as a spin-2 Lorentz tensor. However, with only this information there is still
considerable freedom in choosing an appropriate W,.

Besides the Lorentz properties discussed above we must also ensure the
correct behaviour under translations. A state |k) of momentum k* is
multiplied by a factor e 7' ¥ when the translation

X“—s X* + g* (12.8)

is effected. Thus we expect W (7, o) to be multiplied by the operatore™ *-¥

if it is to describe the absorption of the state |A, k) having momentum k.
Further, since any vertex operator W,(r, o) may be inserted at any point on
the world sheet, the quantity that is required for the calculation of scattering
amplitudes is the operator

Valk) = J 2o V=hW,(r, o) eI KX, (12.9)

Since (by construction) all string theories are invariant under reparametriza-
tions of the world sheet, we should expect that V 4(k) also has this property.
In particular it should be invariant under rescaling of the world sheet
parameters

0— Ao (12.10a)
T Ar. (12.10b)
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(Such a rescaling will not destroy the conformal gauge choice (7.13),(7.14).)
Since the measure acquires a factor A% as a result of the rescaling, we require
that W, e %X acquires a (compensating) factor of 172, Now, the invar-
iance of the bosonic string action (7.4) under the above rescaling suggests
that X* is invariant. (In that case the required A~? comes from the two
derivatives d,,, 35 in (7.4).) Further, if X* is invariant, it would appear that
e~ 1#-Xis also invariant. But this is not correct, as we shall see shortly.

For open strings, the external string states are mapped onto the boundary
of the world sheet, so there is a vertex operator W,(z) that is associated with
the absorption of the state |A) at the point on the boundary parametrized by
7. In this case the quantity needed for the calculation of scattering ampli-
tudes is

Valk) = Jdr Vh W, (1) e 1k X@ (12.11)

where k is the momentum of the absorbed state, and X(r) is evaluated on the
boundary (o = 0 or 27) of the world sheet. Then under the rescaling (12.10)
of the parameter 7, by reasoning as we did above, we require that for the
open string W, e~ ¥ X acquires a (compensating) factor A~ !; the difference
arises because, since the external states are inserted on the boundary of the
world sheet, there is only a single integration variable in (12.11).

The rescalings (12.10) are merely special cases of the reparametrizations

o— o' (0) (12.12q)
T 7'(1) (12.12b)

which preserve the conformal gauge. The above observations about the
behaviour of the local operator W, e ' ¥-X under the rescalings can then be
understood as statements about the ‘conformal dimension’ of the operator.
This is defined as follows. Consider a local operator A(r), such as arises in
the open-string vertex operator for example. Under the reparametrizations
(12.12b) A(7) is transformed into A’(r") and we say that A(t) has ‘conformal
dimension J” when

J
AT = (%) A7), (12.13)

So if the open-string W, e "'¥*X has conformal dimension one, then (in
particular) it will acquire the required A~! under the rescaling (12.105).

The infinitesimal generators of the coordinate transformation (12.12b)
are just the Virasoro operators introduced in §87.5, 7.6. To see this consider
an infinitesimal general coordinate transformation of the circle parame-
trized by 6, 0 < 8 < 27,

60" =0+ a(h). (12.14)
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Define
z=¢'? (12.15)
then
2=z =21+ ez))=z+ Z €,2" ! (12.16)
and
A= n+1 d_f
f@)=f@+ ) ezt (12.17)
Thus the operators (corresponding to e(z) = — z") are
L,= 1 d (12.18a)
dz
. ing d
=ie'" — 12.18b
ie 9 ( )

generate the reparametrization, and it is easy to check that they realize the
Virasoro algebra (7.96) (without the central extension). The relevance of
this to the case in hand is apparent when we note that although 7 is not an
angular variable it becomes such in the open-string mode expansion (7.43)
since it arises only in the form e'”* with n integral.

The definition (12.13) becomes

z' dz

A(z) = (--) A(z) (12.19)

in terms of the variable z, so for the infinitesimal transformation (12.16) we
find

8A(z) = A'(2) — A(z) = — z| e ¥4 1+ 74 9€|. (12.20)
dz dz|
Taking e = — z™ we deduce
(L, A(2)] = 2™ (zdi + mJ) A(2) (12.21)
4

and expanding A(z) in its moments

Az) = Z A,z" (12.22)

gives
(Los An] =M = 1) = n]Ap o . (12.23)
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The Virasoro generators (7.92) for the open string are
L,=-% Z G — plty: (12.24)

and with o = 0 the moment X% of X*(, 0) = X*(2) is (from (7.43))

X4 = %a’,‘, (n # 0). (12.25)

We leave it as an exercise (Exercise 12.2) to show that
(L X2]= = (m + )XY, , (12.26)

thereby suggesting that X*(z) has conformal dimension J = 0; however, this
does not work for n = 0, because the momentum part of X* in (7.43)
involves 7= —ilnz. Thus X*(z) is strictly nor an operator of definite
conformal dimension. On the other hand it is easy to check that
-9, X*(z, 0) = z9,X*(z) does have definite conformal dimension J =1
(and this is essentially all that is needed for the invariance of the action), so
in this weak sense X* hasJ = 0.

This also indicates why ' ¥ ¥(? might have J # 0 in general; the exponen-
tiation of the momentum term gives a power of z (see (12.27) below), and we
can imagine that this might ensure that e'% X has definite conformal
dimension. The verification that this is the case, and the determination of the
J-value, is considerably more involved. First we have to be more precise
about what we mean by e 7' %), We shall study the normal-ordered form

A(2) = eIk X@), = exp(— Z koo z") exp(—ik. X~ k.plnz)
n

n=1

i k_niz) (12.27)

n=1

X exp

Rather than determine the moments A,, it is easier to work with (12.21).
The algebra is straightforward but tedious (Exercise 12.3); commuting L,,,
given in (12.24), with A(z) generates terms that are not in normal-ordered
form whereas the right-hand side of (12.21) is normal ordered, and it is
necessary to reorder carefully. The upshot is that the conformal dimension
of :e 1k X@:. ig

J=—Kk*/2. (12.28)
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Let us return to the question of the vertex operators. It follows from (7.98)
that the open-string ground state has a mass M satisfying

M?*= -2 (12.29)

(since a = 1). Thus the conformal dimension of :e ™' *-X(?): for the tachyonic
ground state |0, k) having momentum k is J = 1. Since we require that
W, e X has conformal dimension one, it follows that the tachyon vertex
operator Wy has zero conformal dimension. Thus we may take

W, = 1. (12.30)

The first excited state of the open string is the massless vector state
obtained by operating on the state |0, k) with the a_; operators. Since this is
a massless vector (k* = 0) in D space-time dimensions, there are only D — 2
physical states corresponding to the D — 2 directions transverse to the
vector k. A vector state |v; €, k) having polarization € and momentum k is
given by

lv; € k) = e,a%,[0; k) (12.31a)
with

k*=0 k=0 e?=-1. (12.31b)
Since the conformal dimension of :e~'***: is now zero, from (12.28), the

corresponding vertex operator W, (r) must have conformal dimension
J =1. We therefore take

W, (7) = 8,[e.X*(1, 0)] (12.32a)

or
W, .(2) = 1z— [e.X"(2)]. (12.32b)

(The overall normalization will be justified later.)

Things are only slightly more complicated when we address the closed-
string vertex operators. In this case, since the external states are conformally
mapped onto any point on the world sheet, we need first to know the
conformal dimension of :exp(—i k. X(z, ¢)): with

X4(1, 0) = X4 (1 — 0) + X¥(v + 0) (12.33)

and X% having the mode expansions given in (7.26) and (7.27). The
separation (12.32) implies that the exponential factorizes as

:exp(—ik. X(z, 0)): = :exp(—i k. Xg)rexp(—ik.X): (12.34)

and it is apparent that such an operator has conformal dimensions associated
with each of the independent reparametrizations


http:exp(-ik,XR)::exp(-ik.Xd

BOSONIC STRING VERTEX OPERATORS 277

0,— 0, (0)) (12.35a)

o.—0o_(0.) (12.35h)
where

or=1*0 (12.35¢)

parametrize the left- and right-moving modes respectively. Let us define Jp
as the conformal dimension associated with (12.354), and Jy, that associated
with (12.35b). For the operator (12.34) it is clear that

J=Jx. (12.36)

The calculation of this common value proceeds very similarly to the
open-string case with the result

J=Jgr = —§k. (12.37)

The factor of four difference between this result and the open-string result
(12.28) arises from the overall factor of two difference in the mode
expansions (7.26), (7.27) compared with the open-string expansion (7.43);
effectively this replaces k by k/2 in the calculation of the conformal
dimension.

We saw in §7.8 that the closed-string ground state is tachyonic with mass
M satisfying

M?= -8 (12.38)

so the conformal dimensions J;_ and Jg of :e "' ¥-¥: for the ground state are
J. = Jg = 1. Thus it acquires a factor of A~! under each of the independent
rescalings

o.— Ao, (12.39q)
o_—Ao_ (12.39b)

and consequently a factor 2 under the simultaneous rescaling. It follows
that the (closed-string) tachyon vertex operator W, has zero conformal
dimensions, and we may take

W =1 (12.40)

as in the open string.

The first excited states of the closed string are the massless states given in
(7.120), corresponding to the graviton, antisymmetric tensor, and dilaton
states.

Asin (12.31), the massless graviton state with polarization tensor ¢,, and
momentum £ is given by

ig, €, k> = E/wa‘i1|k>Rdtl{k>L (1241a)
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Figure 12.3 The N-particle open-string amplitude.

with
k=0 € = €y €, =0 k“e,, = 0. (12.41b)

The corresponding vertex operator W, . must have Ji = Jg = 1 and is given
by

Woet,0) =€, . X“0_X" (12.42qa)
that is

W, (T, 0) = i€, 0, X% 9°X" (12.42b)
where, as in (8.38),

0+ = 0/00+ = 3(3, £ 8,). (12.42¢)

The anti-symmetric tensor and dilaton states have vertex operators con-
structed in an analogous manner.

12.3 Bosonic open-string scattering amplitudes

To date there is no really satisfactory quantum field theory of strings. As a
result we are not yet able to derive the rules for calculating amplitudes from
a Lagrangian in the manner that we are accustomed to using for point
particles. Instead we have to postulate certain rules for constructing dia-
grams, which have been found to yield scattering amplitudes with the
features that we would expect in the light of our knowledge of point particle
scattering amplitudes. At present the rules give satisfactory results for on-
shell S-matrix elements only. In this section we shall address the calculation
of tree amplitudes only. There are non-trivial complications in extending the
techniques to loop amplitudes that are beyond the scope of this book.

Our experience of calculating Feynman diagrams leads us to expect that a
(tree) scattering amplitude will have associated with it (i) vertex factors
V(k;), in general momentum dependent, characterizing the absorption of
string states |A;; k;) of momentum k;, and (ii) propagator factors A associ-
ated with the propagation of the string between two vertices"). Then the
amplitude for the N-particle process shown in figure 12.3 is given by
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An= gN_ 2<A1 > kllvAz(kZ) AVAa(kB) AV, 1(kN— 1)‘AN; kny  (12.43)

where g is the string coupling constant. The vertex factors are just the
products :W, e "'%%;  introduced in §12.2, but evaluated at 7 = 0 (z=1).
The propagators A are analogous to the familiar scalar-field Feynman
propagator (p? — m*+i¢€)”!; the (open-string) mass formula is given in
(7.98):

IM2=— Z @t — 1 (12.44)

and we see from (7.91) and (7.92) that the Hamiltonian H, givenin (7.97), is
H=Ly—1=-3p*- M?),. (12.45)
We therefore take the propagator to be
A=(Ly—1-ie)™! (12.46)

not worrying too much at present with the normalization. We write each
propagator A in (12.43) using the integral representation

1
A=J dzzh—2, (12.47)
0
Then
1 1 1
AN=8N_2[ QEQJ %J %mﬁkllvm(kz)%%_IVA323—L“+1
0 23 Jo %4 0 AN-1 )

X (2324)"0 " Wy (k) (z3zg) T Ho Tt e (zazg - 2y )0 T
X Vay_(ky-1) (2324 2y ) R ™1
X (2324 2y~ 1)50 7 HAwi k). (12.48)

The operator L, generates 7 translations, so for any local operator A(t)
we have

A(r) =e™A(0) e T = ¢l T T D40y eI T D (12.49)
In terms of the variable introduced in the previous section

z=¢'" (12.50)
this gives

A(z)=zb1A)z7 b T L, (12.51)

Thus we may rewrite (12.48) as
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1 1 1
AN=8N_2J _dz3[ __dz4__‘J —dZN_1<A1;k1Wm(k2,Zz)
023 Jo % 0 EN-1 )

X Vi (ka, z22)Va ks, 2324) - - -

X Vav (kn-1,2324 - 2y~ DIAN; kn) (12.524a)
where

=1 (12.52b)
and we have used

(Lo — D|Apn; kn) = 0. (12.52¢)
Changing variables to

Vi = 223240 Z (i=2,3,....N=-1) (12.53)
gives

]ﬁl%z H dz—z (12.54)

and the domain of integration is
gb: O<yN_1<yN_2“'<y3<y2=1. (12.55)
Then

N-1

_ dy, '
AN=8N ZJ H '—X-<A1;kl“/Az(kZ’yZ)vAa(kS’y:%)'”
) Yi

i=3 7!
X Ve by -1, Y8 - DIAN; Ky (12.56)

We may view the above manipulations as follows. The integral represen-
tation of the propagator, used in (12.47), requires the integration of the
variable 7 in (12.50) to be along the imaginary axist=i7',0 <7 < oo, Itis
therefore natural to associate the initial state |Ay, ky) with Tjy = o, corre-
sponding to yy = 0, and the final state |A; k;) with 7] = —c0, y; = o,

However, we observed in §12.1 that for open-string scattering we can
always choose a mapping of the world sheet onto the upper half-plane, or
onto a disk, with the external states appearing at finite points, as in figure
12.2, (b) and (c¢). Thus the scattering amplitude ought to be invariant under
the cyclic transformation of the N external particles:

(A ks Mg kas e s An k) = (Ans ks AL ks s Av 1 kv ). (12.57)

Obviously to prove this statement, we will need to perform a conformal
transformation in which
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1l (i=1,..,N-1) (12.58a)
=17 (12.58b)

but to do this we need to associate vertex operators V, (ky,yy) and
Va,(k1, y1) with the initial and final states in (12.56).
Consider first the case where |A) is a tachyon state, so W, = 1. Then

|A; k) = lim z¥?V,(k, 2)[0, 0) (12.59)
z—0 .

where |0, 0) is the zero-momentum Fock space ground state. The reason for
inclusion of the factor zK/? = 27! is that we may write V ,(k, z) in the form
(12.27) and only the zero-mode piece

Zo=e—ik.x—k‘p1nz (1260)

contributes in the tachyon state. It is easy to see (Exercise 12.3) that we may
rewrite this as

ZO — e—i k‘xz—k.p - k22 _ Z—k.p + k2/2 e—i k.x (1261)
SO

ZO‘O’ 0> — z—kz/2 e—ik.x‘o’ O> — Z—k2/2

A, k) (12.62)

and it is this z7%/? (= z for the tachyon) that must be cancelled in (12.59).
Similarly
(A; k| = lim (0, 0|V, (k, 2)z~*/2. (12.63)

Z— X

Thus we may rewrite (12.56) as

N-1

av=tim g¥ s T 00w, k)
L5

yi— <, yn—0 i3 i

X VAz(kZa y2) - VA,\_l(kN—l’.VN— 1)VAN(kN’)’N)|0, 0) (12.64)

with the domain & given in (12.55)

Using this form for the amplitude the cyclic invariance may be readily
established. It is instructive to do this, since the proof utilizes the residual
symmetry (SL(2, R) in fact), which preserves the conformal gauge choice
made in (7.13), (7.14). However, it is not needed for the calculation of the
simple string amplitudes that constitute the main objective of this chapter.
We therefore refer the interested reader to Appendix B for the details.

The simplest amplitudes to calculate are the three-point functions A4;,
since it is apparent from (12.56) that no integrations are needed. The three-
tachyon vertex is
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Az = g(0; ky|Vy(k2, 1)]0; k3) (12.65)
with
Vo(k, 2) = :Wye % X3), (12.66)

and Wy=1, as given in (12.30). It is clear from (12.27) that only the
zero-mode part of V(k, 1) contributes:

Az = g(0; kyle ™ X0 ks ) = g(0; k,y[0; ky + k3)
= g2n)P6DP(k; + ky + k3). (12.67)

Evidently such an energy—-momentum-conserving d-function, multiplied by
(27)P, will appear in all amplitudes, and we shall only exhibit the remainder
of the amplitude:

Az~g. (12.68)
Next consider the tachyon—tachyon-vector vertex:

As = g(0; k1| V,, (K2, 1)[0; k3) (12.69a)
where

Vidk,2) =W, (2) e %X (12.69b)
with W, (z) given in (12.32). Thus using (7.43) (and setting / = 1)

W, (2)=ep+ Z €.z ", (12.70)

n#0

Hence

Az =g(0; kiley. pl0; ky + k3) ~ gy . (ky + k3) (12.71)

with e, the polarization of the external vector state. Since ¢, is transverse to
k,, as given in (12.31b),

A3~ ge k= —ge ky =3ge. (ks — ky) (12.72)
using energy—momentum conservation. The same result must of course be
obtained if we cyclically permute the states so that the vector state is the
initial state and we insert a tachyon vertex operator:

As = g(0; k3|Volky, DIV; &, ky) = g{0; k3| Vo(k, D& a_1]0; k)
= g(0; ksle ™ k" ek e, a_|0; ky)
= g<0, k3 + k1|[k1 Qq, €. a_l]IO, k2> ~ = gEZkl (1273)

in agreement with (12.72). Incidentally, this agreement provides the pro-
mised justification of the overall normalization of the vector emission vertex
operator (12.32).

The triple-vector vertex is given by
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Az =g(v; €, k1|Vv,53(k2: D|v; €3, k3)
=20 kile. ai[(e.a 1+ &.p+ 6. ap) e %
x ek r ek d)es a]0; ky)
~ —gle.erxe3. k1 + €. €361 . ks + €5. €165 . k3
— (&1.ky)(&2 - k3)(e3. k1))
= 3gler. ere3. (ky — ki) + €. €361 (k3 — ko) + €3. €16, (ky — k3)
— €. (ks — ky)ey. (ky — k3)es. (ky — k1) (12.74)

and we have used the fact that only the n = 0, 1 modes are active in this
case. The final form shows that this amplitude is antisymmetric:

As(1,2,3) = — 45(2,1,3) (12.75)

so the full (Bose symmetric) amplitude for the process, obtained by adding
these two amplitudes, for example, is zero. Thus, as in QED, the triple-
(massless-) vector amplitude is zero in an abelian gauge theory. However, it
survives in a non-abelian theory, in which there is a compensating totally
anti-symmetric group theory factor f*°¢ associated with the vertex. We note
too that the first three terms of (12.74) give precisely the momentum
dependence of the triple-vector vertex in non-abelian theories, as can be
verified by comparison with equation (10.75) of Bailin and Love®. (Of
course in that case the vertex is for general off-shell vector particles, and
derives from the cubic terms of the Yang-Mills Lagrangian —%FH“VFHW.)
The last term in (12.74) is actually of order ', and amounts to an additional
term proportional to f**“F, " F,,” F, ,* in the effective (Yang-Mills) Lagran-
gian.

We turn now to the simplest four-particle amplitude, involving four
tachyons. From (12.56) we have

1
d
0

Using (12.27) and (12.61) the zero-mode part of Vy(k3, y) gives
—ik,.x,—k,.p— K2

e 3ty 0’ k4> — e—ik3.xy—k34k4+ 1|0’ k4>
=y N0 ks + ky) (12.77a)
since k3 = — 2 for a tachyon state and we have defined
s= (ki + ky)? = (ks + ky)* = 2ky. kg — 4. (12.77b)

Similarly the zero-mode part of Vy(k,, 1) converts{0; k| to {0; k; + k|. The
contribution of the non-zero modes is then determined by

=<

<0,0exp( Z "2%) exp<— Z %w 10, 0) (12.78)

m=1 n=1
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A

y k,

Figure 12.4 s-channel exchange contribution to A,.

and this is most easily evaluated using the ‘coherent state’ methods,
described in Appendix C. Using the result

(:etieBry = B (12.79)

it is apparent that we only need

<AB>'=<0,0\(i ’%%)(— Z f‘%y) 0,0y
= 1 R

x

= Z kzr'zk3y” = — k,. k3In(1 — y). (12.80)
n=1
Putting these results together we get (the Veneziano® amplitude)
1
Ay ~gzj dyy 231 —y)""~2= ng(— % -1, - é -1 (12.81a)
0 \
where
t=(ki+ ky)* = (ky+ k3)* = 2k, . k5 — 4 (12.81b)
and B is the beta function
! _ _1_T@r)
= Tl —x) e 12.81
B(a, b) Jodxx 1-x) s h (12.81¢)

Note that because the gamma functions have poles where their arguments
are .zero or negative integers, the amplitude A, has poles when
s,t=-2,0,2,4,.... This result is in accord with what we would expect
from field theory considerations. We have already established in (12.68) the
existence of a non-zero three-tachyon vertex, when all three tachyons are
on-shell. Thus there ought to be a contribution to A, arising from the
exchange of a tachyon (7T') between the pairs k;, k, and k5, k,, as shown in
figure 12.4.
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ky ks

Ky K,

Figure 12.5 t-channel exchange contribution to Aj.

Our experience of field theory leads us to expect a pole in the amplitude
from the propagator of T which contributes (k* — m%) ™!, where k is the
momentum of 7, and my is its mass. Thus using energy-momentum
conservation, the pole is when k= (k, + k,)* = s = =2, in accordance
with the vanishing of the argument of the gamma function I'(—s/2 — 1) in
A,. The other s-channel poles arise from couplings of the tachyon to the
massless vector, as suggested by (12.73), and to the whole tower of massive
string states. In the same way the -channel poles may be understood to arise
from exchanges between the pairs &, k3 and &, k4.

The fact that this amplitude (12.81) is symmetric under the interchange of
s and tis, however, quite amazing from a field theory viewpoint. It amounts
to the statement that the diagrams in figure 12.4 are equal to the diagrams in
figure 12.5. More generally, for N-point amplitudes, A is invariant under
cyclic interchange of the momenta k,, k,, ..., kxn.

12.4 Bosonic closed-string amplitudes

The evaluation of closed-string amplitudes proceeds analogously to that of
the open-string amplitudes. The principal difference arises because the
world sheet for a closed string is (topologically) a sphere, and the external
particles puncture the sphere (generally) at finite points. As explained in
§12.1, the world sheet can be transformed to an ordinary round sphere, and
then mapped onto the entire (complex) place. Then after the Wick rotation
v =171 the right-moving part of the world sheet Xz(r — 0) becomes a
function Xg(z) of the complex variable

7= el(r=0) = ¢=2(r +i0) (12.82a)

while the left-moving piece X (7 + o) becomes a function X;(2Z) of the
complex conjugate variable

3=l o) 2 =2 o) (12.82b)
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There is a difference too in the propagator. The closed-string mass formulae
are given in (7.84), (7.85), (7.86), and using the expressions for Ly, L, given
in (7.65), (7.66) we see that the Hamiltonian H, given in (7.67), is

H=2(Ly+ Ly—2) = - ¥(p* — M?) (12.83)
so, with the same normalization as (12.46), we take the propagator to be
~ 1 -
A=%(LO+LO—2)“=%J dpphotla=3 (12.84)
0

where we have introduced the integral representation analogous to that
givenin (12.47). However, we also have the constraint (7.87) which requires

(Lo — Lo)lg) =0 (12.85)

for any physical state |¢). Since this constraint has not been incorporated
into (12.84), it is clear that non-physical states will be propagated by A. To
restrict the propagation to physical states obeying (12.85) we modify A to

1 [ T P_s i1 d’z ; _,.i -
A= dpJ7 dqppL(1+Lu 3el¢(Lu_Lo)=_I ———ZL() léLu 1
”Jo 0 47 \zs1‘Z|2
(12.86a)
where
z=pe'? (12.86b)
d’z = pdpdeg. (12.86¢)

Just as in the open-string case (12.43) the amplitude for a general (tree)
scattering process is given by

Ay =gV T AL KV (k) AV (k3) - - AV, (ky - )| An i ky)
+ permutations (12.87)

with g the string coupling constant, and the vertex factors V (k;) character-
ize the absorption of a state |A;) of momentum k; (at the point
(7, o) = (0, 0)). Since there is no well-defined order for the N — 2 emitted
particles, the amplitude A, includes a sum over all permutations of the
vertex operators. Then, just as the open-string amplitude is symmetric under
cyclic reordering of the N external particles, so the closed-string amplitude
includes all possible orderings of the N external states.

The separation of the world sheet X#(z, g) into right- and left-moving
pieces also entails a similar separation of the vertex factors V,(k), so

Va(k) = Var(k,0_ = 0)V, (k, 0, = 0) (12.88)

with o, defined in (12.35¢). L, ZO generate translations of o_, o for the
right- and left-moving pieces, so
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Var(k, T — 0) = 2~ DLV L (k, 0) e 73~ 9Ly (12.89a)
Vai(k, T+ 0) = 20+ 0Ly | (k,0) e 2+ 9L, (12.89b)

which, asin (12.51), can be rewritten in terms of the variables z, Z introduced
in (12.82):

Var(k, 2) = 2507 'Wyg(k, 1)z~ h ! (12.90a)
Varlk, 2) =257 (k, 2B L, (12.90b)

As before these are precisely the factors that appear in the propagator A
givenin (12.86). For this reason the final expression for A is very similar to
(12.56):

N-2 NZ1 5

g d“z; -

Ay= (—) 4r —3 A k| Va,(ka, 1, D)V (ks 23, 23) < -
dr o L4 P2

X Voo (kv — 152y — 15 Znv - 1)|AN; ky) + permutations (12.914a)
with

X Valk, z,2) = Var(k, 2)VaL(k, 2) (12.91b)
as in (12.88). The domain of integration is

D 0<|zy_q| <l|zw_al < <zl <1, (12.91¢)
In this case the simplest amplitude, the three-tachyon vertex is
As = g(0; ky| e XD e T XD|0; o) = g(0; Kyl €7 ¥105 k5)  (12.92)

since only the zero-mode part of the vertex operator is activated. The
external tachyon states are defined by

105 k) = e *¥|0)g |0}, (12.93)
(with k* = —8). Then as in (12.68)

Az = g(0; ky1]0; ks + k3) (12.94a)
that is

A~g (12.94b)

omitting the energy-momentum-conserving 5-function multiplied by (27)”.

Similarly the tachyon-tachyon—graviton vertex may be derived in a way
that closely parallels the tachyon-tachyon—vector vertex in open-string
theory:

A3 = g<0, klyvg’&(kz, 1, 1)|0, k3> (129561)

where
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Vedk,z,2) =W, (z,5) e F- XD (12.95b)
with W, (7, 0) given in (12.42). Using the expansions (7.26), (7.27) we find
We d(1,1) = € (3p, + 2, )(3p, + 3a,). (12.96)

Ay =180 kil€8” p,p, 10y ky + k3) ~ 5ge57 ks ks,
= iges’ky ki, = — 1g8€87ks,. k1, (12.97)

using energy-momentum conservation and the transverse properties
(12.41b) of €5”.

We leave the other closed-string three-point vertices as exercises and turn
now to the four-tachyon scattering amplitude. Equation (12.87) gives

Ay= g2<0; k1| Volkz) AVo(k3)I0; ky)

+ 8505 ki Vo(ks) AV(k2)[0; k) (12.98)
and, using (12.86), we can write the first term as in (12.91) as
2 2
L] CokValk 1 Vol z D0 k. (1299
il st

Similarly, we can use the propagator in the second term to write it as

g d?z I
4 ) 1W<O;k1w°(k3’z L E ) Volks, 1, 1)[0; ka). (12.100)

Now change variables in this term to

w=z"! =3 (12.101)
so that

d’z  dw

122 = W (12.102)
Then

2 2
A, = %Ji—‘iw; ki | P[Vo(ka, 1, DVo(ks, 2, )]10: ks)  (12.103)

where the region of integration is the whole of the z-plane and P is an

ordering operation, defined by

Vo(kz, 1, 1)V0(k3, 2, 2) ]Z} = 1

P[VO(kZa 1, )Vy(ks, z, 2)] = {V()(kS’ 2, Z)Vo(kz, 1,1) ‘21 >1. (12.104)

The factorization property (12.88) of the vertex operator means that the
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integrand in (12.103) also factorizes into left- and right-moving pieces. The
contributions of each of these is readily evaluated as in the open-string case
(see (12.77) to (12.80)). First note that using the notation (12.82)

Xz, 2) = Xr(2) + X5{(2) (12.105q)
with
X4%(2) = 3x“ — ip“ Inz+ % Z akz " (12.105b)
n#0
XH(3) = ha — %p” Inz + % Z GHE (12.105¢)
n#0

Thus the zero-mode part of V(ks, z, 2) gives
exp(—i k3.x — 3k3.pIn 22)|0; k,) = e~ k¥ (zz) 7k ki/d — k4
— ‘Z|_k3'k4/2+2|0;k3 + k4> (12106)

since for the closed-string tachyon state k% = —8. Asin (12.80), the non-zero
mode contribution is

(1 —2) R K41 — z)he kv (12.107)

SO

A4 = iﬁjdzz{z(—krsz“ — Z{_kz'ks/z. (12108)
4

The general expression for integrals of this and more general forms is
given in Appendix D (see (D11)).

Thus®
A, = & T(1 = k3. ky/HT(1 — ky k3 /HT(1 = ky .k3/4)
4 T(ks. ks/ AT (ky . k3 /DT (Ky . k3 /4)
e ot s 12.10%)
where
s=(k, + ky)? =2k, .k, — 16 (12.109b)
t=(ky+ k3)* =2ky. k3 — 16 (12.109¢)
u=(k;+k3)*=2k; . ks~ 16 (12.109d)

now, because of the different tachyon mass. As expected this has poles at

s, t,u=8n—-1) n=0,1,2,... (12.110)
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corresponding to the tachyon, {massless) graviton, anti-symmetric tensor,
dilaton, and the whole tower of massive string states.

The factorization (12.88) of the closed-string vertex operator into vertex
operators (12.894) and (12.89b) associated with the right- and left-moving
modes, suggests that the result (12.109) might also be separable. Also, since
both of the vertex operators (12.89a) and (12.89b) are similar to the open-
string vertex operator, we might suspect that our result is expressible in
terms of the open-string result (12.81) for the four-tachyon scattering
amplitude. It is easy to verify that this is the case. Using the elementary

property
F(x)I'(1 = x) = n/sin 7x (12.111)
we see that®®

ngilosed(S, 1, Lt) _ sin 71t/8

t t u
Aopen st Aopen (- 2% 12.112
polparelpy) 02

where AP(s, r) is given in (12.81).

12.5 The superstring vertex operator

In order to calculate scattering amplitudes for a superstring theory, it is
obviously essential to construct vertex operators for three basic processes:
(i) the emission of an on-shell bosonic state from a bosonic string; (ii) the
emission of an on-shell bosonic state from a fermionic string; and (iii) the
emission of an on-shell fermionic state from a bosonic string, changingitto a
fermionic string. (The latter will then fix the emission of an on-shell
fermionic state from a fermionic string, changing it to a bosonic string.) One
might suspect that the first of these, involving only bosons and the bosonic
string, would be covered by our earlier treatment in §12.2, and indeed it is
true that we require the vertex operator V,(0), describing the emission of
the bosonic state A from the point 7 = 0 on the edge of an open string, to
have conformal dimension

J=1. (12.113)

However, in a superstring theory V,(0) is constrained by the Virasoro
super-algebra; the rescalings (12.10) are now merely special cases of the
world sheet super-reparametrizations that preserve the super-conformal
gauge (8.28), (8.29). In the (open-) superstring theory we now require the
existence of an operator W, (0) such that

VA(0) = [G,, WA(0)]= (12.114)

for all » € Z + 3. We take the commutator [ , ]_ or anti-commutator
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[ ., ]+ depending upon whether W,(0) is a world sheet bosonic or
fermionic operator.

Then it can be shown (Exercise 12.10) that V,(0) has the required
conformal dimension J = 1 if and only if W,(0) has conformal dimension
J = 1. We can verify this as follows. Take

WA(0) = :exp(—i k. X(0)): (12.115)

with X(z) having the usual (open-string) expansion, as in (12.27). Then
using
G,=- Z bE_ (12.116)

neZz

which is the open-string analogue of (8.76), we find‘®

[G,, WA(0)] = — V2k.p(0) :e 7 % X©, (12.117a)
where
1 )
Y1) = —= bte i (12.117b)
\f re ZZ 172

is the (~s) world sheet fermion field. Now, the invariance of the superstring
action (8.1) under the rescalings (12.10) requires that ¢ (and $*) acquire a
factor of A~? under the rescaling, which is consistent with 1 having
conformal dimension J = 3. Thus in this case V,(0) defined in (12.114) will
have the required conformal dimension J = 1 if and only if the conformal
dimension of W, in (12.115) is J = 1. We have seen already, in (12.28), that
the conformal dimension of W, is —k%2, so we only get the required value
for k* = —1, which corresponds to the tachyonic state that is removed by the
GSO projection.

The (undeleted) massless vector state |v; €, k) having momentum k and
polarization vector € is given by

;€ k) = — €,b%1,[0; k). (12.118)
This suggests that to construct the vertex operator we take

W, = — V2e.p(0) e KX, (12.119)
which has J = 1, since k> = 0. Then

V,={G,,W,} (12.120)

in which we take the anti-commutator of G, with W,, since both are
fermionic, has the required conformal dimension J = 1. This may also be
readily verified by calculating V,, explicitly, which gives®

V, = [—€.3.X(0) — 2¢.p(0)k .yp(0)] e ¥ O, (12.121)
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The general rule is that if W is a bosonic operator (on the world sheet), such
as (12.115), involving an even number of ys, then V is constructed using the
commutator with G,, as in (12.114). However, if W is a fermionic operator
on the world sheet, such as (12.119), involving an odd number of ys then V'is
constructed using the anti-commutator with G,, as in (12.120). In fact we
saw in §8.8 that the Gso projection deletes states involving an even number
of is in the Ns sector, so we will only ever need the anti-commutator
(12.120) for physical processes in this sector.

In the Ramond sector, describing space-time fermions, the bosonic
emission vertex operators have essentially the same form as when emitted in
the Neveu-Schwarz sector; a vertex operator is associated with emission at a
specific point on the world sheet, and this should not be affected by the
difference in boundary conditions which is the only distinction between the
space-time bosonic (Ns) and the space-time fermionic (r) sectors. The
formulae (12.114) relating V4 to W, must have G, replaced by F,, with

F,=- Z A%, _ (12.122)
nelZ

which is the open-string analogue of (8.78), and the upshot is that one simply
uses the expansion (12.117b) of y*(7) in half-integral modes for emission
from a bosonic (Ns) string or

YH(r) = —\172 Z diye™ " (12.123)

nelZ

for emission from a fermionic (R) string.

The vertex operator (V) that describes fermion emission”) from a
bosonic string is altogether more complicated. It must change the incoming
bosonic string into an outgoing fermionic string. In the r-Ns formulation
that we are using this entails changing the boundary conditions of the y*
field. Thus V must be associated with a cut on the world sheet with a
branch point at the specific point where the emission occurs, and it is
difficult, at first sight, to see how to construct such an operator from X*, y*.
The trick is to bosonize the rR—Ns fermions in pairs:

R S e R (12.124)
and then construct the spin operators

DYy =™ o, (12.125)
Then

0, = DL1sD112D%12D%1 D212 (12.126)

has 32 (=2°) components and transforms as an SO(10) spinor 16 + 16
representation, and creates the required cuts in all of the y*. However, 0,
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has conformal dimension 3 and has to be augmented by a (ghost spin)
operator 2, 1, having dimension 2in order to obtain the requisite J = 1. Itis
beyond the scope of this book to give further details of this, and we refer the
interested reader to the extensive literature on this topic'®. Suffice it to say
that the vertex operator

Ve=3.,,0%0,¢e %X (12.127)

relates to the emission of a massless fermion of momentum k described by
the spinor ©®, and so

T“ku =0 (12.128)

with I'# the 10-dimensional gamma matrices. It is also true, but not obvious,
that the appearance of the super-conformal ghost operator X 1/, is compat-
ible with the decoupling of these ghosts, as well as the time-like ghosts
discussed in §8.6.

The extension of all of these considerations to the closed superstring is
straightforward, and very similar to that given in §12.2 for bosonic string.
This is because the left- and right-moving components are essentially
independent in the closed string, and each behaves very much like the open
string. As in (12.88), the vertex operator factorizes into left- and right-
moving pieces:

VA = VALVAR (12129)
and we require that the conformal dimensions satisfy
Jo=1=Jg. (12.130)

Consider first the massless (ten-dimensional) graviton bosonic states (8.168)
that survive the Gso projection with momentum k and polarization tensor
€,»- Then the associated vertex operator is

Vedk) = €u[0_X& + 2Rk YR8 X1 + 3pik .y e X (12.131)
in which the right- and left-moving contributions are obtained by computing

the anti-commutators of G, and G, with
ph e ik X,
analogously to (12.121); 34 are defined in (12.42c¢).

The vertex operators for the other massless states in (8.166), (8.167) and
(8.169) that survive the Gso projection are constructed similarly. Thus for
the (ten-dimensional) gravitino fermionic states (8.166) having momentum
k and vector spinor u,; of definite chirality, the vertex operator is

Vg, k) = 7058080 X + dytk oy e X (12.132)

where 3R, is the right movers’conformal ghost operator, and OF is defined
as in (12.126) for the right-moving r—Ns fermions.
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12.6 Superstring scattering amplitudes

As in the bosonic string we consider only tree scattering amplitudes. We
start with the N-boson amplitude Ay. As before, we expect that the
superstring amplitude has the form (12.43)

An=8" "X Va,(k2) AVA(k3) - - - Vi, (k= 1)lon) (12.133)

and that for suitably chosen vertex operators V,,, and propagator A, this will
possess the usual properties of unitarity and, in the case of open strings,
cyclic symmetry. The propagator is determined, as before, from the Hamil-
tonian. For the open string we have

H=-3p*-M)=Ly—a (12.134)

where, in the bosonic (Ns) sector, Ly is given by (8.93) and ang = 3, as given
in (8.154). Thus we take the superstring propagator to be

1
A=(Ly—-H'= [ dz z%0 %2, (12.135)
0

Then proceeding as in §12.3 it is easy to show that Ay is given precisely as in
(12.56) by

N-1

. dy,
av=e""| ] LglVatha DVaka,ya) -
@ Vi

i=3 7!
X Va,_(kn - 1.8 - 1)lon)- (12.136)

However, it is not possible to proceed as we did before to obtain the form
(12.64) which facilitates the proof of cyclic symmetry. The problem is best
illustrated by considering an N-tachyon amplitude, even though the Gso
projection deletes this state. We see from (12.62) that the incoming tachyon
state |0; k) is obtained from

|0; k) = 1im0zk2/2e—ikXyo,o> = lim 27 12Wy(k, 2)[0,0).  (12.137)

Then the analogue of (12.64) will involve N — 2 V-operators and two
W-operators, rather than the N V-operators we had in the bosonic string;
this derives from the conformal dimensions of the operator W, being
—k?/2 = ] rather than the J = 1 of the vertex operators V. For this reason
the proof of cyclic symmetry is most readily given in a different ‘picture’ to
the one we have discussed so far. It is beyond the scope of this book to give
details of the alternative (F,) picture or its equivalence to the (F,) picture we
have used hitherto. The interested reader is referred to other texts® for
this.
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The simplest amplitude is the three-point function Aj;. Since the tachyon
state is deleted by the Gso projection, the lowest-mass bosonic state is the
massless vector state. The three-vector vertex” is

A3 = g<va €1, kl ‘Vv,ez(kZ)‘v; €3, k3>
= g(0; ke, . bl/ZVv,ez(k2)€3'b—1/2’0; k3). (12.138)

Using the vertex (12.121), and exhibiting only the active modes in this
amplitude, we find

Viealks) =[—€.p— &.b_ 1k .byjy + ko . b_156,.b1)5] et (12.139)
Thus, using the anti-commutation relations, we find
A3 = g(El . E3Ez.k3 — €. €2€3.k2 + €] .k2€2. €3) = %g[El €€z, (kl - kz)

+ 62.6361.(162* k3) + €3.€1€2.(k3 - kl)] (12.140)

Just like the (open-) bosonic string amplitude (12.74), this amplitude is Bose
anti-symmetric, and survives only in a non-abelian theory. However, unlike
in (12.74), there are no additional O(e') terms; superstring theory delivers
precisely the three-vector interaction vertex of the Yang—Mills Lagrangian.

For the closed superstring, the analogous process is the three-graviton
vertex. We leave it as an exercise to show that using the graviton emission
vertex (12.131) we get

Az = %gefaflzl%gﬁ[ﬂpﬂ(kl = k2)o + Nualka = K3)p + Nap(kz — k1),]

X [Nonlky — k2)g + 0,5(ks — k3)g + 11go(ks — k1), (12.141)
Thus if we write the open-string three-vector amplitude (12.140) as

ASP" = geles 5V, 0k s Koy k) (12.142)
we see that the closed-string three-graviton amplitude (12.141) is given by
A§Y = geet PV, 103kt s Sk s 3h3)Vos(aks s 3Kz, 1K) (12.143)

This gives precisely the same three-graviton vertex as that implied by the
Einstein-Hilbert action of general relativity:

gGR =V _g% (12.1440)
where
g = det(g,,) (12.144b)

and R is the curvature scalar. In the weak-field limit, in which g, (x) is
expanded about the flat metric 7,,,:

g/w(x) =Ny — Kh/w(x)

£sr generates trilinear terms in the graviton field 4, which reproduce the
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vertex (12.142) for on-shell gravitons (Exercise 12.14). This is one of the
string theory ‘miracles’. Nothing like space-time reparametrization invar-
iance was input into the string action, and yet it has emerged in the effective
action.

As before, the first non-trivial amplitudes are the four-point functions.
For the open-string four-vector amplitude we need

A4 = 82[%2'@; €, kllvv,éz(kZ’ 1)Vv,53(k3 ’ Z)‘U; €4, k4> (1214561)
where

|U; €, k> = €.b_1/2|0; k> (12145b)
and

Volk,z) = — :[iz€ 9, X(2) + 2e. w(2)k. p(z)] e ¥¥D (12.145¢)

with z = e'7, as in the bosonic string. The existence of the fermionic modes,
as well as the additional complication of the vector vertex, make this
calculation considerably more involved than that for the four-tachyon
amplitude that was carried out in §12.4. It is nevertheless straightforward
and we merely outline the calculation. First we use the zero-mode contri-
butions to the exp(—i kX)) factors to write

A4 = gz[dZZ_S/2~ 1<O,k1 + k2l€1.b1/2:['—62.k1 + Z 6. Q,,

m#=0

+ 2k21/)(1)62w(]):|W0(k2, 1)::|:€3.k4 + Z €3. oz,,z—"

n#0
+ 2k3.1/)(2)63.w(2):{W0(k3, 2)264.17_1/210; k3 + k4> (12146a)

where

ES

Wolk, z) = exp(— i k—‘;—l_—pzp> exp( Z k. ag z_q) (12.146b)

p=1 g=1 1

and because the vector particles are massless
s=(ky + k2)? =2k .k,
t=(ky + k3)* = 2k, . ks
u=(ks+ ki) = 2ks.k;. (12.146¢)

This splits into four pieces as follows. First, there is the contribution
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proportional to the bosonic piece of both square brackets. This may be
evaluated using the previous results in (12.78) and (12.80), as well as

z
1-z

Z €.y, , Wo(k3, Z)} = — €. k3 Wo(k3, Z) (121470)

“m >0

Wo(kz, 1), Z 63.01,,2_”} = 63.k2 z Wo(kz, 1) (12147b)
1-z

- n<0

' e D S

Z €. Q,,, nZO €., } =— 6.6 a-2° (12.147¢)

Next there is the contribution proportional to the fermionic piece
ks.y(1)e,. (1) of the first bracket and the bosonic piece of the second
bracket. The fermionic operators generate a factor €, . kye,. €4 — €. €k, " €4,
and the remaining bosonic piece can be determined as above. Similarly the
bosonic piece of the first bracket multiplied by the fermionic piece of the
second generates a factor €;.kze;.€4 — €;.€3k3.€;. Finally, there is the
contribution proportional to the fermionic piece of both square brackets.
This requires the evaluation of

(Oley . byjoky. (1) ey w(Dks. Y(2)es. Y(2)&s . b_1[0).  (12.148)
This too is straightforward (but tedious) and uses the contraction

Vz
1—-2z

Oly*(Dy"(2)|0) = — n* (12.149)

extensively. The final result is that

1 L T(=s2T(=1/2)
As= =38 T(1 + u/2)

{— ilstezen + suezen + tuepy€s)

+ 35[k14kaa€24 + koskir€rs + Kiskan€rs + ok €14)

+ Stlkarkaz€st + kaakia€s + kpukizess + kyikyz€n]

+ Julkizkyz€sy + kaako€rs + kiakosess + kapkyre]}  (12.150a)
where

€= €.€ kj=¢€.k;. (12.1506)

The calculation of the analogous process for the closed superstring, namely
the four-graviton amplitude'®, proceeds similarly, and, as in (12.112), the
final result is expressible in terms of the open-string four-vector amplitude
(12.150). If we write the latter as
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o 2T(=s/)T(~t/2)
aper = 2 U B g eleleVopolla e ki) (1215)

then the required closed-string four-graviton amplitude is given by
ALl = g2C(s, 1, W)€ e €1 €4 Vg s (Bhr S 3 B)
X Va’ﬁ’y’é’(%kl 3k, 3ks, Sky) (12.152q)
where
C(=s/B)I(—t/8)I'(—u/8)
F(1 + s/8)(1 + #/8)T(1 + u/B)

C(s,t,u)y=—-m (12.152b)
As expected, both open- and closed-string amplitudes have no tachyon
poles, and possess the poles from the massless and massive modes in the
superstring spectrum.

The only other amplitudes that we address are those (tree) processes in
which bosons are emitted from a fermionic string. Thus there are two
external fermion lines, and, if bosons are emitted, the required amplitude is
given by® an expression analogous to (12.133):

Az n =M W SW,S - - - SWylyy) (12.153)

where |y;) and |y,) are physical fermion states. For the open string these
satisfy

Flv)y=0 m>0 (12.154)

analogously to the closed-string constraint (8.104). Actually the constraint
equations also require

Foly) =0 (12.155)

since there is no normal-ordering ambiguity. Also, asin (8.111) and (8.115),
we see that

Fi=L, (12.156)
so Fy plays the role of the Dirac operator, and
S=Fyl=F)L5! (12.157)

is then the analogue of the fermionic propagator that is needed in (12.153).
The factors W, are precisely those discussed earlier in this section. So for
vector emission we use the vertex operator given in (12.119), but now, since
we are concerned with emission from a fermionic string, we use the Ramond
sector expansion of

W) = \i@ Z deminT, (12.158)
neZ
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In the case of the open string the simplest example is the emission of a vector
particle from the Ramond (spinor) ground state

0; k)qu®(k) (12.159)

where a is the (summed) spinor index and u*(k) is a (massless) spinor. Then
(suppressing the spinor indices)

A 1 = gtk )(0; k11Wv,ez(k2)iO§ ksyu(ks)
= — gi(ky){0; ky|€xdo|0; ky + ka)u(ks)

1. -
A igesu(ky)y,ulks) (12.160)
where the last step follows because the operators
y*=iV2dy (12.161)
satisfy the Clifford algebra
{rev"y =29" (12.162)

as in (8.124) and (8.125), and therefore are represented by Dirac matrices
(also denoted by y*) acting on the spinor indices. We note that this is
precisely the gaugino vertex contained in the (non-abelian) vector superfield
Lagrangian (3.138).

The analogous process for the closed string is graviton emission from a
gravitino (ground) state. For example we consider the gravitino state of
momentum & described by the vector spinor u* which is constructed from
the right-moving Neveu--Schwarz ground state and the left-moving Ramond
ground state:

& ut, k) = — b2 5|0; k)r|0; k)t (k) (12.163a)
v Pk (k) = 0 = k*u, (k) (12.163b)

The required graviton vertex operator is then constructed using the bosonic
right-moving prescription tensored with the fermionic left-moving recipe:

€[0: X%(0) + TRk Yr(0)] 91 (0) e F¥. (12.164)
The amplitude for graviton emission from a gravitino then factorizes to give
As1 = 8€2p0 r(0; k1|41 (0. XR(0) + 39 R(0) Kz wr(0)1%12[0; ky + k3)r
X &, (k1) 1405 k1|9 T (0)10; ky + k) (ks)
= bgerpo[—n* (ks + k3) P + 0Pk’ — P k81, (ke )y us (ks )
= %gezpa[ﬂ’d(kl — k3)? + (ks — k) )t + 1P (ks — k)*]
X i, (ki )T u;(k3). (12.165)
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We leave it as an exercise to verify that this is precisely the interaction vertex
that arises in the supergravity Lagrangian discussed in Chapter 4.

12.7 A review of further developments

Itis beyond the scope of a book at this level to take the development of string
theory much further. In particular we shall not construct the vertex opera-
tors or scattering amplitudes for the ten-dimensional heterotic string theory
that was described in Chapter 9. We trust that a conscientious reader who
has followed the developments thus far should have little difficulty in sewing
together the bosonic string vertex operators, appropriate to the left-moving
modes of the heterotic string, and the superstring vertex operators, appro-
priate to the right movers. It is, though, perhaps of some interest to
comment on how calculations are performed in the potentially realistic
cases, such as when the ten-dimensional heterotic string is compactified to
four dimensions on an orbifold, as discussed in Chapter 10, or when a four-
dimensional heterotic string theory is constructed directly, as discussed in
Chapter 11.

The purpose of all of these calculations is to determine the effective
supergravity (grand unified?) theory that emerges at the string scale, and
then to use the renormalization group techniques discussed in Chapter 6 to
confront the low-energy (TeV scale) experimental data. We have seen in
Chapter 5 that in general a supergravity theory involving chiral and vector
superfields is characterized by the superpotential W(®;), the Kahler poten-
tial G(g}, ¢;), and the gauge kinetic function f,,(®,); as before, ®; denotes
the chiral superfields, and ¢; their scalar-field components. The most
immediately accessible of these is the superpotential W. Its form determines
the (renormalizable and non-renormalizable) point interactions of the
fields, so the calculation of these interactions enables one to infer W.

We start with the orbifold compactifications discussed in Chapter 10.
Physical states arise in both the untwisted sector (U) as well as twisted sectors
(1) and the allowed couplings are constrained by the requirement of point
group, or more generally space group, invariance. Suppose we consider a
trilinear (Yukawa) coupling of three twisted-sector states. Each is associ-
ated with the string centre-of-mass coordinates at a fixed point (f) of the
orbifold satisfying

6, Nf=06f+1=f (12.166)

where 6 is a point group element and / a lattice vector. Since f is only
defined up to a lattice vector (4)

f~f+4 (12.167)
the lattice vector / associated with fis only defined up to (1 — 6)A:
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[~1+(1-6). (12.168)

Let us denote the space group elements associated with the three fixed
points by (8;, ;) (i = 1, 2, 3). Then point group invariance requires

016293 =7 (12.169)

the identity element of the point group. Thus there is no constraint on uuu
couplings from point group invariance and Tuu couplings are always forbid-
den. For the Z; orbifold the only (left chiral) twisted-sector states T are in the
0 = w sector, so TTU couplings are also forbidden. The allowed TTT couplings
are further constrained by space group invariance. We require that

(61, 1)(62,1)(65, ) ~ (1,0) (12.170)
using the equivalences (12.168) for each i. It is easy to see that this entails
Lh+bL+5~0. (12.171)

In the case of the Z; orbifold the associated lattice vectors (/;) are given in
(10.35) and space group invariance requires the indices pﬁ,‘) to satisfy

pg) + pg) + p23> =0 (mod 3). (12.172)

There remains the problem of calculating the non-zero couplings that are
allowed by space group invariance. The simplest case is when all states are
untwisted; these correspond to states that are already present in the Hilbert
space before the orbifold construction, i.e. states from strictly periodic
loops. In this case the construction of the vertex operator is a straight-
forward application of (12.129) but now only V,y is a superstring vertex
operator; V41 is built using the bosonic string results of §12.2. The Yukawa
couplings can then be calculated, for example, by evaluating the matrix
element of the vertex operator for the emission of an (untwisted) boson
between two (untwisted) fermionic states. In fact this prescription works
also for the tTu Yukawa couplings, when they exist. The two external
fermionic states are taken to be the twisted-sector fermions, and the vertex
operator for the emission of the untwisted bosonic state is evaluated using
the expansions of X(z, Z), ¢r(z) appropriate to the twisted sector to which
the incoming fermion belongs. (Point group invariance requires that the
outgoing fermion belongs to the same twisted sector.) In this case it is clear
that the coupling is independent of the particular fixed point associated with
the twisted-sector states. Because of this the TTu and uuU Yukawa couplings
have a universal strength and there is no chance of obtaining a hierarchy of
Yukawa coupling strengths. Such a hierarchy is desirable phenomenologi-
cally, since when the electroweak symmetry breaking occurs it will convert
into a hierarchy of fermion masses, thereby explaining the huge disparities
observed in the quark and lepton mass spectrum. (It was for this reason that
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in §6.3 as a first approximation we ignored all Yukawa couplings except the
coupling of the top quark to the electroweak Higgs.)

The evaluation of the TTT couplings, in which all three states belong to
twisted sectors, is more subtle and the outcome has more chance of
phenomenological success. This is because the strength of the coupling does
now depend upon the fixed points associated with each twisted state. We
shall not give much detail, but we shall endeavour to explain how the fixed-
point dependence enters.

We consider a Zy point group with elements 8" (r=0,1,...,N—1)
satisfying

6N =1. (12.173)

As before the twisted-sector states are associated with fixed points f
satisfying

A-0N(f+1) =1 (12.174)

where /, A are lattice vectors. The twisted-sector ground states are created by
‘twist fields’ 04 /(z, Z) analogous to the spin field introduced in §12.5:

0y 12, £)[0) = |04 p). (12.175)

The required Yukawa coupling acquires its dependence on the fixed points
via the three-point correlation function

Z= <O’09k,fa(za ’ 2a)06’,fb (Zb’ 2 )00”",fc (Zc d zc)|0> (121760)
where
k+l+m=0 (modN) (12.176d)

is necessary to satisfy point group invariance (12.169) and the lattice vectors
I, b defined in (12.174), must satisfy (12.171). The correlation function
may be calculated using the path integral method mentioned in §7.9, in
which we perform a functional integral over the string coordinate fields
X'(z, 2). To do this we split X(z, z) into a classical piece (X_) with quantum
excitations (Xg):

Xz, 2) = Xi(z,2) + Xi(z, %) (12.177)

where only the classical piece feels the lattice shift when taken around the
twist field gg+« ;. The action S is given by

§= é[dzz (0.X3:X+9:X9.X) (12.178)

where X%, X® are three complex coordinates (in which the twist acts
diagonally, as in (10.27), for example). Since S is quadratic the required
correlation function Z factorizes into a quantum and classical part
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Z=2,) e (12.179)

Xel

and the fixed-point dependence enters via S . To see how, consider a loop €
enclosing the two twist fields at z,, z, with net zero twist. Thus if p and g are
the smallest integers such that

pk = ql, (12.180)

%€ encircles z, p times in an anti-clockwise sense and z, [ times in a clock-
wise sense. Then the shift in X around this closed path is

AXCI = % dz GZXCI + % dz azXcl (12,181)

€ €

and this is required to be the lattice vector v arising in the product of the
space group elements

(6%, 1)P(6',1,)77 = [67%, (1 = 67)(f, + 44)]

X [679 (1= 07T (f, + )] = (1, v) (12.182a)
where

v=(1- 6% (f,—fr +A) (12.182b)

is related to the difference between the fixed points. This determines the
overall normalization of 9,X; (or d;X), and hence the value of §,
the required correlation function, and the Yukawa coupling. Because of
the exponential suppression there is the possibility that for suitable values of
the scale factors (moduli) of the orbifold and the other (angular) defor-
mation parameters we can achieve the required hierarchy of Yukawa
couplings at the string scale needed to generate the observed hierarchy of
fermion masses. Recent work!!® suggests that a reasonable fit to the
physical fermion masses is feasible for some orbifold models. However, the
Yukawa couplings also determine the mixing of the electroweak eigenstates
to form the mass eigenstates. This is encoded in the Cabibbo-Kobayashi—
Maskawa matrix, and there is no possibility of fitting its parameters, at least
at the renormalizable level.

In fact, the calculation of the interaction terms in the Lagrangian (or the
superpotential W(®;)) is not sufficient to determine the coupling strength of
the physical fields because, until the Kéhler potential G(g, ¢; ) is known, we
do not know that the string states have canonical kinetic terms; diagonaliz-
ing and normalizing these could enhance or weaken any hierarchy emerging
from the superpotential. The derivation of the Kahler potential from string
amplitudes can be done, at least for untwisted moduli fields (U,). The
upshot is that the quantity
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2
Gie G

=_9Y 12.183
T o, 9¢) ( )

defined in (5.40), which multiplies the kinetic term D,,¢; D*“¢’" in (5.38), has
the generic form

3
Gj~o; [ | (Uat UH™ (12.184)

a=1

with the ‘modular weights’ p,; fractional numbers typically in the range
(=1,5). Thus there is a power law hierarchy as well as the exponential
hierarchy already discussed.

We saw in Chapter 3 that the convergence of the gauge coupling constants
in the supersymmetric standard model provides the best (circumstantial)
evidence so far for supersymmetry and grand unification. String theory also
requires the gauge coupling constants to have a common value'", so one
might also construe the above convergence as evidence for string theory.
However, the unification scale from the string is at 10'® GeV, significantly
higher than the energy scale (10'® GeV) at which the coupling constants are
‘observed’ to converge. So the convergence is also the best evidence against
string theory. It may be that there is additional so-far-unobserved matter,
beyond the reach of current accelerators, but lighter than the unification
scale. This matter would affect the running of the coupling constants and
could delay the unification. There are certainly models in which this
occurs!?), Alternatively, it may be that the massive string modes generate
threshold corrections that have the same effect, although this has not so far
been achieved in model orbifold calculations!®. At any rate, the aesthetic
and theoretical arguments for string theory, that it is the only known theory
that can provide a consistent quantum theory of all of the interactions
observed in nature, remain compelling. The ‘evidence’ against it is recog-
nized as a problem, but it is not (yet?) regarded as fatal.

The fact that the gauge coupling constants unify at the string scale is not
necessarily evidence of non-abelian unification. However, the fact that the
known matter is organized into (three complete generations of) a few
representations (5, 10, 1) of SU(5) or a single representation (16) of SO(10)
certainly points towards a grand unification group that contains something
like these groups. If we assume, as we shall, that this (supergravity) Gur
originates in the string theory, then the possible models are constrained by a
(fairly) general theorem that excludes the existence of matter in the adjoint
or higher representations!’¥). This means that the minimal SU(5) theory,
which we discussed in Chapter 6, cannot emerge from string theory; the
adjoint scalar multiplet X, introduced in (6.16) in order to break the SU(5),
does not occur. The allowed matter representations are 5, 10, 1 and their
conjugates. Thus we require a GuT with electroweak and cut Higgs particles
in one or more of these representations. The flipped SU(5) X U(1) model is
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then a prime candidate in this context, and realistic models have been
constructed using the direct construction discussed in Chapter 11, in which
all degrees of freedom other than these relating to the four-dimensional
space-time are fermionized'. The model is called “flipped’ because,
compared with the ordinary (minimal) SU(5), lepton and quark flavour
assignments to the representations are interchanged (or flipped). Thus the
assignments are now

5:L,uf (12.185a)
10: Q,d°,v* (12.185b)
1: e (12.185¢)

where L, O denote the (left chiral) lepton and quark doublets, and u“, 4, v,
e the corresponding singlets. Although the SU(3). and SU(2); gauge
groups are (still) embedded in SU(5), the U(1)., is not, as is immediately
apparent from the assignment of e‘ to a singlet representation. This is why
the Gut must be enlarged to SU(5) x U(1). The appearance of the electro-
weak singlet v, in the 10 also indicates that the SU(5) can be broken using
this representation for the GuT scalars, rather than the adjoint (24) scalars of
the minimal SU(S). It is also natural that besides the (three generations of)
chiral matter there is additional ‘vector-like’ matter, in this case in § + 5 and
10 + 10 representations, besides the Higgs scalars required to ensure the
spontaneous breaking of the cuT and electroweak symmetry breaking. This
additional matter removed the gap between the ‘observed’ unification scale
of 10'® GeV and the string unification scale of 10'® GeV, as discussed earlier.

As already mentioned, any specific string model generates a unique
supergravity theory that can in principle be compared with experiment. In
practice, though, it is necessary to make additional assumptions. For
example, besides the ‘observable’ sector of the theory, which houses the cur
that we have been discussing, there is a ‘hidden’ sector, with respect to
whose gauge group all observable matter is a singlet representation. The
hidden-sector gauge couplings are assumed to become large at an intermedi-
ate scale and trigger supersymmetry breaking via hierarchically small, soft,
supersymmetry-breaking parameters. In principle what happens is fully
determined, but in practice these non-perturbative effects are not really
calculable, and we have to supplement the model with assumptions about
the precise nature of the soft supersymmetry-breaking parameters. Even so,
the number of parameters is considerably less than the 20 or so of the
minimal SU(5) supergravity GuT discussed earlier. Such models are at the
level of making falsifiable predictions'® for the particle and sparticle
spectra, which should be tested soon at the Tevatron and LEP 200. This
interplay between string-inspired models and experimental data is the only
method currently available for determining which particular string theory
really is the ‘theory of everything’.
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Exercises

12.1 Check that the operators L, in (12.18) obey the Virasoro algebra
(7.96) without the central extension.

12.2  Verify (12.26) for n # 0. Hence show that 4, X has conformal dimen-
sionJ = 1.

12.3 Show that :exp(—ik.X(z)): has conformal dimension J= —3}k’
directly from (12.21).

12.4 Verify (12.62).
12.5 Calculate the open-bosonic-string vector-vector—tachyon vertex.

12.6 Show that the O(k%) term in the three-vector vertex (12.74) would
arise from an effective Lagrangian tr(F,"F,PF /).

12.7 Calculate the closed-bosonic-string graviton—graviton—tachyon ver-
tex.

12.8 Calculate the closed-bosonic-string three-graviton vertex.
12.9 Verify (12.112).

12.10 Show that if the superstring vertex operators V, W, are related as
in (12.114) then V, has conformal dimension J =1 if and only if W, has
conformal dimension J = 1.

12.11 Show that the invariance of the superstring action (8.1) under the
rescalings (12.10) requires that # acquires a factor A~"? under the rescal-
ing.

12.12 Show that if the open-string state |v; €, k) is a physical state, obeying
G1/2|w> =(0thene.k=0.

12.13 Show that the closed-superstring three-graviton vertex is given by
(12.141), and verify (12.143).

12.14 Show that the (Einstein—-Hilbert) action (12.144) generates the
three-graviton vertex given in (12.141).

12.15 Verify (12.147) and (12.149).

12.16 Calculate the gravitino—gravitino-graviton vertex deriving from the
supergravity action (4.65).
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WEYL SPINOR FIERZ IDENTITIES

We summarize here the complete set of Fierz identities for Weyl spinors.
They may all be derived from the matrix identities (1.85) and (1.88), which
in an obvious notation may be written as

1x1=30“®g7, (A1)
or

1x1=3[181-0""8®7,,] (A2)
Then besides the immediate identities (1.87) and (1.89):
(60)0m) = = 36 (x®) — (06" 0)(10,,9)] (A3)
(09)(7) = — 3(60*7)(7T, ¢) (A4)
we have
(09)(x0"7) = ~ 3[(B0*T)(x@) + 2(80,7) (10" ¢)] (AS)
(69)(7T“n) = = 3[(6M)(XT" @) — 260" 1)(75,¢)] (A6)
(00“F) (20" ) = — 3[(80"T) (10" @) + (80" 7)(x0* F)

= (00" (x0:F) — i € (080,77)(20: )] (A7)
(60“G)(xT"n) = =3[0 (6n)(ZF) + 260" N)(ZF)

= 2 (x5 ) — 480 " n) (75 B)] (A8)
(09)(x0*"n) = = () (x0* @) + (80" 1) (xe)

— (60**n)(x0:"®) + (60" n)(x0:"¢)] (A9)
(69) (35 77) = =3 [(80" T) (75" ¢) — (60" T)(7T" ®)

+1 €00, (75, ¢)] (A10)

(60" @) (xa’7) = 3[n““ (00" T) () — 1™ (B0 7 (xp)

+1 €00, 7) (xg)] + H(60 ) (0 )

— (80 “7) (0™ ¢) + i €*(680,7) (10, ¢)] (A1)
(80" ) (75" 1n) = = 4[n"* (O (XT %) — 0" (On) (X" ¢)

+ 1€ (0n)(70,9)] — 2[(80"*n)(Z5"p)

— (80" ) (7T ¢) + 1 €V (80, n)(%5, ®)] (A12)
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(80 ") (7T*7) = — 81" 1™ = 0" n**)(60° ) (AT )
+ (00" ) (%G @) + 1" (60 n)(70"¢)
— 1" (80 “n) (x5 * @) — 1" (80’ n)(XT"p)
+ "0 “n) (75" @) + 1** (00" 7) (X0 p)
—n*Y00"n) (75" @) — n** (60" N)(XT"¢)
+i e (00,n)(75" ¢) — i "7 (80,7) (0 %)
— i €007 n)(%0,) + 1 €7 (60" n) (%8, ))- (A13)

We leave the verification of these as an exercise in which the following
identities may also prove useful:

oot = — %[n”;‘ov — o4 + ie“”"op] (A14)
gho" = st — n"G +ieMG, ] (A15)
Guvaki P %[n/mnv}. _ ny},nvx +i E/uuc/l

+ 20" 0" + e = e — e ). (A16)
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CYCLIC SYMMETRY OF THE OPEN-STRING
SCATTERING AMPLITUDE

The proof of this requires the use of the residual conformal invariance that
preserves the conformal gauge choice made in (7.13), (7.14). This residual
symmetry is in fact SL(2, R): the group of 2 X 2 real matrices of unit
determinant. It is the group of all (1, 1) analytic mappings z— 2z’ of the
upper half complex plane into itself:

z—2z = ZIZ (Bla)
with

a,b,c,d real

ad — bc=1. (B1b)

Such mappings are called ‘Mébius transformations’.

It is easy to see that this symmetry is a (finite-dimensional) subalgebra,
generated by L, Ly, L_, of the infinite-dimensional Virasoro algebra. The
generator L, is associated with the infinitesimal transformation

7z =z—e""! (B2)

as given in (12.16). Thus the finite operator e*~~ generates the transform-
ation obeying

3—': =-z""! (B3a)
with

z(0) =z z(A) =z". (B3b)
Hence

ethize =7 = N +le (B4a)

ethoze M=z =72 (B4b)

etze =2 =2-2 (B4c)

and we see that the general transformation is given by (B1a). The restriction
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ad — bc =1 is convenient, since there are only three independent para-
meters.

The zero-momentum state |0; 0) which appears in (12.59) (uniquely) has
the property that it is annihilated by all three generators of the SL(2, R)
algebra

L]0,0)=0 i=0,=+1 (BS)

with L; given in (12.24). We leave it as an exercise to verify this statement,
but note in passing that, since it is annihilated by L, and not by L, — a, |0; 0)
is not a physical state. We note also that the SL(2, R) subalgebra generated
by L; (i = 1, 0) is unaffected by the central extension term in (7.96), so

[Li,L_1]=2Lo (B6)

just as for the classical algebra.
To prove the cyclic property we consider a general SL(2, R) transform-
ation

A(T) = exp(ﬂ._lL_l + A’OLO + llLl)' (B7)
Then it follows from (B5) that the state |0; 0) satisfies
A(T)[0;0) = |0; 0). (BS)

Also, the transformation A(T) generates the conformal transformation
(B1), as we have seen, and since the vertex operators V4 (k, y) that appear in
(12.64) have conformal dimension J =1, as we argued after (12.13), it
follows from (12.19) that

A(T){mk, y) dy—y} AT = Vst ) 2 = Vatho) 2 (BY)

Thus each of the factors V (k;, y;) dy,/y; (i =3, ..., N— 1) appearing in
(12.64) can be replaced by the SL(2, R)-transformed factor, if we choose.
Further, it is easy to see that the transformation (B1) preserves the order of
the events (12.55) on the boundary of the world sheet.

This would be sufficient to demonstrate the invariance of the integral in
(12.64) if we were integrating over all of the variables y; (i = 1,2, ..., N),
whereas in actuality y, = 0, v, = 1 and y; — o are fixed. If we were to allow
integrations over all of the y,, including i = 1, 2, N, this would overcount
because we would be including configurations that can be mapped into each
other by the use of the Md&bius transformations given in (B1). In fact the
overcounting would be by an infinite amount, equal to the volume of the
non-compact group.

This is analogous to the problem encountered when quantizing gauge
theories using the path integral technique, as discussed in Bailin and
Love", Chapter 10, for example. The naive first guess is to perform a
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functional integral over all gauge configurations A %4(x), including those that
are gauge transformations of each other. Then because the Yang-Mills
Lagrangian is gauge invariant, the integrand is constant over the infinite
surface in gauge field space obtained from a given A4(x) by applying all
possible gauge transformations.

Similarly, in the present case integrating over all of the y; overcounts each
inequivalent set of y; by the volume of SL(2, R). As explained in §10.4 of
Bailin and Love'”, the correct procedure is to impose delta-function
constraints on three of the integration parameters

Yi=Yio (i=1,2,N) (B10)

and to include in the integrand the Fadeev—Popov determinant arising from
the (infinitesimal) SL(2, R) transformations (B4)

Yio— Yio = yi = (A_y + AoYio + A1Vio)- (B11)
The required determinant is then the Jacobian

P Y10 }’Eo . .
det(a—/lj)= 1 ¥y )’;0 (i=1,2,N;j=-1,0,1)
1 yno Yio
= (Y10 — Y20)(Y20 = ¥no)(¥no — Y10)
- = 1o as y1o— %, y20 =1, yn =0 (B12)

and this is precisely what is required to convert the factor ( y10¥20 Yao) !
associated with V,,, V, and V,, into yj, yNo as appears in (12.64) when &,
and k, are tachyons. Thus the amplitude (12.64) is invariant under the
(Mo6bius) transformations, and can be written in the more symmetric form

N N
_ dy; \
Av=g" 2[ H —y— H 6(yj- 1= ¥)O(Ya = Ya0)O( Y6 = Y0 )O(Ye = Yen)

i=1 7! =2

X (Ya=Ye)(¥o = ¥ ) (Ve — ¥a )05 0/Vo(ky, y1)Volka, y2) + - -

X Vo(kn, yn)1050) (B13)
and we previously selected (a, b, ¢ = 1, 2, N) with the fixed values
(¥105 Y205 Ynvo) = (*,1,0). (B14)

We now use this invariance to demonstrate the cyclic invariance of the
amplitude (12.64). For simplicity we consider only the case when all N
particles are tachyons. The general Mébius transformation preserves the
cyclic order of the coordinates y;. In fact, since

dy’ -2
- = +d B15
o=t a) (B15)
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the transformation preserves the actual order of those events for which
cy; + d > 0, and the actual order of those with cy; + d < 0. The cyclic aspect
operates when we have coordinates of both types. We consider just such a
transformation so that points y; satisfying

INS<IN-1<Yn-2<' " <y3<yr<); (B16)
are mapped into y; satisfying
IN-1<YN-2< <y <yi<yn (B17)

for example. To verify the cyclic property we need to be able to commute the
vertex factor Viy(ky, yy) past the preceding vertex factors so that the
resulting expression is just the cyclic permutation applied to (B13). In fact
commuting V(kx, yi) past all of the preceding vertex operators gives an
overall factor of unity. To see this we note that commuting Vy(ky, yj) past
any one of the tachyon vertex operators gives a phase factor

Volki, yi)Volkn, yi) = Volkns ya) Volk, yi) & ™k, (B18)
This may be proved by using

et ef = eBed el Bl (B19)
when [A, B] is a c-number. In our case the required commutator is

(ki X)), 1 kn. X)) =17k kn (B20)

since y; < yy. Then taking Vi(kn, vy) past all of the Vy(k;, y/) gives an
overall phase factor
N-1
exp[i wky . Z kl} =e ™ =1. (B21)
i=1
Thus the SL(2, R) invariance allows us to prove that the amplitude (B13)

is equal to a similar expression in which the cyclic transformation (12.57) has
been applied.

Reference

1 Bailin D and Love A 1993 Introduction to Gauge Field Theory (Bristol: Institute of
Physics Publishing)
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COHERENT STATE METHODS

In order to evaluate quantities such as (12.78), it suffices to consider a single
oscillator mode with annihilation operator a and creation operator o'
satisfying

[@,a']=1. (C1)

This is because different modes commute, and we can always normalize the
operators so that (C1) is satisfied. In order to establish (12.79), therefore, we
need only consider operators A, B with

A=aa + aa (C2a)

B =bd + bya. (C2b)
Then

et = e g% (C3a)

o8 = b ebe (C3b)
and

(0]:e4::e5:/0) = (0]e%:* e21*|0). (C4)
The ‘coherent’ state |b,) is defined by

by=ete= N Tl (CSa)

=, V!

where

)= = (@10 (Csb)
is the standard (normalized) number operator eigenstate satisfying

Nin) = nln) (Cé6a)
with

N=d'a (Cob)
and

(mln) = 9,,,. (Céc)
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So the right-hand side of (C4) is the scalar product of two coherent states
a;,"b}

(aalor) = 3 e ) = b = 4B, ()

Thus we have shown that
(0]:e4::¢5:|0) = 450 (C8)
which is (12.79).
This may be generalized to
(0]:eizear - - ien]0) = exp(z (O]Al-Aj|O)) (C9)
i<j

which arises when we calculate the N-tachyon scattering amplitude, using
(12.64) for example. Using (12.80) we see that the contribution of the non-
zero modes to the integrand is

[Ta=yvas. (C10)
i<j

The contribution from the zero-mode pieces is easily determined using
(12.61). We get

(0;01Zo(k1, y1)Zo(kz s y2) + -+ Zolky, y,)|0; 0) = (H yi)(ﬂ yt'_k“'kf) (C11)

i i<j
so the integrand of (12.64) is
(050 [ | (Volke, 53103 0) = T | (v = 3755 (C12)

i<<j

Using the symmetric form (B13) of (12.64) established in Appendix B we see
that the N-tachyon scattering amplitude is given by

Av=g""2 [ ] & [] 601 = 330 = 20100 = 300)d03c = 30)

i=1 j=2
X (ya = 90)0s = ¥)e = ¥a) [ | Gi=ym) 4% (C13)

k<l

which is the Koba—Nielsen formula‘®,

Reference

1 Koba Z J and Nielsen H B 1969 Nucl. Phys. B 12 517



APPENDIX D

CLOSED-STRING INTEGRALS

The integral (12.109), which is required in order to evaluate the four-
tachyon amplitude in the closed-bosonic-string theory, is a special case of
the more general integral

dzz a Bon m
la,n; pom) = | — 121 = 272"(1 - 2) (D1)
which is convergent for

Re(a+p+m+n+2)<0
Re(a+n+2)>0

Re(f + m +2) > 0. (D2)
We substitute an integral representation of |z|*
1 = 2
a _ d -2 =1 ,—s|z]? D3
4 remﬂo” ¢ (D3)

which follows from the standard definition of the I" function

x

r(,;):[ duuP-lte (D4)
0

by changing the integration variable to u = s|z|?. Similarly for |1 — z|”. Then

1 o> =
] = dss=@2-1| geep2-1
mﬂmnﬁmhss L

2 ) )
X Iﬁi_z (1 — )" e sl = 2R, (D3)
T

Next we do the z-integral. This is easily done using the generating integral
2
J(A, 1) = J%—%exp[—slz\z -1 =z + Az +u(1 - 2)]. (D6)

This integral separates into standard (Gaussian) integrals when Cartesian
coordinates are used for z = x +iy. Then

(D7)

1 At + us — st
10,10 = - exp| ﬁt)



APPENDIX D 317

so the z-integral in (D5) is obtained by differentiating with respect to 4, u:
s

W e-—st/(s + t)’ (DS)

d_zfzn(l - Z)" e sl —d1 -2 o
T

Of course this result follows only when n, m are integral, but we can
continue to the case when they are non-integral. Next we change integration
variables to u and x where

st

u= s—;_—[ (D9a)
y=_t. (D9b)
s+t
The domain of integration is
Osu<o O0=x=<1. (D10)
Then the required integral (D5) is®"
1 ! *
I= dx n+a/21_ m+ B2 d —-a/2—fB/2—-2 —u
e K A T ‘
_TA+n+a2)TA+m+ ) (—a2-f2-1) (D11)

T(—a2)T(-BI)TQ2 +m +n + al2 + B12)

Reference

1 Gross D J, Harvey J A, Martinec E and Rohm R 1986 Nucl. Phys. B 267 75
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