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Foreword

In this book, we shall present some recent results on the global well-posedness of
strong solutions to 1D radiative fluid equations and liquid crystal equations. Most of
the contents of this book are based on the research carried out by the authors and
their collaborators in recent years, which have been previously published only in
original papers; but some contents of the book have never been published until now.

There are four chapters in this book.
Chapter 1 will recall some basic properties of Sobolev spaces, some differential

integral inequalities in analysis, some of which will be used in the subsequent
chapters.

In chapter 2, we shall study one-dimensional compressible infrarelativistic
radiation equations and further prove the global existence and the large-time
behavior of solutions to this system. Novelties of this chapter are: (1) Using a
suitable expression of specific volume and the delicate priori estimates, we establish
the positively lower bound and upper bound of the specific volume. (2) Using the
embedding theorems and the delicate interpolation inequalities, we have overcome
some mathematical difficulties caused by the higher order of partial derivatives to
prove the global well-posedness of solutions in higher regular spaces. It is a
remarkable fact that the difficulties we encounter in chapter 2 are how to deal with
the radiative term, which makes the analysis in this book different from those in Qin
[104], where the author studied some models without the radiative term.

Chapters 3 and 4 will study one-dimensional compressible liquid crystal fluid
equations. In chapter 3, we shall establish the existence of global solutions in
Hi (i = 1, 2, 4) in Lagrangian coordinates. In chapter 4, we shall first establish the
large-time behavior of solutions to one-dimensional compressible liquid crystal fluid
equations. The novelty in this chapter is that using a suitable expression of the specific
volume, we shall establish uniform bound of the specific volume by the embedding
theorems and a sequence of delicate interpolation techniques and then prove the
long-time behavior of solutions to the system using the Shen–Zheng inequality.
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For the contents of chapter 1, we refer the reader to [1, 2, 5–8, 37, 38, 40, 41, 45,
55, 75, 76, 95, 96, 105–108, 135, 137, 138, 141, 148, 149, 155]. For the theory of
radiation hydrodynamical equations, we refer the reader to the monographs [12, 94,
99, 100] and [10, 17–21, 44, 59, 60, 74, 79, 80, 89, 111, 112, 116, 117, 127, 128]. For
the theory of equations of liquid crystal, we refer the reader to [9, 11, 16, 23–25, 56,
57, 77, 78, 81–83, 85–88, 110, 118, 124, 143, 144]. Since the compressible Navier–
Stokes equations are closely related to the radiation hydrodynamical equations and
the liquid crystal equations under consideration of this book, we also refer the reader
to related references of the compressible Navier–Stokes equations [3, 4, 13–15, 22,
26–36, 39, 42, 43, 46–50, 52–54, 58, 61–73, 84, 91–93, 97, 98, 102–105, 113, 114,
119–123, 125, 126, 129, 130–134, 136, 139, 140, 142, 146, 147, 150–154, 156], some
techniques of which can be used to deal with our problems in this book.

We sincerely wish that the reader will learn the essential ideas, basic theories and
methods in deriving the global existence, asymptotic behavior and regularity of
solutions for the systems considered in this book. We also wish that the reader can
undertake the further research of these systems after having read this book. This
book was financially supported in part by the NNSF of China with contract number
12171082, the Fundamental Research Funds for the Central Universities with con-
tract number 2232022G-13 and by the Graduate Course (Textbook) Construction
Project of Donghua University.

We also take this opportunity to thank all the people who were once concerned
about me.

Last but not least, Yuming QIN hopes to express his deepest thanks to his
parents (Zhenrong QIN and Xilan XIA), sisters (Yujuan QIN and Yuzhou QIN),
brother (Yuxing QIN), wife (Yu YIN) and son (Jia QIN) for their great help, con-
stant concern and advice in his career.

Professor Yuming QIN
Department of Mathematics

College of Science
Institute for Nonlinear Sciences

Research Institute of Science and Technology
Donghua University

Shanghai 201620, P. R. China
yuming_qin@hotmail.com, yuming@dhu.edu.cn
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Chapter 1

Preliminary

This chapter will introduce some basic results, most of which will be used in the
following chapters. First we shall recall some basic inequalities whose detailed proofs
can be found in the related literature, see, e.g., Adams [1, 2], Friedman [37, 38],
Gagliardo [40, 41], Nirenberg [95, 96], Yosida [148], etc.

1.1 Some Basic Inequalities

1.1.1 The Sobolev Inequalities

We shall first introduce some basic concepts of Sobolev spaces.

Definition 1.1.1. Assume X�R
n is a bounded or an unbounded domain with a

smooth boundary Γ. For 1 ≤ p ≤ +∞ and m a non-negative integer, Wm,p(Ω) is
defined to be the space of functions u in Lp(Ω) whose distribution derivatives of order
up to m are also in Lp(Ω). That is,

Wm;pðXÞ ¼ LpðXÞ \ fu : Dau 2 LpðXÞ; jaj �mg:

The space Wm,p(Ω), called a Sobolev space, is equipped with a norm

kukm;p;X ¼
Z
X

X
jaj �m

jDaujpdx
0
@

1
A

1=p

; if 1� p\þ1; or ð1:1:1Þ

kukm;p;X ¼ max
jaj �m

esssup
x2X

jDauðxÞj; if p ¼ þ1 ð1:1:2Þ
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which is clearly equivalent to X
jaj �m

kDaukp;X: ð1:1:3Þ

If X ¼ R
n, we only denote

kukm;p ¼ kukm;p;Rn ; kuk0;p ¼ kukp:

Wm,p(Ω) is a Banach space. The space Wm;p
0 ðXÞ is defined as the closure of

C1
0 ðXÞ relative to the norm (1.1.3). Clearly,

W 0;pðXÞ ¼ LpðXÞ
with norm ∥⋅∥0,p,Ω ≡ ∥⋅∥p,Ω. For p = 2, Wm,2(Ω) ¼: Hm(Ω), is a Hilbert space with
respect to the scalar product

ðu; vÞm ¼
X
jaj �m

ðDau;DavÞL2ðXÞ

with ðf ; gÞL2ðXÞ ¼
R
X f �gdx, here �g is the conjugate function of g.

It is well-known that the Sobolev inequalities are important tools in the study of
nonlinear evolutionary equations. First, we shall introduce these inequalities for
functions in the space W 1;p

0 ðXÞ.
Theorem 1.1.1 (The Sobolev Inequality). Assume that X�R

n; n[ 1; is an open
domain. There exists a constant C = C(n, p) > 0 such that

(1) if n > p ≥ 1, and u 2 W 1;p
0 ðXÞ, then u 2 Lp� ðXÞ and

kukp�;X � pðn � 1Þ
2ðn � pÞ ffiffiffi

n
p kDukp;X ð1:1:4Þ

where p� = np∕(n − p);
(2) if p > n and Ω is bounded, and u 2 W 1;p

0 ðXÞ, then u 2 C ðXÞ and

sup
X

juj �C jXj 1
n�1

pð ÞkDukp;X: ð1:1:5Þ

While, if X ¼ R
n, then

sup
R

n
juj �Cx

�1
p

n kuk1;p;Rn ð1:1:6Þ

where xn ¼ 2pn=2
nCðn=2Þ is the measure of the n-dimensional unit ball, Γ is the Euler

gamma function and C ¼ max 1; p�1
p�n

� �ðp�1Þ=p� �
.
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Remark 1.1.1. The Sobolev inequality (1.1.4) does not hold for p = n, p* = +∞.

(1.1.4) was first proved by Sobolev [138] in 1938. Sobolev [138] stated that the
Lp* norm of u can be estimated by ∥u∥1,p,Ω or ∥Du∥p,Ω, the Sobolev norm of u.
However, we can bound a higher Lp norm of u by exploiting higher order derivatives
of u as shown in the next theorem which generalizes theorem 1.1.1 from m = 1,
p > n to m ≥ 1 an integer.

Theorem 1.1.2. Assume X�R
n is an open domain. There exists a constant C =

C(n, m, p) > 0 such that

(1) if mp < n, p ≥ 1, and u 2 Wm;p
0 ðXÞ, then u 2 Lp� ðXÞ and

kukp�;X �Ckukm;p;X ð1:1:7Þ
where p� ¼ np

n�mp;

(2) if mp > n, and u 2 Wm;p
0 ðXÞ, then u 2 C ðXÞ and

sup
X

juj �C jK j 1p0
�Xm�1

jaj¼0

ðdiamKÞjaj 1
a!
kDaukp;K

þðdiamKÞm 1
ðm � 1Þ! ðm � n=pÞ�1kDmukp;K

�
ð1:1:8Þ

where K = suppu, C = C(m, p, n) and diamK is the diameter of K.

Remark 1.1.2. An important case considered in theorems 1.1.1 and 1.1.2 is X ¼ R
n.

In this situation, Wm;pðRnÞ ¼ Wm;p
0 ðRnÞ and therefore the results of theorems 1.1.1

and 1.1.2 apply to Wm;pðRnÞ.
For p > n, the results of theorems 1.1.1 and 1.1.2 imply the fact that u is

bounded. Indeed, u is Höder continuous, which we shall state as follows.

Theorem 1.1.3. If u 2 W 1;p
0 ðXÞ; p[ n, then u 2 C 0;aðXÞ where α = 1 − n∕p.

Generally, the embedding theorems are closely related to the smoothness of the
domain considered, which means that when we study the embedding theorems,
we need some smoothness conditions for the domain. These conditions include
that the domain Ω possesses the cone property, and it is a uniformly regular open
set in R

n, etc. For example, when Ω 2 C1 or @Ω 2 Lip, Ω has the cone property.
Mathematically, we need to define the special meaning of the word “embedding” or
“compact embedding”.

Definition 1.1.2. Assume A and B are two subsets of some function space. Set A is
said to be embedded into B if and only if

(1) A � B;
(2) the identity mapping I: A → B is continuous, i.e., there exists a constant C > 0
such that for any x 2 A, there holds that

kIxkB �CkxkA:

Preliminary 3



If A is embedded into B, then we simply denote by A ,! B.
A is said to be compactly embedded into B if and only if

(1) A is embedded into B;
(2) the identity mapping I: A ↦ B is a compact operator.

If A is compactly embedded into B, then we simply denote by A ,!,! B.

Now we draw some consequences from theorem 1.1.1. In fact, exploiting theorem
1.1.1, we have the following result which is an embedding theorem.

Corollary 1.1.1. If u 2 W 1;p
0 ðXÞ, then u 2 Lq(Ω) with p� q� np

n�p if 1 ≤ p < n, and
p ≤ q < +∞ if p = n. Moreover, if p > n, u coincides a.e. in Ω with a (uniquely
determined) function of C ðXÞ. Finally, there holds that

kukq;X �Ckuk1;p;X if 1� p\n; p� q� np
n � p

; ð1:1:9Þ

kukq;X �Ckuk1;p;X if p ¼ n; p� q\þ1; ð1:1:10Þ

kukC �Ckuk1;p;X if p[ n; ð1:1:11Þ
where C = C(n, p, q) > 0 is a constant.

We can generalize corollary 1.1.1 to functions from Wm;p
0 ðXÞ which can be stated

as the following embedding theorem.

Theorem 1.1.4. Let u 2 Wm;p
0 ðXÞ; p� 1;m� 0. Then

(1) if mp < n, then we have, for all q 2 p; np
n�mp

h i
,

Wm;p
0 ðXÞ,!LqðXÞ; ð1:1:12Þ

and there is a constant C1 > 0 depending only on m, p, q and n such that for all

q 2 p; np
n�mp

h i
,

kukq;X �C1kukm;p;X; ð1:1:13Þ

(2) if mp = n, then we have, for all q 2 [p, +∞),

Wm;p
0 ðXÞ,!LqðXÞ; ð1:1:14Þ

and there is a constant C2 > 0 depending only on m, p, q and n such that for all
q 2 [p, +∞),

kukq;X �C2kukm;p;X; ð1:1:15Þ
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(3) if mp > n, each u 2 Wm;p
0 ðXÞ is equal a.e. in Ω to a unique function in CkðXÞ, for

all k 2 [0, m − n∕p) and there is a constant C3 > 0 depending only on m, p, q and n
such that

kukCk �C3kukm;p;X: ð1:1:16Þ

Remark 1.1.3. In case (2) of theorem 1.1.4, the following exception case holds for
m = n, p = 1, q = +∞:

Wn;1ðXÞ,!L1ðXÞ: ð1:1:17Þ

Now we give the following compact embedding theorem.

Theorem 1.1.5 (Embedding and Compact Embedding Theorem). Assume that Ω is
a bounded domain of class Cm. Then we have

(i) If mp < n, then Wm,p(Ω) is continuously embedded in Lq*(Ω) with 1
q� ¼ 1

p � m
n :

Wm;pðXÞ,!Lq� ðXÞ: ð1:1:18Þ

In addition, the embedding is compact for any q, 1 ≤ q < q*.
(ii) If mp = n, then Wm,p(Ω) is continuously embedded in Lq(Ω), 8q; 1� q\þ1:

Wm;pðXÞ,!LqðXÞ: ð1:1:19Þ

In addition, the embedding is compact, 8q; 1� q\þ1. If p = 1, m = n, then
the above still holds for q = +∞.
(iii) If kþ 1[m � n

p [ k; k 2 N, then writing m � n
p ¼ kþ a; a 2 ð0; 1Þ;Wm;pðXÞ is

continuously embedded in Ck;aðXÞ:
Wm;pðXÞ,!Ck;aðXÞ; ð1:1:20Þ

where Ck;aðXÞ is the space of functions in CkðXÞ whose derivatives of order k are
Hölder continuous with exponent α. Moreover, if n = m − k − 1, and α = 1, p = 1,
then (1.1.20) holds for α = 1, and the embedding is compact from Wm,p(Ω) to
Ck;bðXÞ, for all 0 ≤ β < α.

1.1.2 The Interpolation Inequalities

In this subsection, we shall present the Gagliardo–Nirenberg interpolation
inequalities (see, e.g., Friedman [38] and Nirenberg [96]) which play a very impor-
tant role in the theory of nonlinear evolutionary equations.
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For p > 0, jujp;X ¼ kukLpðXÞ. For p < 0, set � n
p ¼ hþ a with h ¼ � n

p

h i
and

a 2 ½0; 1Þ. Define

jujp;X ¼ sup
X

jDhuj �
X
jbj¼h

sup
X

jDbuj; if a ¼ 0;

jujp;X ¼ ½Dhu�a;X �
X
jbj¼h

sup
X

½Dbu�a

�
X
jbj¼h

sup
x;y2X;x 6¼y

jDbuðxÞ � DbuðyÞj
jx � yja ; if a[ 0:

If X ¼ R
n, we simply write |u|p instead of |u|p,Ω.

Theorem 1.1.6 (The Gagliardo–Nirenberg Interpolation Inequalities). Let j, m be
any integers satisfying 0 ≤ j < m, and let 1� q; r � þ1, and p 2 R; j

m � a� 1 such
that

1
p
� j
n
¼ a

1
r
�m

n

	 

þ 1� a

q
:

Then

(i) For any u 2 Wm;rðRnÞ \LqðRnÞ, there is a positive constant C = C(m, n, j, q, r,
α) such that

jDjujp �C jDmujar juj1�a
q ð1:1:21Þ

with the following exception: if 1 < r < +∞ and m − j − n∕p is a non-negative
integer, then (1.1.21) holds only for α satisfying j=m� a\1.
(ii) For any u 2 Wm,r(Ω) \ Lq(Ω) where Ω is a bounded domain with smooth
boundary, there are two positive constants C1, C2 such that

jDjujp;X �C1jDmujar ;Xjuj1�a
q;X þC2jujq;X ð1:1:22Þ

with the same exception as in (i).

In particular, for any u 2 Wm;p
0 ðXÞ \LqðXÞ, the constant C2 in (1.1.22) can be

taken as zero.

1.1.3 The Poincaré Inequality

In this subsection, we shall recall the Poincaré inequality in different forms.

Theorem 1.1.7. Let Ω be a bounded domain in R
n and u 2 H 1

0 ðXÞ. Then there is a
positive constant C = C(Ω, n) such that for all u 2 H 1

0 ðXÞ,
kukL2ðXÞ �CkrukL2ðXÞ: ð1:1:23Þ
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Theorem 1.1.8. Let X�R
n be a bounded domain of C1. Then there is a positive

constant C = C(Ω, n) such that for any u 2 H1(Ω),

ku � �ukL2ðXÞ �CkrukL2ðXÞ ð1:1:24Þ

where �u ¼ 1
jXj
R
X uðxÞdx is the integral average of u over Ω, and |Ω| is the volume of Ω.

Theorem 1.1.9. Under assumptions of theorem 1.1.8, for any u 2 H 1ðXÞ, then

kukL2ðXÞ �C krukL2ðXÞ þ
Z
X
udx

����
����

	 

: ð1:1:25Þ

1.1.4 The Classical Bellman–Gronwall Inequality

In this subsection, we shall give the following classical Bellman–Gronwall inequality
which plays an important role in the study of global well-posedness of solutions to
evolutionary differential equations. For more details, we can refer to Bellman [5–8]
and Gronwall [45].

Theorem 1.1.10 (The Classical Bellman–Gronwall Inequality). If y(t) and g(t) are
non-negative, continuous functions on 0 ≤ t ≤ τ, which satisfy the inequality

yðtÞ� gþ
Z t

0
gðsÞyðsÞds; 0� t� s; ð1:1:26Þ

where η is a non-negative constant, then for all 0 ≤ t ≤ τ,

yðtÞ� g exp
Z t

0
gðsÞds

	 

: ð1:1:27Þ

Gronwall [45] first proved the special case of (1.1.26) with g(t) = constant ≥ 0.
Later on, Bellman [6] (see also Kuang [75]) extended this result to the form of
theorem 1.1.10, which is a crucial tool in the analysis of differential equations. Until
now, more and more improvements and generalizations of the classical Bellman–
Gronwall inequality have been made. Specially, Bellman proved another inequality
which can be stated as follows (see, e.g., Kuang [75]).

Remark 1.1.4. Let u(t), b(t) be continuous on (α, β), and b(t) be non-negative. If for
all t ≥ t0, t0, t 2 (α, β),

uðtÞ� uðt0Þþ
Z t

t0
bðsÞuðsÞds;

then for any t ≥ t0,

uðt0Þ exp �
Z t

t0
bðsÞuðsÞds

	 

� uðtÞ� uðt0Þ exp

Z t

t0
bðsÞuðsÞds

	 

:
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The above theorem gives bounds on solution of (1.1.26) in terms of the solution
of a related linear integral equation

vðtÞ ¼ gþ
Z t

0
gðsÞvðsÞds ð1:1:28Þ

and is one of the basic tools in the theory of differential equations. Based on the basis
of various motivations, we know that it has been extended and used considerably
in various contexts. For instance, in the Picard–Cauchy type of iteration for
establishing existence and uniqueness of solutions, this inequality and its various
variants play a significant role. Inequalities of this type (1.1.26) are also encountered
frequently in the perturbation and stability theory of differential equations.

1.1.5 The Generalized Bellman–Gronwall Inequalities

In this subsection, we shall review the following generalized Bellman–Gronwall
inequalities which can be found in Qin [104, 106, 123, 128].

Theorem 1.1.11 (The Generalized Bellman–Gronwall Inequality). Assume that f(t),
g(t) and y(t) are non-negative integrable functions in [τ, T ] (τ < T) verifying the
following integral inequality for all t 2 [τ, T],

yðtÞ� gðtÞþ
Z t

s
f ðsÞyðsÞds:

Then it holds, for all t 2 [τ, T],

yðtÞ� gðtÞþ
Z t

s
exp

Z t

s
f ðhÞdh

	 

f ðsÞgðsÞds: ð1:1:29Þ

In addition, if g(t) is a nondecreasing function in [τ, T], then, for all t 2 [τ, T],

yðtÞ� gðtÞ 1þ
Z t

s
exp

Z t

s
f ðhÞdh

	 

f ðsÞds

� �
ð1:1:30Þ

� gðtÞ 1þ
Z t

s
f ðsÞds exp

Z t

s
f ðhÞdh

	 
� �
: ð1:1:31Þ

If further T = +∞ and
R þ1
s f ðsÞds\þ1, then

yðtÞ�CgðtÞ ð1:1:32Þ
where C ¼ 1þ R þ1

s f ðsÞds expðR þ1
s f ðhÞdhÞ is a positive constant.

The next result is a corollary of theorem 1.1.11, it can be found in Racke [135].

Corollary 1.1.2. Let a > 0, ϕ, h 2 C([0, a]), h ≥ 0 and g : ½0; a� ! R is increasing. If
for any t 2 [0, a],
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/ðtÞ� gðtÞþ
Z t

0
hðsÞ/ðsÞds; ð1:1:33Þ

then for all t 2 [0, a],

/ðtÞ� gðtÞ exp
Z t

0
hðsÞds

	 

: ð1:1:34Þ

1.1.6 The Uniform Bellman–Gronwall Inequality

In this subsection, we shall introduce some uniform Gronwall inequalities which
provide uniform bounds or decay rates. This type of integral inequalities plays a very
crucial role in the study of the global existence and the large-time behavior of
solutions to evolutionary equations.

We start with the following theorem which is cited in Temam [141].

Theorem 1.1.12 (The Uniform Bellman–Gronwall Inequality). Assume that g(t),
h(t) and y(t) are three positive locally integrable functions on (t0, +∞) such that
y0ðtÞ is locally integrable on (t0, +∞) and there holds that for all t ≥ t0,

dy
dt

� gyþ h;Z tþ r

t
gðsÞds� a1;

Z tþ r

t
hðsÞds� a2;

Z tþ r

t
yðsÞds� a3;

where r, ai(i = 1, 2, 3) are positive constants. Then, for all t ≥ t0,

yðtþ rÞ� a3
r

þ a2
� �

ea1 :

Next, we shall introduce some uniform generalizations which may provide some
large-time behavior of functions. This class of inequalities is a very powerful tool in
establishing the large-time behavior of solution when we use the energy methods to
study problems of partial differential equations.

We now give the familiar results in the classical calculus for the single real
variable analysis.

Lemma 1.1.1. (1) Assume y(t) 2 L1(0, +∞) with y(t) ≥ 0 for a.e. t� 0, y0ðtÞ 2
L1(0, +∞). Then

lim
t!þ1 yðtÞ ¼ 0:

(2) Assume y(t) 2 L1(0, +∞) with y(t) ≥ 0 for a.e. t� 0, and limt→+∞y(t) exists.
Then

lim
t!þ1 yðtÞ ¼ 0:
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(3) Assume y(t) is uniformly continuous on [0, +∞), yðtÞ 2 L1ð0; þ1Þ. Then
lim

t!þ1 yðtÞ ¼ 0:

(4) Assume y(t) is a monotone function on [0, +∞) and yðtÞ 2 L1ð0; þ1Þ. Then
lim

t!þ1
yðtÞ ¼ 0

and

yðtÞ ¼ oð1=tÞ as t ! þ1:

Obviously, the above lemma provides the asymptotic behavior of y(t) for the
large time.

The next theorem related to the uniform Gronwall inequality was first estab-
lished by Shen and Zheng [137] in 1993 (see, e.g., Zheng [155]) which is very useful
and powerful in dealing with the global well-posedness and asymptotic behavior of
solutions to some evolutionary partial differential equations. We shall apply it fre-
quently in the subsequent context of this book (see, chapters 2–4).

Lemma 1.1.2 (The Shen–Zheng Inequality). Assume T is an arbitrarily given con-
stant with 0 < T ≤ +∞, and y and h are non-negative continuous functions defined
on [0, T] and satisfy the following conditions

dy
dt

�A1y2ðtÞþA2 þ hðtÞ; for all t� 0; ð1:1:35Þ

Z T

0
yðsÞds�A3;

Z T

0
hðsÞds�A4; for all T [ 0; ð1:1:36Þ

where A1, A2, A3, A4 are given non-negative constants. Then for any r > 0, with
0 < r < T, for all t ≥ 0,

yðtþ rÞ� A3

r
þA2r þA4

	 

	 eA1A3 : ð1:1:37Þ

Furthermore, if T = +∞, then

lim
t!þ1 yðtÞ ¼ 0: ð1:1:38Þ

Proof. We can find the proof in [137]. However, for reader’s convenience, we shall
give the detailed proof. The proof is similar to that of the Uniform Gronwall Lemma
(see lemma 1.1 in [141], p. 89, or theorem 1.1.12). Assume 0 ≤ t ≤ s ≤ t + r with any
given r > 0. We multiply (1.1.35) by expð� R st A1yðsÞdsÞ and obtain the relation
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d
ds

yðsÞ exp �
Z s

t
A1yðsÞds

	 
� �
�ðA2 þ hðsÞÞ exp �

Z s

t
A1yðsÞds

	 

�A2 þ hðsÞ:

ð1:1:39Þ
Then integrating it over [s, t + r] yields

yðtþ rÞ� yðsÞ exp
Z tþ r

s
A1yðsÞds

	 

þðA2r þA4Þ exp

Z tþ r

t
A1yðsÞds

	 

�ðyðsÞþA2r þA4ÞeA1A3 : ð1:1:40Þ

Integrating this inequality, with respect to s between t and t + r, gives us
(1.1.37). From (1.1.35) and (1.1.37), it follows

dy
dt

�A1
A3

r
þA2r þA4

	 

eA1A3

� �2
þA2 þ hðtÞ

¼ Ar þ hðtÞ; for all t� r ; ð1:1:41Þ

where

Ar :¼ A1
A3

r
þA2r þA4

	 

eA1A3

� �2
þA2:

To prove (1.1.38), we use the contradiction argument. Assume it were not true.
Then there would exist a monotone increasing sequence {tn} and a constant a > 0
such that for all n 2 N,

tn � r þ a
4Ar

; tnþ 1 � tn þ a
4Ar

; ð1:1:42Þ

lim
n!þ1 tn ¼ þ1; ð1:1:43Þ

yðtnÞ� a
2
[ 0: ð1:1:44Þ

On the other hand, from (1.1.41) we have

yðtnÞ � yðtÞ�Arðtn � tÞþ
Z tn

t
hðsÞds; as tn � a

4Ar
� t\tn: ð1:1:45Þ

Combining (1.1.44) and (1.1.45) yields

a
2
� yðtÞ� yðtnÞ � yðtÞ� a

4

Z tn

tn� a
4Ar

hðsÞds; as tn � a
4Ar

� t\tn: ð1:1:46Þ
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Therefore,

yðtÞþ
Z tn

tn� a
4Ar

hðsÞds� a
4
; as tn � a

4Ar
� t\tn: ð1:1:47Þ

Let

nT ¼ max n j n 2 N; r þ a
4Ar

� tn\T
� �

: ð1:1:48Þ

Thus,

lim
T!þ1

nT ¼ þ1: ð1:1:49Þ

It turns out from (1.1.47) that for all T > 0,

A3 þ aA4

4Ar
�
Z T

0
yðsÞdsþ a

4Ar

Z T

0
yðsÞds

�
X

1� n� nT

Z tn

tn� a
4Ar

hðsÞdsþ a
4Ar

Z tn

tn� a
4Ar

hðsÞds
 !

� a2

16Ar
nT ð1:1:50Þ

which contradicts (1.1.36). Thus this completes the proof. h

In the sequel, we shall collect other useful inequalities which play important roles
in classical calculus. These inequalities include the Young inequality, the Höder
inequality, and the Minkowski inequality.

1.1.7 The Young Inequalities

Theorem 1.1.13. Suppose f is a positive, real-valued, continuous and strictly
increasing function on [0, c] with c > 0. If f (0) = 0, a 2 [0, c] and b 2 ½0; f ðcÞ�, thenZ a

0
f ðxÞdx þ

Z b

0
f �1ðxÞdx � ab ð1:1:51Þ

with f−1 is the inverse function of f. Equality holds in (1.1.51) if and only if b = f(a).

This is a classical result called “the Young inequality” whose proof can be found
in Young [149].

If we take f (x) = xp−1 with p > 1 in the above theorem, then we can conclude the
following corollary.

Corollary 1.1.3. There holds that

ab� ap

p
þ bq

q
ð1:1:52Þ

where a, b ≥ 0, p > 1 and 1∕p + 1∕q = 1.
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If 0 < p < 1, then

ab� ap

p
þ bq

q
: ð1:1:53Þ

The equalities in (1.1.52) and (1.1.53) hold if and only if b = ap−1.

In corollary 1.1.3, if we consider a and b as εa and ε−1b, respectively, we can get
the next corollary.

Corollary 1.1.4. For any ε > 0, there holds that

ab� epap

p
þ bq

qeq

where a, b ≥ 0, p > 1 and 1
p þ 1

q ¼ 1:

In fact, the Young inequality has the following several variants.

Corollary 1.1.5. (1) Let a, b > 0, 1
p þ 1

q ¼ 1, 1 < p < +∞. Then

(i) a1∕pb1∕q ≤ a∕p + b∕q;
(ii) a1∕pb1∕q ≤ a∕(pε1∕q) + bε1∕p∕q, for all ε > 0;
(iii) aab1�a � aaþð1� aÞb; 0\a\1:

(2) Let ak � 0; pk [ 0;
Pm

k¼1 pk ¼ 1. Then
Qm

k¼1 a
pk
k � Pm

k¼1 pkak :

1.1.8 The Hölder Inequalities

This subsection will introduce some Hölder inequalities. The following is the discrete
Hölder inequality which was proved by Hölder in 1889 (see e.g., Hölder [55]).
However, as pointed out by Lech [76] that in fact it should be called the Roger
inequality or Roger–Hölder inequality since Roger established the inequality (1.1.54)
in 1888 earlier than Hölder did in 1889. However, we still call it here the Hölder
inequality.

Theorem 1.1.14. If ak ≥ 0, bk ≥ 0 for k = 1, 2,…, n, and 1
p þ 1

q ¼ 1 with p > 1, then

Xn
k¼1

akbk �
Xn
k¼1

apk

 !1
p Xn

k¼1

bqk

 !1
q

: ð1:1:54Þ

If 0 < p < 1, then

Xn
k¼1

akbk �
Xn
k¼1

apk

 !1
p Xn

k¼1

bqk

 !1
q

: ð1:1:55Þ

Here the equalities in (1.1.54) and (1.1.55) hold if and only if aapk ¼ bbqk for k = 1,
2,…, n where α and β are real non-negative constants with α2 + β2 > 0.
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Remark 1.1.5. If p = 1 or p = +∞, we have the trivial case.

Xn
k¼1

akbk �
Xn
k¼1

ak

 !
sup

1� k �n
bk ; if p ¼ 1;

Xn
k¼1

akbk �
Xn
k¼1

bk

 !
sup

1� k� n
ak ; if p ¼ þ1:

Remark 1.1.6. When p = q = 2, (1.1.54) and (1.1.55) are called to be the
Cauchy inequality, the Schwarz inequality, the Cauchy–Schwarz inequality or the
Bunyakovskii inequality.

By virtue of the discrete Hölder inequality (theorem 1.1.14), we can easily obtain
the integral form of the Hölder inequality, namely.

Theorem 1.1.15. If f 2 Lp(Ω), g 2 Lq(Ω) and X�R
n is a measurable set, then

fg 2 L1ðXÞ
and

kfgkL1ðXÞ � kf kLpðXÞkgkLqðXÞ ð1:1:56Þ

with 1� p� þ1; 1p þ 1
q ¼ 1 and

kf kLpðXÞ ¼
Z
X
jf ðxÞjpdx

	 
1
p

;

kf kL1ðXÞ ¼ esssup
x2X

jf ðxÞj:

If 0 < p < 1, then

kfgkL1ðXÞ � kf kLpðXÞkgkLqðXÞ: ð1:1:57Þ

The equalities in (1.1.56) and (1.1.57) hold if and only if there exist b 2 R and
real numbers C1, C2 which are not all zeros such that C1jf ðxÞjp ¼ C2jgðxÞjq and
arg(f(x)g(x)) = β a.e. on Ω hold.

Remark 1.1.7. We have the corresponding weighted Hölder inequality of the integral
form. Let 1\p\þ1; f 2 LpðXÞ; g 2 LqðXÞ; 1p þ 1

q ¼ 1, ω(x) > 0 on Ω. Then

Z
X
jfgjxðxÞdx �

Z
X
jf ðxÞjpxðxÞdx

	 
1
p
Z
X
jgðxÞjqxðxÞdx

	 
1
q

:

1.1.9 The Minkowski Inequalities

Note that, in 1896, Minkowski established the following famous inequality.
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Theorem 1.1.16. Let a = {a1,…, an} or a = {a1,…, an,…} be a real sequence or
complex sequence. Define

kakp ¼
X
k

jak jp
 !1

p

if 1� p\þ1;

kak1 ¼ sup
k

jak j if p ¼ þ1:

Then for 1 ≤ p ≤ +∞,

kaþ bkp �kakp þkbkp: ð1:1:58Þ

If 0 ≠ p < 1, then

kaþ bkp �kakp þkbkp ð1:1:59Þ
where when p < 0, we require that ak, bk, ak + bk ≠ 0 (k = 1, 2,…). Moreover, when
p ≠ 0, 1, the equality in (1.1.58) holds if the sequences a and b are proportional.
When p = 1, the equalities in (1.1.58) and (1.1.59) hold if and only if
argak ¼ argbk ; for all k:

Remark 1.1.8. If we replace p by 1∕p in (1.1.58), we can obtain the following
assertion:

(1) if 1 ≤ p < +∞, then there holds

X
k

jak þ bk j
1
p

 !p

�
X
k

jak j
1
p

 !p

þ
X
k

jbk j
1
p

 !p

;

(2) if 0 < p < 1, then there holds

X
k

jak þ bk j
1
p

 !p

�
X
k

jak j
1
p

 !p

þ
X
k

jbk j
1
p

 !p

:

In the applications, the following integral form of the Minkowski inequality is
used frequently.

Theorem 1.1.17. Assume that Ω is a smooth open set in R
n and f, g 2 Lp(Ω) with

1 ≤ p ≤ +∞. Then

f þ g 2 LpðXÞ
and

kf þ gkLpðXÞ � kf kLpðXÞ þ kgkLpðXÞ: ð1:1:60Þ

Preliminary 15



If 0 < p < 1, then

kf þ gkLpðXÞ � kf kLpðXÞ þ kgkLpðXÞ: ð1:1:61Þ

If p > 1, the equality in (1.1.60) holds if and only if there exists a constant C1 ≠ 0
such that C1f ðxÞ ¼ gðxÞ a.e. in Ω.

If p = 1, then the equality in (1.1.60) holds if and only if argf(x) = argg(x) a.e. in
Ω or there exists a non-negative measurable function h such that fh = g a.e. in the set
A = {x 2 Ω | f(x)g(x) ≠ 0}.
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Chapter 2

Asymptotic Behavior of Solutions
for the One-Dimensional Infrarelativistic
Model of a Compressible Viscous Gas
with Radiation

2.1 Main Results
This chapter will be devoted to the study of the large-time behavior of global
solutions to the one-dimensional infrarelativistic model of a compressible viscous gas
with radiation. The content of this chapter is adopted from Qin et al. [109], which
has improved the results of Qin et al. [111]. We note that the existence of global
solutions to such a model has been proved by Ducomet and Nečasová [18] and Qin
et al. [111]. It is well-known that the radiative model in the one-dimensional case can
be reduced into the following equations (see, Ducomet and Nečasová [19–21])

qs þðqvÞy ¼ 0;
ðqvÞs þðqv2Þy þ py ¼ lvyy � ðSF ÞR;
q eþ 1

2 v
2

� �� �
s þ qv eþ 1

2 v
2

� �þ pv � jhy � lvvy
� �

y¼ �ðSEÞR;
1
c It þxIy ¼ S :

8>>><
>>>:

ð2:1:1Þ

Now we assume that the fluid motion is small enough with respect to the velocity
of light c so that we can drop all the 1

c factors in the previous formulation and then
get an “infrarelativistic” model of a compressible Navier–Stokes system for a
one-dimensional flow coupled to the radiative transfer equation given in the
following system

qs þðqvÞy ¼ 0;
ðqvÞs þðqv2Þy þ py ¼ lvyy;
q eþ 1

2 v
2

� �� �
s þ qv eþ 1

2 v
2

� �þ pv � jhy � lvvy
� �

y¼ �ðSEÞR;
xIy ¼ S :

8>><
>>: ð2:1:2Þ
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Under the Lagrangian coordinates, i.e.,

x ¼
Z y

0
qðn; sÞdn; t ¼ s;

system (2.1.2) reduces to the following system

gt ¼ vx ; ð2:1:3Þ
vt ¼ rx ; ð2:1:4Þ

eþ 1
2
v2

� �
t
¼ ðrv �QÞx � gðSEÞR; ð2:1:5Þ

xIx ¼ gS ; ð2:1:6Þ

8>>>>>><
>>>>>>:

where x 2 [0, 1], η is the specific volume (i.e., g ¼ 1
q), v denotes the velocity, θ is the

temperature, I represents the radiative intensity depending on the Lagrangian mass
coordinates (x, t) and also on two extra variables: the radiation frequency m 2
Rþ ¼ ð0; þ1Þ and the angular variable x 2 S1 :¼ ½�1; 1�; r :¼ �pþ l vx

g is the

stress and Q :¼ �j hx
g is the heat flux with the heat conductivity κ and μ is the

viscosity coefficient. Source term S in the last equation is expressed as

Sðx; t; m; xÞ ¼ raðm; x; g; hÞ½Bðm; hÞ � I ðx; t; m; xÞ�
þ rsðm; g; hÞ½~I ðx; t; mÞ � I ðx; t; m; xÞ�; ð2:1:7Þ

where ~I ðx; t; mÞ :¼ 1
2

R 1
�1 I ðx; t; m; xÞdx and B is a function of temperature and

frequency describing the equilibrium state.
We define the radiative energy as

ER ¼
Z 1

�1

Z þ1

0
I ðx; t; m; xÞdmdx; ð2:1:8Þ

the radiative flux

FR ¼
Z 1

�1

Z þ1

0
xI ðx; t; m; xÞdmdx; ð2:1:9Þ

and the radiative energy sourceradiative energy source

ðSEÞR ¼
Z 1

�1

Z þ1

0
Sðx; t; m; xÞdmdx: ð2:1:10Þ

We now consider a typical initial boundary value problem for (2.1.3)–(2.1.6) in
the reference domain Ω × [0, +∞) = (0, 1) × [0, +∞) under the Dirichlet–Neu-
mann boundary conditions for the fluid unknowns

vð0; tÞ ¼ vð1; tÞ ¼ 0; Qð0; tÞ ¼ Qð1; tÞ ¼ 0; 8 t� 0; ð2:1:11Þ

18 1D Radiative Fluid and Liquid Crystal Equations



and transparent boundary conditions for the radiative intensity

I ð0; t; m; xÞ ¼ 0 for x 2 ð0; 1Þ; 8 t� 0;
I ð1; t; m; xÞ ¼ 0 for x 2 ð�1; 0Þ; 8 t� 0;

�
ð2:1:12Þ

and initial conditions

gðx; 0Þ ¼ g0ðxÞ; vðx; 0Þ ¼ v0ðxÞ; hðx; 0Þ ¼ h0ðxÞ on X; ð2:1:13Þ
and

I ðx; 0; m; xÞ ¼ I0ðx; m; xÞ on X� Rþ� S1: ð2:1:14Þ
Pressure and energy of the matter are related by the thermodynamical relation

egðg; hÞ ¼ �pðg; hÞþ hphðg; hÞ: ð2:1:15Þ
For the system (2.1.3) and (2.1.14), Ducomet and Nečasová [18] proved the

global existence of solutions in Hi ði ¼ 1; 2Þ. However, estimates obtained there
depend on any given time T, so they could not establish the large-time behavior of
global solutions in Hi ði ¼ 1; 2Þ based on their estimates. Moreover, in Ducomet and
Nečasová [18], all estimates hold only for q ≥ 2r + 1. Later on, Qin et al. [111] had
improved the results in [18]. Recently, Qin et al. [109] have improved the results in
[111] by establishing the uniform-in-time estimates of (η(t), v(t), θ(t), I(t)) in
Hi ði ¼ 1; 2; 4Þ, which hold for q and r satisfying (2.1.16). Furthermore, the system
considered here is different from that in Qin [104], so our uniform-in-time estimates
are also different from those in Qin [104].

We now assume that e, p, σ and κ are twice continuously differential on
0 < η < +∞ and 0 ≤ θ < +∞, and there are exponents q and r satisfying one of the
following relations

0\r � 1
2
;

1
2
\q;

1
2
\r � 5

2
;
2r þ 1

4
\q;

5
2
\r � 17

5
;
5r þ 1

9
\q;

17
5

� r ;
10r þ 4

19
\q

8>>>>>>>>>><
>>>>>>>>>>:

ð2:1:16Þ

and we suppose the following growth conditions:

eðg; 0Þ� 0; c1ð1þ hrÞ� ehðg; hÞ�C1ð1þ hrÞ;
�c2g�2ð1þ h1þ rÞ� pgðg; hÞ� � C2g�2ð1þ h1þ rÞ;
jphðg; hÞj �C3g�1ð1þ hrÞ;
c4ð1þ h1þ rÞ� gpðg; hÞ�C4ð1þ h1þ rÞ; pgðg; hÞ\0;
0� pðg; hÞ�C5ð1þ h1þ rÞ;
c6ð1þ hqÞ� jðg; hÞ�C6ð1þ hqÞ;
jjgðg; hÞj þ jjggðg; hÞj �C7ð1þ hqÞ;

8>>>>>>>><
>>>>>>>>:

ð2:1:17Þ
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and that the absorption–emission coefficient σa(ν, ω; η, θ) and the scattering
coefficient σs(ν; η, θ) satisfy the following conditions:

graðm; x; g; hÞBmðm; hÞ�C8jxjhaþ 1f ðm;xÞ for m ¼ 1; 2;
0\raðm; x; g; hÞ�C9jxj2gðm; xÞ;
½ra þ jðraÞgj þ jðraÞhj�ðm; x; g; hÞ½1þBðm; hÞþ jBhðm; hÞj þ jBhhðm; hÞj� �C10jxjhðm; xÞ;
0\rsðm; g; hÞ�C11jxj2kðmÞ;
½jðraÞggj þ jðraÞghj þ jðraÞhhj�ðm; x; g; hÞð1þBðm; hÞþ jBhðm; hÞjÞ �C12jxjlðm; xÞ;
½jðrsÞgj þ jðrsÞhj þ jðrsÞggj þ jðrsÞghj þ jðrsÞhhj�ðm; g; hÞ�C13jxjMðm; xÞ;

8>>>>>>><
>>>>>>>:

ð2:1:18Þ
where 0 ≤ α ≤ r, the numbers ci; Cj ; ði ¼ 1; . . .; 7; j ¼ 1; . . .; 13Þ are positive
constants and the non-negative functions f ; g; h; k; l; M are such that

f ; g; h; k; l; M 2 L1ðRþ � S1Þ \L1ðRþ � S1Þ:
We assume that the viscosity coefficient μ is a positive constant. In the following,

we denote

Iðx; tÞ :¼
Z þ1

0

Z
S1
I ðx; t; m;xÞdxdm

for the integrated radiative intensity. In particular,

Iðx; 0Þ � I 0 ¼
Z þ1

0

Z
S1
I ðx; 0; m; xÞdxdm:

We define

H1 ¼ fðg; v; h; I Þ 2 H 1ð0; 1Þ � H 1
0 ð0; 1Þ � H 1ð0; 1Þ

� L1ðRþ � S1;H 2ð0; 1ÞÞ : gðxÞ[ 0; hðxÞ[ 0; x 2 ½0; 1�;
vjx¼0;1 ¼ 0; I jx¼0 ¼ 0 for x 2 ð0; 1Þ; I jx¼1 ¼ 0 for x 2 ð�1; 0Þg;

Hi ¼ fðg; v; h; I Þ 2 Hið0; 1Þ � Hi
0ð0; 1Þ � Hið0; 1Þ

� L1ðRþ � S1;Hiþ 1ð0; 1ÞÞ : gðxÞ[ 0; hðxÞ[ 0; x 2 ½0; 1�; vjx¼0;1 ¼ 0;

hx jx¼0;1 ¼ 0; I jx¼0 ¼ 0 for x 2 ð0; 1Þ; I jx¼1 ¼ 0 for x 2 ð�1; 0Þg; i ¼ 2; 4:

The main aim of this chapter was to establish the global existence and the
large-time behavior of solutions inHi (i = 1, 2, 4) to the system (2.1.3) and (2.1.14).

The notation in this chapter will be as follows: Lq ; 1� q� þ1, Wm,q, m 2 N;

H 1 ¼ W 1;2; H 1
0 ¼ W 1;2

0 denote the usual (Sobolev) spaces on [0, 1]. In addition, ∥⋅∥B
denotes the norm in space B; we also put �k k ¼ �k kL2½0; 1�. Subscripts t and x denote
the (partial) derivatives with respect to t and x, respectively. We use Ci (i = 1, 2, 4)
to denote the generic positive constants depending on the ðg0; v0; h0; I0Þk kHi

;

minx2½0; 1� g0ðxÞ, minx2½0; 1� h0ðxÞ, but not depending on t.
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Our main results read as follows (see also Qin et al. [109]), which has improved
the result in [111]. The next result concerns the global existence and asymptotic
behavior of solutions in H1.

Theorem 2.1.1. Suppose that ðg0; v0; h0; I0Þ 2 H1 and the compatibility conditions
hold. Under assumptions (2.1.15)–(2.1.18), there exists a unique global solution
ðgðtÞ; vðtÞ; hðtÞ; I ðtÞÞ 2 L1ð½0; þ1Þ; H1Þ to the problem (2.1.3)–(2.1.14) such that
for all ðx; tÞ 2 ½0; 1� � ½0; þ1Þ,

0\C�1
1 � gðx; tÞ�C1; ð2:1:19Þ

and for all t > 0,

gðtÞ � gk k2H 1 þ vðtÞk k2H 1 þ hðtÞ � h
		 		2

H 1 þ I ðtÞk k2L1ðRþ�S1;H 2ð0;1ÞÞ

þ
Z t

0
ð g� gk k2H 1 þ vk k2H 2 þ h� h

		 		2
H 2 þ htk k2ÞðsÞds

þ
Z t

0

Z 1

0

Z þ1

0

Z
S1
I 2t dxdmdxds�C1: ð2:1:20Þ

Moreover, we have, as t → +∞,

gðtÞ � gk kH 1! 0; vðtÞk kH 1! 0; hðtÞ � h
		 		

H 1! 0; I ðtÞk kL1ðRþ�S1;H 2ð0;1ÞÞ! 0;

ð2:1:21Þ
where g ¼ R 10 gðx; tÞdx ¼ R 10 g0dx, h[ 0 is determined by eðg; hÞ ¼ R 10 ð12 v20 þ
eðg0; h0ÞþFRð0ÞÞdx.

In the next theorem, we shall establish the global existence and asymptotic
behavior of solutions in H2.

Theorem 2.1.2. Suppose that ðg0; v0; h0; I0Þ 2 H2 and the compatibility conditions
hold. Under assumptions (2.1.15)–(2.1.18), there exists a unique global solution
ðgðtÞ; vðtÞ; hðtÞ; I ðtÞÞ 2 L1ð½0; þ1Þ; H2Þ to the problem (2.1.3)–(2.1.14) satisfying
for any t > 0,

gðtÞ � gk k2H 2 þ vðtÞk k2H 2 þ hðtÞ � h
		 		2

H 2 þ I ðtÞk k2L1ðRþ�S1;H 3ð0;1ÞÞ þ vtðtÞk k2

þ htðtÞk k2 þ
Z t

0
ð vxtk k2 þ hxtk k2 þ h� h

		 		2
H 3 þ vk k2H 3

þ g� gk k2H 2ÞðsÞds�C2: ð2:1:22Þ
Moreover, we have, as t → +∞,

gðtÞ � gk kH 2! 0; vðtÞk kH 2! 0; hðtÞ � h
		 		

H 2! 0; I ðtÞk kL1ðRþ�S1;H 3ð0;1ÞÞ! 0:

ð2:1:23Þ
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Theorem 2.1.3. Suppose that ðg0; v0; h0; I0Þ 2 H4 and the compatibility conditions
hold. Under assumptions (2.1.15)–(2.1.18), there exists a unique global solution
ðgðtÞ; vðtÞ; hðtÞ; I ðtÞÞ 2 L1ð½0; þ1Þ; H4Þ to the problem (2.1.3) and (2.1.14) veri-
fying that for any t > 0,

gðtÞ � gk k2H 4 þ gtðtÞk k2H 3 þ gttðtÞk k2H 1 þ vðtÞk k2H 4 þ vttðtÞk k2

þ hðtÞ � h
		 		2

H 4 þ htðtÞk k2H 2 þ httðtÞk k2 þ Ik k2L1ðRþ�S1;H 5ð0;1ÞÞ

þ
Z t

0
ð g� gk k2H 4 þ vk k2H 5 þ vtk k2H 3 þ vttk k2H 1 þ h� h

		 		2
H 5

þ htk k3H 3 þ httk k2H 1ÞðsÞds�C4; ð2:1:24Þ

Z t

0
ð gtk k2H 4 þ gttk k2H 2 þ gtttk k2ÞðsÞds�C4: ð2:1:25Þ

Moreover, we have as t → +∞,

gðtÞ � gk kH 4! 0; vðtÞk kH 4! 0; hðtÞ � h
		 		

H 4! 0; I ðtÞk kL1ðRþ�S1;H 5ð0;1ÞÞ! 0;

ð2:1:26Þ
where g ¼ R 10 gðx; tÞdx ¼ R 10 g0dx, h[ 0 is determined by eðg; hÞ ¼ R 10 ð12 v20 þ eðg0;
h0ÞþFRð0ÞÞdx.
Corollary 2.1.1. The global solution ðgðtÞ; vðtÞ; hðtÞ; IðtÞÞ obtained in theorem 2.1.3
is, in fact, a classical solution such that as t → +∞,

ðgðtÞ � g; vðtÞ; hðtÞ � hÞ		 		
ðC 3þ 1

2ð0;1ÞÞ3! 0; I ðtÞk k
L1ðRþ�S1;C 4þ 1

2ð0;1ÞÞ! 0:

Remark 2.1.1. Theorems 2.1.1–2.1.3 also hold for the boundary conditions (2.1.12)
and

vð0; tÞ ¼ vð1; tÞ ¼ 0; hð0; tÞ ¼ hð1; tÞ ¼ T0 ¼ const:[ 0;

where h can be replaced by T0.

2.2 Global Existence and Uniform-in-Time Estimates
in H1

We note that the global existence of solutions in H1 has been established in [18].
This section will study the global existence and asymptotic behavior of global
solutions in H1. To this end, we shall first establish some uniform-in-time estimates
in H1.
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Lemma 2.2.1. Under assumptions in theorem 2.1.1, there holds that

hðx; tÞ[ 0; 8 ðx; tÞ 2 ½0; 1� � ½0; þ1Þ; ð2:2:1Þ

Z 1

0
gðx; tÞdx ¼

Z 1

0
g0ðxÞdx � g0; 8 t[ 0; ð2:2:2Þ

Z 1

0
ðhþ h1þ rÞðx; tÞdx �C1; 8 t[ 0; ð2:2:3Þ

Z 1

0
½ðh� log h� 1Þþ h1þ r þ v2�ðx; tÞdx

þ
Z t

0

Z 1

0

ð1þ hqÞh2x
gh2

þ lv2x
gh

� �
ðx; sÞdxds�C1: ð2:2:4Þ

Proof. Inequality (2.2.1) is a consequence of the generalized maximum principle [3]
and one can find the proof in [19–21].

Integrating (2.1.3) over Qt = (0, 1) × (0, t), and using the boundary conditions,
we can easily deduce (2.2.2).

From (2.1.6), (2.1.9) and (2.1.10), we can infer

ðFRÞx ¼ gðSEÞR: ð2:2:5Þ
Inserting (2.2.5) into (2.1.5), we arrive at

eþ 1
2
v2

� �
t
¼ ðrv �Q � FRÞx : ð2:2:6Þ

Integrating (2.2.6) over Qt and using boundary conditions (2.1.11) and (2.1.12),
we haveZ 1

0
eþ 1

2
v2

� �
ðx; tÞdx þ

Z t

0
FRjx¼1

x¼0ds ¼
Z 1

0
e0 þ 1

2
v20

� �
ðxÞdx: ð2:2:7Þ

Using (2.1.12), the contribution of the radiation term reads (see, e.g., [18])Z t

0
FRjx¼1

x¼0ds ¼
Z t

0

Z þ1

0

Z 1

0
xI ð1; t; m; xÞdxdm�

Z þ1

0

Z 0

�1
xI ð0; t; m; xÞdxdm


 �
ds

� 0;

which, together with (2.2.7), impliesZ 1

0
eþ 1

2
v2

� �
ðx; tÞdx �C1: ð2:2:8Þ
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Combining (2.2.8) with (2.1.17) yields (2.2.3).
Noting that radiative term η(SE)R appears in (2.1.5), our estimate (2.2.8) is

different from the one in [17] where there is no radiative term.
We define the free energy ψ: = e − θS with ψθ = − S and ψη = − p with the

specific entropy S. Let us consider the auxiliary function

Eðg; hÞ :¼ wðg; hÞ � wð1; 1Þ � ðg� 1Þwgð1; 1Þ � ðh� 1Þwhðg; hÞ: ð2:2:9Þ

We have the following estimate (see, e.g., Ducomet and Nečasová [18] for details)Z 1

0
E þ 1

2
v2

� �
dx þ

Z t

0

Z 1

0

lv2x
gh

þ jh2x
gh2

� �
dxdsþ

Z t

0

Z 1

0

g
h

Z þ1

0

Z
S1
raIdxdmdxds

þ
Z t

0

Z þ1

0

Z 1

0
xI ð1; t; m; xÞdxdm�

Z þ1

0

Z 0

�1
xI ð0; t; m; xÞdxdm


 �
ds�C1:

ð2:2:10Þ
Using the Taylor theorem and the definition of E(η, θ), we can conclude

Eðg; hÞ � wðg; hÞþwðg; 1Þþ ðh� 1Þwhðg; hÞ
¼ wðg; 1Þ � wð1; 1Þ � wgðg; hÞ

¼ ðg� 1Þ2
Z 1

0
ð1� nÞwggð1þ nðg� 1Þ; 1Þdn� 0:

Thus,

Eðg; hÞ�wðg; hÞ � wðg; 1Þ � ðh� 1Þwhðg; hÞ

¼ �ð1� hÞ2
Z 1

0
ð1� sÞwhhðg; hþ sð1� hÞÞds

�C�1
1 ð1� hÞ2

Z 1

0

ð1� sÞf1þ ½hþ sð1� hÞ�rg
hþ sð1� hÞ ds

¼ C�1
1 ðh� log h� 1Þþ C�1

1 ð1�hr Þ
r þ C�1

1 ð1�hr þ 1Þ
r þ 1 ; for r [ 0;

2C�1
1 ðh� log h� 1Þ; for r ¼ 0;

(

�C�1
1 ðh� log h� 1ÞþC�1

1 hr þ 1 � C�1
1 : ð2:2:11Þ

Combining (2.2.11) and (2.2.10), and using (2.1.17) yields (2.2.4). The proof is
now complete. h

The following two lemmas concerning the uniform-in-time estimate of specific
volume η play a very crucial role in this chapter. The uniform-in-time estimate is
different from the one in Ducomet and Nečasová [18], where estimates are dependent
on any given time T > 0.

Lemma 2.2.2. For any t ≥ 0, there exists one point x1 = x1(t) 2 [0, 1] such that the
solution η(x, t) to the problem (2.1.3)–(2.1.6), (2.1.11)–(2.1.14) possesses the fol-
lowing expression:
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gðx; tÞ ¼ Dðx; tÞZðtÞ 1þ 1
l

Z t

0
gðx; sÞpðx; sÞD�1ðx; sÞZ�1ðsÞds

� �
ð2:2:12Þ

where

Dðx; tÞ ¼ g0ðxÞ exp
�
1
l

�Z x

x1ðtÞ
vðy; tÞdy �

Z x

0
v0ðyÞdy

þ 1
g0

Z 1

0
g0ðxÞ

Z x

0
v0ðyÞdydx

��
; ð2:2:13Þ

ZðtÞ ¼ exp � 1
lg0

Z t

0

Z 1

0
ðv2 þ gpÞðy; sÞdyds

� �
: ð2:2:14Þ

Proof. The proof is the same as that of lemma 2.1.3 in Qin [104]. But for the book’s
self-contained, we copy its proof here. Let

hðx; tÞ ¼
Z x

0
v0ðyÞdyþ

Z t

0
rðx; sÞds:

The from (2.1.13), h(x, t) satisfies

hx ¼ v; ht ¼ r ð2:2:15Þ
and from (2.1.11) it solves the equation

ht ¼ �pþ lhxx
g

ð2:2:16Þ

with

x ¼ 0; 1 : hx ¼ v ¼ 0: ð2:2:17Þ
Hence we derive from (2.2.16) that

ðghÞt ¼ hvx � gpþ lhxx : ð2:2:18Þ
Integrating (2.2.18) over [0, 1] × [0, t] and using (2.2.17), we arrive atZ 1

0
ghdx ¼

Z 1

0
g0h0dx �

Z t

0

Z 1

0
ðgpþ v2Þdxds � /ðtÞ: ð2:2:19Þ

Then for any t ≥ 0, there exists one point x1 = x1(t) 2 [0, 1] such that

/ðtÞ ¼
Z 1

0
ghdx ¼

Z 1

0
gdx � hðx1ðtÞ; tÞ ¼ g0 � hðx1ðtÞ; tÞ;

i.e., Z t

0
pðx1ðtÞ; sÞds ¼

Z x1ðtÞ

0
v0ðyÞdyþ l log

gðx1ðtÞ; tÞ
g0ðx1ðtÞÞ

� /ðtÞ
g0

ð2:2:20Þ

Asymptotic Behavior of Solutions for the Compressible Viscous Gas 25



with

/ðtÞ ¼ �
Z t

0

Z 1

0
ðv2 þ gpÞðx; sÞdxdsþ

Z 1

0
g0ðxÞ

Z x

0
v0ðyÞdydx: ð2:2:21Þ

Moreover, (2.1.4) can be rewritten as

vt � lðlog gÞxt ¼ �px ¼ �p	x ð2:2:22Þ

with p	 ¼ p� R 10 pðx; tÞdx: Integrating (2.2.22) over [x1(t), x] × [0, t] for fixed t > 0,
we get

gðx; tÞ ¼ g0ðxÞgðx1ðtÞ; tÞ
g0ðx1ðtÞÞ

exp

(
1
g0

"Z x

x1ðtÞ
ðvðy; tÞ � v0ðyÞÞdy

þ
Z t

0
ðpðx; sÞ � pðx1ðtÞ; sÞÞds

#)
: ð2:2:23Þ

Inserting (2.2.20) into (2.2.23) and noting (2.2.13), (2.2.14) and (2.2.21), we
conclude

g�1ðx; tÞ exp 1
g0

Z t

0
pðx; sÞds

� �
¼ D�1ðx; tÞZ�1ðtÞ ð2:2:24Þ

which implies that

exp
1
g0

Z t

0
pðx; sÞds

� �
¼ 1þ 1

g0

Z t

0
D�1ðx; sÞZ�1ðsÞgðx; sÞpðx; sÞds: ð2:2:25Þ

Thus (2.2.12) follows from (2.2.24) and (2.2.25). h

Lemma 2.2.3. There holds that

0\C�1
1 � gðx; tÞ�C1; 8 ðx; tÞ 2 ½0; 1� � ½0; þ1Þ; ð2:2:26Þ

Z t

0
vðsÞk k2L1ds�C1; 8 t[ 0: ð2:2:27Þ

Proof. Let

MgðtÞ ¼ max
x2½0; 1�

gðx; tÞ:

Using the Young inequality, the Hölder inequality and lemma 2.2.1, we getZ x

x1ðtÞ
vðy; tÞdy �

Z x

0
v0ðyÞdyþ 1

g0

Z 1

0
g0ðxÞ

Z x

0
v0ðyÞdydx














�
Z 1

0
v2dy

� �1
2

þ
Z 1

0
v20dy

� �1
2

þ 1
g0

Z 1

0
g0ðxÞ

Z 1

0
v20dy

� �1
2

dx

�C1 vk k2 þC1 �C1:
ð2:2:28Þ
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Equations (2.2.28) and (2.2.13) yield the existence of some positive constant
C1 > 0 such that

0\C�1
1 �Dðx; tÞ�C1; 8 ðx; tÞ 2 ½0; 1� � ½0; þ1Þ:

From (2.1.14) and (2.2.1), we deduceZ 1

0
ðv2 þ gpÞðx; tÞdx �

Z 1

0
gpðx; tÞdx �

Z 1

0
ðc4 þ h1þ rÞdx �C�1

1 ; 8 t[ 0:

ð2:2:29Þ
Using lemma 2.2.1, we getZ 1

0
ðv2 þ gpÞðx; tÞdx � vk k2 þC4

Z 1

0
ð1þ h1þ rÞdx �C1; 8 t[ 0: ð2:2:30Þ

Thus, from (2.2.29) and (2.2.30) it follows that for all 0 ≤ s ≤ t,

C�1
1 ðt � sÞ�

Z t

s

Z 1

0
ðv2 þ gpÞðx; sÞdxds�C1ðt � sÞ; ð2:2:31Þ

which, together with (2.2.14), gives that for any 0 ≤ s ≤ t,

e�C1ðt�sÞ �ZðtÞZ�1ðsÞ ¼ exp � 1
lg0

Z t

s

Z 1

0
ðv2 þ gpÞðy; sÞdyds

� �
� e�C�1

1 ðt�sÞ:

ð2:2:32Þ
It thus derives from (2.2.4) and the convexity of the function � log y thatZ 1

0
hdx � log

Z 1

0
hdx � 1�

Z 1

0
ðh� log h� 1Þdx �C1

which results in the existence of a(t) 2 [0, 1] and two positive roots of the equation
y � log y � 1 ¼ C1 such that

0\r1 �
Z 1

0
hðx; tÞdx ¼ hðaðtÞ; tÞ� r2:

This gives, for any t > 0, such that

jhm1ðx; tÞ � hm1ðaðtÞ; tÞj ¼
Z x

aðtÞ
ðhm1ðx; tÞÞxdy












�C1

Z 1

0
hm1�1jhx jdx

�C1

Z 1

0

1þ hq

gh2
h2xdx

� �1
2
Z 1

0
g

h2m1

1þ hq
dx

� �1
2

�C1V
1
2ðtÞM 1

2
gðtÞ ð2:2:33Þ

where V ðtÞ ¼ R 10 1þ hq

gh2
h2xdx and 0 ≤ m1 ≤ m = (q + r + 1)/2.
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Then for any (x, t) 2 [0, 1] × [0, +∞), we get

C�1
1 � C�1

1 V ðtÞMgðtÞ� h2m1ðx; tÞ�C1 þC1V ðtÞMgðtÞ: ð2:2:34Þ
Thus we conclude from lemma 2.2.1 and (2.2.32)–(2.2.34)

gðx; tÞ ¼ Dðx; tÞ ZðtÞþ 1
l

Z t

0
gðx; sÞpðx; sÞD�1ðx; sÞZðtÞZ�1ðsÞds


 �

�C1 e�C1t þ
Z t

0
ð1þV ðsÞMgðsÞÞe�C1ðt�sÞds


 �

�C1 þC1

Z t

0
MgðsÞV ðsÞds;

i.e.,

MgðtÞ�C1 þC1

Z t

0
MgðsÞV ðsÞds;

which, with (2.2.4) and using the Gronwall inequality, yields

MgðtÞ�C1: ð2:2:35Þ
Using (2.2.12) and (2.2.32), we find that there exists a large time t0 such that as

t ≥ t0, x 2 [0, 1],

gðx; tÞ ¼ Dðx; tÞZðtÞ 1þ 1
l

Z t

0
gðx; sÞpðx; sÞD�1ðx; sÞZ�1ðsÞds

� �

�C�1
1



e�C1t þ

Z t

0
e�C1ðt�sÞds

�

�C�1
1

Z t

0
e�C1ðt�sÞds�ð2C1Þ�1: ð2:2:36Þ

Note now thatDðx; tÞ�C�1
1 ; ZðtÞ� expð�C1tÞ and infer that for any (x, t) 2 [0, 1]

× [0, t0],

gðx; tÞ�Dðx; tÞZðtÞ�C�1
1 expð�C1tÞ�C�1

1 expð�C1t0Þ;
which, together with (2.2.36), gives that for any (x, t) 2 [0, 1] × [0, +∞)

gðx; tÞ�C�1
1 : ð2:2:37Þ

Combining (2.2.35) and (2.2.37) gives immediately (2.2.26).
Using the Hölder inequality, (2.2.26) and lemma 2.2.1, we obtain for any t ≥ 0Z t

0
vðsÞk k2L1ds�

Z t

0

Z 1

0
jvx jdx

� �2

ds�
Z t

0

Z 1

0

v2x
h
dx

� � Z 1

0
hdx

� �
ds�C1:

The proof is now complete. h
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Corollary 2.2.1. If assumptions in theorem 2.1.1 hold, then there holds

C1 � C1V ðtÞ� h2mðx; tÞ�C1 þC1V ðtÞ; ðx; tÞ 2 ½0; 1� � ½0; 1Þ; ð2:2:38Þ
where

V ðtÞ ¼
Z 1

0

ð1þ hqÞh2x
h2

dx;
Z 1

0
V ðsÞds�C1:

Corollary 2.2.2. If assumptions in theorem 2.1.1 hold, then there holds thatZ t

0

Z 1

0
ð1þ hÞ2mv2dxds�C1; 8t[ 0: ð2:2:39Þ

Proof. Using the Poincaré inequality, lemma 2.2.1 and (2.2.38), we obtainZ t

0

Z 1

0
ð1þ hÞ2mv2dxds�C1

Z t

0

Z 1

0
v2dxdsþC1

Z t

0

Z 1

0
V ðsÞv2dxds

�C1 þC1

Z t

0
V ðsÞds�C1:

The proof is now complete. h

Set K ¼ sup
0� s� t

hðsÞk kL1 :

Lemma 2.2.4. If assumptions in theorem 2.1.1 hold, then the following estimates hold
for any t > 0,

gxðtÞk k2 þ
Z t

0

Z 1

0
ð1þ h1þ rÞg2xdxds�C1ð1þKÞb; ð2:2:40Þ

Z t

0
vxðsÞk k2ds�C1ð1þKÞb=2; ð2:2:41Þ

with b ¼ max r þ 1� q; 0ð Þ:
Proof. Obviously, equation (2.1.3) can be written as

v � l
gx
g

� �
t
þ pggx ¼ �phhx : ð2:2:42Þ

Multiplying (2.2.42) by
�
v � l gx

g

�
and then integrating the result over

[0, 1] × (0, t), we have
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1
2

v � l
gx
g

				
				
2

þ
Z t

0

Z 1

0

�lpgg2x
g

dxds

¼ 1
2

v0 � l
g0x
g0

				
				
2

�
Z t

0

Z 1

0
pggxvþ phhx v � l

gx
g

� �
 �
dxds:

Now using the Young inequality, (2.1.17) and lemmas 2.2.1–2.2.3, we can infer for
any ϵ > 0,

1
2

v � l
gx
g

				
				
2

þ
Z t

0

Z 1

0
ð1þ h1þ rÞg2xdxds

�C1 þC1

Z t

0

Z 1

0
ð1þ h1þ rÞjgxvj þ ð1þ hrÞ hx v � l

gx
g

� �











 �
dxds

�C1 þC1

Z t

0

Z 1

0
ð1þ h1þ rÞðeg2x þC1v2Þdxds

þC1

Z t

0
V ðsÞds

� �1
2�Z t

0

Z 1

0

h2ð1þ hrÞ2
ð1þ hqÞ v2dxds

�1
2

þ �

Z t

0

Z 1

0
ð1þ h1þ rÞg2xdxdsþC1

Z t

0

Z 1

0

ð1þ hrÞ2h2x
1þ h1þ r dxds

�C1ð1þKÞmaxðb;d2Þ þ �

Z t

0

Z 1

0
ð1þ h1þ rÞg2xdxds

�C1ð1þKÞb þ �

Z t

0
V ðsÞ gxk k2dsþ �

Z t

0

Z 1

0
hr þ 1g2xdxds

þC1

Z t

0

Z 1

0
ð1þ hrÞjhxgx jdxds ð2:2:43Þ

with d ¼ maxðr þ 1� 2q; 0Þ� b:
Now we estimate the last term in (2.2.43). Using the Young inequality and

lemmas 2.2.1–2.2.3, we can conclude for any ϵ > 0,Z t

0

Z 1

0
ð1þ hrÞjhxgx j �

�

2

Z t

0

Z 1

0
ð1þ h1þ rÞg2xdxdsþC1ð�Þ

Z t

0

Z 1

0

ð1þ hrÞ2
1þ h1þ rh

2
xdxds

� �

2

Z t

0

Z 1

0
ð1þ h1þ rÞg2xdxdsþC1 þC1K

b;

which, together with (2.2.43), yields

v � l
gx
g

				
				
2

þ
Z t

0

Z 1

0
ð1þ h1þ rÞg2xdxds� �

Z t

0

Z 1

0
ð1þ h1þ rÞg2xdxdsþC1ð1þKÞb:

Thus for small ϵ > 0 in the above inequality, and applying the generalized Bell-
man–Gronwall inequality, we conclude (2.2.40).
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Multiplying (2.1.4) by v, integrating the result over Qt, and using the Young
inequality, lemmas 2.2.1–2.2.3 and (2.2.38), we derive

1
2

Z 1

0
v2dx þ

Z t

0

Z 1

0
l
v2x
g
dxds

¼ 1
2

Z 1

0
v20dx �

Z t

0

Z 1

0
ðpggx þ phhxÞvdxds

�C1 þC1

Z t

0

Z 1

0
½ð1þ h1þ rÞjgxvj þ ð1þ hrÞjhxvj�dxds

�C1 þC1

Z t

0

Z 1

0
ð1þ h1þ rÞg2xdxds

� �1=2 Z t

0

Z 1

0
ð1þ h1þ rÞv2dxds

� �1=2

þC1

Z t

0

Z 1

0

ð1þ hqÞh2x
h2

dxds
� �1=2 Z t

0

Z 1

0

h2ð1þ hrÞ2v2
1þ hq

dxds

 !1=2

�C1K
b=2 þC1K

d=2 �C1 þC1K
b=2

which yields (2.2.41). Thus this proves the proof. h

Lemma 2.2.5. There holds that for any t > 0,

vxðtÞk k2 þ
Z t

0
vxxðsÞk k2ds�C1ð1þKÞb1 ; ð2:2:44Þ

Z t

0
vxðsÞk k2L1ds�C1ð1þKÞb2 ; ð2:2:45Þ

vxðtÞk k2 þ
Z t

0
vtðsÞk k2ds�C1ð1þKÞb3 ð2:2:46Þ

with

b1 ¼ max r þ 1þ b;
5b
2
;maxð2r þ 2� q; 0Þ

� �
; b2 ¼

b
4
þ b1

2
;

b3 ¼ max r þ 1þ b;maxð2r þ 2� q; 0Þ; 3
4
b1 þ

3
8
b

� �
:

Proof. Multiplying (2.1.4) by vxx, and then integrating the resultants over [0, 1], we
get

1
2
d
dt

vxk k2¼
Z 1

0
pxvxxdx �

Z 1

0

l
g

� �0
gxvx þ

l
g
vxx


 �
vxxdx; ð2:2:47Þ

i.e., for any ϵ > 0
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vxðtÞk k2 þ
Z t

0
vxxðsÞk k2ds

�C1 þC1

Z t

0

Z 1

0
½jgxvxvxx j þ ð1þ h1þ rÞjgxvxx j þ ð1þ hrÞjhxvxx j�dxds

�C1 þC1

Z t

0

Z 1

0
v2xg

2
xdxdsþC1

Z t

0

Z 1

0
ð1þ h1þ rÞ2g2xdxds

þC1

Z t

0

Z 1

0
ð1þ hÞ2rh2xdxds

�C1 þC1ð1þKÞr þ 1
Z t

0

Z 1

0
ð1þ h1þ rÞg2xdxdsþC1

Z t

0
vxk k vxxk k gxk k2ds

þC1

Z t

0

Z 1

0

ð1þ hqÞh2x
h2

h2ð1þ hÞ2r
ð1þ hqÞ dxds

�C1 þC1ð1þKÞr þ 1þ b þC1ð1þKÞb
Z t

0
vxðsÞk k2ds

� �1=2 Z t

0
vxxðsÞk k2ds

� �1=2

þC1 sup
0� s� t

h2ð1þ hÞ2r
1þ hq

					
					
L1

�C1 þC1ð1þKÞr þ 1þ b þC1ð1þKÞ52b þC1ð1þKÞmaxð2r þ 2�q;0Þ

þ �

Z t

0
vxxðsÞk k2ds

�C1ð1þKÞb1 þ �

Z t

0
vxxðsÞk k2ds;

which gives for small ϵ > 0,

vxðtÞk k2 þ
Z t

0
vxxðsÞk k2ds�C1ð1þKÞb1 : ð2:2:48Þ

ThusZ t

0
vxðsÞk k2L1ds�C1

Z t

0
vxðsÞk k2ds

� �1=2 Z t

0
vxxðsÞk k2ds

� �1=2

�C1ð1þKÞb2 : ð2:2:49Þ

Multiplying (2.1.4) by vt, integrating the resultants over [0, 1], and using lemmas
2.2.1–2.2.4, we get

vtk k2¼ �
Z 1

0
pxvtdx �

Z 1

0

l
g

� �0
gxvx þ

l
g
vxx


 �
vtdx ð2:2:50Þ
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Integrating (2.2.50) in t gives

vxðtÞk k2 þ
Z t

0
vtðsÞk k2ds

�C1 þC1

Z t

0
pxk k2dsþ

Z t

0
vxk k3L3dxds

�C1 þC1

Z t

0

Z 1

0
ð1þ h1þ rÞ2g2xdxdsþC1

Z t

0

Z 1

0

h2ð1þ hÞ2r
1þ hq

h2xð1þ hqÞ
h2

dxds

þC1 sup
0� s� t

vxðsÞk k
Z t

0
vxk k2ds

� �3=4 Z t

0
vxxðsÞk k2ds

� �1=4

�C1ð1þKÞr þ 1þb þC1ð1þKÞmaxð2r þ 2�q;0Þ þC1ð1þKÞ34b1 þ 3
8b

�C1ð1þKÞb3 :
h

Corollary 2.2.3. If assumptions in theorem 2.1.1 hold, then the following estimates
hold for any t > 0, Z t

0

Z 1

0
ð1þ hÞ2mv2xdxds�C1ð1þKÞb1 ; ð2:2:51Þ

Z t

0

Z 1

0
ð1þ hÞ2mþ 1v2xdxds�C1ð1þKÞb1 þ 1; ð2:2:52Þ

Z t

0

Z 1

0
ð1þ hÞqþ 1jvx j3dxds�C1ð1þKÞb4 ; ð2:2:53Þ

Z t

0

Z 1

0
ð1þ hÞq�r v4xdxds�C1ð1þKÞb6 ; ð2:2:54Þ

where

d1 ¼ 1
4
maxðq � 3r þ 1; 0Þ; d2 ¼ max

q � 3r � 1
2

; 0
� �

;

b4 ¼ d1 þ 3b1
2

; b5 ¼ maxðq � r ; 0Þþ 3b1
2

þ b
4
;

b6 ¼ minðd2 þ 2b1; b5Þ:
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Proof. Using corollary 2.2.1 and lemmas 2.2.1–2.2.5, we can deriveZ t

0

Z 1

0
ð1þ hÞ2mv2xdxds�

Z t

0
vxk k2dsþ

Z t

0
V ðsÞ vxk k2ds

�C1ð1þKÞb2 þC1ð1þKÞb1
�C1ð1þKÞb1 :

Note thatZ t

0

Z 1

0
ð1þ hÞ2mþ 1v2xdxds�ð1þKÞ

Z t

0

Z 1

0
ð1þ hÞ2mv2xdxds

�C1ð1þKÞb1 þ 1;

andZ t

0

Z 1

0
ð1þ hÞqþ 1jvx j3dxds�C1ð1þKÞd1

Z t

0

Z 1

0
ð1þ hÞ34ðqþ r þ 1Þjvx j3dxds

�C1ð1þKÞd1
Z t

0
vxk k3L3dsþ

Z t

0
V ðsÞ34 vxk k3L3ds


 �

�C1ð1þKÞd1 sup
s2½0; t�

vxðsÞk k
Z t

0
vxk k2ds

� �3
4
Z t

0
vxxk k2ds

� �1
4

þC1ð1þKÞd1 max
s2½0; t�

vxðsÞk k5
2

Z t

0
vxxk k2ds

� �1
4

�C1ð1þKÞb4

where we have used

Z t

0
vxk k3L3ds�C1

Z t

0
vxk k5

2 vxxk k1
2ds�C1

Z t

0
vxk k10

3 ds
� �3

4
Z t

0
vxxk k2ds

� �1
4

�C1 sup
s2½0; t�

vxðsÞk k
Z t

0
vxk k2ds

� �3
4
Z t

0
vxxk k2ds

� �1
4

�C1ð1þKÞ
3b1
4 þ 3b

8 ;

Z t

0

Z 1

0
V ðsÞ34jvx j3dxds�

Z t

0
V ðsÞ34 vxk k3L3ds�C1

Z t

0
V ðsÞ34 vxk k5

2 vxxk k1
2ds

�C1

Z t

0
V ðsÞds

� �3
4
Z t

0
vxk k10 vxxk k2ds

� �1
4

�C1 sup
s2½0; t�

vxðsÞk k5
2

Z t

0
vxxk k2ds

� �1
4

�C1ð1þKÞ54b1 þ 1
4b1 ¼ C1ð1þKÞ32b1
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andZ t

0

Z 1

0
ð1þ hÞq�r v4xdxds�C1ð1þKÞd2

Z t

0

Z 1

0
ð1þ hmÞv4xdxds

�C1ð1þKÞd2
Z t

0

Z 1

0
ð1þV ðsÞ12Þv4xdxds

�C1ð1þKÞd2
" Z t

0
vxk k3 vxxk kdsþ

Z t

0
V ðsÞds

� �1
2

�
Z t

0
vxk k6 vxxk k2ds

� �1
2
#

�C1ð1þKÞd2
h
sup
s2½0; t�

vxðsÞk k2
Z t

0
vxk k2ds

� �1
2
Z t

0
vxxk k2ds

� �1
2

þ sup
s2½0; t�

vxðsÞk k3
Z t

0
vxxk k2ds

� �1
2i

�C1ð1þKÞd2 ð1þKÞ14bþ 3
2b1 þð1þKÞ2b1

h i
�C1ð1þKÞd2 þ 2b1 :

However, we also know thatZ t

0

Z 1

0
ð1þ hÞq�rv4xdxds�C1ð1þKÞmaxðq�r;0Þ

Z t

0
vxk k4L4ds

�C1ð1þKÞmaxðq�r;0Þ
Z t

0
vxk k3 vxxk kds

�C1ð1þKÞmaxðq�r;0Þ
Z t

0
vxk k6ds

� �1
2
Z t

0
vxxk k2ds

� �1
2

�C1ð1þKÞmaxðq�r;0Þ sup
s2½0; t�

vxðsÞk k2
Z t

0
vxðsÞk k2ds

� �1
2

�
Z t

0
vxxðsÞk k2ds

� �1
2

�C1ð1þKÞmaxðq�r;0Þþ 3
2b1 þ 1

4b ¼ C1ð1þKÞb5 :

Therefore, Z t

0

Z 1

0
ð1þ hÞq�r v4xdxds�C1ð1þKÞb6 : ð2:2:55Þ

h
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In the next lemma, we shall derive new uniform-in-time estimates on radiative
term I(x, t; ν, ω) given in the following lemma, which are more complicated,
delicate than and quite different from those in [111], where estimates are not
uniform-in-time.

Lemma 2.2.6. There holds that for any t > 0,Z t

0

Z 1

0

Z 1

0

Z
S1
vraI 2dxdmdxdsþ

Z t

0

Z 1

0

Z 1

0

Z
S1
vrsð~I � I Þ2dxdmdxds

þ
Z 1

0

Z
S1
vrsI 2ðx; t; m;xÞdxdm�C1

Z 1

0
h1þ adx �C1; ð2:2:56Þ

Z 1

0

Z
S1
I ðx; t; m;xÞdxdm�C1: ð2:2:57Þ

Proof. Multiplying (2.1.6) by I, integrating the result over (0, 1) × S1 × (0, ∞) and
using boundary conditions (2.1.11) and (2.1.12), we get for any ϵ > 0,

1
2

Z 1

0

Z
S1
xI 2ð1; t; m;xÞdxdm� 1

2

Z 1

0

Z
S1
xI 2ð0; t; m;xÞdxdm

þ
Z 1

0

Z 1

0

Z
S1
graI 2dxdmdx þ

Z 1

0

Z 1

0

Z
S1
grsð~I � I Þ2dxdmdx

�C1ð�Þ
Z 1

0

Z 1

0

Z
S1
graB2dxdmdx þ �

Z 1

0

Z 1

0

Z
S1
graI 2dxdmdx

�C1ð�Þ
Z 1

0
h1þ adx

Z 1

0

Z
S1
f ðm;xÞdxdmþ �

Z 1

0

Z 1

0

Z
S1
graI 2dxdmdx

�C1ð�Þ
Z 1

0
h1þ adx þ �

Z 1

0

Z 1

0

Z
S1
graI 2dxdmdx

�C1 þ �

Z 1

0

Z 1

0

Z
S1
graI 2dxdmdx:

Similarly, we also deduce thatZ 1

0

Z 1

0

Z
S1
gðra þ rsÞI 2dxdmdx �

Z 1

0
h1þ adx �C1: ð2:2:58Þ

In order to derive (2.2.5), we consider now the following integro-differential
equation

x
@

@x
I ðx; t; m;xÞ ¼ graðm;x; g; hÞ½Bðm; hÞ � I ðx; m;xÞ� þ grsðm; g; hÞ

� ½~I ðx; mÞ � I ðx; m;xÞ� on X� ½0; t� � Rþ � S1;

I ð0; t; m;xÞ ¼ 0 for all x 2 ð0; 1Þ;
I ð1; t; m;xÞ ¼ 0 for all x 2 ð�1; 0Þ;
I ðx; 0; m;xÞ ¼ I0ðx; m;xÞ on X� Rþ � S1:

8>>>>>>>><
>>>>>>>>:

ð2:2:59Þ
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Solving explicitly the ordinary differential equation and using boundary condition
(2.1.1), we arrive at (see [19] for details)

I ðx; t; m;xÞ ¼

Z x

0
e
R y

x

gðra þrs Þ
x dz g

x
ðraBþ rs~I Þdy for all x 2 ð0; 1Þ;

�
Z 1

x
e
R y

x

gðra þrs Þ
x dz g

x
ðraBþ rs~I Þdy for all x 2 ð�1; 0Þ:

8>><
>>: ð2:2:60Þ

Using the Young inequality, (2.1.18), (2.2.3), and (2.2.56), we have for all
ω 2 (0, 1),Z 1

0

Z
S1
I dmdx

¼
Z 1

0

Z
S1

�Z x

0
e
R y

x

gðra þrs Þ
x dz g

x
ðraBþ rs~I Þdy

�
dmdx

�
Z 1

0

Z
S1

Z 1

0

g
x

raBþ rs~I
� �

dydmdx












¼
Z 1

0
g
Z 1

0

Z
S1

1
x
raBdxdmdx þ

Z 1

0
g
Z 1

0

Z
S1

1
x
rsð~I � I þ I Þdxdmdx












�C1

Z 1

0
h1þ adx þC1

Z 1

0
g
Z 1

0

Z
S1

h 1
x2 rs þ rsð~I � I Þ2 þ rsI 2

i
dxdmdx












�C1

Z 1

0
h1þ adx �C1: ð2:2:61Þ

In the same manner, we have the same result for all ω 2 (−1, 0). This completes
the proof. h

Obviously, we can obtain the following result by lemmas 2.2.1 and 2.2.6.

Lemma 2.2.7. If assumptions in theorem 2.1.1 hold, then there holds that for any
t > 0,

hþ h1þ r þ v2
		 		2 þ Z t

0

Z 1

0
ð1þ hÞqþ rh2xdxds�C1ð1þKÞb8 ; ð2:2:62Þ

where

b7 ¼ maxð2r þ 1� 2q; 0Þ;
b8 ¼ max

n
b7;

1
2
ðbþ maxð2r þ 2� q; 0ÞÞ; qþ 1þ b;

3b1
4

;
b2 þ bþ r þ 1

2
;

maxðr � q; 0Þþ b2
2
;maxðq � r; 0Þþ b2

2

o
:
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Proof. Multiplying (2.1.5) by eþ 1
2 v

2, integrating the resultant over [0, 1] × (0, t)
and using lemmas 2.2.1–2.2.6 and (2.1.15), we get

hðtÞþ h1þ rðtÞþ v2
		 		2 þ Z t

0

Z 1

0
ð1þ hÞqþ rh2xdxds

�C1 þC1

Z t

0

Z 1

0
ð1þ hÞ2r þ 1jvhx jdxdsþC1

Z t

0

Z 1

0
ð1þ hÞ2r þ 2jvgx jdxds

þC1

Z t

0

Z 1

0
ð1þ hÞqþ r þ 1jhxgx jdxdsþC1

Z t

0

Z 1

0
ð1þ hÞr þ 1v2jvx jdxds

þC1

Z t

0

Z 1

0
ð1þ hÞr þ 1jvvxgx jdxdsþC1

Z t

0

Z 1

0
ð1þ hÞr jvvxhx jdxds

þC1

Z t

0

Z 1

0
ð1þ hÞq jvvxhx jdxdsþC1

Z t

0

Z 1

0
gðSEÞR eþ 1

2
v2

� �








dxds

:¼ C1 þ
X8
i¼1

Di: ð2:2:63Þ

Similarly to those in [104], we have estimates of D1, D2, and D3, for any ϵ > 0,

D1 � �

Z t

0

Z 1

0
ð1þ hÞqþ rh2xdxdsþC1ð�Þð1þKÞb7 ;

D2 �C1ð1þKÞ12ðbþ maxð2r þ 2�q;0ÞÞ;

D3 � �

Z t

0

Z 1

0
ð1þ hÞqþ rh2xdxdsþC1ð�Þð1þKÞbþ 1þ q :

Here we only give estimates of Di, (i = 4, 5, 6, 7, 8), for any ϵ > 0,

D4 �C1

�Z t

0

Z 1

0
ð1þ hÞ2mv2xdxds

�1
2
�Z t

0

Z 1

0
ð1þ hÞr þ 1�qv4dxds

�1
2

�C1ð1þKÞ
b1
2 sup
s2½0; t�

vðsÞk kL1

�Z t

0

Z 1

0
ð1þ hÞ2mv2dxds

�1
2

�C1ð1þKÞ
b1
2 sup
s2½0; t�

vxðsÞk k1
2

�Z t

0

Z 1

0
ð1þ hÞ2mv2dxds

�1
2

�C1ð1þKÞ
3b1
4 ;

D5 �C1

�Z t

0

Z 1

0
ð1þ hÞr þ 1g2xdxds

�1
2
�Z t

0

Z 1

0
ð1þ hÞr þ 1v2v2xdxds

�1
2

�C1ð1þKÞb2þ r þ 1
2

�Z t

0
vxk k2L1

Z 1

0
v2dxds

�1
2

�C1ð1þKÞ
bþb2

2 þ r þ 1
2 ;
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D6 � �

Z t

0

Z 1

0
ð1þ hÞr þ qh2xdxdsþC1ð�Þ

Z t

0

Z 1

0
ð1þ hÞr�qv2v2xdxds

� �

Z t

0

Z 1

0
ð1þ hÞr þ qh2xdxdsþC1ð�Þð1þKÞmaxðr�q;0Þþ b2

2 ;

D7 � �

Z t

0

Z 1

0
ð1þ hÞr þ qh2xdxdsþC1ð�Þ

Z t

0

Z 1

0
ð1þ hÞq�r v2v2xdxds

� �

Z t

0

Z 1

0
ð1þ hÞr þ qh2xdxdsþC1ð�Þð1þKÞmaxðq�r ;0Þþ b2

2 :

At last, we use corollary 2.2.1, definitions of S and Ĩ, (2.1.17) and (2.2.61) to get

D8 �



 Z t

0

Z 1

0
gðSEÞR

�
eþ 1

2
v2
�
dxds





¼



 Z t

0

Z 1

0
g
�
eþ 1

2
v2
� Z 1

�1

Z 1

0
raðB � I Þdmdxþ

Z 1

�1

Z 1

0
rsð~I � I Þdmdx

� �
dxds





�



 Z t

0

Z 1

0
g eþ 1

2
v2

� �Z 1

�1

Z 1

0
raðB � I Þdmdxdxds





�
Z t

0

Z 1

0
g



 eþ 1

2
v2

� �Z 1

�1

Z 1

0
raðB � I Þdmdx




dxds
�
Z t

0

Z 1

0




�eþ 1
2
v2
�� Z 1

�1

Z 1

0
h1þ afdmdxþ

Z 1

�1

Z 1

0
graIdmdx

�


dxds
�C1

Z t

0
V ðsÞdsþC1

Z t

0
vk k2L1

�Z 1

0
h1þ adx þC1

�
ds

�C1

Z t

0

�
V ðsÞþ vk k2L1

�
ds�C1 þ

Z t

0
vk k vxk kds

�C1 þ
�Z t

0
vxk k2ds

�1
2 �C1ð1þKÞb4:

Inserting estimates of D1, D2, D3, D4, and D5 into (2.2.63), using the Young
inequality and taking ε > 0 small enough, we conclude

hðtÞþ h1þ rðtÞþ v2
		 		2 þ Z t

0

Z 1

0
ð1þ hÞqþ rh2xdxds�C1K

b8 :

The proof is hence complete. h

In the next lemma, we shall prove the new uniform-in-time upper bound on
temperature θ(x, t). The difficulty of the proof is how to derive the uniform-in-time

estimate on the last term
R t
0

R 1
0 gðSEÞRKtdxds in (2.2.67) below.
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Lemma 2.2.8. If assumptions in theorem 2.1.1 hold, the there holds that for any
t > 0,Z 1

0
ð1þ h2qÞh2xðx; tÞdx þ

Z t

0

Z 1

0
ð1þ hqþ rÞh2t dxds�C1ð1þKÞb13 ; ð2:2:64Þ

K�C1; ð2:2:65Þ

where

b9 ¼ f2maxðq � r ; 0Þþ 2bþ b8;maxðq � r; 0Þþ bþðb8 þ b1 þ 1Þ=2;
maxðq � r ; 0Þþ bþðb8 þ b6Þ=2;maxðq � r ; 0Þg;

b10 ¼ maxfmaxðq � r ; 0Þþ qþ 2þ b; 2maxðq � r; 0Þþ r þ 2þ 2b;

maxðq � r ; 0Þþ bþðb1 þ r þ 3Þ=2;maxðq � r ; 0Þþ bþðb6 þ r þ 2Þ=2;
ðmaxðq � rÞ; 0Þg;

b11 ¼ minðb9; b10Þ;

b12 ¼
maxð3qþ 2� r; 0Þþ b1 þ b8

2
;
maxð3qþ 2� r; 0Þþ b2 þ bþ b8

2

� �
;

b13 ¼ max
3qþ 4þ b1

2
;
3qþ 4þ b2 þ b

2

� �
;

b14 ¼ minfb12; b13g;
b15 ¼ maxfb1 þ 1; b4; b6; b11; b14;maxð2qþ 2; b1Þg:

Proof. Let

Kðg; hÞ ¼
Z h

0

jðg; uÞ
g

du;

XðtÞ ¼
Z t

0

Z 1

0
ð1þ hqþ rÞh2t dxds; Y ðtÞ ¼

Z 1

0
ð1þ h2qÞh2xdx:

Then it is easy to verify that

Kt ¼ Kgvx þ j
g
ht ; Kxt ¼ jht

g

� �
t
þKggvxgx þ

j
g

� �
g

gxht þKgvxx :

We know from (2.1.18) that

jKgj þ jKggj �C1ð1þ hqþ 1Þ:
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The equation (2.1.5) can be rewritten as

ehht þ hphvx � l
g
v2x ¼ jhx

g

� �
x
�gðSEÞR: ð2:2:66Þ

Multiplying (2.2.66) by Kt and integrating the result over [0, 1] × (0, t), we arrive
at Z t

0

Z 1

0

�
ehht þ hphvx � l

g
v2x
�
Ktdxdsþ

Z t

0

Z 1

0

h� jhx
g

�n� jht
g

�
t

þKggvxgx þKgvxx þ
� j
g

�
g
gxht

o
þ gðSEÞRKt

i
dxds ¼ 0: ð2:2:67Þ

Now we estimate each term in (2.2.67). Similarly to those in [104], we have

Z t

0

Z 1

0
ehhtKtdxds�C1XðtÞ � C1ð1þKÞb1 þ 1; ð2:2:68Þ




 Z t

0

Z 1

0

�
hphvx � l0v

2
x

g

�
Ktdxds




� C1

8
XðtÞþC1ð1þKÞb1 þ 1

þC1ð1þKÞb4 þC1ð1þKÞb6 ; ð2:2:69Þ

Z t

0

Z 1

0

jhx
g

�jhx
g

�
t
dxds�C1Y ðtÞ � C1; ð2:2:70Þ




 Z t

0

Z 1

0

jhx
g

�
Kgvxx þKggvxgx

�
dxds





�C1

Z t

0

Z 1

0
ð1þ hÞ2qþ 1jhxvxx þ hxvxgx jdxds

�C1ð1þKÞmaxð3qþ 2�r ;0Þ
2

�Z t

0

Z 1

0
ð1þ hÞqþ rh2xdxds

�1
2
�Z t

0

Z 1

0
v2xxdxds

�1
2

þC1ð1þKÞmaxð3qþ 2�r ;0Þ
2

�Z t

0

Z 1

0
ð1þ hÞqþ rh2xdxds

�1
2
�Z t

0
vxk k2L1 gxk k2dxds

�1
2

�C1ð1þKÞ
maxð3qþ 2�r ;0Þþ b1 þb8

2 þC1ð1þKÞ
maxð3qþ 2�r;0Þþb2 þ bþ b8

2

�C1ð1þKÞb12 :
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On the other hand, it is easy to verify


 Z t

0

Z 1

0

jhx
g
ðKgvxx þKggvxgxÞdxds





�C1

Z t

0

Z 1

0
ð1þ hÞ2qþ 1jhxvxx þ hxvxgx jdxds

�C1ð1þKÞ3qþ 4
2

�Z t

0

Z 1

0

ð1þ hÞqh2x
h2

dxds
�1

2
�Z t

0

Z 1

0
v2xxdxds

�1
2

þC1ð1þKÞ3qþ 4
2

�Z t

0

Z 1

0

ð1þ hÞqh2x
h2

dxds
�1

2
�Z t

0
vxk k2L1 gxk k2dxds

�1
2

�C1ð1þKÞ
3qþ 4þ b1

2 þC1ð1þKÞ
3qþ 4þ b2 þb

2

�C1ð1þKÞb13 :

Therefore 


 Z t

0

Z 1

0

jhx
g
ðKgvxx þKggvxuxÞdxds




�C1ð1þKÞb14 : ð2:2:71Þ

Now we estimate the last two terms in (2.2.67). First, by lemmas 2.2.1–2.2.7, we
have


 Z t

0

Z 1

0

jhx
g

� j
g

�
g
gxhtdxds




�C1

Z t

0

Z 1

0
ð1þ hÞq




 jhx
g

gxht



dxds

� C1

8
XðtÞþC1

Z t

0

Z 1

0

� jhx
g

�2
ð1þ hÞq�rg2xdxds

� C1

8
XðtÞþC1ð1þKÞmaxðq�r ;0Þþb

Z t

0

jhx
g

				
				
2

L1
ds

� C1

8
XðtÞþC1ð1þKÞmaxðq�r ;0Þþb

Z t

0



jhx
g

				
				
2

þ
Z 1

0




 jhx
g

jhx
g

� �
x




dx�ðsÞds
� C1

8
XðtÞþC1ð1þKÞmaxðq�r ;0Þþb

�
n
ð1þKÞmaxðq�r;0Þ

Z t

0

Z 1

0
ð1þ hÞqþ rh2xdxds

þ
�Z t

0

Z 1

0
ð1þ hÞqþ rh2xdxds

�1=2

�
�Z t

0

Z 1

0
ð1þ hÞq�r jhx

g

� �
x











2

dxds
�1=2o

;
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which, along with (2.2.66), lemmas 2.2.4, 2.2.5 and corollary 2.2.2, leads to



 Z t

0

Z 1

0

jhx
g

� j
g

�
g
gxhtdxds





� C1

8
XðtÞþC1ð1þKÞ2maxðq�r ;0Þþbþ b8 þC1ð1þKÞmaxðq�r ;0Þþ bþb8=2

� XðtÞþ
Z t

0

Z 1

0

h
ð1þ hÞqþ r þ 2v2x þð1þ hÞq�rv4x þð1þ hÞq�rg2ðSEÞ2R

i
dxds

� �1=2

� C1

4
XðtÞþC1ð1þKÞ2maxðq�r ;0Þþ 2bþb8 þC1ð1þKÞmaxðq�r ;0Þþ bþðb8 þb1 þ 1Þ=2

þC1ð1þKÞmaxðq�r ;0Þþbþðb8 þ b6Þ=2 þC1ð1þKÞmaxðq�r ;0Þþ bþb7

� C1

4
XðtÞþC1ð1þKÞb9 : ð2:2:72Þ

However, we also know that


 Z t

0

Z 1

0

jhx
g

� j
g

�
g
gxhtdxds





� C1

8
XðtÞþC1

Z t

0

Z 1

0

� jhx
g

�2
ð1þ hÞq�rg2xdxds
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8
XðtÞþC1ð1þKÞmaxðq�r;0Þþ b

�
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0
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0
ð1þ hÞ2qh2xdxdsþ

Z t

0

Z 1

0
ð1þ hÞq jhx j




� jhx
g

�
x




dxds� �

� C1

8
XðtÞþC1ð1þKÞmaxðq�r;0Þþ b

n
Kqþ 2

Z t

0
V ðsÞds

þ
�Z t

0
V ðsÞds

�1=2�Z t

0

Z 1

0
h2ð1þ hÞq jhx

g

� �
x











2

dxds
�1=2o

� C1

8
XðtÞþC1ð1þKÞmaxðq�r;0Þþ qþ 2þb

þC1ð1þKÞmaxðq�r;0Þþ bþðr þ 2Þ=2
Z t

0

Z 1

0
ð1þ hÞq�r




� jhx
g

�
x




2dxds� �1=2

� C1

4
XðtÞþC1ð1þKÞmaxðq�r;0Þþ qþ 2þb þC1ð1þKÞ2maxðq�r;0Þþ 2bþ r þ 2

þC1ð1þKÞmaxðq�r;0Þþ bþðr þ 3þb1Þ=2 þC1ð1þKÞmaxðq�r ;0Þþbþðr þ 2þ b6Þ=2

þC1ð1þKÞmaxðq�r;0Þ

� C1

4
XðtÞþC1ð1þKÞb10 :
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Next, we estimate the last term,


 Z t

0

Z 1

0
gðSEÞRKtdxds




� Z t

0

Z 1

0

�Z 1

0

Z
S1
graBdmdx

�
jKt jdxds

þ
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0
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�
jKt jdxds

þ
Z t

0

Z 1

0

�Z 1

0

Z
S1
grsj~I � I jdmdx

�
jKt jdxds

¼: P þQþR: ð2:2:73Þ

Using (2.1.18), lemma 2.2.6, the Young and the Hölder inequalities, we conclude

jPj �
Z t

0

Z 1

0

�Z 1

0

Z
S1
graBdmdx
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g
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�C1
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0
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0
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0
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0
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0

Z
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dxds

�C1
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0

Z
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2
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0

Z
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2

ð1þ hqþ 1Þjvx jdxds

þC1

Z t

0

Z 1

0

Z 1

0

Z
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gradxdm
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2
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0

Z
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2

ð1þ hqþ 1Þjht jdxds

�C1ð1þKÞ2qþ 2
Z t

0

Z 1
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jvx j2dxdsþ �XðtÞþC1ð�Þ

Z t

0

Z 1

0

Z 1

0

Z
S1
graI 2dxdm

� �
� �XðtÞþC1ð1þKÞ2qþ 2:

Using the same technique, we also get

R� 1
8
XðtÞþC1K

maxðq�r;0Þ:

Inserting estimates on P, Q and R into (2.2.73), using the Young inequality and
taking � > 0 small enough, we derive

XðtÞþY ðtÞ�C1ð1þKÞb15 : ð2:2:74Þ
By lemmas 2.2.1–2.2.7 and the Hölder inequality, there exists a point a(t) 2 [0, 1]

such that for any t[ 0;
R 1
0 hðx; tÞdx ¼ hðaðtÞ; tÞ, we can hence deduce
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jhqþ r þ 3
2 ðx; tÞ � hqþ

r þ 3
2 ðaðtÞ; tÞj �C1

Z 1

0
hqþ

r þ 3
2 jhx jdx

�C1

�Z 1

0
ð1þ h2qÞh2xdx

�1
2
�Z 1

0
hr þ 1dx

�1
2

�C1Y
1
2ðtÞ:

Then

K�C1Y
1

2qþ r þ 3 þC1 �C1ð1þKÞ
b15

2qþ r þ 3: ð2:2:75Þ
After a lengthy calculation, it is easy to verify that assumption (2.1.16) implies that

β15 < 2q + r + 3. Therefore, by the Young inequality, it follows from (2.2.75) that

K�C1:

This thus completes the proof. h

The following lemmas are concerned with the new arguments on uniform-in-time
estimates of radiative term I(x, t; ν, ω).

Lemma 2.2.9. There holdsZ 1

0

Z
S1
I 2dxdm

				
				
L1ðQtÞ

�C1; 8 t[ 0; ð2:2:76Þ
Z 1

0

Z
S1
jIx jdxdm

				
				
L1ðQtÞ

�C1; 8 t[ 0; ð2:2:77Þ
Z t

0

Z 1

0

Z 1

0

Z
S1
I 2t dxdmdxds�C1; 8 t[ 0: ð2:2:78Þ

Proof. By (2.2.57) and (2.2.66), we can easily get (2.2.76). By the definition of Ĩ, we
can derive from (2.2.76) thatZ 1

0

Z
S1

~Idxdm

				
				
L1ðQtÞ

�C1: ð2:2:79Þ

From (2.2.60), using the Young and the Hölder inequalities, (2.1.18) and lemmas
2.2.7, 2.2.8, we deriveZ 1
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Z 1
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rs~I 2dx

�
dxdm
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Z 1

0

Z
S1

Z 1

0
ðrsð~I � I Þ2 þ rsI 2Þdxdxdm�C1; ð2:2:80Þ
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which, by the definition of Ĩ, impliesZ 1

0

Z
S1

~I 2dxdm�C1: ð2:2:81Þ

From (2.1.6), we get

Ix ¼ � g
x
ðra þ rsÞI þ g

x
ðraBþ rs~I Þ:

Integrating the above equality and using (2.1.18), we obtainZ 1

0

Z
S1
jIx jdxdm�C1

Z 1

0

Z
S1

1
jxjðra þ rsÞjI jdxdm

þC1

Z 1

0

Z
S1

1
jxjðraBþ rs~I Þdxdm

�C1 þC1

Z 1

0

Z
S1
jI jdxdmþC1

Z 1

0

Z
S1
j~I jdxdm ð2:2:82Þ

which, using (2.2.76) and (2.2.81), gives (2.2.77).
By (2.2.60), we have for any ω 2 (0, 1),

It ¼
Z x

0
e
R y

x

g
xðra þ rsÞdz

�Z y

x

g
x
ðra þ rsÞdz

�
t

g
x
ðraBþ rs~I Þ

þ
Z x

0
e
R y

x

g
xðra þ rsÞdz

� g
x
ðraBþ rs~I Þ

�
t
dy ¼: A2 þB2: ð2:2:83Þ

Using the Young inequality, (2.2.81), (2.1.18), lemmas 2.2.4 and 2.2.8, we deduceZ t

0

Z 1

0

Z
S1
A2

2dxdmds

�C1

Z t

0

Z 1

0

Z
S1

h Z x

0

�Z y

x

vx
x
ðra þ rsÞþ g

x
ððra þ rsÞgvx

þðra þ rsÞhhtÞdz
� g
x
ðraBþ rs~I Þdy

i2
dxdmds

�C1

Z t

0

Z 1

0

Z
S1

�Z 1

0

v2x
x2ðra þ rs þðraÞg þðrsÞgÞ2

þ h2t
x2 ððraÞh þðrsÞhÞ2dx �

Z 1

0

g2

x2r
2
aB

2dx
�
dxdmds

þC1

Z t

0

Z 1

0

Z
S1

�Z 1

0

v2x
x2ðra þ rs þðraÞg þðrsÞgÞ2

þ h2t
x2 ððraÞh þðrsÞhÞ2dx �

Z 1

0

g2

x2r
2
s
~I 2dx

�
dxdmds

�C1

Z t

0

Z 1

0
ðv2x þ h2t ÞdxdsþC1

Z t

0

Z 1

0

Z
S1

Z 1

0

~I 2dxdxdmds

�C1: ð2:2:84Þ
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Analogously,Z t

0

Z 1

0

Z
S1
B2

2dxdmds�C1

Z t

0

Z 1

0

Z
S1

h Z x

0

� vx
x
ðraBþ rs~I Þþ g

x
ððraÞgvxB

þðraÞhhtBþ rBhht þ ðrsÞg~I vx þðrsÞhht~I þ rs~ItÞ
�
dx
i2
dxdmds

�C1

Z t

0

Z 1

0
ðv2x þ h2t ÞdxdsþC1

Z x

0

Z t

0

Z 1

0

Z
S1
I 2t dxdmdsdy

�C1 þC1

Z x

0

Z t

0

Z 1

0

Z
S1
I 2t dxdmdsdy;

which, together with (2.2.84), impliesZ t

0

Z 1

0

Z
S1
I 2t dxdmds�C1 þC1

Z x

0

Z t

0

Z 1

0

Z
S1
I 2t dxdmdsdy:

Fixing t > 0 and using the Gronwall inequality, we getZ t

0

Z 1

0

Z
S1
I 2t dxdmds�C1eC1x �C1eC1 �C1; 8 x 2 ½0; 1�:

This proves the proof. h

Lemma 2.2.10. If assumptions in theorem 2.1.1 hold, then there holds that

I xxðtÞk k�C2; 8 t[ 0: ð2:2:85Þ

Proof. By virtue of the direct computation, we have

I xxðtÞk k2 ¼
Z 1

0

�Z 1

0

Z
S1
Ixxdxdm

�2
dx

¼
Z 1

0

�Z 1

0

Z
S1

1
x
ðgxS þ gSxÞdxdm

�2
dx

�C1

Z 1

0

h� Z 1

0

Z
S1

1
x
gxSdxdm

�2
þ
�Z 1

0

Z
S1

1
x
gSxdxdm

�2i
dx

¼: G þH : ð2:2:86Þ

Using (2.1.18), (2.2.40) and lemma 2.2.9, we see that

G ¼
Z 1

0

�Z 1

0

Z
S1

1
x
gxSdxdm

�2
dx

¼
Z 1

0
g2x

�Z 1

0

Z
S1

1
x
ðraðB � I Þþ rsð~I � I ÞÞdxdm

�2
dx

�C1

Z 1

0
g2xdx �C1: ð2:2:87Þ
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Similarly,

H ¼
Z 1

0

�Z 1

0

Z
S1

g
x
f½ðraÞggx þðraÞhhx �ðB � I Þþ raðBhhx � IxÞ

þ ½ðrsÞggx þðrsÞhhx �ð~I � I Þþ rsð~I � I Þxgdxdm
�2

dx

�C1

Z 1

0
ðg2x þ h2xÞdx þC1

�C1: ð2:2:88Þ

Plugging (2.2.87) and (2.2.88) into (2.2.86), we can get (2.2.85). The proof is
complete. h

2.3 Asymptotic Behavior of Solutions in H1

This will establish the large-time behavior of global solutions inH1, which completes
the proof of theorem 2.1.1.

Lemma 2.3.1. If assumptions in theorem 2.1.1 hold, then we have

lim
t!þ1 gðtÞ � gk kH 1¼ 0; ð2:3:1Þ

lim
t!þ1

vðtÞk kH 1¼ 0; ð2:3:2Þ

where g ¼ R 10 gðy; tÞdy ¼ R 10 g0ðyÞdy:
Proof. By lemmas 2.2.1–2.2.8, we can derive from (2.2.47)

d
dt

vxk k2 þC�1
1 vxxk k2 �C1: ð2:3:3Þ

Applying lemma 1.1.2 to (2.3.3), and using the Poincaré inequality, we obtain

vðtÞk k2H 1 �C1 vxk k2! 0 as t ! 1:

Similarly, by lemmas 2.2.1–2.2.8, it follows from (2.2.42) that

d
dt

v � l
gx
g

				
				
2

þC�1
1

Z 1

0
ð1þ h1þ rÞg2xdx �C1: ð2:3:4Þ

Applying lemma 1.1.2 to (2.3.4) again, and using lemmas 2.2.1–2.2.8 and (2.3.1),
we conclude that as t → ∞,

gxk k2 �C1 v � l
gx
g

				
				
2

þ vk k2
 !

! 0

which gives (2.3.2). h
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Lemma 2.3.2. If assumptions in theorem 2.1.1 hold, then we have

lim
t!þ1

hðtÞ � h
		 		

H 1¼ 0; ð2:3:5Þ

where h[ 0 is determined by eðg; hÞ ¼ R 10 ð12 v20 þ eðg0; h0ÞþFRð0ÞÞdx.
Proof. Equation (2.1.5) can be rewritten as

ehht þð�pþ hphÞvx � rvx þ qx þ gðSEÞR ¼ 0: ð2:3:6Þ

Multiplying (2.3.6) by e�1
h hxx, integrating the result over (0, 1) and using the

Young inequality, the interpolation inequality and lemmas 2.2.1–2.2.8, we can
conclude for any ε > 0,

d
dt

hxðtÞk k2 þ 2
Z 1

0

jh2xx
ehg

¼ 2
Z 1

0

h hphvx
eh

� lv2x
ehg

�
ðjgÞxhx
eh

þ gðSEÞR
eh

i
hxxdx

� e
2

hxxðtÞk k2 þC1ð vxk k2 þ vxk k4L4 þ hxk k4L4 þ gxhxk k2 þ ðSEÞR
		 		2Þ

� e
2

hxxðtÞk k2 þC1ð vxk k2 þ vxk k3 vxxk kþ vxk k4 þ hxk k3 hxxk kþ hxk k4

þ hxk kL1 þ ðSEÞR
		 		2Þ

� e hxxðtÞk k2 þC1ð vxk k2 þ vxxk k2 þ hxk k2 þ ðSEÞR
		 		2Þ: ð2:3:7Þ

Now we need to estimate the new radiative term η(SE)R in (2.3.7), which did not
appear in the system considered in Qin [104] ((SE)R = 0).

From (2.1.18), the Young and the Hölder inequalities and lemmas 2.2.7, 2.2.8, we
derive

ðSEÞR
		 		2 ¼ Z 1

0

�Z þ1

0

Z
S1
ðraðB � I Þþ rsð~I � I ÞÞdxdm

�2
dx

�C1

Z 1

0

h� Z þ1

0

Z
S1
raðB � I Þdxdm

�2
þ
�Z þ1

0

Z
S1
rsð~I � I Þdxdm

�2i
dx

�C1

Z 1

0

h� Z þ1

0

Z
S1
radxdm

��Z þ1

0

Z
S1
raðB2 þ I 2Þdxdm

�

þC1

�Z þ1

0

Z
S1
rsdxdm

��Z þ1

0

Z
S1
rsð~I � I Þ2dxdm

�i
dx

�C1

Z 1

0
haþ 1dx þC1 �C1; ð2:3:8Þ

Asymptotic Behavior of Solutions for the Compressible Viscous Gas 49



which, together with (2.3.7), yields

hxðtÞk k2 þ
Z t

0
hxxðsÞk k2ds�C1:

Plugging (2.3.8) into (2.3.7), using lemmas 2.2.1–2.2.8 and taking ε > 0 small
enough, we have

d
dt

hxðtÞk k2 þC1

Z 1

0
ð1þ hq�rÞh2xxdx �C1ð vxxk k2 þ 1Þ; ð2:3:9Þ

which, together with lemma 1.1.2 and (2.2.44), (2.2.65), yields

lim
t!þ1 hxðtÞk k2¼ 0: ð2:3:10Þ

By the Poincaré inequality, we deduce

hðtÞ � h
		 		

H 1 �C1 hxðtÞk k;
which, combined with (2.3.10), gives (2.3.5). The proof is thus complete. h

The following lemma is the new argument on the large-time behavior of radiative
term I(x, t; ν, ω).

Lemma 2.3.3. If assumptions in theorem 2.1.1 hold, then we have

lim
t!þ1 IðtÞk kH 2¼ 0: ð2:3:11Þ

Proof. By (2.2.76) and (2.1.6), the direct computation yields

d
dt

I xðtÞk k2 ¼ d
dt

Z 1

0

�Z þ1

0

Z
S1
Ixdxdm

�2
dx

¼ 2
Z 1

0

�Z þ1

0

Z
S1
Ixdxdm

�� Z þ1

0

Z
S1
Ixtdxdm

�
dx

�C1

Z 1

0

�Z þ1

0

Z
S1
jIxt jdxdm

�
dx

�C1

Z 1

0

�Z þ1

0

Z
S1

1
x
jvxS þ gSt jdxdm

�
dx ¼: A3 þB3: ð2:3:12Þ

We denote

A3 ¼
Z 1

0

Z þ1

0

Z
S1




 1
x
vxS



dxdmdx

¼
Z 1

0

Z þ1

0

Z
S1




 1
x
vxðraðB � I Þþ rsð~I � I ÞÞ




dxdmdx ¼: bC þ bD:
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Using (2.1.18), lemmas 2.2.7–2.2.9 and the Young inequality, we can derive

bC �
Z 1

0

Z þ1

0

Z
S1




 1
x
vxraðB � I Þ




dxdmdx
�C1

Z 1

0
jvx j

Z þ1

0

Z
S1

1
jxjðjxjh

aþ 1f ðm;xÞþ jxjgðm;xÞI Þdxdmdx

�C1

Z 1

0
jvx jdx �C1

Z 1

0
v2xdx þC1;

bD �
Z 1

0

Z þ1

0

Z
S1




 1
x
vxrsð~I � I Þ




dxdmdx
�C1

Z 1

0
jvx j

Z þ1

0

Z
S1

1
jxjjxjkðm;xÞj

~I � I jdxdmdx

�C1

Z 1

0
jvx j

Z þ1

0

Z
S1
I dxdmdx �C1

Z 1

0
jvx jdx �C1

Z 1

0
v2xdx þC1:

We denote

B3 ¼
Z 1

0

Z þ1

0

Z
S1




 1
x
gSt



dxdmdx

¼
Z 1

0

Z þ1

0

Z
S1




 g
x

nh
ðraÞgvx þðraÞhht

i
ðB � I Þþ raðBhht � ItÞ

þ
h
ðrsÞgvx þðrsÞhht

i
ð~I � I Þþ rsð~I � I Þt

o


dxdmdx
¼: E þF ;

where

E ¼
Z 1

0

Z þ1

0

Z
S1




 g
x

nh
ðraÞgvx þðraÞhht

i
ðB � I Þþ raðBhht � ItÞ

o


dxdmdx ¼:
X6
i¼1

Pi;

F ¼:

Z 1

0

Z þ1

0

Z
S1




 g
x

nh
ðrsÞgvx þðrsÞhht

i
ð~I � I Þþ rsð~I � I Þt

o


dxdmdx:
Using (2.1.18), lemmas 2.2.7–2.2.9 and the Young inequality, we can conclude

jP1j �C1

Z 1

0
jvx j

Z þ1

0

Z
S1

1
jxjjðraÞgBjdxdmdx

�C1

Z 1

0
jvx j

Z þ1

0

Z
S1

1
jxjjxjhðm;xÞdxdmdx

�C1

Z 1

0
jvx jdx �C1

Z 1

0
v2xdx þC1:
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Analogously, by lemmas 2.2.7–2.2.9,

jP2j �C1

Z 1

0
jvx j

Z þ1

0

Z
S1

1
jxjjðraÞgI jdxdmdx

�C1

Z 1

0
jvx jdx �C1

Z 1

0
v2xdx þC1;

jP3j �C1

Z 1

0
ht

Z þ1

0

Z
S1

1
jxjjðraÞhjBdxdmdx

�C1

Z 1

0
jht jdx �C1

Z 1

0
h2t dx þC1;

jP4j �C1

Z 1

0
jht j
Z þ1

0

Z
S1

1
jxjjðraÞhI jdxdmdx

�C1

Z 1

0
jht jdx �C1

Z 1

0
h2t dx þC1;

jP5j �C1

Z 1

0
jht j
Z þ1

0

Z
S1

1
jxjjraBhjdxdmdx

�C1

Z 1

0
jht jdx �C1

Z 1

0
h2t dx þC1;

jP6j �C1

Z 1

0

Z þ1

0

Z
S1

1
jxjrajIt jdxdmdx

�C1 þ
Z 1

0

Z þ1

0

Z
S1
I 2t dxdmdx:

Now we estimate F as follows, by lemmas 2.2.7–2.2.9,

F �
Z 1

0

Z þ1

0

Z
S1

g
jxjjðrsÞgvxk

~I � I jdxdmdx þ
Z 1

0

Z þ1

0

Z
S1

g
jxjjðrsÞhhtk

~I � I jdxdmdx

þ
Z 1

0

Z þ1

0

Z
S1

g
jxjrsjð

~I � I Þt jdxdmdx ¼:
X3
i¼1

Mi:

By (2.1.18) and lemmas 2.2.7–2.2.9, we deduce

M1 �
Z 1

0
jvx j

Z þ1

0

Z
S1

g
jxjjðrsÞg

~I � I jdxdmdx		
�C1

Z 1

0
jvx j

Z þ1

0

Z
S1
jI jdxdmdx �C1

Z 1

0
v2xdx þC1;

M2 �C1

Z 1

0
jht j
Z þ1

0

Z
S1
jI jdxdmdx �C1

Z 1

0
h2t dx þC1;

M3 �C1 þC1

Z 1

0

Z þ1

0

Z
S1
I 2t dxdmdx:
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Inserting all previous estimates into (2.3.12) implies

d
dt

I xðtÞk k2 �C1ð vxðtÞk k2 þ htðtÞk k2 þ Itk k2L2ðS1�Rþ�XÞÞ þC1; ð2:3:13Þ

which, together with lemma 1.1.2, (2.2.41), (2.2.64), (2.2.65) and (2.2.78), yields

lim
t!þ1 I xðtÞk k2¼ 0: ð2:3:14Þ

From (2.1.6), we derive

I xxðtÞk k2 ¼
Z þ1

0

Z
S1
Ixxdxdm

				
				
2

¼
Z þ1

0

Z
S1

1
x
ðgxS þ gSxÞdxdm

				
				
2

�C1

Z þ1

0

Z
S1

1
x
gxSdxdm

				
				
2

þC1

Z þ1

0

Z
S1

1
x
gSxdxdm

				
				
2

¼: N1 þN2:
ð2:3:15Þ

Using (2.1.18) and lemmas 2.2.4–2.2.9, we deduce

N1 �C1

Z 1

0
g2x

�Z þ1

0

Z
S1

1
x
½raðB � I Þþ rsð~I � I Þ�dxdm

�2
dx

�C1 gxðtÞk k2; ð2:3:16Þ

N2 �C1

Z 1

0

�Z þ1

0

Z
S1

1
x

�
ððr1Þggx þðraÞhhxÞðB � I Þþ raðBhhx � I Þ

þ ððrsÞggx þðrsÞhhxÞð~I � I Þþ rsð~I � I Þx
�
dxdm

�2
dx

�C1ð gxðtÞk k2 þ hxðtÞk k2 þ I xðtÞk k2Þ: ð2:3:17Þ

Inserting (2.3.16) and (2.3.17) into (2.3.15) and using (2.3.1), (2.3.10) and
(2.3.14), we get

lim
t!þ1 I xxðtÞk k ¼ 0: ð2:3:18Þ

Thus (2.3.11) follows from (2.3.14), (2.3.18). h

Proof of Theorem 2.1.1. Combining lemmas 2.2.1–2.2.8 and 2.3.1–2.3.3, we can
complete the proof of theorem 2.1.1. h

2.4 Global Existence and Uniform-in-Time Estimates
in H2

This section will prove the global existence of solutions and uniform-in-time esti-
mates in H2. The next lemma concerns the uniform-in-time global (in time) positive
lower bound (independent of t) of the absolute temperature θ.
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Lemma 2.4.1. If assumptions in theorem 2.1.1 hold, then the generalized global
solution ðgðtÞ; vðtÞ; hðtÞ; IðtÞÞ to the problem (2.1.3)–(2.1.6) and (2.1.11)–(2.1.14)
satisfies for all (x, t) 2 [0, 1] × [0, +∞),

0\C�1
1 � hðx; tÞ: ð2:4:1Þ

Proof. We prove (2.4.1) by contradiction. If (2.4.1) is not true, that is,

inf
ðx;tÞ2½0; 1��½0;þ1Þ

hðx; tÞ ¼ 0;

then there exists a sequence (xn, tn) 2 [0, 1] × [0, +∞) such that as n → +∞,

hðxn; tnÞ ! 0: ð2:4:2Þ
If sequence {tn} has a subsequence, denoted also by tn, converging to +∞, then

by the asymptotic behavior results in theorem 2.1.1, we know that as n → +∞,

hðxn; tnÞ ! h[ 0

which contradicts (2.4.2). If sequence {tn} is bounded, i.e., there exists constant
M > 0, independent of n, such that for any n = 1, 2, 3,…, 0 < tn ≤ M. Thus there
exists point (ðx	; t	Þ, t*) 2 [0, 1] × [0, M] such that ðxn; tnÞ ! ðx	; t	Þ as n → +∞.
On the other hand, by (2.4.2) and the continuity of solutions in lemmas 2.2.1 and
2.2.2, we conclude that hðxn; tnÞ ! hðx	; t	Þ ¼ 0 as n ! þ1, which contradicts
(2.2.1). Thus the proof is complete. h

Lemma 2.4.2. If assumptions in theorem 2.1.2 hold, then the following estimates
hold for all t > 0,

htðtÞk k2 þ vtðtÞk k2 þ
Z t

0
ð vxtk k2 þ hxtk k2ÞðsÞds�C2; ð2:4:3Þ

vxxðtÞk k2 þ hxxðtÞk k2 þ
Z t

0
ð vxxxk k2 þ hxxxk k2ÞðsÞds�C2; ð2:4:4Þ

gxxðtÞk k2 þ
Z t

0
gxxðsÞk k2ds�C2: ð2:4:5Þ

Proof. Differentiating (2.1.4) with respect to t, multiplying the result by vt and
integrating over (0, 1), we infer that

d
dt

vtðtÞk k2 þC�1
1 vxtðtÞk k2 � 1

2C1
vxtðtÞk k2 þC1ð vxðtÞk k2 þ vxðtÞk k4L4 þ htðtÞk k2Þ

� 1
2C1

vxtðtÞk k2 þC1ð vxxðtÞk k2 þ htðtÞk k2Þ
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which, together with lemmas 2.2.1–2.2.8, yields

vtðtÞk k2 þ
Z t

0
vxtk k2ðsÞds�C2 þC1

Z t

0
ð vxxk k2 þ htk k2ÞðsÞds�C2: ð2:4:6Þ

Differentiating (2.2.42) with respect to x, using (2.1.3) (ηtxx = vxxx), we see that

l
@

@t

� gxx
g

�
� pggxx ¼ vtx þEðx; tÞ ð2:4:7Þ

with

Eðx; tÞ ¼ ðpggg2x þ 2phghxgx þ phhh
2
xÞþ phhxx � 2l0vxg

2
x=g

3 þ 2l0gxvxx=g
2:

Multiplying (2.4.7) by ηxx/η, and by the Young inequality, lemmas 2.2.1–2.2.3
and (2.1.18), we can deduce that

d
dt

gxx
g

ðtÞ
				

				
2

þC�1
1

gxx
g

ðtÞ
				

				
2

� 1
4C1

gxx
g

				
				
2

þC1ð hxðtÞk k4L4 þ gxðtÞk k4L4 þ vxtðtÞk k2

þ hxxðtÞk k2 þ vxg2xðtÞ
		 		2Þ

� 1
2C1

gxx
g

ðtÞ
				

				
2

þC2ð hxxðtÞk k2 þ gxðtÞk k2 þ vxtðtÞk k2Þ ð2:4:8Þ

which, combined with lemmas 2.2.1–2.2.8, gives

gxxðtÞk k2 þ
Z t

0
gxxðsÞk k2ds�C2; 8t[ 0: ð2:4:9Þ

By the embedding theorem, (2.1.4), (2.1.5) and (2.4.6), we conclude for all t > 0,

vxk kL1 �C1 vxxk k�C1ð vxk kþ hxk kþ gxk kþ vxk kÞ�C1; ð2:4:10Þ

Z t

0
vxxxk k2ds�C1

Z t

0
ð vtxk k2 þ hxxk k2 þ gxxk k2 þ vxxk k2Þds�C2: ð2:4:11Þ

Using equation (2.1.5), lemmas 2.2.1–2.2.8, (2.3.8), the Gagliardo–Nirenberg
interpolation inequality and the Young inequality, we have

hxxðtÞk k�C1ð htðtÞk kþ gðSEÞR
		 		Þ�C1ð htðtÞk kþ 1Þ: ð2:4:12Þ

Differentiating (2.1.5) with respect to t, multiplying the result by θt and inte-
grating over (0, 1), we infer that for any ε > 0,
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d
dt

ffiffiffiffiffi
eh

p
htðtÞk k2 þC�1

1 hxtðtÞk k2

� e hxtðtÞk k2 þC1

n
hxðtÞk k2 þ vxðtÞk k2 þ htðtÞk k3L3 þ htðtÞk k2

þ vxtðtÞk k2 þð htðtÞk kþ htðtÞk k1
2 htxðtÞk k1

2Þ hxtðtÞk k
þC1 ½gðSEÞR�t

		 		2o: ð2:4:13Þ

Integrating (2.4.12) with respect to t and using lemmas 2.2.1–2.2.8 and the Young
inequality, we derive for any ε > 0,

htðtÞk k2 þ
Z t

0
hxtðsÞk k2ds

�C2 þ e
Z t

0
hxtðsÞk k2dsþC1

Z t

0
ð htk k5

2 htxk k1
2 þ htk k3ÞðsÞds

þC1

Z t

0
½gðSEÞR�t
		 		2ðsÞds

�C2 þ e
Z t

0
hxtðsÞk k2dsþC1 sup

0� s� t
htðsÞk k4

3 þC1

Z t

0
½gðSEÞR�t
		 		2ðsÞds

�C2 þ e
Z t

0
hxtðsÞk k2dsþ 1

2
sup

0� s� t
htðsÞk k2 þC1

Z t

0
½gðSEÞR�t
		 		2ðsÞds: ð2:4:14Þ

Noting that the new radiative term
R t
0 ½gðSEÞR�t
		 		2ðsÞds, we need to obtain the

uniform-in-time estimate.
From (2.2.41), (2.2.46), (2.2.65) and (2.2.78), we can deriveZ t

0
½gðSEÞR�t
		 		2ðsÞds
¼
Z t

0

Z 1

0
½vxðSEÞR þ g½ðSEÞR�t �2dxds

�C1

Z t

0

Z 1

0
v2x
�Z þ1

0

Z
S1
raðB � I Þþ rsð~I � I Þdxdm

�2
dxds

þC1

Z t

0

Z 1

0

nZ þ1

0

Z
S1
½ðraÞgvx þðraÞhht �ðB � I Þþ raðBhht � ItÞ

þ ½ðrsÞgvx þðrsÞhht �ð~I � I Þþ rsð~I � I Þtdxdm
o2

dxds

�C1

Z t

0
ð vxk k2 þ htk k2ÞðsÞdsþC1

Z t

0

Z 1

0

Z þ1

0

Z
S1
I 2t dxdmdxds

�C1: ð2:4:15Þ

Inserting (2.2.15) into (2.2.14), then taking supremum in t on the left-hand side of
(2.2.14), picking ε > 0 small enough, we can get for all t > 0,

htðtÞk k2 þ
Z t

0
hxtðsÞk k2ds�C2; ð2:4:16Þ
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which, together with (2.2.12), implies

hxxðtÞk k�C2: ð2:4:17Þ
Differentiating (2.1.5) with respect to x, using the Young inequality, the

Gagliardo–Nirenberg interpolation and the Poincaré inequality and lemmas 2.2.1–
2.2.8, (2.2.16), (2.2.17) and (2.4.5), we deduceZ t

0
hxxxðsÞk k2ds�C2

Z t

0
ð gxk k2 þ gxxk k2 þ vxk k2 þ vxxk k2 þ htk k2

þ hxtk k2ÞðsÞdsþC2

Z t

0
½gðSEÞR�x
		 		2ðsÞds

�C2 þC2

Z t

0
½gðSEÞR�x
		 		2ðsÞds: ð2:4:18Þ

The same estimate as (2.4.16) yieldsZ t

0
½gðSEÞR�x
		 		2ðsÞds ¼ Z t

0

Z 1

0
ðgxðSEÞR þ g½ðSEÞR�xÞ2dxds

�C1

Z t

0
ð gxk k2 þ hxk k2ÞðsÞds

þC1

Z þ1

0

Z
S1
jIx jdxdm

				
				
2

L1ðQtÞ
�C1;

ð2:4:19Þ

which, together with (2.4.18), implies that for all t > 0,Z t

0
hxxxðsÞk k2dxds�C2: ð2:4:20Þ

Thus (2.4.3), (2.4.4) follow from (2.4.6), (2.4.16), (2.4.17) and (2.4.20). The proof
follows immediately. h

The following two lemmas are the new arguments on the uniform-in-time esti-
mates of radiative term I(x, t; ν, ω).

Lemma 2.4.3. There holds that for all t > 0,Z þ1

0

Z
S1
jIt jdxdm

				
				
L1ðQtÞ

�C2: ð2:4:21Þ

Proof. Using (2.1.18), the Young inequality, lemmas 2.2.5 and 2.2.9, we derive from
(2.2.83)
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Z þ1

0

Z
S1
jA2jdxdm

�C1

Z þ1

0

Z
S1




 Z x

0

�Z y

x

vx
x
ðra þ rs þðra þ rsÞgÞ

þ ht
x
ðra þ rsÞhdz

� g
x
ðraBþ rs~I Þdy




dxdm
�C1

Z þ1

0

Z
S1




h Z x

0

�Z y

x

vx
x
ðra þ rs þðra þ rsÞgÞ

þ ht
x
ðra þ rsÞhdz

�2
dyþ

Z x

0

g2

x2r
2
aB

2dyþ
Z x

0
r2s~I

2dy
i


dxdm

�C1

Z 1

0
ðv2x þ h2t Þdx �C2: ð2:4:22Þ

Analogously,Z þ1

0

Z
S1
jB2jdxdm�C1

Z þ1

0

Z
S1




h Z x

0

� vx
x
ðraBþ rs~I Þþ g

x

�
ðraÞgvxB

þðraÞhhtBþ rBhht þðrsÞg~I vx þðrsÞhht~I þ rs~It
��

dy
i


dxdm

�C1

Z 1

0
ðjvx j þ jht jÞdx þC1

Z x

0

Z þ1

0

Z
S1




 g
x
rs~It




dxdmdy
�C2 þC1

Z x

0

Z þ1

0

Z
S1
jIt jdxdmdy;

which, together with (2.4.22) and (2.4.18) and using the Gronwall inequality, impliesZ þ1

0

Z
S1
jIt jdxdm�C2:

Thus the proof is hence complete. h

Lemma 2.4.4. If assumptions in theorem 2.1.2 hold, then there holds that

I xxxðtÞk k�C2: ð2:4:23Þ

Proof. The elementary computation yields

I xxxðtÞk k2 ¼
Z 1

0

�Z þ1

0

Z
S1
Ixxxdxdm

�2
dx

¼
Z 1

0

�Z þ1

0

Z
S1

1
x
ðgxxS þ 2gxSx þ gSxxÞdxdm

�2
dx

�C1

Z 1

0

h� Z þ1

0

Z
S1

1
x
gxxSdxdm

�2
þ
�Z þ1

0

Z
S1

1
x
gxSxdxdm

�2

þ
�Z þ1

0

Z
S1

1
x
gSxxdxdm

�2i
dx ¼:

X3
i¼1

Ji: ð2:4:24Þ
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Employing the Gagliardo–Nirenberg interpolation inequality and using (2.1.18),
lemma 2.2.9 and (2.4.5), we conclude

J1 �C1

Z 1

0

�Z þ1

0

Z
S1

1
x
gxxSdxdm

�2
dx

�C1

Z 1

0
g2xx

�Z þ1

0

Z
S1

1
x
½raðB � I Þþ rsð~I � I Þ�dxdm

�2
dx

�C1

Z 1

0
g2xxdx �C2; ð2:4:25Þ

J2 �C1

Z 1

0

�Z þ1

0

Z
S1

1
x
gx
n
½ðraÞggx þðraÞhhx �ðB � I Þ

þ raðBhhx � IxÞþ ½ðrsÞggx þðrsÞhhx �ð~I � I Þþ rsð~I � I Þx
o
dxdm

�2
dx

�C1

Z 1

0
ðg4x þ g2xh

2
x þ g2xÞdx

�C1 max
X

g2x

Z 1

0
ðg2x þ h2xÞdx

� �
þC1

�C1ð gxk k gxxk kþ gxk k2ÞþC1

�C2: ð2:4:26Þ

Analogously, we infer from (2.1.18), (2.4.4), (2.4.5) and (2.2.85) that

J3 �C1

Z 1

0

�Z þ1

0

Z
S1

g
x

n
½ðraÞggx þðraÞhhx �ðB � I Þ

þ raðBhhx � IxÞþ ½ðrsÞggx þðrsÞhhx �ð~I � I Þþ rsð~I � I Þx
o
x
dxdm

�2
dx

�C1

Z 1

0
ðg4x þ h4x þ g2xh

2
x þ g2xx þ h2xx þI2

xxÞdx

�C1ð gxk k gxxk kþ gxk k2 þ hxk k hxxk kþ hxk k2Þ
Z 1

0
ðg2x þ h2xÞdx þC2

�C2;

which, along with (2.4.25) and (2.4.26), gives (2.4.23). The proof is thus complete.h

By lemmas 2.4.1–2.4.4, we conclude that the global existence of solutions
ðgðtÞ; vðtÞ; hðtÞ; IðtÞÞ exists in H2 such that for all t > 0,

ðgðtÞ; vðtÞ; hðtÞ; IðtÞÞk kH2
�C2: ð2:4:27Þ
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2.5 Asymptotic Behavior of Solutions in H2

This section will derive the asymptotic behavior of global solutions ðg; v; h; IÞ in H2

based on uniform-in-time estimates in section 2.4.

Lemma 2.5.1. If assumptions in theorem 2.1.2 hold, then we have

lim
t!þ1

gðtÞ � gk kH 2¼ 0; ð2:5:1Þ

lim
t!þ1 vðtÞk kH 2¼ 0; ð2:5:2Þ

where g ¼ R 10 gðy; tÞdy ¼ R 10 g0ðyÞdy:
Proof. Applying lemma 1.1.2 to (2.4.8) and using lemmas 2.2.1–2.2.8 and 2.4.1, 2.4.2,
we get, as t → ∞,

gxxk k ! 0: ð2:5:3Þ
Thus (2.5.1) follows from (2.5.3) and (2.3.1) in lemma 2.3.1. Applying lemma 1.1.2

to (2.4.6), using lemmas 2.2.1–2.2.8, we conclude, as t → ∞,

vtðtÞk k ! 0

which, with (2.4.10), gives, as t → ∞,

vxxðtÞk k ! 0: ð2:5:4Þ
Then (2.5.2) follows from (2.5.3) and (2.3.2) in lemma 2.3.1. The proof is now

complete. h

Since radiative term (SE)R is present in our model, whose uniform-in-time esti-
mates are more complicated than those in Qin [104], we have to estimate a new

radiative term ðSEÞR
		 		2 in the next lemma.

Lemma 2.5.2. If assumptions in theorem 2.1.2 hold, then we have

lim
t!þ1 hðtÞ � h

		 		
H 2¼ 0; ð2:5:5Þ

where h[ 0 is determined by eðg; hÞ ¼ R 10 ð12 v20 þ eðg0; h0ÞþFRð0ÞÞdx.
Proof. By (2.4.13), we can get

d
dt

ffiffiffiffiffi
eh

p
htðtÞk k2 þC�1

1 hxtðtÞk k2 �C2ð hxðtÞk k2 þ vxðtÞk k2 þ htðtÞk k2 þ vxtðtÞk k2

þ ½gðSEÞR�t
		 		2Þ;

which, combined with (2.2.41), (2.2.62), (2.2.64), (2.2.65), (2.4.3), (2.4.15), and
lemma 1.1.2, we can conclude

lim
t!þ1

htðtÞk k2¼ 0: ð2:5:6Þ
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Using (2.1.18) and lemma 2.2.9, we can deduce

d
dt

ðSEÞR
		 		2 ¼ 2

Z 1

0

�Z þ1

0

Z
S1
Sdxdm

��Z þ1

0

Z
S1
Stdxdm

�
dx

�C2ð1þ vxðtÞk k2 þ htðtÞk k2Þ;
which, together with (2.2.41), (2.2.64) and lemma 1.1.2, implies

lim
t!þ1

ðSEÞR
		 		2¼ 0: ð2:5:7Þ

By equation (2.1.5), we see that

hxxðtÞk k�C2ð vxðtÞk kþ htðtÞk kþ hxðtÞk kþ ðSEÞR
		 		Þ;

which, along with (2.3.2), (2.3.10), (2.5.6) and (2.5.7), gives

lim
t!þ1

hxxðtÞk k ¼ 0: ð2:5:8Þ

Thus (2.5.5) follows from (2.5.7) and (2.5.8). The proof is then complete. h

A new asymptotic behavior of solutions of radiative term I(x, t; ν, ω) in H3 will be
given in the following lemma.

Lemma 2.5.3. If assumptions in theorem 2.1.2 hold, then we have

lim
t!þ1

IðtÞk kH 3¼ 0: ð2:5:9Þ

Proof. By (2.1.6), we denote

I xxxðtÞk k2 �C1

Z þ1

0

Z
S1

1
x
gxxSdxdm

				
				
2

þC1

Z þ1

0

Z
S1

1
x
gxSxdxdm

				
				
2

þ
Z þ1

0

Z
S1

1
x
gSxxdxdm

				
				
2

¼: R1 þR2 þR3: ð2:5:10Þ

Similarly, by (2.1.18), lemma 2.2.9 and the more delicated computation, we see
that

R1 �C1 gxxðtÞk k2; ð2:5:11Þ

R2 �C1ð gxðtÞk k2 þ hxðtÞk k2Þ; ð2:5:12Þ

R3 �C1ð gxxðtÞk k2 þ hxxðtÞk k2 þ I xxðtÞk k2Þ: ð2:5:13Þ
Plugging (2.5.11)–(2.5.13) into (2.5.10) and using (2.3.1), (2.3.5), (2.3.11),

(2.5.1), (2.5.5), (2.5.8) and (2.3.18), we obtain
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lim
t!þ1

I xxxðtÞk k2¼ 0;

which, combined with (2.3.11), yields (2.5.9). h

Proof of Theorem 2.1.2. Combining lemmas 2.4.1–2.4.4 and 2.5.1–2.5.3, we can
complete the proof of theorem 2.1.2. h

2.6 Global Existence and Uniform-in-Time Estimates
in H4

In this section, we shall first establish the global existence solutions in H4.

Lemma 2.6.1. If assumptions in theorem 1.1.3 hold, then there holds that for any
ðg0; v0; h0; I0Þ 2 H4, the following estimates hold for any t > 0,

vxtðx; 0Þk kþ hxtðx; 0Þk k�C3; ð2:6:1Þ

vttðx; 0Þk kþ httðx; 0Þk kþ vxxtðx; 0Þk kþ hxxtðx; 0Þk k�C4; ð2:6:2Þ

vttðtÞk k2 þ
Z t

0
vxttðsÞk k2ds�C4 þC4

Z t

0
hxxtðsÞk k2ds; ð2:6:3Þ

httðtÞk k2 þ
Z t

0
hxttðsÞk k2ds�C4e

�3 þC2e
�1
Z t

0
hxxtðsÞk k2ds

þC1e
Z t

0
ð vxttk k2 þ vxxtk k2ÞðsÞds: ð2:6:4Þ

Proof. Using theorems 2.1.1 and 2.1.2, we derive from (2.1.4)

vtðtÞk k�C1ð gxðtÞk kþ hxðtÞk kþ vxðtÞk kL1 gxðtÞk kþ vxxðtÞk kÞ
�C2ð vxðtÞk kH 1 þ gxðtÞk kþ hxðtÞk kÞ: ð2:6:5Þ

Differentiating (2.1.4) with respect to x and using theorems 2.1.1 and 2.1.2, we
deduce

vxtðtÞk k�C2ð vxðtÞk kH 2 þ gxðtÞk kH 1 þ hxðtÞk kH 1Þ ð2:6:6Þ
or

vxxxðtÞk k�C2ð vðtÞk kH 2 þ gxðtÞk kH 1 þ hxðtÞk kH 1 þ vxtðtÞk kÞ: ð2:6:7Þ
Similarly, differentiating (2.1.4) with respect to x twice, using theorems 2.1.1 and

2.1.2 and the embedding theorem, we get
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vxxtðtÞk k�C2ð gxðtÞk kH 2 þ vxðtÞk kH 3 þ hxðtÞk kH 2 þ vxðtÞk kL1 gxxxðtÞk k
þ gxðtÞk kL1 vxxxðtÞk kþ vxxðtÞk kL1 gxxðtÞk kÞ

�C2ð gxðtÞk kH 2 þ hxðtÞk kH 2 þ vxðtÞk kH 3Þ ð2:6:8Þ
or

vxxxxðtÞk k�C2ð gxðtÞk kH 2 þ vxðtÞk kH 2 þ hxðtÞk kH 2 þ vxxtk kÞ: ð2:6:9Þ
Using theorems 2.1.1, 2.1.2, (2.1.18) and the Hölder inequality, we haveZ 1

0
½gðSEÞR�2xdx ¼

Z 1

0
gðSEÞR þ g½ðSEÞR�x
� �2dx

�C1

Z 1

0
g2xðSEÞ2Rdx þC1

Z 1

0
½ðSEÞR�2xdx

�C1

Z 1

0
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�Z þ1

0

Z
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raðB � I Þþ rsð~I � I Þdxdm
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þC1

Z 1

0

� Z þ1

0

Z
S1

n
½ðraÞggx þðraÞhhx �ðB � I Þþ raðBhhx � IxÞ

þ ½ðrsÞggx þðrsÞhhx �ð~I � I Þþ rsð~I � I Þx
o
dxdm

�2
dx

�C1

Z 1

0
gxk k2

�Z þ1

0

Z
S1
raB2dxdmþ

Z þ1

0

Z
S1
I 2dxdm

�
dx

þC1

Z 1

0
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h� Z þ1

0

Z
S1
ðraÞgBdxdm
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þ
�Z þ1

0

Z
S1
ðraÞgIdxdm

�2
þ
�Z þ1

0

Z
S1
ðraÞgð~I � I Þdxdm

�2i
dx þC1

Z 1

0
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h� Z þ1

0

Z
S1
ðraÞhIdxdm
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þ
�Z þ1

0

Z
S1
ðraÞhBdxdm
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þ
�Z þ1

0

Z
S1
raBhdxdm

�2
þ
�Z þ1

0

Z
S1
ðrsÞhð~I � I Þdxdm

�2i
dx þC1

Z 1

0

� Z þ1

0

Z
S1
raIxdxdm

�2
dx

þC1

Z 1

0

� Z þ1

0

Z
S1
rsð~I � I Þxdxdm

�2
dx

�C1ð gxðtÞk k2 þ hxðtÞk k2 þ I xðtÞk k2Þ;

i.e.,

½gðSEÞR�x
		 		�C1ð gxðtÞk kþ hxðtÞk kþ I xðtÞk kÞ: ð2:6:10Þ

Similarly, we can derive

½gðSEÞR�xx
		 		�C2ð gxðtÞk kH 1 þ hxðtÞk kH 1 þ I xðtÞk kH 1Þ ð2:6:11Þ

and

½gðSEÞR�t
		 		�C2ð vxðtÞk kþ htðtÞk kþ I tðtÞk kÞ ð2:6:12Þ
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or

½gðSEÞR�t
		 		�C2ð vxðtÞk kþ htðtÞk kþ ItðtÞk kL2ðX�ð�1;1Þ�RþÞÞ: ð2:6:13Þ

From (2.1.5) and theorems 2.1.1 and 2.1.2 it follows that

htðtÞk k�C1ð vxðtÞk kþ vxðtÞk kL1 vxðtÞk k
þ ð gxðtÞk kþ hxðtÞk kÞ hxðtÞk kL1 þ hxxðtÞk kþ ðSEÞR

		 		Þ
�C1ð hxðtÞk kH 1 þ vxðtÞk kH 1 þ ðSEÞR

		 		Þ: ð2:6:14Þ
Differentiating (2.1.5) with respect to x, and using theorems 2.1.1 and 2.1.2, we

arrive at

hxtðtÞk k�C2ð htðtÞk kþ hxðtÞk kH 2 þ gxðtÞk kH 1 þ vxxðtÞk kþ ½gðSEÞR�x
		 		Þ

�C2ð gxðtÞk kH 1 þ vxðtÞk kH 1 þ hxðtÞk kH 2 þ I xðtÞk kÞ ð2:6:15Þ
or

hxxxðtÞk k�C2ð gxðtÞk kH 1 þ hxðtÞk kH 1 þ vxðtÞk kH 1 þ hxtðtÞk kþ I xðtÞk kÞ: ð2:6:16Þ
Differentiating (2.1.5) with respect to x twice, using theorems 2.1.1 and 2.1.2 and

the embedding theorem, we conclude

hxxtðtÞk k�C2ð gxðtÞk kH 2 þ vxðtÞk kH 2 þ hxðtÞk kH 3 þ ½gðSEÞR�xx
		 		Þ

�C2ð gxðtÞk kH 2 þ vxðtÞk kH 2 þ hxðtÞk kH 3 þ I xðtÞk kH 1Þ; ð2:6:17Þ
or

hxxxxðtÞk k�C2ð gxðtÞk kH 2 þ vxðtÞk kH 2 þ hxðtÞk kH 2 þ hxxtðtÞk kþ I xðtÞk kH 1Þ:
ð2:6:18Þ

Differentiating (2.1.4) with respect to t, using (2.6.6), (2.6.8), (2.6.14) and
(2.6.15), we have

vttðtÞk k�C2ð vxðtÞk kH 1 þ gxðtÞk kþ htðtÞk kþ hxtðtÞk k
þ vxtðtÞk kþ vxxtðtÞk kÞ

�C2ð gxðtÞk kH 2 þ vxðtÞk kH 3 þ hxðtÞk kH 2 þ I xðtÞk kÞ: ð2:6:19Þ

Analogously, we get

httðtÞk k�C2ð vxðtÞk kþ gxðtÞk kþ htðtÞk kþ hxtðtÞk k
þ vxtðtÞk kþ hxðtÞk kH 2 þ hxxtðtÞk kþ ½gðSEÞR�t

		 		Þ
�C2ð gxðtÞk kH 2 þ vxðtÞk kH 3 þ hxðtÞk kH 2 þ I xðtÞk kH 1 þ I tðtÞk kÞ: ð2:6:20Þ
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Thus by theorem 2.1.1, estimates (2.6.1) and (2.6.2) follow from (2.6.6), (2.6.8),
(2.6.15), (2.6.17), (2.6.19) and (2.6.20).

Differentiating (2.1.4) with respect to t twice, multiplying the result by vtt in
L2(0, 1), performing an integration by parts and using the Young inequality and
using theorems 2.1.1 and 2.1.2, we obtain

1
2
d
dt

vttðtÞk k2 þC�1
2 vxttk k2 �C2ð vxðtÞk k2 þ htðtÞk k2 þ hxtðtÞk k2

þ vxtðtÞk k2 þ httðtÞk k2Þ: ð2:6:21Þ

Thus, by theorems 2.1.1 and 2.1.2,

vttðtÞk k2 þ
Z t

0
vxttðsÞk k2ds�C4 þC2

Z t

0
httðsÞk k2ds

which, together with (2.6.20), (2.6.13) and lemma 2.2.9, gives (2.6.3).
Differentiating (2.1.6) with respect to t twice, multiplying the resulting equation

by θtt in L2(0, 1), integrating by parts and using the Young inequality, we get

1
2
d
dt

Z 1

0
ehh

2
ttdx ¼ �

Z 1

0

� jhx
g

�
tt
hxttdx �

Z 1

0
ðehttht þ egttvxÞhttdx

� 3
2

Z 1

0
ehth

2
ttdx �

Z 1

0

�
eg þ p� l

vx
g

�
vxtthttdx

� 2
Z 1

0

h
egt �

�
� pþ l

vx
g

�
t

i
vxthttdx

þ
Z 1

0

�
� pþ l

vx
g

�
tt
vxhttdx

�
Z 1

0
ðgðSEÞRÞtthttdx ¼:

X7
i¼1

Ai: ð2:6:22Þ

Using theorems 2.1.1–2.1.3 and (2.6.1), (2.6.2), and the embedding theorem, we
deduce for any ϵ 2 (0, 1),

A1 � � C�1
1 httxðtÞk k2 þC2 htxðtÞk kL1ð vxðtÞk kþ htðtÞk kÞhttxðtÞ

þC2

� k
u

�
tt
ðtÞ

				
				 hxðtÞk kL1 hxxðtÞk k

� � ð2C1Þ�1 httxðtÞk k2 þC2ð vxðtÞk k2H 1 þ htðtÞk k2 þ htxðtÞk k2

þ vtxðtÞk k2 þ httðtÞk k2 þ htxxðtÞk k2Þ; ð2:6:23Þ
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A2 �C1

Z 1

0
½ðjvx j þ jht jÞ2 þ jvtx j þ jhtt j�ðjht j þ jvx jÞjhtt jdx

�C1 httðtÞk kL1ð htðtÞk kþ vxðtÞk kÞfð vxðtÞk kL1 þ htðtÞk kL1Þ
� ð vxðtÞk kþ htðtÞk kÞþ vtxðtÞk kþ httðtÞk kg

�C2ð httðtÞk kþ httxðtÞk kÞð vxðtÞk kH 1 þ htðtÞk kþ htxðtÞk k
þ vtxðtÞk kþ httðtÞk kÞ

� � httxðtÞk k2 þC2�
�1ð vxðtÞk k2H 1 þ htðtÞk k2 þ htxðtÞk k2

þ vtxðtÞk k2 þ httðtÞk k2Þ; ð2:6:24Þ

A3 �C1

Z 1

0
ðjvx j þ jht jÞh2ttdx

�C1ð httðtÞk kþ httxðtÞk kÞð vxðtÞk kþ htðtÞk kÞ httðtÞk k
� � httxðtÞk k2 þC2�

�1 httðtÞk k2; ð2:6:25Þ

A4 � � vttxðtÞk k2 þC2�
�1 httðtÞk k2; ð2:6:26Þ

A5 �C2 vxðtÞk kL1 httðtÞk k
n
ð vxðtÞk kL1 þ htðtÞk kL1Þð vxðtÞk kþ htðtÞk kÞ

þ vtxðtÞk kþ httðtÞk kþ vttxðtÞk kþ vxðtÞk k
o

�C2 httðtÞk kð vxðtÞk kH 1 þ htðtÞk kþ htxðtÞk kþ vtxðtÞk k
þ httðtÞk kþ vttxðtÞk kÞ

� � vttxðtÞk k2 þC2�
�1ð httðtÞk k2 þ vxðtÞk k2H 1 þ htðtÞk k2

þ vtxðtÞk k2 þ htxðtÞk k2Þ ð2:6:27Þ
and

A6 �C1

Z 1

0
ðjvx j þ jht j þ jvtx j þ jvx j2Þjvtx jjhtt jdx

�C2 vtxðtÞk k1=2 vtxxðtÞk k1=2ð vxðtÞk kþ htðtÞk kþ vtxðtÞk kÞ httðtÞk k ð2:6:28Þ
which impliesZ t

0
A6ds�C2 sup

0� s� t
httðsÞk k

�Z t

0
vtxxk k2ðsÞds

�1=4�Z t

0
vtxk k2ðsÞds

�1=4

�
Z t

0
ð vxk k2 þ htk k2 þ vtxk k2ÞðsÞds

� �1=2

� � sup
0� s� t

httðsÞk k2 þ
Z t

0
vtxxk k2ðsÞds

� �
þC2�

�3: ð2:6:29Þ
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Now we estimate the last term A7. Using the Young inequality, we arrive at

A7 ¼ �
Z 1

0
ðgðSEÞRÞtthttdx

¼ �
Z 1

0
ðvxt þ 2vx ½ðSEÞR�t þ g½ðSEÞR�ttÞhttdx

�C1

Z 1

0
v2xtdx þC1

Z 1

0
v2x ½ðSEÞR�2t dx þC1

Z 1

0
h2ttdx þC1

Z 1

0
½ðSEÞR�2ttdx

�C1

Z 1

0
v2xtdx þC1 vxk k2L1

Z 1

0
½ðSEÞR�2t dx þC1

Z 1

0
h2ttdx þC1

Z 1

0
½ðSEÞR�2ttdx;

which, using the interpolation inequality, (2.6.13) and theorems 2.1.1 and 2.1.2,
yields

A7 �C1ð vxtðtÞk k2 þ vxðtÞk k2 þ htðtÞk k2 þ httðtÞk k2

þ ItðtÞk k2L2ðX�ð�1;1Þ�RþÞÞþC1

Z 1

0
½ðSEÞR�2ttdx: ð2:6:30Þ

Performing the Hölder inequality and the interpolation inequality, using (2.1.18)
and theorems 2.1.1 and 2.1.2, we haveZ 1

0
½ðSEÞR�2ttdx ¼

Z 1

0

Z þ1

0

Z
S1
raðB � I Þþ rsð~I � I Þdxdm

� �2

tt
dx

¼
Z 1

0

�Z þ1

0

Z
S1
ððraÞggv2x þðraÞhghtvx þðraÞgvxt þðraÞhgvxht

þðraÞhhh2t þðraÞhhttÞðB � I Þþ 2ððraÞgvx þðraÞhhtÞðBhht � ItÞ
þ raðBhhh

2
t þBhhtt � IttÞþ ððrsÞggv2x þðrsÞhghtvx þðrsÞgvxt

þðrsÞhgvxht þðrsÞhhh2t þðrsÞhhttÞð~I � I ÞÞþ ððrsÞgvx þ 2ðrsÞhhtÞ

� ð~I � I Þt þrsð~I � I Þttdxdm
�2
dx

�C1

Z 1

0
ðv4x þ h2t v

2
x þ v2xt þ h4t þ h2tt þ v4x Þdx

þC1

Z 1

0

Z þ1

0

Z
S1
I 2ttdxdmdx

�C1ð vxðtÞk k2H 1 þ vxtðtÞk k2 þ htðtÞk k2H 1 þ httðtÞk k2
�

þC1

Z 1

0

Z þ1

0

Z
S1
I 2ttdxdmdx: ð2:6:31Þ

Now we estimate
R 1
0

R þ1
0

R
S1 I 2ttdxdmdx. Differentiating (2.2.83) with respect to t,

we have
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Itt ¼
Z x

0
e
R y

x

g
xðra þ rsÞdz

�Z y

x

h vx
x

þ g
x
ðra þ rsÞþ g

x
ððra þ rsÞgvx þðra þ rsÞhhtÞ

i
dz
�2

� g
x
ðraBþ rs~I Þdyþ

Z x

0
e
R y

x

g
xðra þ rsÞdz

� Z y

x

vxt
x
ðra þ rsÞþ vx

x
ððra þ rsÞgvx

þðra þ rsÞhhtÞþ
vx
x
ððra þ rsÞggvx þðra þ rsÞghhtvx þðra þ rsÞgvxt

þðra þ rsÞhhh2t þðra þ rsÞhhttÞdz
� g
x
ðraBþ rs~I Þdyþ

Z x

0
e
R y

x

g
xðra þ rsÞdz

�
� vx
x
ðra þ rsÞþ g

x
ððra þ rsÞgvx þðra þ rsÞhhtÞ

�
�
� vx
x
ðraBþ rs~I Þ

þ g
x
ððraÞgvxBþðraÞhhtBþ raBhht þðrsÞgvx~I þðraÞhht~I þ rs~ItÞ

�
dy

þ
Z x

0
e
R y

x

g
xðra þ rsÞdz

� vxt
x

ðraBþ rs~I Þþ 2
vx
x
ððraÞgvxBþðraÞhhtBþ raBhht

þðrsÞgvx~I þðraÞhht~I þ rs~ItÞþ g
x
ððraÞggv2xBþðraÞghhtvxBþðraÞgvxtB

þðraÞgvxBhht þðraÞhgvxhtBþðraÞhhh2t Bþ 2ðraÞhh2t Bh þðraÞgBhht þ raBhhh
2
t

þ raBhhtt þðrsÞggv2x~I þ 2ðrsÞghvxht~I þðrsÞgvxt~I þðrsÞhhh2t ~I þ 2ðrsÞgvx~It

þ 2ðrsÞhht~It þ rs~IttÞ
�
dy ¼:

X4
i¼1

Di: ð2:6:32Þ

Using the Hölder and the interpolation inequalities, (2.1.18) and theorems 2.1.1
and 2.1.2, we deriveZ t

0

Z þ1

0

Z
S1
D2

1dxdmdx �C1

Z t

0

Z 1

0
ðv4x þ h4t Þdxds

�C1

Z t

0
vxk k2L1

Z 1

0
v2xdxds

þC1

Z t

0
htk k2L1

Z 1

0
h2t dxds

�C2; ð2:6:33Þ

Z t

0

Z þ1

0

Z
S1
D2

2dxdmdx �C1

Z t

0

Z 1

0
ðv2xt þ v4x þ v2xh

2
t þ v6x þ v4xh

2
t

þ v2x þ h4t þ v2xh
2
ttÞdxds

�C2 þC2

Z t

0

Z 1

0
h2ttdxds; ð2:6:34Þ
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Z t

0

Z þ1

0

Z
S1
D2

3dxdmdx �C1

Z t

0

Z 1

0
ðv4x þ v2xh

2
t þ h4t þ v2x þ h2t Þdxds

þC2

Z t

0

Z 1

0

Z þ1

0

Z
S1
I 2t dxdmdxds

�C2; ð2:6:35Þ

Z t

0

Z þ1

0

Z
S1
D2

4dxdmdx �C1

Z t

0

Z 1

0
ðv4x þ v2xh

2
t þ v2xt þ h4t þ h2ttÞdxds

þC2

Z t

0

Z x

0

Z þ1

0

Z
S1
I 2ttdxdmdyds

�C2 þC2

Z t

0

Z 1

0
h2ttdxds

þC2

Z t

0

Z x

0

Z þ1

0

Z
S1
I 2ttdxdmdyds: ð2:6:36Þ

Squaring (2.6.32) in both sides and inserting (2.6.33)–(2.6.36) into the resulting
equation, we obtainZ t

0

Z þ1

0

Z
S1
I 2ttdxdmds�C2 þC2

Z t

0
httðsÞk k2dsþC2

Z x

0

Z t

0

Z þ1

0

Z
S1
I 2ttdxdmdsdy:

ð2:6:37Þ
For fixed t > 0, applying the Gronwall inequality to (2.6.37) impliesZ t

0

Z þ1

0

Z
S1
I 2ttdxdmds�

�
C2 þC2

Z t

0
httðsÞk k2ds

�
eC2x

�C2 þC2

Z t

0
httðsÞk k2ds: ð2:6:38Þ

Integrating (2.6.38) over Ω with respect to x, we haveZ t

0

Z 1

0

Z þ1

0

Z
S1
I 2ttdxdmds�C2 þC2

Z t

0
httðsÞk k2ds: ð2:6:39Þ

Integrating (2.6.22) over (0, t), using (2.6.22), (2.6.39) and theorems 2.1.1 and
2.1.2, we obtain

httðtÞk k2 þ
Z t

0
hxttðsÞk k2ds�C1e

n
sup

0� s� t
httðsÞk k2 þ

Z t

0
ð vxxtk k2 þ vxttk k2ÞðsÞds

o

þC4e
�3 þC2e

�1
Z t

0
ð httðsÞk k2 þ hxxtk k2ÞðsÞds;

which, together with (2.2.78), (2.6.20), (2.6.13), lemma 2.2.9 and theorem 2.1.1,
implies (2.6.4). Similarly, we can derive the same result for ω 2 (−1, 0). The proof is
now complete. h
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Lemma 2.6.2. If assumptions in theorem 2.1.3 hold, then for any ðg0; v0; h0; I 0Þ
2 H, the following estimates hold for all t > 0,

vxtðtÞk k2 þ
Z t

0
vxxtðsÞk k2ds�C3e

�6 þC1e
2
Z t

0
ð hxttk k2 þ vxttk k2ÞðsÞds; ð2:6:40Þ

hxtðtÞk k2 þ
Z t

0
hxxtðsÞk k2ds

�C3e
�6 þC1e

2
Z t

0

�
vxxtk k2 þ hxttk k2 þ hxxxk k2 hxtk k2

þ Ixk k2L2ðRþ�S1;L2ð0;1ÞÞ þ Itk k2L2ðRþ�S1;L2ð0;1ÞÞ
�
ðsÞds: ð2:6:41Þ

Proof. Differentiating (2.1.4) with respect to x and t, multiplying the resulting
equation by vtx in L2(0, 1), and integrating by parts, we arrive at

1
2
d
dt

vtxðtÞk k2¼ B0ðx; tÞþB1ðtÞ ð2:6:42Þ

with

B0ðx; tÞ ¼ rtxvtx jx¼1
x¼0; B1ðtÞ ¼ �

Z 1

0
rtxvtxxdx:

Employing theorems 2.1.1 and 2.1.2, the interpolation inequality and the
Poincaré inequality, we get

B0 �C1ð vxðtÞk kL1 þ htðtÞk kL1Þð uxðtÞk kL1 þ hxðtÞk kL1Þ
þ vxxðtÞk kL1 þ htxðtÞk kL1 þ vtxxðtÞk kL1 þ uxðtÞk kL1 vtxðtÞk kL1

þ vxðtÞk kL1 vxxðtÞk kL1 þ vxðtÞk k2L1Þ vtxðtÞk kL1

�C2ðB01 þB02Þ vtxðtÞk k1=2 vtxxðtÞk k1=2 ð2:6:43Þ
where

B01 ¼ vxðtÞk kH 2 þ htðtÞk kþ htxðtÞk k
and

B02 ¼ htxðtÞk k1=2 htxxðtÞk k1=2 þ vtxxðtÞk k1=2 vtxxxðtÞk k1=2

þ vtxxðtÞk kþ vtxðtÞk k1=2 vtxxðtÞk k1=2:

Exploiting the Young inequality several times, we have that for any ϵ 2 (0, 1),

C2B01 vtxðtÞk k1=2 vtxxðtÞk k1=2 � �2

2
vtxxðtÞk k2 þC2�

�2=3ð vtxðtÞk k2

þ vxðtÞk k2H 2 þ htðtÞk k2 þ htxðtÞk k2Þ ð2:6:44Þ
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and

C2B02 vtxðtÞk k1=2 vtxxðtÞk k1=2 � �2

2
vtxxðtÞk k2 þ �2ð htxxðtÞk k2 þ vtxxxðtÞk k2Þ

þC2�
�6ð htxðtÞk k2 þ vtxðtÞk k2Þ: ð2:6:45Þ

Thus we infer from (2.6.43)–(2.6.45), theorems 2.1.1, 2.1.2 and lemma 2.4.1

B0 � �2ð vtxxðtÞk k2 þ vtxxxðtÞk k2 þ htxxðtÞk k2Þ
þC2�

�6ð vxðtÞk k2H 2 þ htðtÞk k2 þ htxðtÞk k2 þ vtxðtÞk k2Þ ð2:6:46Þ
which, with theorems 2.1.1 and 2.1.2, further leads toZ t

0
B0ds� �2

Z t

0
ð vtxxk k2 þ vtxxxk k2 þ htxxk k2ÞðsÞdsþC2�

�6; 8t[ 0: ð2:6:47Þ

In the same manner, using theorems 2.1.1, 2.1.2, the embedding theorem, we
get that for any ϵ 2 (0, 1),

B1 � � l0

Z 1

0

v2txx
u

dx þC1

n
ð vxðtÞk kþ htðtÞk kÞð uxðtÞk kL1 þ hxðtÞk kL1Þ

þ vxxðtÞk kþ htxðtÞk kþ uxðtÞk kL1 vtxðtÞk kþ vxðtÞk kL1 vxxðtÞk k
þ vxðtÞk k2L1 uxðtÞk k

o
vtxxðtÞk k

� � ð2C1Þ�1 vtxxðtÞk k2 þC2ð vxðtÞk k2H 1 þ htðtÞk k2H 1

þ vtxðtÞk k2 þ uxðtÞk k2Þ ð2:6:48Þ

which, with (2.6.42), (2.6.47), theorems 2.1.1, 2.1.2, and lemma 2.2.9, gives that for
ϵ 2 (0, 1) small enough,

vtxðtÞk k2 þ
Z t

0
vtxxk k2ðsÞds�C3�

�6 þC1�
2
Z t

0
ð htxxk k2 þ vtxxxk k2ÞðsÞds: ð2:6:49Þ

Differentiating (2.1.4) with respect to x and t, and using theorems 2.1.1 and 2.1.2,
we deduce

vxxxtðtÞk k�C1 vttxðtÞk kþC2ð vxxðtÞk kH 1 þ hxðtÞk kH 1 þ gxðtÞk kH 1 þ htðtÞk kH 2Þ:
ð2:6:50Þ

Differentiating (2.1.5) with respect to x and t, multiplying the resulting equation
by θxt, and integrating by parts, we get

1
2
d
dt

Z 1

0
ehh

2
xtdx ¼ D0 þD1 þD2 þD3 þD4 þD5 ð2:6:51Þ
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where

D0 ¼
�jhx

g

�
xt
hxt

x¼1
x¼0; D1 ¼ �

Z 1

0

� jhx
g

�
xt
hxxtdx;






D2 ¼ �

Z 1

0
ðegvx þ rvxÞxthxtdx;

D3 ¼ �
Z 1

0

�
ehxtht þ 1

2
eht þ ehxhtt

�
hxtdx;

D4 ¼ �
Z 1

0
ðgðSEÞRÞxthxtdx ¼

Z 1

0
½gðSEÞR�thxxtdx � ðgðSEÞRÞthxt jx¼1

x¼0:

Similarly to (2.6.42)–(2.6.49), we infer

D0 �C2ð vxðtÞk kL1 þ htðtÞk kL1 þ vxxðtÞk kL1 þ htxðtÞk kL1

þ htðtÞk kL1 hxxðtÞk kL1 þ htxxðtÞk kL1 þ hxxðtÞk kL1Þ htxðtÞk kL1

�C2ðD01 þD02ÞðD03 þD04Þ
where

C2D01D03 � �2

3
htxxðtÞk k2 þC2�

�2ð vxðtÞk k2H 2 þ hxðtÞk k2H 2 þ htðtÞk k2H 1Þ;

C2D02D03 � �2

3
ð htxxðtÞk k2 þ htxxxðtÞk k2ÞþC2�

�6 htxðtÞk k2;
C2D01D04 �C2ð vxðtÞk k2H 2 þ htðtÞk k2H 1 þ hxðtÞk k2H 2Þ;

and

C2D02D04 � �2

3
ð htxxðtÞk k2 þ htxxxðtÞk k2ÞþC2�

�2 htxðtÞk k2:

That is,

D0 � �2ð htxxðtÞk k2 þ htxxxðtÞk k2ÞþC2�
�6ð vxðtÞk k2H 2 þ hxðtÞk k2H 2 þ htðtÞk k2H 1Þ:

ð2:6:52Þ
Similarly,

D1 � � ð2C1Þ�1 htxxðtÞk k2 þC2ð vxðtÞk k2H 1 þ hxðtÞk k2H 2 þ htðtÞk k2H 1Þ; ð2:6:53Þ

D2 � �2 vtxxðtÞk k2 þC2�
�2ð vxðtÞk k2H 2 þ htðtÞk k2H 1 þ vtxðtÞk k2Þ; ð2:6:54Þ

D3 � �2 htxxðtÞk k2 þC2�
�2ð vxðtÞk k2H 1 þ htðtÞk k2H 1 þ hxðtÞk k2H 2

þ vtxðtÞk k2 þ uxðtÞk k2Þ: ð2:6:55Þ
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Using the Young inequality and (2.6.13), (2.6.14), we derive

D4 �C1 hk k1þ a
L1 hxtk kL1 þC1 Ik kL2ðRþ�S1;L1Þ hxtk kþ e2 hxxtðtÞk k2

þC1e
�2
Z 1

0
½gðSEÞR�2t dx

� e2 hxxtðtÞk k2 þC2e
�2ð vxðtÞk k2 þ hxk k2 þ htðtÞk k2

þ ItðtÞk k2L2ðRþ�S1;L2ð0;1ÞÞ þ IxðtÞk k2L2ðRþ�S1;L2ð0;1ÞÞ

Exploiting lemma 2.6.1, theorems 2.1.1, 2.1.2 and the embedding theorem result
in � k

u

�
txx
ðtÞ

				
				�C2ð uxðtÞk kH 1 þ vxðtÞk kH 2 þ hxðtÞk kH 1 þ htðtÞk kH 2Þ;

� k
u

�
t
ðtÞ

				
				þ � k

u

�
tx
ðtÞ

				
				�C2ð vxðtÞk kH 1 þ htðtÞk kH 1Þ

and � k
u

�
x
ðtÞ

				
				
L1

þ
� k
u

�
xx
ðtÞ

				
				�C2ð uxðtÞk kH 1 þ hxðtÞk kH 1Þ�C2

which imply� k
u

�
txx
hxðtÞ

				
				�C2

� k
u

�
txx
ðtÞ

				
				

�C2ð uxðtÞk kH 1 þ vxðtÞk kH 2 þ hxðtÞk kH 1 þ htðtÞk kH 2Þ; ð2:6:56Þ

� k
u

�
tx
hxxðtÞ

				
				�C2

� k
u

�
tx

				
				
L1

�C2ð uxðtÞk kH 1 þ vxðtÞk kH 2 þ hxðtÞk kH 1 þ htðtÞk kH 2Þ; ð2:6:57Þ

� k
u

�
t
hxxxðtÞ

				
				�C1

� k
u

�
t

				
				
L1

� �
hxxxðtÞk k

�C2ð1þ htxðtÞk kÞ hxxxðtÞk k; ð2:6:58Þ

� k
u

�
xx
htxðtÞ

				
				þ � k

u

�
x
htxxðtÞ

				
				�C2 htxðtÞk kH 1 : ð2:6:59Þ

Differentiating (2.1.5) with respect to x and t, using estimates (2.6.57)–(2.6.59)
and theorems 2.1.1, 2.1.2, we conclude
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hxxxtðtÞk k�C1

� � jhx
g

�
xxt
ðtÞ

				
				þ � j

g

�
xxt
hxxðtÞ

				
				þ � j

g

�
t
hxxxðtÞ

				
				

þ
� j
g

�
xt
hxxðtÞ

				
				þ � j

g

�
xx
hxtðtÞ

				
				þ � j

g

�
xx
hxtðtÞ

				
				

þ
� j
g

�
x
hxxtðtÞ

				
				
�

�C1ð gxðtÞk kH 1 þ vxðtÞk kH 2 þ hxðtÞk kH 2 þ htðtÞk kH 2 þ httðtÞk kH 1

þ vxtðtÞk kH 1 þ hxtðtÞk k hxxxðtÞk kþ ½gðSEÞR�xtðtÞ
		 		Þ: ð2:6:60Þ

Now we estimate
			½gðSEÞR�xtðtÞ			.Z 1

0
½gðSEÞR�2xtdx �

Z 1

0
ðv2xxðSEÞ2R þ v2x ½ðSEÞR�2x þ g2x ½ðSEÞR�2t þ ½ðSEÞR�2xtÞdx

¼:
X4
i¼1

Fi: ð2:6:61Þ

Using the Hölder inequality, (2.1.18) and theorems 2.1.1, 2.1.2, we derive

F1 ¼
Z 1

0
v2xx

Z þ1

0

Z
S1
raðB � I Þþ rsð~I � I Þdxdm

� �2

dx

�C1 vxðtÞk k2H 1 ; ð2:6:62Þ

F2 �
Z 1

0
v2x
�Z þ1

0

Z
S1
ððraÞggx þðraÞhhxÞðB � I Þþ raðBhhx � IxÞ

þ ððrsÞggx þðrsÞhhxÞð~I � I Þþ rsð~I � I Þxdxdm
�2
dx

�C1

Z 1

0
ðv2xg2x þ v2xh

2
x þ v2x Þdx �C1ð gxðtÞk k2H 1 þ hxðtÞk k2H 1 þ vxðtÞk k2Þ: ð2:6:63Þ

Similarly, we have

F3 �C1ð vxðtÞk k2H 1 þ htðtÞk k2H 1 þ gxðtÞk k2Þ ð2:6:64Þ
and

F4 �C1ð vxðtÞk k2H 1 þ gxðtÞk k2H 1 þ hxðtÞk k2H 1 þ htðtÞk k2H 1Þ

þC1

Z 1

0

Z þ1

0

Z
S1
I 2xtdxdmdx;

which, together with (2.6.62)–(2.6.64), gives

hxxxtðtÞk k�C1ð gxðtÞk kH 1 þ vxðtÞk kH 2 þ hxðtÞk kH 2 þ htðtÞk kH 2 þ httðtÞk kH 1

þ vxtðtÞk kH 1 þ hxtðtÞk k hxxxðtÞk kþ IxtðtÞk kL2ðX�ð�1;1Þ�RþÞÞ: ð2:6:65Þ
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Differentiating (2.1.6) with respect to t, using (2.1.18), the Hölder inequality and
theorem 2.1.1, we obtainZ t

1

Z 1

0

Z þ1

0

Z
S1
I 2xtdxdmdxds

¼
Z t

1

Z 1

0

Z þ1

0

Z
S1

1
x2ðv2xS2 þ g2S2

t Þdxdmdxds

�C1

Z t

1

Z 1

0
ðv2x þ h2t ÞdxdsþC1

Z t

1

Z 1

0

Z þ1

0

Z
S1
I 2t dxdmdxds

�C1: ð2:6:66Þ

Integrating (2.6.32) over (0, t), using (2.6.52)–(2.6.56), (2.6.66) and theorems
2.1.1, 2.1.2, we easily get (2.6.41). h

Lemma 2.6.3. If assumptions in theorem 2.1.3 hold, then for any
ðg0; v0; h0; I0Þ 2 H4, the following estimates hold, for all t > 0,

vttðtÞk k2 þ vxtðtÞk k2 þ httðtÞk k2 þ hxtðtÞk k2 þ
Z t

0
ð vxttk k2 þ vxttk k2

þ hxttk k2 þ hxxtk k2ÞðsÞds�C4; ð2:6:67Þ

gxxxðtÞk k2H 1 þ gxxðtÞk k2W 1;1 þ
Z t

0
ð gxxxk k2H 1 þ gxxk k2W 1;1ÞðsÞds�C4; ð2:6:68Þ

vxxxðtÞk k2H 1 þ vxxðtÞk k2W 1;1 þ hxxxðtÞk k2 þ hxxk k2W 1;1 þ gxxxxðtÞk k2

þ vxxtðtÞk k2 þ hxxtðtÞk k2 þ
Z t

0
ð vttk k2 þ httk k2 þ vxxk k2W 2;1 þ hxxk k2W 2;1

þ hxxtk k2H 1 þ vxxtk k2H 1 þ hxtk k2W 1;1 þ vxtk k2W 1;1 þ gxxxtk k2H 1ÞðsÞds�C4; ð2:6:69Þ

Z t

0
ð vxxxxk k2H 1 þ hxxxxk k2H 1ÞðsÞds�C4: ð2:6:70Þ

Proof. Adding up (2.6.40) and (2.6.41), picking ϵ 2 (0, 1) small enough, we arrive at

vtxðtÞk k2 þ htxðtÞk k2 þ
Z t

0
ð vtxxk k2 þ htxxk k2ÞðsÞ

�C3�
�6 þC2�

2
Z t

0
ð vttxk k2 þ httxk k2 þ hxxxk k2 htxk k2ÞðsÞds: ð2:6:71Þ

Now multiplying (2.6.3) and (2.6.4) by ϵ and ϵ3∕2, respectively, then adding the
resultant to (2.6.72), and choosing ϵ 2 (0, 1) small enough, we obtain
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vtxðtÞk k2 þ htxðtÞk k2 þ vttðtÞk k2 þ httðtÞk k2 þ
Z t

0
ð htxxk k2 þ vtxxk k2

þ vttxk k2 þ httxk k2ÞðsÞds�C4�
�6 þC2�

2
Z t

0
hxxxk k2 htxk k2ðsÞds

which, with lemma 2.3.2 and the Gronwall inequality, gives estimate (2.6.68).
Differentiating (2.4.7) with respect to x, and using (2.1.3), we get

l
@

@t

� gxxx
g

�
� pggxxx ¼ E1ðx; tÞ ð2:6:72Þ

with

E1ðx; tÞ ¼ vtxx þExðx; tÞþ pgxgxx þ l
� gxxgx

g2

�
t
:

Obviously, we can infer from theorems 2.1.1, 2.1.2 and lemmas 2.6.1, 2.6.2 that

E1ðtÞk k�C2ð gxðtÞk kH 1 þ vxðtÞk kH 2 þ hxðtÞk kH 2 þ vtxxðtÞk kÞ ð2:6:73Þ
leading to Z t

0
E1k k2ðsÞds�C4; 8t[ 0: ð2:6:74Þ

Multiplying (2.6.72) by gxxx
g in L2(0, 1), we obtain

d
dt

gxxx
g

ðtÞ
				

				
2

þC�1
1

gxxx
g

ðtÞ
				

				
2

�C1 E1ðtÞk k2 ð2:6:75Þ

which, combined with (2.6.74) and theorems 2.1.1, 2.1.2 and lemmas 2.6.1, 2.6.2
gives, for all t > 0,

gxxxðtÞk k2 þ
Z t

0
gxxxðsÞk k2ds�C1: ð2:6:76Þ

Using (2.1.18), the Hölder inequality and theorem 2.1.1, we derive from (2.1.6)
that for any t > 0,Z t

0

Z 1

0

Z þ1

0

Z
S1
I 2x dxdmdxds�C1

Z t

0

Z 1

0

Z þ1

0

Z
S1

1
x2S

2dxdmdxds�C1; ð2:6:77Þ

Z t

0

Z 1

0

Z þ1

0

Z
S1
I 2xxdxdmdxds�C1

Z t

0

Z 1

0
ðg2x þ h2xÞdxds

þ
Z t

0

Z 1

0

Z þ1

0

Z
S1
I 2x dxdmdxds

�C1; ð2:6:78Þ
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Z t

0

Z 1

0

Z þ1

0

Z
S1
I 2xxxdxdmdxds

�C1

Z t

0

Z 1

0

Z þ1

0

Z
S1

1
x2ðg2xxS2 þ g2xS

2
x þ S2

xxÞdxdmdxds

�C1

Z t

0

Z 1

0
ðg2xx þ h2xx þ g2x þ h2xÞdxds

þC1

Z t

0

Z 1

0

Z þ1

0

Z
S1
I 2xxdxdmdxds

�C2: ð2:6:79Þ
By (2.6.7), (2.6.9), (2.6.16), (2.6.18), (2.6.72)–(2.6.79) and theorem 2.1.1, and

using the interpolation inequality, we obtain for any t > 0,

vxxxðtÞk k2 þ hxxxðtÞk k2 þ vxxðtÞk k2L1 þ hxxðtÞk k2L1

þ
Z t

0
ð vxxxxk k2H 1 þ hxxxk k2H 1 þ vxxk k2W 1;1 þ hxxk k2W 1;1ÞðsÞds�C4: ð2:6:80Þ

Differentiating (2.1.4) and (2.1.5) with respect to t, using (2.6.69), (2.6.12) and
theorems 2.1.1 and 2.1.2, we derive that for any t > 0,

vxxtðtÞk k�C1 vttðtÞk kþC2ð vxðtÞk kH 1 þ vxtðtÞk kþ htðtÞk kH 1Þ�C4; ð2:6:81Þ

hxxtðtÞk k�C1ð httðtÞk kþ I tðtÞk kÞþC2ð vxðtÞk kH 1 þ vxtðtÞk kþ htðtÞk kH 1

þ hxðtÞk kH 1Þ�C4 ð2:6:82Þ
which, together with (2.6.9), (2.6.18), (2.6.80) and theorem 2.1.1, yields for all t > 0,

vxxxxðtÞk k2 þ hxxxxðtÞk k2

þ
Z t

0
ð hxxtk k2 þ hxxxxk k2 þ vxxtk k2 þ vxxxxk k2ÞðsÞds�C4: ð2:6:83Þ

Employing the interpolation inequality and (2.6.83), we get for any t > 0,

vxxxðtÞk k2L1 þ hxxxðtÞk k2L1 þ
Z t

0
ð vxxxk k2L1 þ hxxxk k2L1ÞðsÞds�C4: ð2:6:84Þ

Now differentiating (2.6.72) with respect to x, we find

l
@

@t

� gxxxx
g

�
� pggxxxx ¼ E2ðx; tÞ ð2:6:85Þ

where

E2ðx; tÞ ¼ E1xðx; tÞþ pgxgxxx þ l
@

@t

� gxxxgx
g2

�
:
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Using the embedding theorem, lemmas 2.6.1 and 2.6.2 and theorems 2.1.1, 2.1.2,
(2.6.68) and (2.6.82)–(2.6.85), we can conclude that

ExxðtÞk k�C4ð hxðtÞk kH 3 þ gxðtÞk kH 2 þ vxðtÞk kH 2Þ;

E1xðtÞk k�C1 ExxðtÞk kþ vtxxxðtÞk kþ ðpgxgxxÞxðtÞ
		 		þ gxxgx

g2

� �
tx
ðtÞ

				
				

� �

�C1 vtxxxðtÞk kþC4

�
hxðtÞk kH 3 þ gxðtÞk kH 2 þ vxðtÞk kH 3

�
which imply

E2ðtÞk k�C1 vtxxxðtÞk kþC4ð hxðtÞk kH 3 þ gxðtÞk kH 2 þ vxðtÞk kH 3Þ: ð2:6:86Þ
We infer from (2.6.19) and (2.6.20) thatZ t

0
ð vttk k2 þ httk k2ÞðsÞds�C4; 8t[ 0 ð2:6:87Þ

which, together with (2.6.48), (2.6.50) and (2.6.66), givesZ t

0
ð vtxxxk k2 þ htxxxk k2ÞðsÞds�C4; 8t[ 0: ð2:6:88Þ

Thus it follows from (2.6.68), (2.6.88) and lemmas 2.6.1, 2.6.2 and theorems 2.1.1,
2.1.2 that Z t

0
E2k k2ðsÞds�C4; 8t[ 0: ð2:6:89Þ

Multiplying (2.6.85) by gxxxx
g in L2(0, 1), we get

d
dt

gxxxx
g

ðtÞ
				

				
2

þC�1
1

gxxxx
g

ðtÞ
				

				�C1 E2ðtÞk k2: ð2:6:90Þ

Thus it follows from (2.6.89) and (2.6.90) that for all t > 0,

gxxxxðtÞk k2 þ
Z t

0
gxxxxðsÞk k2ds�C4: ð2:6:91Þ

Differentiating (2.1.4) with respect to x three times, using lemmas 2.6.1, 2.6.2 and
theorems 2.1.1, 2.1.2 and the Poincaré inequality, we can derive for all t > 0, we infer

vxxxxxðtÞk k�C1 vtxxxðtÞk kþC2ð uxðtÞk kH 3 þ vxðtÞk kH 3 þ hxðtÞk kH 3Þ: ð2:6:92Þ
Thus it follows from (2.6.89)–(2.6.92) thatZ t

0
ð vxxxxxk k2 þ gxxxtk k2H 1ÞðsÞds�C4: ð2:6:93Þ

Differentiating (2.1.5) with respect to x three times, using (2.6.67), (2.6.68) and
theorems 2.1.1, 2.1.2 and the Poincaré inequality, we infer
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hxxxxxðtÞk k�C4ð gxðtÞk kH 3 þ vxðtÞk kH 3 þ hxðtÞk kH 3 þ hxxtðtÞk kH 1

þ IxxxðtÞk kL2ðX�Rþ�ð�1;1ÞÞÞ: ð2:6:94Þ

From (2.6.80), (2.6.84), (2.6.92) and (2.6.94), we conclude for all t > 0,Z t

0
hxxxxxðsÞk k2ds�C4; ð2:6:95Þ

which, together with (2.6.81) and (2.6.94), gives for all t > 0,Z t

0
ð vxxk k2W 2;1 þ hxxk k2W 2;1ÞðsÞds�C4: ð2:6:96Þ

At last, using all previous estimates and the interpolation inequality, we can
easily derive desired estimates (2.6.67)–(2.6.70). The proof is complete. h

Lemma 2.6.4. If assumptions in theorem 2.1.3 hold, then for any ðg0; v0; h0; I 0Þ 2 H,
the following estimate holds for all t > 0,

IðtÞk kH 5 �C4: ð2:6:97Þ

Proof. By (2.1.6), we have

I xxxxðtÞk k2 ¼
Z 1

0

� Z þ1

0

Z
S1

1
x
ðgSÞxxxdxdm

�2
dx

�C1

Z 1

0

�Z þ1

0

Z
S1

1
x
gxxxSdxdm

�2
þ
�Z þ1

0

Z
S1

1
x
gxxSxdxdm

�2
dx

þ
� Z þ1

0

Z
S1

1
x
gxSxxdxdm

�2
þ
� Z þ1

0

Z
S1

1
x
Sxxxdxdm

�2
dx

¼:
X4
i¼1

Gi: ð2:6:98Þ

Applying the Hölder inequality and the interpolation inequality, (2.1.18) and
theorems 2.1.1, 2.1.2 and lemma 2.6.3, we get

G1 �C1

Z 1

0
g2xxx

�Z þ1

0

Z
S1

1
x2ra þ raðB2 þ I 2Þþ 1

x2 rs þ rsð~I � I Þ2dxdm
�
dx

�C1

Z 1

0
g2xxxdx �C4; ð2:6:99Þ

G2 �C1

Z 1

0
g2xxðg2x þ h2xÞdx þC1

Z 1

0
g2xx

�Z þ1

0

Z
S1
ðra þ rsÞIxdxdm

�2
dx

þC1

Z 1

0
ðg2x þ h2xÞdx

�C1ð gxxk k2H 1 þ hxk k2Þ�C4: ð2:6:100Þ
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Analogously, we have

G3 �C1ð gxk k2H 1 þ hxk k2H 1ÞþC1

Z 1

0

�Z þ1

0

Z
S1
ðra þ rsÞIxxdxdm

�2
dx

�C4; ð2:6:101Þ

G4 �C1ð gxxk k2H 1 þ hxxk k2H 1ÞþC1

Z 1

0

�Z þ1

0

Z
S1
ðra þ rsÞIxxxdxdm

�2
dx

�C4: ð2:6:102Þ
Inserting (2.6.99)–(2.6.102) into (2.6.98), we obtain for all t > 0,

I xxxxðtÞk k2 �C4: ð2:6:103Þ
Differentiating (2.1.6) with respect to x four times, we arrive at

I xxxxxðtÞk k2 �C1

Z 1

0

�Z þ1

0

Z
S1

1
x
gxxxxSdxdm

�2
þC1

�Z þ1

0

Z
S1

1
x
gxxxSxdxdm

�2
þC1

�Z þ1

0

Z
S1

1
x
gxxSxxdxdm

�2
þC1

�Z þ1

0

Z
S1

1
x
gxSxxxdxdm

�2

þC1

�Z þ1

0

Z
S1

1
x
Sxxxxdxdm

�2
dx ¼:

X5
i¼1

Hi: ð2:6:104Þ

Similarly, we can deduce from lemmas 2.2.1–2.2.9, 2.3.1 and 2.3.2,

H1 �C1

Z 1

0
g2xxxxdx �C4; ð2:6:105Þ

H2 �C1

Z 1

0
g2xxxðg2x þ h2xÞþC1

Z 1

0

�Z þ1

0

Z
S1
Ixdxdm

�2
dx

�C1ð gxk k2H 3 þ hxk k2ÞþC1

Z 1

0

�Z þ1

0

Z
S1
Ixdxdm

�2
dx �C4; ð2:6:106Þ

H3 �C1ð gxxk k2H 1 þ hxxk k2H 1ÞþC1

Z 1

0

�Z þ1

0

Z
S1
Ixxdxdm

�2
dx �C4; ð2:6:107Þ

H4 �C1ð gxxk k2H 1 þ hxxk k2H 1ÞþC1

Z 1

0

�Z þ1

0

Z
S1
Ixxxdxdm

�2
dx �C4; ð2:6:108Þ

H4 �C1ð gxxk k2H 2 þ hxxk k2H 2ÞþC1

Z 1

0

�Z þ1

0

Z
S1
Ixxxxdxdm

�2
dx �C4: ð2:6:109Þ
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Inserting (2.6.105)–(2.6.109) into (2.6.104), we get for all t > 0,

I xxxxxðtÞk k2 �C4;

which, together with (2.6.103) and theorems 2.1.1, 2.1.2, implies (2.6.97). The
proof is now complete. h

2.7 Asymptotic Behavior of Solutions in H4

This section will be devoted to the study of the asymptotic behavior in H4.

Lemma 2.7.1. If assumptions in theorem 2.1.3 hold, then we have

lim
t!þ1 gðtÞ � gk kH 4¼ 0; ð2:7:1Þ

where g ¼ R 10 gðy; tÞdy:
Proof. Using (2.6.68), (2.6.75) and lemma 1.1.2, we get

lim
t!þ1 gxxxðtÞk k ¼ 0: ð2:7:2Þ

Recalling (2.6.91) and (2.6.92) and lemma 1.1.2, we obtain

lim
t!þ1 gxxxxðtÞk k ¼ 0;

which, together with (2.7.2), (2.5.1) in lemma 2.5.1 and the Poincaré inequality,
yields (2.7.1). The proof is now complete. h

Lemma 2.7.2. Under assumptions in theorem 2.1.3, we have

lim
t!þ1 vðtÞk kH 4¼ 0: ð2:7:3Þ

Proof. From (2.6.42)–(2.6.48), we can estimate for any ε > 0,

d
dt

vxtðtÞk k2 þC�1
1 vxxtðtÞk k2 � eð vxxxtðtÞk k2 þ hxxtðtÞk k2ÞþC4ðeÞð vxðtÞk k2H 2

þ htðtÞk k2H 1 þ hxtðtÞk k2 þ vxtðtÞk k2

þ gxðtÞk k2Þ: ð2:7:4Þ
Using (2.7.4), theorem 2.1.2, lemmas 2.6.1–2.6.3, we obtain

lim
t!þ1 vxtðtÞk k2¼ 0; ð2:7:5Þ

which, along with (2.6.7) and theorem 2.1.2, implies

lim
t!þ1 vxxxðtÞk k ¼ 0: ð2:7:6Þ
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By theorems 2.1.1, 2.1.2 and lemma 2.6.3, and using the interpolation inequality,
we obtain

pxxtðtÞk k�C2ð vxðtÞk kH 2 þ gxðtÞk kH 2 þ htðtÞk kH 2 þ hxðtÞk kH 2Þ: ð2:7:7Þ
Differentiating (2.1.4) with respect to t once and x twice, multiplying the resulting

by vxxt in L2(0, 1) and using the Young inequality and theorems 2.1.1, 2.1.2, we dedive

d
dt

vxxtðtÞk k2 þ vxxxtðtÞk k2 �C1 pxxtðtÞk k2 þC2ð vxtðtÞk k2H 2 þ vxðtÞk k2H 2 þ gxðtÞk k2H 2Þ;

which, together with (2.7.7), theorems 2.1.1, 2.1.2, lemmas 2.6.3 and 1.1.2, gives

lim
t!þ1 vxxtðtÞk k2¼ 0: ð2:7:8Þ

From (2.6.51)–(2.6.55), we have derived for small ε > 0,

d
dt

ffiffiffiffiffi
eh

p
hxtðtÞk k2 þC�1

2 hxxtðtÞk k2

� eð hxxxtðtÞk k2 þ vxxtðtÞk k2ÞþC2ðeÞð vxðtÞk k2H 2 þ hxðtÞk k2H 2

þ htðtÞk k2H 1 þ gxðtÞk k2 þ vxtðtÞk k2 þ ItðtÞk k2L2ðX�S1�RþÞ þ Ixk k2L2ðX�S1�RþÞÞ;
which, combined with lemmas 2.2.9, 2.6.3 and 1.1.2, implies

lim
t!þ1 hxtðtÞk k ¼ 0: ð2:7:9Þ

By (2.7.9), (2.6.16), theorems 2.1.1, 2.1.2 and the fact limt!þ1 I xðtÞk k2¼ 0, we
arrive at

lim
t!þ1

hxxxðtÞk k ¼ 0: ð2:7:10Þ

Thus, by (2.7.2), (2.7.6), (2.7.8), (2.7.10) and theorems 2.1.1, 2.1.2, we obtain

lim
t!þ1 vxxxxðtÞk k ¼ 0;

which, together with (2.7.6) and theorems 2.1.1, 2.1.2, yields (2.7.3). This proves the
proof. h

Lemma 2.7.3. If assumptions in theorem 2.1.3 hold, then we have

lim
t!þ1 hðtÞ � h

		 		
H 4¼ 0; ð2:7:11Þ

where h[ 0 is determined by eðg; hÞ ¼ R 10 ð12 v20 þ eðg0; h0ÞþFRð0ÞÞdx.
Proof. Obviously, the Young inequality gives

d
dt

ItðtÞk k2L2ðX�ð�1;1Þ�RþÞ ¼ 2
Z 1

0

Z þ1

0

Z
S1
It � Ittdxdmdx

�
Z 1

0

Z þ1

0

Z
S1
I 2t dxdmdx þ

Z 1

0

Z þ1

0

Z
S1
I 2ttdxdmdx;
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which, together with (2.6.39), (2.6.69) and lemma 1.1.2, gives

lim
t!þ1 ItðtÞk k2L2ðX�ð�1;1Þ�RþÞ¼ 0: ð2:7:12Þ

Thus it follows from (2.6.13), (2.7.12) and theorems 2.1.1 and 2.1.2 that

lim
t!þ1 ½gðSEÞR�t

		 		 ¼ 0: ð2:7:13Þ

Similarly, from theorems 2.1.1 and 2.1.2, we derive for small ϵ > 0,

d
dt

httðtÞk k2 þC1 hxxtðtÞk k2 � eð hxttðtÞk k2 þ vxttðtÞk k2ÞþC2ð vxðtÞk k2H 1 þ httðtÞk k2

þ htðtÞk k2H 1 þ vxtðtÞk k2 þ hxtðtÞk k2 þ ItðtÞk kL2ðX�ð�1;1Þ�RþÞ
þ IttðtÞk kL2ðX�ð�1;1Þ�RþÞÞ;

which, together with (2.6.39), theorems 2.1.1, 2.1.2, lemmas 2.6.3 and 1.1.2, implies

lim
t!þ1 httðtÞk k ¼ 0: ð2:7:14Þ

We can derive from the similar estimate as (2.6.21)

hxxtðtÞk k�C2ð httðtÞk kþ vxðtÞk kþ gxðtÞk kþ htðtÞk kþ hxtðtÞk kþ hxðtÞk kH 2

þ ½gðSEÞR�t
		 		Þ

whence, by (2.7.9), (2.7.10) and (2.7.12)–(2.7.14),

lim
t!þ1 hxxtðtÞk k ¼ 0;

which, combined with (2.1.25), (2.7.2), (2.7.6), (2.7.10) and the fact
limt!þ1 I xxðtÞk k2¼ 0, yields

lim
t!þ1

hxxxxðtÞk k2¼ 0: ð2:7:15Þ

Thus (2.7.11) follows from (2.7.10) and (2.7.15). The proof is thus complete. h

Lemma 2.7.4. If assumptions in theorem 2.1.3 hold, then we have

lim
t!þ1 IðtÞk kH 5¼ 0: ð2:7:16Þ

Proof. From (2.1.6), it follows

I xxxxðtÞk k2 �C1

Z þ1

0

Z
S1

1
x
gxxxSdxdm

				
				
2

þC1

Z þ1

0

Z
S1

1
x
gxxSxdxdm

				
				
2

þC1

Z þ1

0

Z
S1

1
x
gxSxxdxdm

				
				
2

þC1

Z þ1

0

Z
S1

1
x
gSxxxdxdm

				
				
2

¼:
X4
i¼1

Mi: ð2:7:17Þ
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Using (2.1.18), theorems 2.1.1, 2.1.2 and lemma 2.6.3, we deduce

M1 �C1

Z 1

0
g2xxx

Z þ1

0

Z
S1
ðr1ðB � I Þþ rsð~I � I ÞÞdxdm

� �2

dx

�C1 gxxxðtÞk k2; ð2:7:18Þ

M2 �C1

Z 1

0
g2xxðg2x þ h2x þ 1Þdx �C1ð gxðtÞk k2H 1 þ hxðtÞk k2H 1Þ: ð2:7:19Þ

Analogously,

M3 �C1ð gxðtÞk k2H 1 þ hxðtÞk k2H 1 þ I xxðtÞk k2Þ; ð2:7:20Þ

M4 �C1ð gxðtÞk k2H 2 þ hxðtÞk k2H 2 þ I xxðtÞk k2 þ I xxxðtÞk k2Þ: ð2:7:21Þ
Inserting (2.7.18)–(2.7.21) into (2.7.17) and using theorems 2.1.1, 2.1.2, (2.7.2)

and (2.7.15), we have

lim
t!þ1 I xxxxðtÞk k2¼ 0: ð2:7:22Þ

Similarly, we get

I xxxxxðtÞk k2 �C1

Z þ1

0

Z
S1

1
x
gxxxxSdxdm

				
				
2

þC1

Z þ1

0

Z
S1

1
x
gxxxSxdxdm

				
				
2

þC1

Z þ1

0

Z
S1

1
x
gxxSxxdxdm

				
				
2

þC1

Z þ1

0

Z
S1

1
x
gxSxxxdxdm

				
				
2

þC1

Z þ1

0

Z
S1

1
x
gSxxxxdxdm

				
				
2

¼:
X5
i¼1

Ni: ð2:7:23Þ

Similarly to (2.7.17) and by a more delicated computation, we can derive

N1 �C1 gxðtÞk k2H 3 ; ð2:7:24Þ

N2 �C4ð gxðtÞk k2H 1 þ hxðtÞk k2H 1Þ; ð2:7:25Þ

N3 �C3ð gxðtÞk k2H 1 þ hxðtÞk k2H 1 þ I xxðtÞk k2Þ; ð2:7:26Þ

N4 �C1ð gxðtÞk k2H 2 þ hxðtÞk k2H 2 þ I xxðtÞk k2 þ I xxxðtÞk k2Þ; ð2:7:27Þ

N5 �C1ð gxðtÞk k2H 3 þ hxðtÞk k2H 3 þ I xxðtÞk k2 þ I xxxðtÞk k2 þ I xxxxðtÞk k2Þ: ð2:7:28Þ
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Plugging (2.7.24)–(2.7.28) into (2.7.23) and using theorems 2.1.1, 2.1.2, (2.7.1),
(2.7.11) and (2.7.22), we get

lim
t!þ1 I xxxxxðtÞk k2¼ 0;

which gives (2.7.16). Thus this completes the proof. h

Proof of Theorem 2.1.3. Combining lemmas 2.6.1–2.6.4 and 2.7.1–2.7.4, we can
complete the proof of theorem 2.1.3. h

2.8 Bibliographic Comments
It is well-known that radiation dynamics includes the radiative effects into the
hydrodynamical framework.When equilibrium holds betweenmatter and radiation, a
simple way to do that is to include local radiation terms into state functions and
transport coefficients. From quantum mechanics, we know that radiation can be
described by its quanta, the photons, which are massless particles traveling at the
speed c of light, characterized by their frequency ν, their energy E = hν (where h is
Planck’s constant), and their momentum ~p ¼ hm

c
~X with ~X is a vector of the 2-unit

sphere. Moreover, from statistical mechanics, we can describe macroscopically an
assembly of massless photons of energy E and momentum ~p using a distribution
function: the radiative density I ðr ; t; ~X; mÞ. Using this fundamental quantity,
we can derive global quantities by integrating with respect to the angular and fre-
quency variables: the spectral radiative energy density ER(r, t) per unit volume

is then ERðr ; tÞ :¼ 1
c

R R
I ðr; t; ~X; mÞdXdm, and the spectral radiative flux FR

�! ¼R R
~XI ðr; t; ~X; mÞ dXdm. If the matter is in thermodynamic equilibrium at constant

temperature T and if radiation is also in thermodynamic equilibrium at matter, its
temperature is also T and statistical mechanics tells us that the distribution function
for photons is given by the Bose–Einstein statistics with zero chemical potential.

When there are no radiative effects, the complete hydrodynamical system can be
derived from the standard conservation laws of mass, momentum and energy using
Boltzmann’s equation satisfied by the fmðr ; ~v; tÞ and the Chapman-Enskog
expansion Gallavotti [43]. Then this reduces to the compressible Navier–Stokes
system

qt þr � ðq~uÞ ¼ 0;
ðq~uÞt þr � ðq~u 
~uÞ ¼ �r � ~Pþ~f ;
ðqeÞt þr � ðqe~uÞ ¼ �r~q � ~D : ~Pþ g;

8<
: ð2:8:1Þ

where ~P ¼ �pðq;TÞ~I þ~p is the material stress tensor for a newtonian fluid with the
viscous contribution~p ¼ 2l~Dþ kr �~u ~I with 3λ + 2μ ≥ 0 and μ > 0, and the strain

tensor ~D such that ~Dij ¼ 1
2

�
@ui
@xj

þ @uj
@xi

�
. ~q is the thermal heat flux and ~f and g are

external force and source terms. There are many mathematical researchers who
studied such models and related models. We can refer to Antontsev et al. [3],
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Batchelor [4], Choe and Kim [13, 14], Constantin et al. [15], Ducomet and Zlotnik
[22], Feireisl [28], Feireisl and Novotný [29], Feireisl and Petzeltova [31–33], Feireisl
et al. [30], Fang and Zhang [26, 27], Foias and Temam [34, 35], Frid and Shelukhin
[36], Fujita and Kato [39], Galdi [42], Hoff [46–49], Hoff and Serre [51], Hoff and
Smoller [52], Hoff and Ziane [53, 54], Huang et al. [58], Jiang [61–67], Kawashima [68],
Kawashima and Nishida [69], Nishibata and Zhu [70], Kazhikhov [71, 72], Kazhikov
and Shelukhin [73], Lions [84], Matsumura and Nishida [90–93], Okada [97], Paicu
and Zhang [98], Qin [101–105], Qin and Hu [113, 114], Qin et al. [115, 116, 118–120,
126, 127, 131], Qin and Huang [121, 122], Qin and Jiang [125], Qin and Rivera [129],
Qin and Song [130], Qin and Wen [132], Qin and Zhao [134], Serrin [136], Temam
[139, 140], Xin [146], Xin and Yan [147], Zhang and Fang [150–154], Zheng and Qin
[156], and references therein.

In the framework of special relativity, the foundations of radiative fluids have
been described by Pomraning [99, 100] and Mihalas et al. [94]. Later on, Buet et al.
[10] and Lowrie et al. [89] studied in the inviscid case. Dubroca et al. [17], Lin [79]
and Lin et al. [80] investigated for numerical aspects. For more results, we can refer
to Chandrasekhar [12], Gallavotti [43], Jiang [61], Lowrie et al. [89] and Zhong and
Jiang [157].

When radiation is present, Chandrasekhar [12] investigated the radiation
integro-differential equation: terms ~f and g include the terms for the coupling
between the matter and the radiation, depending on I, and I is driven by a transport
equation.

If the matter is at local thermodynamics equilibrium (LTE), the coupled system
reads (see, e.g., Mihalas and Weibel-Mihalas [94] and Pomraning [99] for details)

qt þr � ðq~uÞ ¼ 0;

ðq~uÞt þr � ðq~u 
~uÞ ¼ �r � ~Pþ SF
�!

;

ðqeÞt þr � ðqe~uÞ ¼ �r~q � ~D : ~Pþ SE ;
1
c
@
@t I ðr ; t; ~X; mÞþ~X � rI ðr ; t; ~X; mÞ ¼ Stðr ; t; ~X; mÞ;

8>>><
>>>:

ð2:8:2Þ

where qðx; tÞ; ~uðx; tÞ; hðx; tÞ represent the density, velocity and temperature,
respectively, the coupling terms are

Stðr ; t; ~X; mÞ ¼ ra
�
m; ~X; q; T ;

~X �~u
c

�h
Bðm; TÞ � I ðr ; t; ~X; mÞ

i
þ
Z Z

rsðr; t; q; ~X0 � ~X; m0 ! mÞ

�
n m
m0
I ðr ; t; ~X0; m0ÞI ðr ; t; ~X; mÞ � rsðr ; t; q; ~X0 � ~X; m0 ! mÞ

� I ðr ; t; ~X0; m0ÞI ðr; t; ~X; mÞ
o
dX0dm0;

the radiative energy source

SEðr; tÞ :¼
Z Z

Stðr ; t; ~X; mÞdXdm;
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the radiative flux

SF
�!ðr ; tÞ :¼ 1

c

Z Z
~XStðr ; t; ~X; mÞdXdm;

the functions σa and σs describe in a phenomenological way the absorption–emission
and scattering properties of the photon-matter interaction, and Planck function
B(ν, θ) describes the frequency-temperature black body distribution. We also note
some results in Buet and Després [10], Dubroca and Feugeas [17], Jiang [61], Lin [79],
Lin, Coulombel and Goudon [80], Lowrie, Morel and Hittinger [89] and Zhong and
Jiang [157].

Let us now recall some previous works concerning the one-dimensional radiative
fluids. In Ducomet and Nečasová [19], Ducomet and Nečasová considered the fol-
lowing system

gt ¼ vx ;
vt ¼ rx � gðSF ÞR;
ðeþ 1

2 v
2Þ ¼ ðrv �QÞx � gðSEÞR;

It þ g�1ðcx� vÞIx ¼ cS

8>><
>>: ð2:8:3Þ

with ðSF ÞR ¼ 1
c

R 1
�1

R þ1
0 xSðx; t; m;xÞdmdx in the domain ð0;M Þ � Rþ subjected to

the Dirichlet–Neumann boundary conditions

vjx¼0;M ¼ 0; Qjx¼0;M ¼ 0; ð2:8:4Þ
and

I jx¼0 ¼ 0 for x 2 ð0; 1Þ; I jx¼M ¼ 0 for x 2 ð�1; 0Þ: ð2:8:5Þ
For q ≥ r + 1 with some suitable assumptions, they proved the existence and

uniqueness of weak solutions. However, all estimates depended on any given time
T > 0. So they could not study the large-time behavior of problem (2.8.3)–(2.8.5)
based on their estimates. Ducomet and Nečasová [20] investigated the problem
(2.8.3) with the different boundary conditions from Ducomet and Nečasová [19]

vjx¼0;M ¼ 0; Qjx¼0;M ¼ 0; ð2:8:6Þ
and

I jx¼0 ¼ IbðmÞ for x 2 ð0; 1Þ; I jx¼M ¼ IbðmÞ for x 2 ð�1; 0Þ ð2:8:7Þ
and proved that the unique strong solutions of problem (2.8.3)–(2.8.6) converge
to a well-determined equilibrium state at exponential rate in H1(0,M) for
the fluid variables η, v, θ and in L2(0, M) for the radiative intensity
I ¼ R þ1

0

R
S1 I ðx; t; m;xÞdxdm.

Ducomet and Nečasová [18] established the global existence of solutions to the
system (2.1.3) and (2.1.14) in Hi ði ¼ 1; 2Þ. However, estimates obtained there
depend on any given time T, so they also could not investigate the large-time
behavior of global solutions in Hi ði ¼ 1; 2Þ based on their estimates. Moreover, in
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Ducomet and Nečasová [18], all estimates hold only for q ≥ 2r + 1. In [109], we have
established uniform-in-time estimates of ðgðtÞ; vðtÞ; hðtÞ; IðtÞÞ in Hi ði ¼ 1; 2; 4Þ,
which hold for q ≥ r + 1. For q ≥ r + 1, α ≥ 0, Qin et al. [111] established the gobal
existence of solutions in Hi ði ¼ 1; 2Þ. Hence our results in this chapter have
improved those in Ducomet and Nečasová [18] and Qin et al. [111]. Furthermore, the
system considered here is quite different from that in Qin [104], so our
uniform-in-time estimates are also quite different from those in Qin [104].

Remark 2.8.1. The multi-dimensional viscous situation has been poorly understood
even at the formal level. Since the one-dimensional model possesses the special
constitutive state equations, which the multi-dimensional model do not have, to our
knowledge, we have not found any results on the global existence and asymptotic
behavior of solutions to system (2.8.2), i.e., the multi-dimensional case of
(2.1.3)–(2.1.6). Moreover, some Sobolev embedding inequalities and interpolation
inequalities involved in our arguments heavily depend on the dimension, hence this
may bring about some difficulties in deriving uniform-in-time estimates. In a word,
the method we deal with the one-dimensional case can not be applied directly to the
multi-dimensional case, which depends on the special constitutive relations of state
functions, and so on. However, we can refer to Kippenhahn and Weigert [74] for a
macroscopic treatment of radiation in the astrophysical context, and Feireisl [28] and
Qin [104] for the associated mathematical treatment.
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Chapter 3

Global Existence and Regularity
of a One-Dimensional Liquid
Crystal System

3.1 Main Results
This chapter will establish the global existence and regularity of solutions to the
following system

qt þðquÞx ¼ 0; ð3:1:1Þ
ðquÞt þðqu2Þx þðPðqÞÞx ¼ luxx � kðjnx j2Þx ; ð3:1:2Þ
nt þ unx ¼ hðnxx þ jnx j2nÞ ð3:1:3Þ

8<
:

where x 2 [0, 1]. Here, ρ > 0 is the density function, u denotes the velocity,
n represents the optical director of the molecules, P(ρ) = ργ(γ ≥ 1) is the pressure,
and λ, μ, θ are positive constants. For simplicity, we assume λ = μ = θ = 1 in this
chapter. The results of this chapter are chosen from [117].

We consider the following initial-boundary value problem for (3.1.1)–(3.1.3) in
the reference domain {(x, t): 0 < x < 1, t 2 [0,T ]}. for any given T > 0 under the
initial conditions and boundary conditions

qðx; 0Þ ¼ q0ðxÞ; uðx; 0Þ ¼ u0ðxÞ; nðx; 0Þ ¼ n0ðxÞ; ð3:1:4Þ

uð0; tÞ ¼ uð1; tÞ ¼ 0; nxð0; tÞ ¼ nxð1; tÞ ¼ 0: ð3:1:5Þ
Equations (3.1.1)–(3.1.3) reveal system modeling the nematic liquid crystal flow

which consists of subsystem of the compressible Navier–Stokes equations coupling
with a subsystem including the heat flow equation for harmonic maps. It was derived
from the theory of hydrodynamics motivated by the Ericksen–Leslie system
(Ericksen [23] and Lesile [77]) for the nematic liquid crystal flow. Equation (3.1.1)
represents the transporting relation (conservation of mass), equation (3.1.2) is
the conservation of the linear momentum and equation (3.1.3) is the heat flow of
harmonic map equation.
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The notation in this chapter is standard. We put �k k ¼ �k kL2½0;1�: Subscripts t and
x denote the (partial) derivatives with respect to t and x, respectively. We use
Ci (i = 1, 2) to denote the generic positive constant depending on the
ðq0; u0; n0Þk kHi�Hi�Hiþ 1 ði ¼ 1; 2Þ; minx2½0;1� u0ðxÞ; minx2½0;1� n0ðxÞ and time T, and

Cj (j = 3, 4) depending on Hj[0, 1] norm of initial data (ρ0, u0, n0),
minx2½0;1� u0ðxÞ; minx2½0;1� n0ðxÞ and time T.

Without loss of generality, we may assume
R 1
0 q0ðxÞdx ¼ 1. Under the Lagrangian

coordinates, a.e.,

y ¼
Z x

0
q0ðn; sÞ dn; t ¼ s;

system (3.1.1)–(3.1.5) is transformed into the following system

vt ¼ uy; ð3:1:6Þ

ut ¼ �Pþ uy
v
� jnyj2

v2

 !
y

; ð3:1:7Þ

nt ¼ 1
v

ny
v

� �
y
þ jnyj2

v2
n; ð3:1:8Þ

ðv; u; nÞjt¼0 ¼ ðv0; u0; n0Þ; ð3:1:9Þ

ujy¼0;1 ¼ 0; nyjy¼0;1 ¼ 0 ð3:1:10Þ
where v ¼ 1

q and v0 ¼ 1
q0
.

In the sequel, we shall only consider the following case:

jnj2 ¼ nini ¼ 1: ð3:1:11Þ
Our main results in this chapter will read as follows (see also Qin and Huang

[124]).

Theorem 3.1.1. Suppose that ðv0; u0; n0Þ 2 H 1½0; 1� �H 1
0 ½0; 1� � H 2½0; 1� and the

compatibility conditions hold. Then there exists a unique global solution
ðvðtÞ; uðtÞ; nðtÞÞ 2 H 1½0; 1� � H 1

0 ½0; 1� � H 2½0; 1� to the problem (3.1.6)–(3.1.10)
such that for any ðy; tÞ 2 ½0; 1� � ½0; T � (for all T > 0),

0\C�1
1 � vðy; tÞ�C1; ð3:1:12Þ
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and

vðtÞk k2H 1 þ uðtÞk k2H 1 þ nðtÞk k2H 2 þ ntðtÞk k2

þ
Z t

0
uk k2H 2 þ nty

�� ��2 þ utk k2
� �

ðsÞ ds�C1: ð3:1:13Þ

Theorem 3.1.2. Suppose that ðv0; u0; n0Þ 2 H 2½0; 1� � H 2
0 ½0; 1� � H 3½0; 1� and the

compatibility conditions hold. Then there exists a unique global solution
ðvðtÞ; uðtÞ; nðtÞÞ 2 H 2½0; 1� �H 2

0 ½0; 1� �H 3½0; 1� to the problem (3.1.6)–(3.1.10)
such that for any ðy; tÞ 2 ½0; 1� � ½0; T � (for all T > 0),

vðtÞk k2H 2 þ uðtÞk k2H 2 þ nðtÞk k2H 3 þ ntðtÞk k2H 1 þ utðtÞk k2

þ
Z t

0
ð uty
�� ��2 þ ntyy

�� ��2 þ uyyy
�� ��2ÞðsÞ ds�C2: ð3:1:14Þ

Theorem 3.1.3. Suppose that ðv0; u0; n0Þ 2 H 4½0; 1� �H 4
0 ½0; 1� � H 4½0; 1� and the

compatibility conditions hold. Then there exists a unique global solution
ðvðtÞ; uðtÞ; nðtÞÞ 2 H 4½0; 1� � H 4

0 ½0; 1� � H 4½0; 1�Þ to the problem (3.1.6)–(3.1.10)
such that for any (y, t) 2 [0, 1] × [0, T] (for all T > 0),

vðtÞk k2H 4 þ uðtÞk k2H 4 þ nðtÞk k2H 4 þ ntðtÞk k2H 2 þ utðtÞk k2H 2 þ nttðtÞk k2 þ uttðtÞk k2

þ
Z t

0
ð uy
�� ��2

H 4 þ ny
�� ��2

H 4 þ uty
�� ��2

H 2 þ nty
�� ��2

H 2 þ utty
�� ��2 þ ntty

�� ��2ÞðsÞ ds�C4:

ð3:1:15Þ

Remark 3.1.1. It is worthy to point out here that the solution (v(t), u(t), n(t))
obtained in theorem 3.1.3 is, in fact, a classical solution such that

ðvðtÞ; uðtÞ; nðtÞÞk k
C 3þ 1

2ð0;1Þ�C 3þ 1
2ð0;1Þ�C 3þ 1

2ð0;1Þ �C4: ð3:1:16Þ

3.2 Global Existence in H 1 � H 1
0 �H 2

In this section, we shall prove theorem 3.1.1 by establishing a series of lemmas.

Lemma 3.2.1. If assumptions in theorem 3.1.1 hold, then the following estimates are
valid in the Euler coordinates,Z 1

0
ðqu2 þ pðqÞþ 2jnx j2Þdx þ

Z T

0

Z 1

0
ðu2

x þ jn � nxx j2Þdxdt�C1; ð3:2:1Þ
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Z 1

0
jnx j2dx þ

Z T

0

Z 1

0
jnxx j2dxdt�C1 ð3:2:2Þ

where pðqÞ ¼
qc

c�1 ; c[ 1;
q log q� q; c ¼ 1:

�

Proof. Multiplying (3.1.2) by u, using (3.1.1) and integrating the resulting equality
by parts, we have

1
2
d
dt

Z 1

0
ðqu2 þ pðqÞÞdx þ

Z 1

0
u2
xdx ¼

Z 1

0
jnx j2uxdx: ð3:2:3Þ

Thus we derive from (3.1.11) that

nxx þ jnx j2n ¼ �n � ðn � nxxÞ: ð3:2:4Þ
Multiplying (3.2.4) by nxx, we obtain

d
dt

Z 1

0
jnx j2dx þ

Z 1

0
jnx j2uxdx þ 2

Z 1

0
jn � nxx j2dx ¼ 0

which, along with (3.2.3), gives (3.2.1).
Multiplying (3.1.3) by nxx in L2[0, 1], integrating the resultant by parts and using

the Gagliardo–Nirenberg interpolation inequality, we derive

d
dt

Z 1

0
jnx j2dx þ

Z 1

0
jnxx j2dx ¼

Z 1

0
unx � nxxdx þ

Z 1

0
jnx j4dx

¼
Z 1

0
jnxx j4dx � 1

2

Z 1

0
jnx j2uxdx

�C1

Z 1

0
jnx j4dx þC1

Z 1

0
u2
xdx

�C1 nxk k3 nxxk kþC1 uxk k2

� 1
2

nxxk k2 þC1ð nxk k6 þ uxk k2Þ

which, together with (3.2.1), gives (3.2.2). Thus this proves the lemma. h

Lemma 3.2.2. If assumptions in theorem 3.1.1 hold, then the following estimates are
valid for any T > 0 in the Lagrangian coordinates, and for all t 2 [0, T],Z 1

0
u2 þ pþ ðvÞþ jnyj2

v

 !
dyþ

Z T

0

Z 1

0

juyj2
v

þ 1
v
n � ny

v

� �
y

����
����
2

 !
dydt�C1;

ð3:2:5Þ
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Z 1

0

jnyj2
v

dyþ
Z T

0

Z 1

0

1
v

ny
v

� �
y

� �2
dydt�C1 ð3:2:6Þ

where pþ ðvÞ ¼
v1�c

c�1 ; c[ 1;
v � log v � 1; c ¼ 1:

�

Proof. Using lemma 3.2.1 and the total mass conversation
R 1
0 vdy ¼ R 10 v0dy, we

easily derive (3.2.5) and (3.2.6). h

Lemma 3.2.3. For any t 2 [0, T ] (for all T > 0), there exists one point y1 = y1(t)
2 [0, 1] such that the solution v(y, t) to problem (3.1.6)–(3.1.10) possesses the
following expression

vðy; tÞ ¼ Dðy; tÞZðtÞ 1þ
Z t

0
Pþ jnyj2

v2

 !
vD�1ðy; sÞZ�1ðsÞds

" #
ð3:2:7Þ

where

Dðy; tÞ ¼ v0ðyÞ exp
Z y

y1
udn�

Z y

0
u0ðnÞdnþ 1

v0

Z 1

0

Z y

0
u0ðzÞdzdy

	 

; ð3:2:8Þ

ZðtÞ ¼ exp � 1
v0

Z t

0

Z 1

0
vPþ u2 þ jnyj2

v

 !
dyds

 !
; v0 ¼

Z 1

0
v0dy: ð3:2:9Þ

8>>>><
>>>>:

Proof. The proof is standard, we refer to lemma 2.2.2. h

Lemma 3.2.4. For any T > 0, we have

0\C�1
1 � vðy; tÞ�C1; for all ðy; tÞ 2 ½0; 1� � ½0;T �; ð3:2:10Þ

Z t

0
nyðsÞ
�� ��2

L1ds�C1; for all t 2 ½0;T �: ð3:2:11Þ

Proof. The present proof is more delicate than that of lemma 4.2.5 of this book.
Obviously, we derive from (3.2.3) that

0\C�1 �Dðy; tÞ�C1; 0\C�1
1 �ZðtÞ� 1: ð3:2:12Þ

Noting that v Pþ jny j2
v2

� �
[ 0, using (3.2.7) and (3.2.12), we have

vðy; tÞ�Dðy; tÞZðtÞ�C�1
1 [ 0: ð3:2:13Þ
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Employing W 1;1,!L1, lemmas 3.2.2, 3.2.3 and (3.2.12), (3.2.13), we deduce

vðy; tÞ�C1 þC1

Z t

0
vPþ jnyj2

v

 !
ds

�C1 þC1

Z t

0

jnyj
v

����
����
2

L1
vds

�C1 þC1

Z t

0

Z 1

0

jnyj
v

dyþ
Z 1

0

jnyj
v

	 

y

�����
�����dy

" #2
vðy; sÞds

�C1 þC1

Z t

0

" Z 1

0

jnyj2
v

dy

 !1=2 Z 1

0

1
v
dy

	 
1=2

þ
Z 1

0

1
v

jnyj
v

	 

y

�����
�����
2

dy

0
@

1
A

1=2 Z 1

0
vdy

	 
1=2
#
vðy; sÞds

�C1 þC1

Z t

0

 Z 1

0

1
v
dyþ

Z 1

0

jnyj2
v

dy

þ
Z 1

0

1
v

jnyj
v

	 

y

�����
�����
2

dyþ
Z 1

0
vdydy

!
vðy; sÞds

�C1 þC1

Z t

0
1þ

Z 1

0

1
v

jnyj
v

	 

y

�����
�����
2

dy

0
@

1
Avðy; sÞds ð3:2:14Þ

which, using the Gronwall inequality and (3.2.6), (3.2.13), gives (3.2.10). The
estimate (3.2.11) hence follows from (3.2.10) and the proof of (3.2.14). Thus this
completes the proof. h

Lemma 3.2.5. If assumptions in theorem 3.1.1 hold, then the following estimate is
valid for any T > 0, and for all t 2 [0, T],

Z 1

0
v2ydyþ

Z t

0

Z 1

0
ðn4

y þ jnyyj2 þ jnt j2Þdyds�C1: ð3:2:15Þ

Proof. It clearly follows from (3.1.7) that

u � vy
v

� �
t
¼ � 2ny � nyy

v2
þ 2jnyj2vy

v3
þ cvy

vcþ 1 : ð3:2:16Þ

Multiplying (3.2.16) by u � vy
v and then integrating the resulting equation over

Qt = [0, 1] × [0, t ],t 2 [0,T ] (for all T > 0), we have for any ε > 0,

94 1D Radiative Fluid and Liquid Crystal Equations



u � vy
v

��� ���2 þ Z t

0

Z 1

0
ðv2y þ jnyj2v2yÞdyds

� u0 � v0y
v0

����
����
2

þC1

Z t

0

Z 1

0
jvyuj þ jny � nyyuj þ jny � nyyvyj þ jnyj2jvyuj
� �

dyds

�C1 þ e
Z t

0

Z 1

0
ðv2y þ jnyj2v2yÞdyds

þC1

Z t

0
ð1þ ny

�� ��2
L1Þ

Z 1

0
u2dydsþC1

Z t

0

Z 1

0
jnyyj2dyds

which, by taking ε > 0 small enough and using (3.2.5) and (3.2.11), gives

u � vy
v

��� ���2 þ Z t

0

Z 1

0
ðv2y þ jnyj2v2yÞdyds�C1 þC1

Z t

0

Z 1

0
jnyyj2dyds: ð3:2:17Þ

By (3.2.6), we deriveZ t

0

Z 1

0

jnyyj2
v3

þ jnyj2v2y
v5

 !
dyds ¼

Z t

0

Z 1

0

1
v

ny
v

� �
y

� �2
dydtþ

Z t

0

Z 1

0
2
ny � nyyvy

v4
dyds

�C1 þ 1
2

Z t

0

Z 1

0

jnyyj2
v3

dydsþC1

Z t

0

Z 1

0

jnyj2v2y
v5

dyds:

Thus Z t

0

Z 1

0
jnyyj2dyds�C1 þC1

Z t

0
nyðsÞ
�� ��2

L1

Z 1

0
v2ydyds

which, with (3.2.17) and uk k2 �C1 in (3.2.5), gives

vyðtÞ
�� ��2 þ Z t

0

Z 1

0
ðv2y þ jnyj2v2yÞdyds�C1 þC1

Z t

0
nyðsÞ
�� ��2

L1

Z 1

0
v2ydyds: ð3:2:18Þ

Applying the Gronwall inequality to (3.2.18), and using (3.2.6) and (3.2.11), we
conclude

vyðtÞ
�� ��2 þ Z t

0

Z 1

0
ðjnyj4 þ jnyj2v2y þ jnyyj2 þ jvyj2Þdyds�C1: ð3:2:19Þ

From (3.1.8) and (3.2.19) it follows that

ntðtÞk k�C1ð nyðtÞ
�� ��þ nyyðtÞ

�� ��Þ ð3:2:20Þ
or

nyyðtÞ
�� ���C1ð nyðtÞ

�� ��þ ntðtÞk kÞ: ð3:2:21Þ

Thus we deduce from (3.2.11), (3.2.19) and (3.2.20) that for all t 2 [0, T],Z t

0

Z 1

0
jnt j2dyds�C1;

which, with (3.2.19) and (3.2.21), gives us (3.2.15). Hence this proves the lemma. h
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Lemma 3.2.6. If assumptions in theorem 3.1.1 hold, then the following estimates are
valid for any T > 0 and for all t 2 [0, T],

ntðtÞk k2 þ nyyðtÞ
�� ��2 þ uyðtÞ

�� ��2
þ
Z t

0
ð utk k2 þ uyy

�� ��2 þ nty
�� ��2ÞðsÞds�C1: ð3:2:22Þ

Proof. Multiplying (3.1.7) by uyy and then integrating the resulting equation over
Qt, using the Poincaré inequality and (3.2.15), we obtain

uyðtÞ
�� ��2 þ Z t

0
uyyðsÞ
�� ��2ds

�C1 þC1

Z t

0

Z 1

0
jvyj þ juyvyj þ jny � nyyj þ jnyj2jvyj
� �

juyyjdyds

�C1 þ 1
2

Z t

0
uyyðsÞ
�� ��2dsþC1

Z t

0
ð uy
�� ��2

L1 þ ny
�� ��4

L1Þ vy
�� ��2 þ ny

�� ��2
L1 nyy
�� ��2h i

ðsÞds

�C1 þ 1
2

Z t

0
uyyðsÞ
�� ��2dsþC1

Z t

0
ð uy
�� �� uyy

�� ��þ ny
�� ��2

L1 nyy
�� ��2ÞðsÞds

�C1 þ 3
4

Z t

0
uyyðsÞ
�� ��2dsþC1

Z t

0
nyðsÞ
�� ��2

L1 nyyðsÞ
�� ��2ds;

which implies

uyðtÞ
�� ��2 þ Z t

0
uyyðsÞ
�� ��2ds�C1 þC1

Z t

0
nyðsÞ
�� ��2

L1 nyyðsÞ
�� ��2ds: ð3:2:23Þ

Differentiating (3.1.8) with respect to t, multiplying the resulting equation by nt,
integrating it by parts and using lemmas 3.2.2–3.2.5, (3.2.20), (3.2.21) and (3.2.23),
we arrive at

ntðtÞk k2 þ 2
Z t

0

Z 1

0

jnty j2
v2

dyds ¼ ntðy; 0Þk k2 þ 2
Z t

0

X5
i¼1

Aids

�C1 þ 2
Z t

0

X5
i¼1

Aids ð3:2:24Þ

where

A1 ¼
Z 1

0

nyðuyynt þ uyntyÞ
v3

dy; A2 ¼ �3
Z 1

0

ny � ntuyvy
v4

dy;

A3 ¼
Z 1

0

nty � nyuy þ nty � ntvy
v3

dy; A4 ¼
Z 1

0

jnyj2jnt j2 þ 2ny � ntyn � nt
v2

dy;

A5 ¼ �
Z 1

0

2jnyj2n � ntuy
v3

dy:
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Using lemmas 3.2.2–3.2.5, the embedding theorem and (3.2.23), we derive that
for any ε 2 (0, 1),Z t

0

Z 1

0
A1dyds

¼
Z t

0

Z 1

0

nyðuyynt þ uyntyÞ
v3

dyds

� e
Z t

0
ntyðsÞ
�� ��2dsþC1ðeÞ

Z t

0
ð uy
�� ��2

L1 ny
�� ��2 þ ntk kL1 ny

�� �� uyy
�� ��ÞðsÞds

� e
Z t

0
ntyðsÞ
�� ��2dsþC1

Z t

0
ntðsÞk k1=2 ntyðsÞ

�� ��1=2 þ ntðsÞk k
� �

uyyðsÞ
�� ��ds

þC1ðeÞ
Z t

0
uyðsÞ
�� ��2ds	 
1=2 Z t

0
uyyðsÞ
�� ��2ds	 
1=2

þ
Z t

0
uyðsÞ
�� ��2ds

" #

� e
Z t

0
ntyðsÞ
�� ��2dsþC1

Z t

0
ntyðsÞ
�� ��2ds	 
1=4 Z t

0
ð ntðsÞk k1

2 uyyðsÞ
�� ��Þ43ds	 
3=4

þC1

Z t

0
ntðsÞ

����
����
2

ds

 !1=2 Z t

0
uyyðsÞ
�� ��2ds	 
1=2

þC1

Z t

0
uyyðsÞ
�� ��2ds	 
1=2

þC1ðeÞ

� 2e
Z t

0
ntyðsÞ
�� ��2dsþC1ðeÞ

Z t

0
uyyðsÞ
�� ��2ds	 
1=2

þC1

Z t

0
ntðsÞk k2

3 uyyðsÞ
�� ��4

3dsþC1ðeÞ

� 2e
Z t

0
ntyðsÞ
�� ��2dsþC1ðeÞ

Z t

0
uyy
�� ��2ds	 
1=2

þC1

Z t

0
ntk k2ds

	 
1=3 Z t

0
uyyðsÞ
�� ��2ds	 
2=3

þC1ðeÞ

�C1 þ 2e
Z t

0
ntyðsÞ
�� ��2dsþC1ðeÞ

Z t

0
uyyðsÞ
�� ��2ds	 
2=3

� 2e
Z t

0
ntyðsÞ
�� ��2dsþC1ðeÞ 1þ

Z t

0
nyðsÞ
�� ��2

L1 nyyðsÞ
�� ��2ds� �2=3

� 2e
Z t

0
ntyðsÞ
�� ��2dsþC1ðeÞ 1þ

Z t

0
nyðsÞ
�� ��2

L1ð1þ ntðsÞk k2Þds
� �2=3

� 2e
Z t

0
ntyðsÞ
�� ��2dsþC1ðeÞþC1ðeÞ sup

0� s� t
ntðsÞk k4

3

Z t

0
nyðsÞ
�� ��2

L1ds
	 
2=3

�C1ðeÞþ e sup
0� s� t

ntðsÞk k2 þ 2e
Z t

0
ntyðsÞ
�� ��2ds; ð3:2:25Þ
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andZ t

0
A2ds�C1

Z t

0

Z 1

0
jny � ntuyvyjdyds

�C1

Z t

0
ntðsÞk k2ds

	 
1
2
Z t

0
nyðsÞ
�� ��2

L1 uyðsÞ
�� ��2

L1 vyðsÞ
�� ��2ds	 
1

2

�C1 sup
0� s� t

nyðsÞ
�� ��

L1

" Z t

0
uyðsÞ
�� ��2ds	 
1

4
Z t

0
uyyðsÞ
�� ��2ds	 
1

4

þ
Z t

0
uyðsÞ
�� ��2ds	 
1

2
#

�C1 sup
0� s� t

nyðsÞ
�� ��1

2 nyyðsÞ
�� ��1

2

� �
1þ

Z t

0
uyyðsÞ
�� ��2ds� �1

4

�C1 sup
0� s� t

ð1þ ntðsÞk k1
2Þ 1þ

Z t

0
uyyðsÞ
�� ��2ds� �1

4

� 2e sup
0� s� t

ntðsÞk k2 þC1 þC1

Z t

0
uyyðsÞ
�� ��2ds	 
1

3

� 2e sup
0� s� t

ntðsÞk k2 þC1 1þ
Z t

0
nyðsÞ
�� ��2

L1 nyyðsÞ
�� ��2ds� �1

3

� 2e sup
0� s� t

ntðsÞk k2 þC1 þC1 sup
0� s� t

ntðsÞk k2
3

Z t

0
nyðsÞ
�� ��2

L1ds
	 
1=3

� 3e sup
0� s� t

ntðsÞk k2 þC1: ð3:2:26Þ

Similarly, we conclude that for any ε > 0,Z t

0
A3ds�C1

Z t

0

Z 1

0
jnty � nyuyj þ jnty � ntvyj
� �

dyds

� e
Z t

0
kntyðsÞk2dsþC1ðeÞ

Z t

0
ðknyk2L1kuyk2 þkntk2L1kvyk2ÞðsÞds

� 2e
Z t

0
kntyðsÞk2dsþC1ðeÞþC1ðeÞ

Z t

0
knyðsÞk2L1kuyðsÞk2ds; ð3:2:27Þ

Z t

0
A4ds�C1

Z t

0

Z 1

0
ðjnt j2jnyj2 þ jny � ntyn � nt jÞdyds

� e
Z t

0
kntyðsÞk2dsþC1

Z t

0
kntðsÞk2L1knyðsÞk2ds

� 2e
Z t

0
kntyðsÞk2dsþC1ðeÞ; ð3:2:28Þ
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Z t

0
A5ds�C1

Z t

0

Z 1

0
jnyj2jn � ntuyjdyds

�C1

Z t

0
nyðsÞ
�� ��2

L1 uyðsÞ
�� ��2ds	 
1

2
Z t

0
ntðsÞk k2L1 nyðsÞ

�� ��2ds	 
1
2

� e
Z t

0
ntyðsÞ
�� ��2dsþC1ðeÞþC1ðeÞ

Z t

0
nyðsÞ
�� ��2

L1 uyðsÞ
�� ��2ds: ð3:2:29Þ

Inserting (3.2.25)–(3.2.29) into (3.2.24), then taking supremum in t on the
left-hand side of (3.2.24), picking ε > 0 small enough, we finally derive

ntðtÞk k2 þ
Z t

0
ntyðsÞ
�� ��2ds�C1 þC1

Z t

0
nyðsÞ
�� ��2

L1 uyðsÞ
�� ��2ds: ð3:2:30Þ

Using (3.2.21), (3.2.23) and (3.2.30), we deduce

uyðtÞ
�� ��2 þ Z t

0
uyyðsÞ
�� ��2ds�C1 þC1 sup

0� s� t
nyyðsÞ
�� ��2Z t

0
nyðsÞ
�� ��2

L1ds

�C1 þC1 sup
0� s� t

ð ntðtÞk k2 þ 1Þ

�C1 þC1

Z t

0
nyðsÞ
�� ��2

L1 uyðsÞ
�� ��2ds

which, using the Gronwall inequality and (3.2.11), implies

uyðtÞ
�� ��2 þ Z t

0
uyyðsÞ
�� ��2ds�C1:

Thus it follows from (3.2.21) and (3.2.30) that

ntðtÞk k2 þ uyðtÞ
�� ��2 þ nyyðtÞ

�� ��2 þ Z t

0
ð uyy
�� ��2 þ nty

�� ��2ÞðsÞds�C1: ð3:2:31Þ

Moreover, we can derive from (3.1.7) that

utðtÞk k�C1ð uyðtÞ
�� ��þ uyyðtÞ

�� ��þ vyðtÞ
�� ��þ nyðtÞ

�� ��þ nyyðtÞ
�� ��Þ ð3:2:32Þ

or

uyyðtÞ
�� ���C1ð uyðtÞ

�� ��þ utðtÞk kþ vyðtÞ
�� ��þ nyðtÞ

�� ��þ nyyðtÞ
�� ��Þ: ð3:2:33Þ

Thus we deduce from (3.2.31) and (3.2.32) thatZ t

0
utðsÞk k2ds�C1

which, along with (3.2.31), gives us (3.2.22). The proof is complete. h

Proof of Theorem 3.1.1. Using lemmas 3.2.2–3.2.6, we readily complete the proof of
theorem 3.1.1. h
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3.3 Proof of Theorem 3.1.2

This section will establish the regularity in H 2 � H 2
0 � H 3.

Lemma 3.3.1. Suppose assumptions in theorem 3.1.2 are valid, then the following
estimates hold for any T > 0 and for all t 2 [0,T],

utðtÞk k2 þ uyyðtÞ
�� ��2 þ Z t

0
utyðsÞ
�� ��2ds�C1; ð3:3:1Þ

vyyðtÞ
�� ��2 þ Z t

0
ð nyyy
�� ��2 þ uyyy

�� ��2ÞðsÞds�C1: ð3:3:2Þ

Proof. Differentiating (3.1.7) with respect to t, multiplying the resulting equation
by ut, integrating it by parts and using lemmas 3.2.2–3.2.6, (3.2.32), we deduce that
for any ε > 0,

utðtÞk k2 þ
Z t

0
utyðsÞ
�� ��2ds

� utðy; 0Þk k2 þC1

Z t

0

Z 1

0
juyj þ juyj2 þ jny � ntyj þ jnyj2juyj
h i

jutyjdydt

�C2 þ e
Z t

0
utyðsÞ
�� ��2dsþC1

Z t

0

�
uy
�� ��2 þ uy

�� ��2
L1 uy
�� ��2

þ ny
�� ��4

L1 uy
�� ��2 þ ny

�� ��2
L1 nty
�� ��2�ðsÞds

�C2 þ e
Z t

0
utyðsÞ
�� ��2dsþC1

Z t

0
uy
�� ��2 þ uyy

�� ��2 þ nty
�� ��2h i

ðsÞds

�C2 þ e
Z t

0
utyðsÞ
�� ��2ds:

Now taking ε 2 (0, 1) small enough and using (3.2.33), we obtain (3.3.1).
Differentiating (3.1.8) with respect to y, using lemmas 3.2.2–3.2.6 and the

embedding theorem, we deduce

ntyðtÞ
�� ���C1ð nyðtÞ

�� ��
H 2 þ vyðtÞ

�� ��
H 1Þ ð3:3:3Þ

or

nyyyðtÞ
�� ���C1ð ntyðtÞ

�� ��þ nyðtÞ
�� ��

H 1 þ vyðtÞ
�� ��

H 1Þ: ð3:3:4Þ

Similarly, we infer from (3.1.7),

utyðtÞ
�� ���C1ð vyðtÞ

�� ��
H 1 þ uyðtÞ

�� ��
H 2 þ nyðtÞ

�� ��
H 2Þ ð3:3:5Þ

or

uyyyðtÞ
�� ���C1ð vyðtÞ

�� ��
H 1 þ uyðtÞ

�� ��
H 1 þ nyðtÞ

�� ��
H 2 þ utyðtÞ

�� ��Þ: ð3:3:6Þ
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Now differentiating (3.1.7) with respect to y, using (3.1.6) (vtyy = uyyy), we derive

vyy
v

� �
t
þ c

vyy
vcþ 1 ¼ uty þEðy; tÞ ð3:3:7Þ

where

Eðy; tÞ ¼ c
ðcþ 1Þv2y
vcþ 2 þ 2vyuyy

v2
� 2v2yuy

v3
þ 2jnyyj2 þ 2ny � nyyy

v2

� 8ny � nyyvy þ 2jnyj2vyy
v3

þ 6jnyj2v2y
v4

:

Multiplying (3.3.7) by vyy
v , integrating the resulting equation overQt = [0, 1] × [0, t]

and using the Young inequality, lemmas 3.2.2–3.2.6 and (3.3.1), we conclude

vyyðtÞ
�� ��2 þ Z t

0
vyyðsÞ
�� ��2ds�C2 þ e

Z t

0
vyyðsÞ
�� ��2dsþC1ðeÞ

Z t

0
uty
�� ��2 þ Ek k2
� �

ðsÞds
ð3:3:8Þ

whereZ t

0
EðsÞk k2ds�C1

Z t

0

�
vy
�� ��2

L1 vy
�� ��2 þ vy

�� ��2
L1 uyy
�� ��2 þ uy

�� ��2
L1 vy
�� ��4

L4

þ nyy
�� ��2

L1 nyy
�� ��2 þ ny

�� ��2
L1 nyyy
�� ��2 þ ny

�� ��2
L1 vy
�� ��2

L1 nyy
�� ��2

þ ny
�� ��4

L1 vyy
�� ��2 þ ny

�� ��4
L1 vy
�� ��4

L4

�
ðsÞds

�C1

Z t

0
vy
�� ��2

H 1 þ ny
�� ��2

H 2

� �
ðsÞds: ð3:3:9Þ

Inserting (3.3.9) into (3.3.8), picking ε 2 (0, 1) small enough, and using lemmas
3.2.2–3.2.6, (3.3.1) and (3.3.4), we conclude

vyyðtÞ
�� ��2 þ Z t

0
vyyðsÞ
�� ��2ds�C2 þC1ðeÞ

Z t

0
nyyy
�� ��2 þ vyy

�� ��2� �
ðsÞds

�C2 þC1ðeÞ
Z t

0
vyyðsÞ
�� ��2ds

which, using the Gronwall inequality and estimates (3.3.1), (3.3.4) and (3.3.6), gives
us (3.3.2). The proof is complete. h

Lemma 3.3.2. Under assumptions in theorem 3.1.2, the following estimate holds for
any T > 0 and for all t 2 [0, T],

ntyðtÞ
�� ��2 þ nyyyðtÞ

�� ��2 þ Z t

0
ntyyðsÞ
�� ��2ds�C1: ð3:3:10Þ
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Proof. Differentiating (3.1.8) with respect to t and y, multiplying the resulting
equation by nty in L2(0, 1) and integrating by parts, we arrive at

1
2
d
dt

ntyðtÞ
�� ��2 þ Z 1

0

jntyyj2
v2

dy ¼ B0ðtÞþB1ðtÞ ð3:3:11Þ

where

B0ðtÞ ¼
Z 1

0

2nyyuy
v3

þ ntyvy þ nyuyy
v3

� 3
nyvyuy
v4

	 

ntyydy;

B1ðtÞ ¼
Z 1

0

jnyj2n
v2

 !
ty

ntydy:

8>>>><
>>>>:

We now employ lemmas 3.2.2–3.2.6, the Gagliardo–Nirenberg interpolation
inequality and the Poincaré inequality to get

B0 � e
Z 1

0

jntyy j2
v2

dyþC1ðeÞð uyðtÞ
�� ��2

L1 nyyðtÞ
�� ��2 þ nyðtÞ

�� ��2
L1 uyyðtÞ
�� ��2

þ vyðtÞ
�� ��2

L1 ntyðtÞ
�� ��2 þ nyðtÞ

�� ��2
L1 vyðtÞ
�� ��2

L1 uyðtÞ
�� ��2Þ

� e
Z 1

0

jntyy j2
v2

dyþC1ðeÞ uyðtÞ
�� ��2

H 1 þ ntyðtÞ
�� ��2� �

: ð3:3:12Þ

Similarly, using lemmas 3.2.2–3.2.6, 3.3.1 and the embedding theorem, we derive
that for any small ε 2 (0, 1),

B1 �C1

Z 1

0
½ðjnty � nyyj þ jny � ntyy j þ jny � nyy nt j þ jny � nyyuy j þ jnty

�� ��nyj2 þ jny uy
�� ��ny j2

þ jnty � nyvyj þ jnt vy
�� ��nyj2 þ juyy ny

�� j2 þ jvy uy
�� ��nyj2Þjnty j�dy

� e
Z 1

0

jntyyj2
v2

dyþC2 ntðtÞk k2H 1 þ ntyðtÞ
�� ��2

L1 nyyðtÞ
�� ��2 þ uyðtÞ

�� ��2
H 1 þ nyðtÞ

�� ��2
H 1

� �

� 2e
Z 1

0

jntyyj2
v2

dyþC2 ntðtÞk k2H 1 þ uyðtÞ
�� ��2

H 1 þ nyðtÞ
�� ��2

H 1

� �

which, combined with (3.3.11), (3.3.12), (3.3.1)–(3.3.3) and lemmas 3.2.2–3.2.6,
gives that for ε 2 (0, 1) small enough,

ntyðtÞ
�� ��2 þ Z t

0
ntyyðsÞ
�� ��2ds�C2: ð3:3:13Þ

By (3.3.3) and (3.3.13), we deduce

nyyyðtÞ
�� ���C2

which, with (3.3.13), gives (3.3.10). The proof is complete. h

Proof of Theorem 3.1.2. Using lemmas 3.3.1 and 3.3.2, we readily complete the
proof of theorem 3.1.2. h
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3.4 Proof of Theorem 3.1.3

This section will establish the regularity in H 4 � H 4
0 � H 4.

Lemma 3.4.1. If assumptions in theorem 3.1.3 are valid, then the following estimates
hold for all t 2 [0, T],

ntyyðy; 0Þ
�� ��2 þ utyðy; 0Þ

�� ��2 þ utyyðy; 0Þ
�� ��2

þ nttðy; 0Þk k2 þ uttðy; 0Þk k2 �C4; ð3:4:1Þ

uttðtÞk k2 þ nttðtÞk k2 þ ntyyðtÞ
�� ��2 þ Z t

0
ð utty
�� ��2 þ utyy

�� ��2 þ nttk k2

þ ntty
�� ��2 þ ntyyy

�� ��2ÞðsÞds�C4; ð3:4:2Þ

utyðtÞ
�� ��2 þ uyyyðtÞ

�� ��2 þ utyyðtÞ
�� ��2 þ Z t

0
utyyyðsÞ
�� ��2ds�C4: ð3:4:3Þ

Proof. Differentiating (3.1.7) and (3.1.8) with respect to y twice, using theorems
3.1.1, 3.1.2 and the embedding theorem, we deduce

utyyðtÞ
�� ���C2ð uyðtÞ

�� ��
H 3 þ vyðtÞ

�� ��
H 2 þ nyðtÞ

�� ��
H 3Þ; ð3:4:4Þ

ntyyðtÞ
�� ���C2ð nyðtÞ

�� ��
H 3 þ vyðtÞ

�� ��
H 2Þ ð3:4:5Þ

or

uyyyyðtÞ
�� ���C2ð uyðtÞ

�� ��
H 2 þ vyðtÞ

�� ��
H 2 þ nyðtÞ

�� ��
H 3 þ utyyðtÞ

�� ��Þ; ð3:4:6Þ

nyyyyðtÞ
�� ���C2ð nyðtÞ

�� ��
H 2 þ vyðtÞ

�� ��
H 2 þ ntyyðtÞ

�� ��Þ: ð3:4:7Þ

Differentiating (3.1.7), (3.1.8) with respect to t, respectively, using theorems
3.1.1, 3.1.2, (3.3.3), (3.3.5), (3.4.4) and (3.4.5), we obtain

uttðtÞk k�C2ð utyyðtÞ
�� ��þ utyðtÞ

�� ��þ ntyðtÞ
�� ��þ ntyyðtÞ

�� ��þ uyðtÞ
�� ��

H 1Þ ð3:4:8Þ

�C2ð uyðtÞ
�� ��

H 3 þ nyðtÞ
�� ��

H 3 þ vyðtÞ
�� ��

H 2Þ; ð3:4:9Þ

nttðtÞk k�C2ð ntðtÞk kþ ntyðtÞ
�� ��þ ntyyðtÞ

�� ��þ uyðtÞ
�� ��

H 1Þ ð3:4:10Þ

�C2ð nyðtÞ
�� ��

H 3 þ vyðtÞ
�� ��

H 2 þ uyðtÞ
�� ��

H 1Þ ð3:4:11Þ
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or

utyyðtÞ
�� ���C1 uttðtÞk kþC2ð utyðtÞ

�� ��þ ntyðtÞ
�� ��þ ntyyðtÞ

�� ��þ uyðtÞ
�� ��

H 1Þ; ð3:4:12Þ

ntyyðtÞ
�� ���C1 nttðtÞk kþC2ð ntðtÞk kþ ntyðtÞ

�� ��þ uyðtÞ
�� ��

H 1Þ: ð3:4:13Þ

Differentiating (3.1.7) with respect to y and t, using theorems 3.1.1 and 3.1.2, we
derive

utyyyðtÞ
�� ���C2ð uttyðtÞ

�� ��þ utyðtÞ
�� ��

H 1 þ ntyðtÞ
�� ��

H 2 þ nyðtÞ
�� ��

H 2 þ uyðtÞ
�� ��

H 2Þ:
ð3:4:14Þ

Similarly, we get

ntyyyðtÞ
�� ���C2ð nttyðtÞ

�� ��þ uyðtÞ
�� ��

H 2 þ vyðtÞ
�� ��

H 1 þ ntyðtÞ
�� ��

H 1 þ nyðtÞ
�� ��

H 2Þ:
ð3:4:15Þ

Thus estimate (3.4.1) follows from (3.3.5), (3.4.4), (3.4.5), (3.4.9) and (3.4.11).
Differentiating (3.1.7) with respect to t twice, multiplying the resulting equation

by utt in L2(0, 1), performing an integration by parts, using theorems 3.1.1, 3.1.2 and
(3.4.1), we have

1
2
d
dt

uttðtÞk k2 ¼ �
Z 1

0
� 1
vc

þ uy
v
� jny j2

v2

 !
tt

uttyds

� �
Z 1

0

u2
tty

v
dyþC2

1
vc

	 

tt

����
����þ jnyj2

v2

 !
tt

�����
�����þ utyuy

�� ��þ uyuty
�� ��þ uy

�� ��3
L6

" #
utty
�� ��

� � C�1
1 uttyðtÞ
�� ��2 þC2ð uyðtÞ

�� ��2
H 1 þ utyðtÞ

�� ��2 þ ntyðtÞ
�� ��2

H 1 þ nttyðtÞ
�� ��2Þ

which thus, by theorems 3.1.1 and 3.1.2, implies

uttðtÞk k2 þ
Z t

0
uttyðsÞ
�� ��2ds�C4 þC2

Z t

0
nttyðsÞ
�� ��2ds: ð3:4:16Þ

By (3.3.10) and (3.4.10), we further haveZ t

0
nttðsÞk k2ds�C2: ð3:4:17Þ

Similarly, differentiating (3.1.8) with respect to t twice, multiplying the resulting
equation by ntt in L2(0, 1) and integrating it by parts, we arrive at

1
2
d
dt

nttðtÞk k2¼ D0 þD1 þD2 ð3:4:18Þ
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where

D0 ¼ �
Z 1

0

ny
v

� �
tt

ntt
v

� �
y
dy; D1 ¼

Z 1

0

1
v

	 

tt

ny
v

� �
y
þ 2

v

	 

t

ny
v

� �
ty

� �
nttdy;

D2 ¼
Z 1

0

jnyj2
v2

n

 !
tt

nttdy:

Employing theorems 3.1.1 and 3.1.2, the Gagliardo–Nirenberg interpolation
inequality and the Poincaré inequality, we conclude that for any ε > 0,

D0 � �
Z 1

0

jnttyj2
v2

dyþC2½ nttðtÞk k2 þ ntyðtÞ
�� ��2 þ utyðtÞ

�� ��2 þ uyðtÞ
�� ��4

L4

þð ntyðtÞ
�� ��þ utyðtÞ

�� ��þ uyðtÞ
�� ��2

L4 þ nttðtÞk kÞ nttyðtÞ
�� ���

� � C�1
1 nttyðtÞ
�� ��2 þC2ð ntyðtÞ

�� ��2 þ utyðtÞ
�� ��2 þ uyðtÞ

�� ��2
H 1 þ nttðtÞk k2Þ;

ð3:4:19Þ

D1 �C1

Z 1

0

(
ðjutyj þ juyj2Þðjnyyj þ jnyvyjÞ
h i

jntt j

þ jntyy j þ jnyyuyj þ jntyvyj þ jnyuyyj þ jnyvyuyj
� �juykntt j

)
dy

�C2ð nttðtÞk k2 þ ntyðtÞ
�� ��2

H 1 þ uyðtÞ
�� ��2

H 1 þ nyðtÞ
�� ��2

H 2 þ utyðtÞ
�� ��2Þ; ð3:4:20Þ

D2 �C1

Z 1

0
ðjnty j2 þ jny � nttyj þ jny � nty ntk jþ jnyj2jntt j

þ jny � ntyuyj þ jnyj2jntuyj þ jnyj2jutyj þ jnyj2juyj2Þjntt jdy
� e nttyðtÞ
�� ��2 þC2ð nttðtÞk k2 þ ntyðtÞ

�� ��2
H 1 þ utyðtÞ

�� ��2 þ uyðtÞ
�� ��2

H 1Þ
which, along with (3.4.17)–(3.4.20), (3.4.1) and theorem 3.1.2, leads to that for
ε 2 (0, 1) small enough,

nttðtÞk k2 þ
Z t

0
nttyðsÞ
�� ��2ds�C4: ð3:4:21Þ

On the other hand, we derive from (3.4.16) and (3.4.21) that

uttðtÞk k2 þ
Z t

0
uttyðsÞ
�� ��2ds�C4: ð3:4:22Þ

Exploiting theorems 3.1.1, 3.1.2, (3.4.12), (3.4.13), (3.4.15), (3.4.21) and (3.4.22),
we obtain (3.4.2).
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Differentiating (3.1.7) with respect to t and y, multiplying the resulting equation
by uty in L2(0, 1) and integrating by parts, we arrive at

1
2
d
dt

utyðtÞ
�� ��2¼ F0ðtÞþF1ðtÞ ð3:4:23Þ

where

F0ðy; tÞ ¼ �Pþ uy
v
� jnyj2

v2

 !
ty

utyj10; F1ðtÞ ¼
Z 1

0
�P þ uy

v
� jnyj2

v2

 !
ty

utyydy:

Employing (3.4.1) and (3.4.2), theorems 3.1.1 and 3.1.2, the Gagliardo–Nirenberg
interpolation inequality and the Poincaré inequality and the Young inequality, we get

F0 �C1ð uyyðtÞ
�� ��

L1 þ vyðtÞ
�� ��

L1 uyðtÞ
�� ��

L1 þ utyyðtÞ
�� ��

L1

þ uyyðtÞ
�� ��

L1 uyðtÞ
�� ��

L1 þ utyðtÞ
�� ��

L1 vyðtÞ
�� ��

L1

þ uyðtÞ
�� ��2

L1 vyðtÞ
�� ��

L1Þ utyðtÞ
�� ��

L1

�C1ð uyðtÞ
�� ��

H 2 þ utyyðtÞ
�� ��1

2 utyyyðtÞ
�� ��1

2 þ utyyðtÞ
�� ��

þ utyðtÞ
�� ��1

2 utyyðtÞ
�� ��1

2Þ utyðtÞ
�� ��1

2 utyyðtÞ
�� ��1

2

�C2ð utyyðtÞ
�� ��2 þ utyyyðtÞ

�� ��2 þ uyðtÞ
�� ��2

H 2 þ utyðtÞ
�� ��2Þ ð3:4:24Þ

which, together with (3.4.2), (3.4.14) and theorem 3.1.2, further leads toZ t

0
F0ds�C2

Z t

0
ð utyy
�� ��2 þ utyyy

�� ��2ÞðsÞds�C4: ð3:4:25Þ

Similarly, using theorems 3.1.1 and 3.1.2, (3.4.1), (3.4.2) and the embedding
theorem, we conclude that for any small ε 2 (0, 1),

F1 �C1

Z 1

0

�
ðjuyyj þ jvyuyj þ juyyuyj þ jutyvyj þ ju2

yvyj þ jnty � nyyj þ jny � ntyy j

þ jny � nyyuyj þ jny � ntyvyj þ juyy nyj2 þ jnyj2juy
�� ��vyj

�
jutyy jdy

�C2ð utyðtÞ
�� ��2

H 1 þ ntyðtÞ
�� ��2

H 1 þ uyðtÞ
�� ��2

H 1 þ nyðtÞ
�� ��2

H 1 þ vyðtÞ
�� ��2

H 1Þ
which, combined with (3.4.23), (3.4.25), (3.4.1), (3.4.2) and theorems 3.1.1 and
3.1.2, gives us

utyðtÞ
�� ��2 þ Z t

0
utyyðsÞ
�� ��2ds�C4: ð3:4:26Þ

Therefore, by (3.3.6), (3.4.1), (3.4.2), (3.4.12), (3.4.14) and (3.4.26), we can
obtain (3.4.3). This completes the proof. h

Lemma 3.4.2. If assumptions in theorem 3.1.3 are valid, then the following estimates
hold for any t 2 [0, T](T > 0),
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vyyyðtÞ
�� ��2 þ nyyyyðtÞ

�� ��2 þ uyyyyðtÞ
�� ��2 �C4; ð3:4:27Þ

vyyyyðtÞ
�� ��2 þ Z t

0
ð nyyyyy
�� ��2 þ uyyyyy

�� ��2ÞðsÞds�C4: ð3:4:28Þ

Proof. Differentiating (3.3.7) with respect to y, we arrive at

vyyy
v

� �
t
þ c

vyyy
vcþ 1 ¼ E1ðy; tÞ ð3:4:29Þ

with

E1ðy; tÞ ¼ utyy þEyðy; tÞþ vyyvy
v2

� �
t
þ c

ðcþ 1Þvyyvy
vcþ 2 :

Using theorems 3.1.1 and 3.1.2 and lemma 3.4.1, we have

E1ðtÞk k2 �C2ð utyyðtÞ
�� ��2 þ vyðtÞ

�� ��2
H 2 þ uyðtÞ

�� ��2
H 2 þ nyðtÞ

�� ��2
H 3Þ

leading to Z t

0
E1ðsÞk k2ds�C4 þC2

Z t

0
ð vyyy
�� ��2 þ nyyyy

�� ��2ÞðsÞds: ð3:4:30Þ

Thus it follows from (3.4.2), (3.4.7) and (3.4.30) that for all t 2 [0, T],Z t

0
E1ðsÞk k2ds�C4 þC2

Z t

0
vyyyðsÞ
�� ��2ds: ð3:4:31Þ

Multiplying (3.4.29) by vyyy
v , integrating the result over Qt, and using the Young

inequality, (3.4.1) and (3.4.31), we infer that

vyyyðtÞ
�� ��2 þ Z t

0
vyyyðsÞ
�� ��2ds�C4 þC2

Z t

0
E1ðsÞk k2ds�C4 þC2

Z t

0
vyyyðsÞ
�� ��2ds

which, using the Gronwall inequality, gives us for all t 2 [0, T],

vyyyðtÞ
�� ��2 þ Z t

0
vyyyðsÞ
�� ��2ds�C4: ð3:4:32Þ

Thus from (3.4.2), (3.4.3), (3.4.6), (3.4.7), (3.4.32) and theorem 3.1.2 it follows
that

nyyyyðtÞ
�� ��þ uyyyyðtÞ

�� ���C4

which, together with (3.4.32), gives us estimate (3.4.27).
Now differentiating (3.4.29) with respect to y, we arrive at

vyyyy
v

� �
t
þ c

vyyyy
vcþ 1 ¼ E2ðy; tÞ ð3:4:33Þ
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with

E2ðy; tÞ ¼ E1yðy; tÞþ vyyyvy
v2

� �
t
þ cðcþ 1Þ vyyyvy

vcþ 2 :

Exploiting the embedding theorem, lemma 3.4.1 and theorem 3.1.2 and (3.4.27),
we can derive

E2ðtÞk k�C2ð utyyyðtÞ
�� ��þ uyðtÞ

�� ��
H 3 þ vyðtÞ

�� ��
H 3 þ nyðtÞ

�� ��
H 4Þ: ð3:4:34Þ

Differentiating (3.1.7), (3.1.8) with respect to y three times, respectively, using
theorems 3.1.1 and 3.1.2, the Poincaré inequality and the Young inequality, we derive

uyyyyyðtÞ
�� ���C1 utyyyðtÞ

�� ��þC2ð vyðtÞ
�� ��

H 3 þ uyðtÞ
�� ��

H 3 þ nyðtÞ
�� ��

H 4Þ; ð3:4:35Þ

nyyyyyðtÞ
�� ���C1 ntyyyðtÞ

�� ��þC2ð nyðtÞ
�� ��

H 3 þ vyðtÞ
�� ��

H 3Þ ð3:4:36Þ
which, along with (3.4.2), (3.4.3), (3.4.27), (3.4.34) and theorem 3.1.2, impliesZ t

0
E2ðsÞk k2ds�C4 þC2

Z t

0
vyyyyðsÞ
�� ��2ds: ð3:4:37Þ

Multiplying (3.4.33) by vyyyy
v , integrating the resulting equation over Qt, and using

the Young inequality, (3.4.1) and (3.4.37), we derive

vyyyyðtÞ
�� ��2 þ Z t

0
vyyyyðsÞ
�� ��2ds�C4 þC2

Z t

0
E2ðsÞk k2ds

�C4 þC2

Z t

0
vyyyyðsÞ
�� ��2ds

which, using the Gronwall inequality, gives us for all t 2 [0, T],

vyyyyðtÞ
�� ��2 þ Z t

0
vyyyyðsÞ
�� ��2ds�C4: ð3:4:38Þ

Therefore, it follows from (3.4.2), (3.4.3), (3.4.27), (3.4.35), (3.4.36), (3.4.38) and
theorem 3.1.2 that for all t 2 [0, T],Z t

0
ð nyyyyy
�� ��2 þ uyyyyy

�� ��2ÞðsÞds�C4;

which, together with (3.4.38), gives us estimate (3.4.28). This readily completes the
proof. h

Proof of Theorem 3.1.3. Using lemmas 3.4.1, 3.4.2, we can complete the proof of
theorem 3.1.3. h
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3.5 Bibliographic Comments
In this section, we briefly review some related literature. Note that the dynamic
theory of nematic liquid crystals was established by Ericksen [23] and Leslie [78] in
the 1960s. This theory is in fact derived from the macroscopic point of view; which
helps in understanding the coupling between the director field and the velocity
field, and also gives a tool to describe the motion of the defects in the molecule
configurations under the influence of the flow velocity. In order to describe the
dynamic property of nematic materials, Ericksen [24] and Leslie [77] established a
system consisting of equations for the conversation of the mass, the linear
momentum and an extra equation for the conversation of the momentum due to
vector field n. The Ericksen–Leslie system is well studied for describing many special
flows for the materials, especially for those with small molecules, and is widely
accepted in engineering and mathematical communities studying liquid crystals.

For the following simplified Ericksen–Leslie equation

vt þðv � rÞv � mDvþrP ¼ �kr � ðrd �rdÞ;
dt þðv � rÞd ¼ cðDd � f ðdÞÞ;
r � v ¼ 0;

8<
: ð3:5:1Þ

where v is the flow velocity and d is the relaxation of the molecule direction. The

term kr � ðrd �rdÞ ¼ krjðridkrjdkÞ ¼ kridkrjdk þ k
2ri

jrdj2
2 in the stress ten-

sor represents the anisotropic feature of the system. When the system (3.5.1) is
subjected to Dirichlet boundary conditions, Lin and Liu [81] proved the global
existence of weak solutions and classical solutions, and discussed the uniqueness and
some stability properties of the system. Later on, they established the partial reg-
ularity results in [82], and most results were extended to the general Ericksen–Leslie
equations in [83]. When the system (3.5.1) is subjected to free-slip boundary con-
dition for v and Neumann boundary for d (i.e., v � m ¼ 0; ðr � vÞ � m ¼ 0; @d

@m ¼ 0
on @Ω), Liu and Shen [86] proved the local classical solutions and global weak
solutions in 2D and 3D cases. When the system (3.5.1) is subjected to the Dirichlet
boundary condition and reproductivity conditions (i.e., v(x, 0) = v(x, T), d(x, 0) =
d(x, T)), Blanca et al. [9] showed the existence of weak solutions with the repro-
ductivity in time property in 2D and 3D cases. Fan and Ozawa [25] proved some
regularity criteria for this simplified Ericksen–Leslie system and also obtained the
existence and uniqueness of global smooth solutions for a regularization model of
this simplified system. Hu and Wang [57] studied three-dimensional case of (3.5.1) in
a smooth bounded domain, and obtained the existence and uniqueness of the global
strong solutions with small initial data and also proved that when the strong
solution exists, all the global weak solutions constructed in Lin and Liu [81] must be
equal to the unique strong solution. Hong [56] studied the system in 2D, and proved
global existence of solutions with initial data, where the solutions are regular except
for at a finite number of singular times. Some of the numerical experiments to the
system (3.5.1) were performed in Liu and Walkington [87, 88] who also demon-
strated the coupling between the fluid field and the director field. In this direction,
we also mention the works by Calderer et al. [11] and Liu [85] for the nematic liquid
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crystal model. Wen and Ding [143] studied the incompressible hydrodynamic flow of
the nematic liquid crystals in dimension N (N = 2 or 3):

qt þr � ðquÞ ¼ 0;
ðquÞt þr � ðqu � uÞþrP ¼ cDu � kr � ðrd �rdÞ;
r � u ¼ 0;
dt þðu � rÞd ¼ hðDdþ jrnj2nÞ;

8>><
>>: ð3:5:2Þ

where ρ denotes density, u is the flow velocity and d is the relaxation of the molecule
direction. Under the assumption ρ0 > 0, the authors obtained the local existence
and uniqueness of the solutions. In addition, if ρ0 had a positive bound from below,
and N = 2, they obtained the global existence and uniqueness of solutions with
small initial data.

We also note that for the system (3.1.1)–(3.1.5), Ding [16] proved the existence of
global strong solutions under assumptions for initial data ðq0; u0; n0Þ 2 H 1ð0; 1Þ �
H 1

0 ð0; 1Þ � H 2ð0; 1Þ with 0\c�1
0 � q0 � c0, and global smooth (classical) solutions

under assumptions for initial data ðq0; u0; n0Þ 2 C 1þ a½0; 1� � C 2þ a½0; 1� � C 2þ a½0; 1�
with 0\a\1; 0\c�1

0 � q0 � c0. It is different from our result. First, Ding [16]
studied the existence of global strong solutions to problem (3.1.1)–(3.1.5) in Euler
coordinates, while we have established the existence of global solutions in Hi (i = 1,
2, 4) in Lagrangian coordinates in this chapter. Second, we have established the
regularity in H 2 �H 2

0 �H 3 and H 4 �H 4
0 �H 4, while Ding [16] proved the existence

smooth solutions in C1+α × C2+α × C2+α, which is a direct consequence of our
results.
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Chapter 4

Large-Time Behavior of Solutions
to a One-Dimensional Liquid
Crystal System

4.1 Introduction
In this chapter, we shall continue to study the large-time behavior of solutions in
Hi �Hi

0 � Hiþ 1ði ¼ 1; 2Þ and H 4 � H 4
0 � H 4 to the following 1D liquid crystal

system based on the results in chapter 3:

vt ¼ uy; ð4:1:1Þ

ut ¼ �Pþ uy
v
� jnyj2

v2

 !
y

; ð4:1:2Þ

nt ¼ 1
v

ny
v

� �
y
þ jnyj2

v2
n; ð4:1:3Þ

ðv; u; nÞjt¼0 ¼ ðv0; u0; n0Þ; ð4:1:4Þ
ujy¼0;1 ¼ 0; nyjy¼0;1 ¼ 0 ð4:1:5Þ

8>>>>>>>>>>>><
>>>>>>>>>>>>:

where v ¼ 1
q ; v0 ¼ 1

q0
and P ¼ q ¼ 1

v (i.e., γ = 1 in chapter 3).

In this chapter, we still restrict ourselves to the following case:

jnj2 ¼ nini ¼ 1: ð4:1:6Þ
In this chapter, we use Ci (i = 1, 2) to denote the generic positive constant

depending on the ðq0; u0; n0Þk kHi�Hi�Hiþ 1 ði ¼ 1; 2Þ; minx2½0;1� u0ðxÞ; minx2½0;1� n0ðxÞ,
but not depending on time T, and Cj (j = 3, 4) depending on Hj[0, 1] norm of initial
data (ρ0, u0, n0), minx2½0;1� u0ðxÞ; minx2½0;1� n0ðxÞ, but not depending on T.

The results of this chapter are selected from Qin and Feng [110].
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Theorem 4.1.1. Suppose that ðv0; u0; n0Þ 2 H 1ð0; 1Þ � H 1
0 ð0; 1Þ � H 2ð0; 1Þ and the

compatibility conditions are valid. Then there exists a unique global solution
ðvðtÞ; uðtÞ;nðtÞÞ 2 H 1ð0; 1Þ �H 1

0 ð0; 1Þ � H 2ð0; 1Þ to the problem (4.1.1)–(4.1.5) such
that for all ðy; tÞ 2 ½0; 1� � ½0; þ1Þ,

0\C�1
1 � vðy; tÞ�C1; ð4:1:7Þ

and for all t > 0,

vðtÞk k2H 1 þ uðtÞk k2H 1 þ nðtÞk k2H 2 þ ntðtÞk k2

þ
Z t

0
uk k2H 2 þ nty

�� ��2 þ utk k2
� �

ðsÞds�C1: ð4:1:8Þ

Moreover, we have as t → +∞,

vðtÞ � �vk kH 1! 0; uðtÞk kH 1! 0; nðtÞ � �nk kH 2! 0 ð4:1:9Þ

where �v ¼ R 10 vðy; tÞdy ¼ R 10 v0dy, �n ¼ R 10 nðy; tÞdy:
Theorem 4.1.2. Suppose that ðv0; u0; n0Þ 2 H 2ð0; 1Þ � H 2

0 ð0; 1Þ � H 3ð0; 1Þ and the
compatibility conditions are valid. Then there exists a unique global solution
ðvðtÞ; uðtÞ;nðtÞÞ 2 H 2ð0; 1Þ �H 2

0 ð0; 1Þ � H 3ð0; 1Þ to the problem (4.1.1)–(4.1.5) such
that for all t > 0,

vðtÞk k2H 2 þ uðtÞk k2H 2 þ nðtÞk k2H 3 þ ntðtÞk k2H 1 þ utk k2

þ
Z t

0
uty
�� ��2

H 2 þ ntyy
�� ��2 þ uyyy

�� ��2� �
ðsÞds�C2: ð4:1:10Þ

Moreover, we have as t → +∞,

vðtÞ � �vk kH 2! 0; uðtÞk kH 2! 0; n � �nk kH 3! 0: ð4:1:11Þ

Theorem 4.1.3. Suppose that ðv0; u0; n0Þ 2 H 4ð0; 1Þ � H 4
0 ð0; 1Þ � H 4ð0; 1Þ and the

compatibility conditions are valid. Then there exists a unique global solution
ðvðtÞ; uðtÞ;nðtÞÞ 2 H 4ð0; 1Þ �H 4

0 ð0; 1Þ � H 4ð0; 1Þ to the problem (4.1.1)–(4.1.5) such
that for any t > 0,

vðtÞk k2H 4 þ uðtÞk k2H 4 þ nðtÞk k2H 4 þ ntðtÞk k2H 2 þ utðtÞk k2H 2 þ nttðtÞk k2 þ uttðtÞk k2

þ
Z t

0
uy
�� ��2

H 4 þ ny
�� ��2

H 4 þ uty
�� ��2

H 2 þ nty
�� ��2

H 2 þ utty
�� ��2 þ ntty

�� ��2� �
ðsÞ ds�C4:

ð4:1:12Þ
Moreover, we have, as t → +∞,

vðtÞ � �vk kH 4! 0; uðtÞk kH 4! 0; nðtÞ � �nk kH 4! 0: ð4:1:13Þ
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4.2 Uniform Estimates in Hi �Hi
0 �Hiþ 1ði ¼ 1; 2Þ

and H 4 � H 4
0 �H 4

The global existence of solutions in Hi � Hi
0 �Hiþ 1ði ¼ 1; 2Þ and H 4 � H 4

0 � H 4

has been established in Qin and Huang [124] and also in chapter 3. In this section, we
shall derive some uniform estimates in Hi � Hi

0 � Hiþ 1ði ¼ 1; 2Þ and H 4 � H 4
0 � H 4

by establishing a series of lemmas. First, we shall establish some uniform estimates
in H 1 � H 1

0 � H 2.

Lemma 4.2.1. If assumptions in theorem 4.1.1 are valid, then the following estimates
hold in Euler coordinates for any t > 0,Z 1

0
ðqu2 þ pðqÞþ 2jnx j2Þdx þ

Z t

0

Z 1

0
ðu2

x þ jn � nxx j2Þdxds�C1; ð4:2:1Þ

Z 1

0
jnx j2dx þ

Z t

0

Z 1

0
jnt j2dxds�C1 ð4:2:2Þ

where pðqÞ ¼ q log q� q:

Proof. Multiplying (4.1.2) by u, using (4.1.1) and integrating the result by parts, we
have

1
2
d
dt

Z 1

0
ðqu2 þ pðqÞÞdx þ

Z 1

0
u2
xdx ¼

Z 1

0
jnx j2uxdx: ð4:2:3Þ

We derive from |n|2 = 1 that

nxx þ jnx j2n ¼ �n � ðn � nxxÞ:
Multiplying the above equation by nxx, we obtain

d
dt

Z 1

0
jnx j2dx þ

Z 1

0
jnx j2uxdx þ 2

Z 1

0
jn � nxx j2dx ¼ 0;

which, along with (4.2.3), gives (4.2.1).
Using (4.1.6), we easily get

n � nt ¼ 0:

Multiplying (4.1.3) by nt, integrating the result over [0, 1] × [0, t], applying the
Young inequality and the Poincaré inequality, we have for any ε > 0,Z 1

0
jnx j2dx þ

Z t

0

Z 1

0
jnt j2dxds ¼ �

Z t

0

Z 1

0
unxntdxds

� e
Z t

0

Z 1

0
jnt j2dxdsþC1

Z t

0

Z 1

0
u2jnx j2dxds

� e
Z t

0

Z 1

0
jnt j2dxdsþC1

Z t

0
uk k2L1

Z 1

0
jnx j2dxds

� e
Z t

0

Z 1

0
jnt j2dxdsþC1

Z t

0
uxk k2

Z 1

0
jnx j2dxds:
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Choosing ε > 0 small enough, performing the Gronwall inequality, and using
(4.2.1), we obtain Z 1

0
jnx j2dx þ

Z t

0

Z 1

0
jnt j2dxds�C1:

This proves the lemma. h

Lemma 4.2.2. If assumptions in theorem 4.1.1 are valid, then the following estimates
hold in Euler coordinates for any t > 0,Z t

0

Z 1

0
ðjnx j4 þ jnxx j2Þdxds�C1: ð4:2:4Þ

Proof. Squaring (4.1.3) in both sides, integrating the result over [0, 1] × [0, t],
employing integration by parts, the Young inequality and the Poincaré inequality,
and using (4.2.1) and (4.2.2), we conclude for any ε > 0,Z t

0

Z 1

0
ðjnxx j2 þ jnx j4Þdxds

¼
Z t

0

Z 1

0
ðjnt j2 þ u2jnx j2 þ 2ntunxÞdxds � 2

Z t

0

Z 1

0
nxx jnx j2ndxds

¼
Z t

0

Z 1

0
ðjnt j2 þ u2jnx j2 þ 2ntunxÞdxdsþ 2

3

Z t

0

Z 1

0
jnx j4dxds

� 2
Z t

0

Z 1

0
ðjnt j2 þ u2jnx j2Þdxdsþ 2

3

Z t

0

Z 1

0
jnx j4dxds

�C1 þ 2
3

Z t

0

Z 1

0
jnx j4dxdsþC1

Z t

0
uk k2L1 nxk k2dxds

�C1 þ 2
3

Z t

0

Z 1

0
jnx j4dxdsþC1

Z t

0
uxk k2 nxk k2dxds

�C1 þ 2
3

Z t

0

Z 1

0
jnx j4dxdsþC1

Z t

0
uxk k2dxds

�C1 þ 2
3

Z t

0

Z 1

0
jnx j4dxds: ð4:2:5Þ

Therefore (4.2.4) follows from (4.2.5). This completes the proof. h

Lemma 4.2.3. If assumptions in theorem 4.1.1 are valid, then the following estimates
hold in Lagrangian coordinates, for any t > 0,Z 1

0
u2 þðv � log v � 1Þþ jny j2

v

" #
ðy; tÞdyþ

Z t

0

Z 1

0

juy j2
v

þ 1
v
n � ny

v

� �
y

����
����
2

 !
dyds�C1;

ð4:2:6Þ
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Z 1

0

jnyj2
v

dyþ
Z t

0

Z 1

0

1
v

ny
v

� �
y

� �2
dyds�C1: ð4:2:7Þ

Proof. Using lemmas 4.2.1–4.2.2 and the total mass conservation
R 1
0 vdy ¼ R 10 v0dy;

we easily derive (4.2.6) and (4.2.7). h

Lemma 4.2.4. For any t ≥ 0, there exists one point y1 = y1(t) 2 [0, 1] such that the
solution v(y, t) to problem (4.1.1)–(4.1.5) possesses the following expression:

vðy; tÞ ¼ Dðy; tÞZðtÞ 1þ
Z t

0
v�1 þ jnyj2

v2

 !
vD�1ðy; sÞZ�1ðsÞds

" #
ð4:2:8Þ

where

Dðy; tÞ ¼ v0ðyÞ exp
Z y

y1
udn�

Z y

0
u0ðnÞdnþ 1

�v0

Z 1

0

Z y

0
uðzÞdzdy

� �
; ð4:2:9Þ

ZðtÞ ¼ exp � 1
�v0

Z t

0

Z 1

0
1þ u2 þ jnyj2

v

 !
dyds

 !
; �v0 ¼

Z 1

0
v0dy: ð4:2:10Þ

8>>>><
>>>>:

Proof. See, e.g., lemma 2.2.2 or lemma 3.2.3. h

Lemma 4.2.5. There holds

0\C�1
1 � vðy; tÞ�C1; for all ðy; tÞ 2 ½0; 1� � ½0; þ1Þ; ð4:2:11Þ

Z t

0
nyðsÞ
�� ��2

L1ds�C1; for all t[ 0: ð4:2:12Þ

Proof. Obviously, using the Young inequality, the Hölder inequality and lemma 4.2.1,
we have Z y

y1
udn�

Z y

0
u0ðnÞdnþ 1

v0

Z 1

0

Z y

0
u0ðzÞdzdy

����
����

�
Z 1

0
u2dy

� 	1
2

þ
Z 1

0
u2
0dy

� 	1
2

þ 1
�v0

Z 1

0

Z 1

0
u2
0dy

� 	1
2

dy

�C1 uk k2 þC1 �C1: ð4:2:13Þ

Equations (4.2.9) and (4.2.6) imply that there exists some positive constant
C1 > 0 such that for all (y, t) 2 [0, 1] × [0, +∞),
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0\C�1
1 �Dðy; tÞ�C1:

Noting that for all t > 0,

1�
Z 1

0
1þ u2 þ jnyj2

v

 !
ðy; tÞdy�C1; ð4:2:14Þ

then for 0 ≤ s ≤ t, we get

t � s�
Z t

s

Z 1

0
1þ u2 þ jnyj2

v

 !
dy�C1ðt � sÞ: ð4:2:15Þ

Therefore, (4.2.10) and (4.2.15) imply that for any 0 ≤ s ≤ t,

e�C1ðt�sÞ �ZðtÞZ�1ðsÞ ¼ exp � 1
�v0

Z t

s

Z 1

0
1þ u2 þ jnyj2

v

 !
dyds

 !
� e�C�1

1 ðt�sÞ:

ð4:2:16Þ
Using (4.2.8) and (4.2.16), we derive that there exists a large time t0 such that as

t ≥ t0, y 2 ½0; 1�,

vðy; tÞ ¼ Dðy; tÞZðtÞ 1þ
Z t

0
v�1 þ jnyj2

v2

 !
vD�1ðy; sÞZ�1ðsÞds

" #

�C�1
1 e�C1t þ

Z t

0
1þ jnyj2

v

 !
e�C1ðt�sÞds

" #

�
Z t

0
C�1

1 e�C1ðt�sÞds

�ð2C1Þ�1: ð4:2:17Þ

Noting that Dðy; tÞ�C�1
1 ; ZðtÞ� expð�C1tÞ, we infer that for any

ðy; tÞ 2 ½0; 1� � ½0; t0�,

vðy; tÞ�Dðy; tÞZðtÞ�C�1
1 expð�C1tÞ�C�1

1 expð�C1t0Þ;

which, together with (4.2.17), implies that for any (y, t) 2 [0, 1] × [0, +∞),

vðy; tÞ�C�1
1 : ð4:2:18Þ

Employing W1,1 ,!L∞, by the Hölder inequality, lemmas 4.2.3–4.2.4 and (4.2.18),
we deduce
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vðy; tÞ�C1 e�C1t þ
Z t

0
1þ jnyj2

v

 !
e�C1ðt�sÞ

" #

�C1 þC1

Z t

0
e�C1ðt�sÞdsþC1

Z t

0

jnyj
v

����
����
2

L1
ve�C1ðt�sÞds

�C1 þC1

Z t

0

� Z 1

0

1
v
dy

� 	1
2
Z 1

0

jnyj2
v

dy

 !1
2

þ
Z 1

0

1
v

ny
v

� �
y

����
����
2

dy

 !1
2 Z 1

0
vdy

� 	1
2
�2
ve�C1ðt�sÞds

�C1 þC1

Z t

0

� Z 1

0

1
v
dy

� 	 Z 1

0

jnyj2
v

dy

 !

þ
Z 1

0

1
v

ny
v

� �
y

����
����
2

dy

 ! Z 1

0
vdy

� 	�
ve�C1ðt�sÞds

�C1 þC1

Z t

0
e�C1ðt�sÞ þ

Z 1

0

1
v

ny
v

� �
y

����
����
2

dy

" #
vds ð4:2:19Þ

which, using the Gronwall inequality and (4.2.7), (4.2.18), gives (4.2.11).
Using (4.2.7) and the Poincaré inequality, we obtainZ t

0
nyðsÞ
�� ��2

L1ds�C1

Z t

0

jnyj
v

����
����
2

L1
ds

�C1

Z t

0

jnyj
v

� 	
y

�����
�����
2

ds

�C1: ð4:2:20Þ

This proves the lemma. h

Lemma 4.2.6. If assumptions in theorem 4.1.1 are valid, then the following estimates
hold for any t > 0,Z 1

0
v2ydyþ

Z t

0

Z 1

0
ðjnyj4 þ jnyyj2 þ jnt j2 þ v2yÞdyds�C1; ð4:2:21Þ

ntðy; 0Þk k�C1: ð4:2:22Þ

Proof. Using (4.1.1), we may rewrite (4.1.2) as

u � vy
v

� �
t
¼ vy

v2
þ 2jnyj2vy

v3
� 2ny � nyy

v2
: ð4:2:23Þ
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Multiplying (4.2.23) by u � vy
v , integrating the resulting equation over [0, 1] × [0, t],

and using the Young and the Poincaré inequalities, we deduce for any ε > 0,

u � vy
v

��� ���2 þ Z t

0

Z 1

0
ðv2y þ jnyj2v2yÞdyds

� u0 � v0y
v0

����
����
2

þC1

Z t

0

Z 1

0
jvyuj þ jny � nyyuj þ jny � nyyvy j þ jnyj2jvyuj
� �

dyds

�C1 þ e
Z t

0

Z 1

0
v2y þ jnyj2v2y
� �

dydsþC1

Z t

0
uyðsÞ
�� ��2ds

þC1

Z t

0
ny
�� ��2

L1

Z 1

0
u2dydsþC1

Z t

0

Z 1

0
jnyyj2dyds: ð4:2:24Þ

Taking ε small enough in (4.2.24), and using (4.2.6), (4.2.12) and (4.2.24), we can
obtain

u � vy
v

��� ���2 þ Z t

0

Z 1

0
ðv2y þ jnyj2v2yÞdyds�C1 þC1

Z t

0

Z 1

0
jnyyj2dyds: ð4:2:25Þ

By (4.2.7), we haveZ t

0

Z 1

0

jnyyj2
v3

þ jnyj2v2y
v5

 !
dyds ¼

Z t

0

Z 1

0

1
v

ny
v

� �
y

� �2
dydtþ 2

Z t

0

Z 1

0

ny � nyyvy
v4

dyds

�C1 þ 1
2

Z t

0

Z 1

0

jnyyj2
v3

dydsþC1

Z t

0

Z 1

0

jnyj2v2y
v5

dyds:

Thus Z t

0

Z 1

0
jnyyj2dyds�C1 þC1

Z t

0
ny
�� ��2

L1

Z 1

0
v2ydyds

which, with (4.2.25) and the fact uk k2 �C1 uy
�� ��2 �C1, gives

vyðtÞ
�� ��2 þ Z t

0

Z 1

0
ðv2y þ jnyj2v2yÞdyds�C1 þC1

Z t

0
ny
�� ��2

L1

Z 1

0
v2ydyds: ð4:2:26Þ

Applying the Gronwall inequality to (4.2.26), and using (4.2.7) and (4.2.12), we
obtain

vyðtÞ
�� ��2 þ Z t

0

Z 1

0
ðjnyj2v2y þ jnyyj2 þ jvyj2Þdyds�C1: ð4:2:27Þ

Thus from (4.2.7) and (4.2.12) it follows thatZ t

0

Z 1

0
jnyj4dyds�C1

Z t

0
ny
�� ��2

L1

Z 1

0
jnyj2dyds�C1: ð4:2:28Þ
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By (4.1.3) and (4.2.27), we can derive

nyyðtÞ
�� ���C1 nyðtÞ

�� ��þ ntðtÞk k
 �
; ð4:2:29Þ

or

ntðtÞk k�C1 nyðtÞ
�� ��þ nyyðtÞ

�� ��
 � ð4:2:30Þ
which implies (4.2.22).

Thus, using the Poincaré inequality and (4.2.27), we can inferZ t

0
ntðsÞk k2ds�C1

Z t

0
ny
�� ��2 þ nyy

�� ��2� �
ðsÞds

�C1

Z t

0
nyyðsÞ
�� ��2ds�C1;

which, with (4.2.27) and (4.2.28), yields (4.2.21). This proves the lemma. h

Lemma 4.2.7. If assumptions in theorem 4.1.1 hold, then the following estimates are
valid for any t > 0,

ntðtÞk k2 þ nyyðtÞ
�� ��2 þ uyðtÞ

�� ��2
þ
Z t

0
utk k2 þ uyy

�� ��2 þ nty
�� ��2� �

ðsÞds�C1: ð4:2:31Þ

Proof. Obviously, using lemma 3.2.6 in chapter 3 and the uniform estimate of v, we
may complete the proof. h

In what follows, we shall derive some uniform estimates in H 2 �H 2
0 �H 3. The

proof of the following is different from lemma 3.3.1 in chapter 3 to some extent.

Lemma 4.2.8. If assumptions in theorems 4.1.2 hold, the following estimates are
valid for any t > 0,

utðtÞk k2 þ uyyðtÞ
�� ��2 þ Z t

0
utyðsÞ
�� ��2ds�C1; ð4:2:32Þ

vyyðtÞ
�� ��2 þ Z t

0
vyy
�� ��2 þ nyyy

�� ��2 þ uyyy
�� ��2� �

ðsÞds�C1: ð4:2:33Þ

Proof. Differentiating (4.1.2) with respect to t, multiplying the resulting equation
by ut, integrating it by parts, and using (3.2.32) and lemmas 4.2.3–4.2.7, we deduce
for any ε > 0,
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utðtÞk k2 þ
Z t

0
utyðsÞ
�� ��2ds

� utðy; 0Þk k2 þC1

Z t

0

Z 1

0
juyj þ juyj2 þ jny � nty j þ jnyj2juyj
h i

jutyjdydt

�C2 þ e
Z t

0
utyðsÞ
�� ��2dsþC1

Z t

0

�
uy
�� ��2 þ uy

�� ��2
L1 uy
�� ��2

þ ny
�� ��4

L1 uy
�� ��2 þ ny

�� ��2
L1 nty
�� ��2�ðsÞds

�C2 þ e
Z t

0
utyðsÞ
�� ��2dsþC1

Z t

0
uy
�� ��2 þ uyy

�� ��2 þ nty
�� ��2h i

ðsÞds

�C2 þ e
Z t

0
utyðsÞ
�� ��2ds

which, by taking ε 2 (0, 1) small enough and using (4.2.31), yields (4.2.32).
Differentiating (4.1.2) with respect to y, using (4.1.1) (vtyy = uyyy), we arrive at

vyy
v

� �
t
þ vyy

v2
¼ uty þEðy; tÞ ð4:2:34Þ

where

Eðy; tÞ ¼ 2v2y
v3

þ 2vyuyy
v2

� 2v2yuy
v3

þ 2jnyyj2 þ 2ny � nyyy
v2

� 8ny � nyyvy þ 2jnyj2vyy
v3

þ 6jnyj2v2y
v4

:

Multiplying (4.2.34) by vyy
v , integrating the result over [0, 1] × [0, t] and using the

Young inequality, we have for any ε > 0,

vyyðtÞ
�� ��2 þ Z t

0
vyyðsÞ
�� ��2ds�C1 þ e

Z t

0
vyyðsÞ
�� ��2dsþC1

Z t

0
uty
�� ��2 þ Ek k2
h i

ðsÞds
ð4:2:35Þ

whereZ t

0
EðsÞk k2ds�C1

Z t

0

Z 1

0
v4y þ v2yu

2
yy þ v4yu

2
y þ jnyyj4 þ jnyj2jnyyy j2

� �
þ jnyj2jnyyj2v2y þ jnyj4v2yy þ jnyj4v4yÞdyds

�C1

Z t

0

�
vy
�� ��2

L1 vy
�� ��2 þ vy

�� ��2
L1 uyy
�� ��2 þ uy

�� ��2
L1 vy
�� ��4

L4

þ nyy
�� ��2

L1 nyy
�� ��2 þ ny

�� ��2
L1 nyyy
�� ��2 þ ny

�� ��2
L1 vy
�� ��2

L1 nyy
�� ��2

þ ny
�� ��4

L1 vyy
�� ��2 þ ny

�� ��2
L1 vy
�� ��4

L4

�
ds:
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Using the interpolation inequality, the Young inequality and lemmas 4.2.3–4.2.7,
we concludeZ t

0
EðsÞk k2ds�C1

Z t

0
vy
�� ��2

L1 þ vy
�� ��4

L4 þ ny
�� ��2

L1 vyy
�� ��2 þ nyyy

�� ��2� �
ds

�C1

Z t

0
ð vy
�� �� vyy

�� ��þ vy
�� ��2 þ vy

�� ��3 vyy
�� ��þ vy

�� ��4
þ ny
�� ��2

L1 vyy
�� ��2 þ nyyy

�� ��2Þds
�C1 þ e

Z t

0
vyyðsÞ
�� ��2dsþC1

Z t

0
ð nyðsÞ
�� ��2

L1 vyyðsÞ
�� ��2

þ nyyyðsÞ
�� ��2Þds: ð4:2:36Þ

Differentiating (4.1.3) with respect to y, using the interpolation inequality, the
Young inequality and lemmas 4.2.3–4.2.7, we can concludeZ t

0
nyyyðsÞ
�� ��2ds�C1

Z t

0

�
nty
�� ��2 þ vynyy

�� ��2 þ nyv2y
��� ���2 þ nyvyy

�� ��2
þ ny � nyy
�� ��2 þ n2

yvy
��� ���2 þ n3

y

��� ���2	ds
�C1 þC1

Z t

0

�
nyy
�� ��2

L1 vy
�� ��2 þ ny

�� ��2
L1 vy
�� ��2

L1 vy
�� ��2

þ ny
�� ��2

L1 vyy
�� ��2 þ ny

�� ��2
L1 nyy
�� ��2 þ ny

�� ��4
L1 vy
�� ��2

þ ny
�� ��4

L1 ny
�� ��2	ds

�C1 þ e
Z t

0
nyyyðsÞ
�� ��2dsþC1

Z t

0
nyðsÞ
�� ��2

L1 vyyðsÞ
�� ��2ds:

Picking ε 2 (0, 1) small enough, we obtainZ t

0
nyyyðsÞ
�� ��2ds�C1 þC1

Z t

0
nyðsÞ
�� ��2

L1 vyyðsÞ
�� ��2ds: ð4:2:37Þ

Inserting (4.2.36) and (4.2.37) into (4.2.35), and taking ε small enough, we can
obtain

vyyðtÞ
�� ��2 þ Z t

0
vyyðsÞ
�� ��2ds�C1 þC1

Z t

0
nyðsÞ
�� ��2

L1 vyyðsÞ
�� ��2ds:

Performing the Gronwall inequality, and using (4.2.12), we conclude that for all
t > 0,

vyyðtÞ
�� ��2 þ Z t

0
vyy
�� ��2 þ nyyy

�� ��2� �
ðsÞds�C1: ð4:2:38Þ
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Differentiating (4.1.2) with respect to y, by the imbedding theorem and lemmas
4.2.3–4.2.7, we can obtain

utyðtÞ
�� ���C1 vyðtÞ

�� ��
H 1 þ uyðtÞ

�� ��
H 2 þ nyðtÞ

�� ��
H 2

� �
ð4:2:39Þ

or

uyyyðtÞ
�� ���C1 vyðtÞ

�� ��
H 1 þ uyðtÞ

�� ��
H 1 þ nyðtÞ

�� ��
H 2 þ uty

�� ��� �
ð4:2:40Þ

which, with (4.2.31), (4.2.32) and (4.2.38), gives (4.2.33). This proves the lemma. h

Using the same estimate as in chapter 3, we can obtain the following two lemmas
concerning uniform estimates in Hi �Hi

0 � Hiþ 1ði ¼ 1; 2Þ and H 4 � H 4
0 �H 4 using

uniform estimates of specific volume v in lemma 4.2.5.

Lemma 4.2.9. If assumptions in theorem 4.1.2 are valid, then the following estimate
holds for any t > 0,

ntyðtÞ
�� ��2 þ nyyyðtÞ

�� ��2 þ Z t

0
ntyyðsÞ
�� ��2 �C2: ð4:2:41Þ

Lemma 4.2.10. If assumptions in theorem 4.1.3 are valid, then the following esti-
mates hold for any t > 0,

uttðtÞk k2 þ nttðtÞk k2 þ ntyyðtÞ
�� ��2 þ Z t

0

�
utty
�� ��2 þ utyy

�� ��2
þ nttk k2 þ ntty

�� ��2 þ ntyyy
�� ��2�ðsÞds�C4; ð4:2:42Þ

utyðtÞ
�� ��2 þ uyyyðtÞ

�� ��2 þ utyyðtÞ
�� ��2 þ Z t

0
utyyyðsÞ
�� ��2ds�C4; ð4:2:43Þ

vyyyðtÞ
�� ��2 þ nyyyyðtÞ

�� ��2 þ uyyyyðtÞ
�� ��2 þ Z t

0
vyyyðsÞ
�� ��2ds�C4; ð4:2:44Þ

vyyyyðtÞ
�� ��2 þ Z t

0

�
vyyyy
�� ��2 þ nyyyyy

�� ��2 þ uyyyyy
�� ��2�ðsÞds�C4: ð4:2:45Þ

4.3 Large-Time Behavior in Hi �Hi
0 �Hiþ 1 ði ¼ 1; 2Þ

and H 4 � H 4
0 �H 4

In this section, we shall complete the proofs of theorems 4.1.1–4.1.3.
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Lemma 4.3.1. If assumptions in theorem 4.1.1 are valid, then we have

lim
t!þ1 vðtÞ � �vk kH 1¼ 0 ð4:3:1Þ

where �v ¼ R 10 vðy; tÞdy ¼ R 10 v0dy:
Proof. Differentiating (4.1.1) with respect to y, multiplying the result by vy, then
integrating the result over [0, 1], using the Young inequality, we can deduce

d
dt

vyðtÞ
�� ��2 � vyðtÞ

�� ��2 þ uyyðtÞ
�� ��2 � 1

2
þ 1

2
vyðtÞ
�� ��4 þ uyyðtÞ

�� ��2
which, along with (4.2.21), (4.2.31) and lemma 1.1.2, leads to

lim
t!þ1 vyðtÞ

�� ��2¼ 0: ð4:3:2Þ

Moreover, using the embedding theorem, we can deduce

v � �vk k�C1 vy
�� ��

which, together with (4.3.2), gives (4.3.1). This proves the lemma. h

Lemma 4.3.2. If assumptions in theorem 4.1.1 are valid, then we have

lim
t!þ1 uðtÞk kH 1¼ 0: ð4:3:3Þ

Proof. Equation (4.1.1) can be rewritten as

ut ¼ �v�1 � jnyj2
v2

 !
y

þ uy
v

� �
y
: ð4:3:4Þ

Let

bp ¼ bpðy; tÞ ¼ 1
v
þ jnyj2

v2
; br ¼ brðy; tÞ ¼ � 1

v
� jnyj2

v2
þ uy

v
:

Then

ut ¼ �bpþ uy
v

� �
y
¼ bry: ð4:3:5Þ

Put

bp� ¼ bp�ðy; tÞ ¼ bpðy; tÞ � Z 1

0
bpðy; tÞdy; ð4:3:6Þ

br� ¼ br�ðy; tÞ ¼ brðy; tÞ � Z 1

0
brðy; tÞdy: ð4:3:7Þ
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Then Z 1

0
bp�ðy; tÞdy ¼ 0;

Z 1

0
br�ðy; tÞdy ¼ 0; ð4:3:8Þ

ðbp�Þy ¼ bpy; ðbr�Þy ¼ bry: ð4:3:9Þ

Integrating (4.3.9) by parts, using (4.3.5), lemma 4.2.3 and the Young inequality,
we can infer that for any ε > 0,

bp�k k2 ¼ ðbp�; bp�Þ ¼ �bp�
y;

Z y

0
bp�dx� 	

¼ �bpy;

Z y

0
bp�dx

� 	
¼ ut � uy

v

� �
y
;

Z y

0
bp�dx� 	

¼ ut ;
Z y

0
bp�dx

� 	
� uy

v

� �
y
;

Z y

0
bp�dx� 	

�
Z 1

0
u2
t dy

� 	1
2
Z 1

0

Z y

0
bp�dx

� 	2

dy

 !1
2

þ
Z 1

0

uy
v
bp�dy

� e bp�k k2 þC ðeÞ utk k2 þC1 e bp�k k2 þC ðeÞ uy
�� ��2� �

�ðC1 þ 1Þe bp�k k2 þC1 utk k2 þ uy
�� ��2� �

: ð4:3:10Þ

Choosing ε > 0 so small that (C1 + 1)ε < 1, integrating the result over (0, t), we
obtain Z t

0
bp�ðsÞk k2ds�C1: ð4:3:11Þ

Note that

d
dt

bp�ðtÞk k2 ¼ 2ðbp�; bp�
t Þ ¼ 2 bp�

y;�
Z y

0
bp�
t dy

� 	

¼ 2
uy
v

� �
y
�ut ;�

Z y

0
bp�
t dy

� 	

¼ 2 ut ;
Z y

0
bp�
t dy

� 	
� 2

uy
v

� �
y
;

Z y

0
bp�
t dy

� 	

�C1 utðtÞk k2 þ uyðtÞ
�� ��2 þ bp�

t ðtÞ
�� ��2� �

: ð4:3:12Þ
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From (4.2.21) and (4.2.30), it follows that

bp�
t ðtÞ

�� ��2 �C1 vtðtÞk k2 þ nyðtÞ � ntyðtÞ
�� ��2 þ n2

yðtÞ � vtðtÞ
��� ���2� 	

�C1 uyðtÞ
�� ��2 þ nyðtÞ

�� ��2
L1 ntyðtÞ
�� ��2 þ nyðtÞ

�� ��4
L1 uyðtÞ
�� ��2� �

�C1 uyðtÞ
�� ��2 þ nyyðtÞ

�� ��2 ntyðtÞ
�� ��2 þ nyyðtÞ

�� ��4 uyðtÞ
�� ��2� �

�C1 uyðtÞ
�� ��2 þ ntyðtÞ

�� ��2� �
: ð4:3:13Þ

Combining (4.3.12) and (4.3.13), we get

d
dt

bp�ðtÞk k2 �C1 utðtÞk k2 þ uyðtÞ
�� ��2 þ ntyðtÞ

�� ��2� �
: ð4:3:14Þ

Using lemmas 4.2.7 and 1.1.2, we can derive

lim
t!þ1

bp�ðtÞk k2¼ 0: ð4:3:15Þ

Hence from (4.3.4), (4.3.5), (4.3.7) and (4.3.11), it followsZ t

0
br�ðsÞk k2ds�C1

Z t

0
bp�k kþ uy

�� ��2� �
ðsÞds�C1: ð4:3:16Þ

By (4.3.4), (4.3.5), and (4.3.7), and integrating by parts, we derive

d
dt

br�ðtÞk k2 ¼ 2ðbr�; br�
t Þ ¼ 2 br�

y;�
Z y

0
br�
t dx

� 	

¼ 2 ut ;�
Z y

0
br�
t dx

� 	

�C1 utðtÞk k2 þ
Z y

0
br�
t dx

����
����
2

 !
ð4:3:17Þ

where Z y

0
br�
t dy ¼

Z y

0
brt �

Z 1

0
brtðn; tÞdn

� 	
dx ð4:3:18Þ

and

brtðy; tÞ ¼ � 1
v
� jnyj2

v2
þ uy

v

 !
t

¼ vt
v2

� jnyj2
v2

 !
t

þ ut
v

� �
y
þ utvy � u2

y

v2
:
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Noting that for all t > 0,

utð0; tÞ ¼ utð1; tÞ;
we derive that for any y 2 [0, 1],Z y

0
brtðx; tÞdx

����
�����C1

Z 1

0
juy þ nynty þ n2

yuy þ utvy þ u2
y jdyþ jut j

� 	

�C1

h
ð uy
�� ��þ ny

�� �� � nty
�� ��þ n2

y

��� ��� � uy
�� ��

þ utk k � vy
�� ��þ uy

�� ��2Þþ jut j
i

�C1 uy
�� ��þ nyt

�� ��þ utk kþ jut j

 �

: ð4:3:19Þ

Analogously, Z 1

y
brtðx; tÞdx

����
�����C1 uy

�� ��þ nyt
�� ��þ utk kþ jut j


 �
: ð4:3:20Þ

Combining (4.3.18)–(4.3.20), we obtainZ y

0
br�
t dy ¼

Z y

0
brt �

Z 1

0
brtðn; tÞdn

� 	
dx

¼
Z y

0
brtdx �

Z 1

0

Z 1

y
brtdxdn

�C1 uy
�� ��þ nyt

�� ��þ utk kþ utj j
 �
ð4:3:21Þ

which gives Z y

0
br�
t dx

����
����
2

�C1 uyðtÞ
�� ��2 þ nytðtÞ

�� ��2 þ utðtÞk k2
� �

: ð4:3:22Þ

By (4.3.17) and (4.3.22), we can infer

d
dt

br�ðtÞk k2 �C1 uyðtÞ
�� ��2 þ nytðtÞ

�� ��2 þ utðtÞk k2
� �

�C1 1þ nytðtÞ
�� ��2 þ utðtÞk k2

� �
;

which, along with (4.3.16) and lemma 1.1.2, yields

lim
t!þ1

br�ðtÞk k2¼ 0: ð4:3:23Þ

Noting that Z 1

0

u
v

� �
y
ðy; tÞdy ¼ 0;
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we arrive at

uy
v

¼ uy
v

� ��
þ
Z 1

0

uy
v
dy ¼ ðbr� þ bp�Þþ Z 1

0

uvy
v2

dy

which, together with lemma 4.2.3, gives

uyðtÞ
�� ���C1

uy
v

��� ����C1 br�ðtÞk kþ bp�ðtÞk kþ uðtÞk k vyðtÞ
�� ��
 �

: ð4:3:24Þ

Thus from (4.3.15), (4.3.23), (4.3.2) and (4.3.24) it follows that

lim
t!þ1 uyðtÞ

�� �� ¼ 0: ð4:3:25Þ

By the Poincaré inequality, we get

uðtÞk kH 1 �C1 uyðtÞ
�� ��

which, together with (4.3.25), gives (4.3.3). This completes the proof. h

Lemma 4.3.3. If assumptions in theorem 4.1.1 are valid, then we have

lim
t!þ1 nðtÞ � �nk kH 2¼ 0 ð4:3:26Þ

where �n ¼ R 10 nðy; tÞdy:
Proof. Multiplying equation (4.1.3) by nt, integrating the result over [0, 1] with
respect to y and using (4.1.6), we obtainZ 1

0
jnt j2dy ¼

Z 1

0

nt
v

ny
v

� �
y
dy

¼ �
Z 1

0

ny
v

nty
v

� ntvy
v2

� �
dy: ð4:3:27Þ

By the Young inequality, we deduce that for any ε > 0,

1
2
d
dt

Z 1

0
jnyj2dyþ

Z 1

0
jnt j2dy� e

Z 1

0
jnt j2dyþC1

Z 1

0
jnyj2v2ydy:

Taking ε small enough and using (4.2.21), we have

d
dt

nyðtÞ
�� ��2 þ ntðtÞk k2 �C1 nyðtÞ

�� ��2
L1 ð4:3:28Þ

which, together with lemma 1.1.2 and (4.2.12), results in

lim
t!þ1 nyðtÞ

�� ��2¼ 0: ð4:3:29Þ

By the Poincaré inequality, we derive

nðtÞ � �nk kH 1 �C1 nyðtÞ
�� ��
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which, together with (4.3.28), leads to

lim
t!þ1 nðtÞ � �nk kH 1¼ 0: ð4:3:30Þ

By lemma 4.2.7, we can obtain

d
dt

ntðtÞk k2 þ ntyðtÞ
�� ��2 � nyðtÞ

�� ��2
L1 uyðtÞ
�� ��2

which, combined with (4.2.12), (4.2.31) and lemma 1.1.2, gives

lim
t!þ1 ntðtÞk k ¼ 0: ð4:3:31Þ

From (4.1.3) and (4.2.31), and using the Poincaré inequality, we can infer

nyyðtÞ
�� ��2 �C1 ntðtÞk k2 þ nyðtÞvyðtÞ

�� ��2 þ n2
yðtÞ

��� ���2� 	

�C1 ntðtÞk k2 þ nyðtÞ
�� ��2

L1 vyðtÞ
�� ��2 þ nyðtÞ

�� ��2
L1 nyðtÞ
�� ��2� �

�C1 ntðtÞk k2 þ nyyðtÞ
�� ��2 vyðtÞ

�� ��2 þ nyyðtÞ
�� ��2 nyðtÞ

�� ��2� �
�C1 ntðtÞk k2 þ vyðtÞ

�� ��2 þ nyðtÞ
�� ��2� �

;

which, along with (4.3.2), (4.3.30) and (4.3.31), gives

lim
t!þ1 nyyðtÞ

�� ��2¼ 0: ð4:3:32Þ

Thus (4.3.25) follows from (4.3.32). This completes the proof. h

Proof of Theorem 4.1.1. Combining lemmas 4.2.3–4.2.7 and lemmas 4.3.1–4.3.3, we
complete the proof of theorem 4.1.1. h

Lemma 4.3.4. If assumptions in theorem 4.1.2 are valid, then there holds

lim
t!þ1 vðtÞ � �vk kH 2¼ 0 ð4:3:33Þ

where �v ¼ R 10 vðy; tÞdy ¼ R 10 v0ðyÞdy:
Proof. Differentiating (4.1.1) with respect to twice y, multiplying the resulting
equation by vyy, then integrating it over [0, 1], by the Young inequality, we can deduce

1
2
d
dt

vyyðtÞ
�� ��2 ¼ Z 1

0
uyyyvyydy

� 1
2

uyyyðtÞ
�� ��2 þ 1

2
vyyðtÞ
�� ��2 � 1

4
þ 1

4
vyyðtÞ
�� ��4 þ 1

2
uyyyðtÞ
�� ��2

which, together with lemmas 4.2.8 and 1.1.2, implies

lim
t!þ1

vyyðtÞ
�� ��2¼ 0: ð4:3:34Þ
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By the embedding theorem, we have

lim
t!þ1 vðtÞ � �vk kH 2¼ 0:

This proves the proof. h

Lemma 4.3.5. If assumptions in theorem 4.1.2 are valid, then the following estimate
holds

lim
t!þ1 uðtÞk kH 2¼ 0: ð4:3:35Þ

Proof. By (4.3.5), we have

bpy ¼
1
v
þ jnyj2

v2

 !
y

¼ � vy
v2

þ 2ny � nyy
v2

� 2jnyj2vy
v3

ð4:3:36Þ

¼ �ut þ uy
v

� �
y
: ð4:3:37Þ

Hence, by lemmas 4.2.3–4.2.9, and using the interpolation inequality, we obtain

bpyðtÞ
�� ���C1 vyðtÞ

�� ��þ nyðtÞ � nyyðtÞ
�� ��þ jnyðtÞj2vyðtÞ

�� ��� �
�C1 vyðtÞ

�� ��þ nyyðtÞ
�� ��

L1 nyðtÞ
�� ��þ nyðtÞ

�� ��2
L1 vyðtÞ
�� ��� �

�C1 vyðtÞ
�� ��þ nyyðtÞ

�� ��1
2 nyyyðtÞ
�� ��1

2 þ nyyðtÞ
�� ��� �

nyðtÞ
�� ��þ nyyðtÞ

�� ��2 vyðtÞ
�� ��h i

�C1 vyðtÞ
�� ��þ nyðtÞ

�� ��
 �
which gives

lim
t!þ1

bpyðtÞ�� �� ¼ 0: ð4:3:38Þ

Differentiating (4.3.37) with respect to t, multiplying the result by ut, then
integrating it over [0, 1], employing an integration by parts, and using the Young
inequality, we can obtain for any ε > 0,

1
2
d
dt

utðtÞk k2 þ
Z 1

0

u2
ty

v
dy ¼

Z 1

0
bptutydyþ

Z 1

0

u2
yuty
v2

dy

� e utyðtÞ
�� ��2 þC1 bptðtÞk k2 þ uyðtÞ

�� ��4
L4

� �
: ð4:3:39Þ

Choosing ε > 0 small enough, using (4.2.21), (4.2.31), (4.2.32) and the interpo-
lation inequality, we can conclude
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d
dt

utðtÞk k2 þ utyðtÞ
�� ��2

�C1ð uyðtÞ
�� ��2 þ nyðtÞ

�� ��2
L1 ntyðtÞ
�� ��2

þ nyðtÞ
�� ��2

L1 vyðtÞ
�� ��2 þ uyðtÞ

�� ��3 uyyðtÞ
�� ��þ uyðtÞ

�� ��4Þ
�C1 uyðtÞ

�� ��2 þ ntyðtÞ
�� ��2 þ nyðtÞ

�� ��2
L1

� �
: ð4:3:40Þ

Hence we infer from (4.3.40), (4.2.6), (4.2.12), (4.2.31) and lemma 1.1.2

lim
t!þ1 utðtÞk k2¼ 0: ð4:3:41Þ

By (4.3.37), (4.1.8) and the interpolation inequality, we derive

uyyðtÞ
�� ���C1 bpyðtÞ

�� ��þ utðtÞk kþ uyðtÞvyðtÞ
�� ��
 �

�C1ð bpyðtÞ
�� ��þ utðtÞk kþ vyðtÞ

�� ��1
2 vyyðtÞ
�� ��1

2 þ vyðtÞ
�� ��� �

uyðtÞ
�� ��Þ

�C1 bpyðtÞ
�� ��þ utðtÞk kþ uyðtÞ

�� ��
 �
which, along with (4.3.25), (4.3.37), (4.3.40), gives

lim
t!þ1 uyyðtÞ

�� ��2¼ 0: ð4:3:42Þ

Thus (4.3.35) follows from (4.3.42) and (4.1.9). This completes the proof. h

Lemma 4.3.6. If assumptions in theorem 4.1.2 are valid, then there holds that

lim
t!þ1 nðtÞ � �nk kH 3¼ 0 ð4:3:43Þ

where �n ¼ R 10 nðy; tÞdy:
Proof. By lemma 3.3.2, we can derive

d
dt

ntyðtÞ
�� ��2 �C1 ntyðtÞ

�� ��2 þ nyyðtÞ
�� ��2� �

which, along with (4.2.21), (4.2.31) and lemma 1.1.2, leads to

lim
t!þ1 ntyðtÞ

�� ��2¼ 0: ð4:3:44Þ

Hence it follows from (4.2.41), (4.3.32), (4.3.34) and (4.3.44) that

lim
t!þ1 nyyyðtÞ

�� ��2¼ 0; ð4:3:45Þ

which, using the embedding theorem and (4.3.26), gives (4.3.43). This proves the
lemma. h
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Proof of Theorem 4.1.2. Combining lemmas 4.2.8–4.2.9 and lemmas 4.3.4–4.3.6, we
can complete the proof of theorem 4.1.2. h

Lemma 4.3.7. If assumptions in theorem 4.1.3 are valid, then there holds that

lim
t!þ1

vðtÞ � �vk kH 4¼ 0 ð4:3:46Þ

where �v ¼ R 10 vðy; tÞdy ¼ R 10 v0ðyÞdy:
Proof. Differentiating (4.1.1) with respect to y three times, multiplying the resulting
equation by vyyy, integrating it over [0, 1], and then using the Young inequality, we
can derive

d
dt

vyyyðtÞ
�� ��2 � uyyyyðtÞ

�� ��2 þ vyyyðtÞ
�� ��2

� 1
2
þ 1

2
vyyyðtÞ
�� ��4 þ uyyyyðtÞ

�� ��2
which, together with lemma 4.2.10 and lemma 1.1.2, yields

lim
t!þ1 vyyyðtÞ

�� ��2¼ 0: ð4:3:47Þ

Differentiating (4.1.1) with respect to y four times, multiplying the resulting
equation by vyyyy, integrating it over [0, 1], and then using the Young inequality, we
can derive

d
dt

vyyyyðtÞ
�� ��2 � uyyyyyðtÞ

�� ��2 þ vyyyyðtÞ
�� ��2

� 1
2
þ 1

2
vyyyyðtÞ
�� ��4 þ uyyyyyðtÞ

�� ��2
which, along with lemma 4.2.10 and lemma 1.1.2, leads to

lim
t!þ1

vyyyyðtÞ
�� ��2¼ 0: ð4:3:48Þ

Therefore, using the embedding theorem, we conclude from (4.3.33), (4.3.47) and
(4.3.48),

lim
t!þ1 vðtÞ � �vk kH 4¼ 0:

This completes the proof. h

Lemma 4.3.8. If assumptions in theorem 4.1.3 are valid, then there holds that

lim
t!þ1 uðtÞk kH 4¼ 0: ð4:3:49Þ
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Proof. Clearly, using lemma 4.2.10 and the Young inequality, we can derive

d
dt

utyðtÞ
�� ��2 �C2ð utyðtÞ

�� ��2 þ utyðtÞ
�� ��2

H 2 þ uyðtÞ
�� ��2

H 2 þ nyðtÞ
�� ��2

H 1

þ ntyðtÞ
�� ��2

H 1 þ vyðtÞ
�� ��2

H 1Þ
�C2 þC2 utyðtÞ

�� ��4 þC2ð utyðtÞ
�� ��2

H 2 þ uyðtÞ
�� ��2

H 2 þ nyðtÞ
�� ��2

H 1

þ ntyðtÞ
�� ��2

H 1 þ vyðtÞ
�� ��2

H 1Þ
which, along with lemmas 4.2.3–4.2.10 and lemma 1.1.2, leads to

lim
t!þ1 utyðtÞ

�� ��2¼ 0: ð4:3:50Þ

Differentiating (4.3.36) with respect to y, using the interpolation inequality and
lemmas 4.2.3–4.2.10, we infer

bpyyðtÞ
�� ���C1ð vyyðtÞ

�� ��þ vyðtÞ
�� ��

L1 vyðtÞ
�� ��þ nyyðtÞ

�� ��
L1 nyyðtÞ
�� ��

þ nyðtÞ
�� ��

L1 nyyyðtÞ
�� ��þ nyðtÞ

�� ��
L1 vyðtÞ
�� ��

L1 nyyðtÞ
�� ��

þ nyðtÞ
�� ��2

L1 vyyðtÞ
�� ��þ vyðtÞ

�� ��2
L1 nyðtÞ
�� ��

L1 nyðtÞ
�� ��Þ

�C1 vyðtÞ
�� ��þ vyyðtÞ

�� ��þ nyðtÞ
�� ��þ nyyðtÞ

�� ��þ nyyyðtÞ
�� ��
 �

which, combined with (4.3.2), (4.3.29), (4.3.34), (4.3.32) and (4.3.45), implies

lim
t!þ1

bpyyðtÞ
�� �� ¼ 0: ð4:3:51Þ

Differentiating (4.3.37) with respect to y, using the interpolation inequality and
lemmas 4.2.3–4.2.9, we derive

uyyyðtÞ
�� ���C1 utyðtÞ

�� ��þ bpyyðtÞ
�� ��þ uyyðtÞvyðtÞ

�� ��þ uyðtÞvyyðtÞ
�� ��þ uyðtÞv2yðtÞ

��� ���� �
�C1 utyðtÞ

�� ��þ bpyyðtÞ
�� ��þ uyðtÞ

�� ��
H 1 þ vyðtÞ

�� ��
H 1

� �

which, together with (4.3.50), (4.3.51), (4.3.25), (4.3.34), (4.3.2) and (4.3.42), leads
to

lim
t!þ1 uyyyðtÞ

�� �� ¼ 0: ð4:3:52Þ

Differentiating (4.3.36) with respect to y twice, using the interpolation inequality
and lemmas 4.2.3–4.2.10, leads to

bpyyyðtÞ�� ���C4 vyyyðtÞ
�� ��þ vyyðtÞ

�� ��þ nyyyðtÞ
�� ��þ vyðtÞ

�� ��þ nyðtÞ
�� ��
 �

which, along with (4.3.2), (4.3.29), (4.3.34), (4.3.45) and (4.3.47), results in

lim
t!þ1

bpyyyðtÞ�� �� ¼ 0: ð4:3:53Þ
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Differentiating (4.3.36) with respect to t and y, using the Poincaré and the
Gagliardo–Nirenberg interpolation inequalities, and using lemmas 4.2.3–4.2.10, we
can obtain

bpyytðtÞ�� ��2 �C2 uyðtÞ
�� ��2

H 2 þ ntyðtÞ
�� ��2

H 2 þ nyðtÞ
�� ��2

H 2 þ vyðtÞ
�� ��2

H 2

� �
: ð4:3:54Þ

Differentiating (4.3.37) with respect to t once and y twice, multiplying the
resulting equation by utyy, employing an integration by parts, and using the Young
inequality, we can conclude that for any ε > 0,

1
2
d
dt

utyyðtÞ
�� ��2 þ Z 1

0

u2
tyyy

v
dy� e utyyyðtÞ

�� ��2 þC1ðeÞ bpyytðtÞ�� ��2 þC1

�
utyyvy
�� ��2

þ utyvyy
�� ��2 þ utyv2y

��� ���2 þ uyy
�� ��4

L4 þ uyuyyy
�� ��2

þ uyuyyvy
�� ��2 þ u2

yvyy
��� ���2 þ uyvy

�� ��4
L4

�
:

Choosing ε 2 (0, 1) small enough, using the interpolation inequality and lemmas
4.2.3–4.2.9, we deduce

d
dt

utyyðtÞ
�� ��2 þ utyyyðtÞ

�� ��2 �C1 bpyytðtÞ�� ��2 þC2ð utyðtÞ
�� ��2

H 2

þ uyðtÞ
�� ��2

H 2 þ vyðtÞ
�� ��2

H 2Þ: ð4:3:55Þ
Inserting (4.3.54) into (4.3.55), using lemmas 4.2.3–4.2.10 and lemma 1.1.2, we

can derive

lim
t!þ1 utyyðtÞ

�� ��2¼ 0: ð4:3:56Þ

Differentiating (4.3.37) with respect to y twice, using the Gagliardo–Nirenberg
interpolation inequality and lemmas 4.2.3–4.2.10, we obtain

uyyyyðtÞ
�� ���C1

� bpyyyðtÞ
�� ��þ utyyðtÞ

�� ��þ uyyyvy
�� ��þ uyyvy

�� ��þ uyyv2y
��� ���

þ uyyvyy
�� ��þ uyvyyy

�� ��þ uyvyyvy
�� ��þ uyv3y

��� ����
�C1

� bpyyyðtÞ
�� ��þ utyyðtÞ

�� ��þ uyðtÞ
�� ��þ uyy

�� ��þ vyðtÞ
�� ��þ vyyyðtÞ

�� ���
þC4 vyyðtÞ

�� ��
which, together with (4.3.2), (4.3.25), (4.3.34), (4.3.42), (4.3.47), (4.3.53) and
(4.3.56), gives

lim
t!þ1

uyyyyðtÞ
�� �� ¼ 0: ð4:3:57Þ

Therefore, it follows from (4.3.33), (4.3.52) and (4.3.57) that

lim
t!þ1 uðtÞk kH 4¼ 0:

Thus the proof follows immediately. h
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Lemma 4.3.9. If assumptions in theorem 4.1.3 are valid, then the following estimate
holds

lim
t!þ1 nðtÞ � �nk kH 4¼ 0 ð4:3:58Þ

where �n ¼ R 10 nðy; tÞdy:
Proof. Exploiting lemma 4.2.10 and the Young inequality, we easily infer that

d
dt

nttðtÞk k2 þ nttyðtÞ
�� ��2 �C2 nttðtÞk k2 þ ntyðtÞ

�� ��2
H 1 þ uyðtÞ

�� ��2
H 1 þ utyðtÞ

�� ��2� �
�C2 þC2 nttðtÞk k4 þC2ð ntyðtÞ

�� ��2
H 1

þ uyðtÞ
�� ��2

H 1 þ utyðtÞ
�� ��2Þ

which, along with (4.2.33), (4.2.31), (4.2.41) and lemma 1.1.2, implies

lim
t!þ1 nttðtÞk k2¼ 0: ð4:3:59Þ

Then (4.3.55) follows from lemma 4.2.10, (4.3.31), (4.3.43), (4.3.47), (4.3.59) and
lemmas 4.3.1–4.3.6 immediately. Thus the proof follows readily. h

Proof of Theorem 4.1.3. Using lemma 4.2.10 and lemmas 4.3.7–4.3.9, we can finally
complete the proof of theorem 4.1.3. h

4.4 Bibliographic Comments
In addition to the comments in section 3.5, we would like to mention here that the
global existence and regularity of solutions to (3.1.1)–(3.1.5) or (3.1.6)–(3.1.10) have
been established for the pressure P ¼ qc ¼ 1

vc ðc� 1Þ, while the large-time behavior
of global solutions to (3.1.6)–(3.1.10) (i.e., (4.1.1)–(4.1.5)) has only been proved for
γ = 1 in P and it is still open for γ > 1. For the large-time behavior of solutions for
incompressible liquid crystal system, we would like to refer to Wu [144] and the
references therein.
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