FRONTIERS IN PHYSICS a

SECOND EDITION

LIE ALGEBRAS IN
PARTICLE PHYSICS

From Isospin to Unified Theories

Howard Georgi
CRC Press
is Grou|

Taylor & Franci p A B P




Lie Algebras in Particle Physics



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://taylorandfrancis.com

Lie Algebras
in Particle Physics

Second Edition

Howard Georgi

CRC Press
Taylor & Francis Group
Boca Raton London New York

CRC Press is an imprint of the
Taylor & Francis Group, an informa business




3ESCOAP®

Sponsoring Consortium for
Open Access Publishing in Particle Physics

Open Access funded by SCOAP3
Copyright 2021 Howard Georgi

This eBook was converted to open access in 2021 through the sponsorship of SCOAP3
licensed under the terms of the creative commons Attribution-NonCommercial 4.0
International License (https://creativecommons.org/licenses/by-nc/4.0/) which permits
use, sharing, adaptation distribution and reproduction in any medium or format, as
long as you give appropriate credit to the author(s) and the source, provide a link to
the creative commons license and indicate if changes were made, this license does not
permit the Contribution to be used commercially.

First published 1999 by Westview Press

Published 2019 by CRC Press

Taylor & Francis Group

6000 Broken Sound Parkway NW, Suite 300
Boca Raton, FL 33487-2742

First issued in hardback 2019

CRC Press is an imprint of the Taylor & Francis Group, an informa business

Copyright © 1999 by Howard Georgi

No claim to original U.S. Government works

This book contains information obtained from authentic and highly regarded sources.
Reasonable efforts have been made to publish reliable data and information, but the author
and publisher cannot assume responsibility for the validity of all materials or the
consequences of their use. The authors and publishers have attempted to trace the copyright
holders of all material reproduced in this publication and apologize to copyright holders if
permission to publish in this form has not been obtained. If any copyright material has not
been acknowledged please write and let us know so we may rectify in any future reprint.

The Open Access version of this book, available at www.taylorfrancis.com, has been made
available under a Creative Commons Attribution-Non Commercial 4.0 International.

Trademark Notice: Product or corporate names may be trademarks or registered
trademarks, and are used only for identification and explanation without intent to infringe.

Visit the Taylor & Francis Web site at
http:/ / www.taylorandfrancis.com

and the CRC Press Web site at
http:/ / www.crcpress.com

Library of Congress Catalog Card Number: 99-64878

ISBN 13: 978-0-367-09172-9 (hbk)
ISBN 13: 978-0-7382-0233-4 (pbk)

DOI: 10.1201/9780429499210


http://www.taylorandfrancis.com
http://www.crcpress.com
http://www.taylorfrancis.com
https://doi.org/10.1201/9780429499210
https://creativecommons.org

To Herman and Mrs. G



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://taylorandfrancis.com

Frontiers in Physics
David Pines, Editor

Volumes of the Series published from 1961 to 1973 are not officially numbered. The paren-
thetical numbers shown are designed to aid librarians and bibliographers to check the

completeness of their holdings.

Titles published in this series prior to 1987 appear under either the W. A. Benjamin or the
Benjamin/Cummings imprint; titles published since 1986 appear under the Westview Press

imprint.

1.
2.

3.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

N. Bloembergen
G. F. Chew

R. P. Feynman
R. P. Feynman

L. Van Hove,

N. M. Hugenholtz
L. P. Howland

D. Pines

H. Frauenfelder

L. P. Kadanoff
G. Baym
G. E. Pake

P. W. Anderson
S. C. Frautschi
R. Hofstadter

A. M. Lane
R. Omnés
E. J. Squires

H. L. Frisch

J. L. Lebowitz
M. Gell-Mann
Y. Ne’eman
M. Jacob

G. F. Chew

P. Noziéres

J. R. Schrieffer

N. Bloembergen

Nuclear Magnetic Relaxation: A Reprint Volume, 1961
S-Matrix Theory of Strong Interactions: A Lecture Note and
Reprint Volume, 1961

Quantum Electrodynamics: A Lecture Note and Reprint
Volume

The Theory of Fundamental Processes: A Lecture Note
Volume, 1961

Problem in Quantum Theory of Many-Particle Systems:

A Lecture Note and Reprint Volume, 1961

The Many-Body Problem: A Lecture Note and Reprint
Volume, 1961

The Mossbauer Effect: A Review—With a Collection of
Reprints, 1962

Quantum Statistical Mechanics: Green's Function Methods
in Equilibrium and Nonequilibrium Problems, 1962
Paramagnetic Resonance: An Introductory Monograph, 1962
[cr. (42)—2nd edition]G. E. Pake

Concepts in Solids: Lectures on the Theory of Solids, 1963
Regge Poles and S-Matrix Theory, 1963

Electron Scattering and Nuclear and Nucleon Structure:

A Collection of Reprints with an Introduction, 1963
Nuclear Theory: Pairing Force Correlations to Collective
Motion, 1964

Mandelstam Theory and Regge Poles: An Introduction

M. Froissart for Experimentalists, 1963

Complex Angular Momenta and Particle Physics:

A Lecture Note and Reprint Volume, 1963

The Equilibrium Theory of Classical Fluids: A Lecture
Note and Reprint Volume, 1964

The Eightfold Way (A Review—With a Collection of
Reprints), 1964

Strong-Interaction Physics: A Lecture Note Volume, 1964

Theory of Interacting Fermi Systems, 1964

Theory of Superconductivity, 1964 (revised 3rd printing,
1983)

Nonlinear Optics: A Lecture Note and Reprint Volume,
1965



Frontiers in Physics

22. R. Brout Phase Transitions, 1965
23. 1. M. Khalatnikov An Introduction to the Theory of Superfluidity, 1965
24. P. G. deGennes Superconductivity of Metals and Alloys, 1966
25. W. A. Harrison Pseudopotentials in the Theory of Metals, 1966
26. V. Barger Phenomenological Theories of High Energy Scattering:
D. Cline An Experimental Evaluation, 1967
27. P. Choquard The Anharmonic Crystal, 1967
28. T. Loucks Augmented Plane Wave Method: A Guide to
Performing.Electronic Structure Calculations—A Lecture
Note and Reprint Volume, 1967
29. Y. Ne’eman Algebraic Theory of Particle Physics: Hadron Dynamics In
Terms of Unitary Spin Current, 1967
30. S.L.Adler Current Algebras and Applications to Particle Physics,
R. F. Dashen 1968
31. A. B. Migdal Nuclear Theory: The Quasiparticle Method, 1968
32. J.J.J. Kokkede The Quark Model, 1969
33. A.B. Migdal Approximation Methods in Quantum Mechanics, 1969
34. R. Z. Sagdeev Nonlinear Plasma Theory, 1969
35. J. Schwinger Quantum Kinematics and Dynamics, 1970
36. R. P. Feynman Statistical Mechanics: A Set of Lectures, 1972
37. R. P. Feynman Photon-Hadron Interactions, 1972
38. E. R. Caianiello Combinatorics and Renormalization in Quantum Field
Theory, 1973
39. G. B. Field The Redshift Controversy, 1973
H. Arp
J. N. Bahcall
40. D. Horn Hadron Physics at Very High Energies, 1973
F. Zachariasen
41. S. Ichimaru Basic Principles of Plasma Physics: A Statistical Approach,
1973 (2nd printing, with revisions, 1980)
42. G. E. Pake The Physical Principles of Electron Paramagnetic
T. L. Estle Resonance, 2nd Edition, completely revised, enlarged, and

reset, 1973 [cf. (9)—1st edition

Volumes published from 1974 onward are being numbered as an integral part of the
bibliography.
43. C. Davidson
44. S. Doniach

Theory of Nonneutral Plasmas, 1974

E. H. Sondheimer

Green’s Functions for Solid State Physicists, 1974

45. P. H. Frampton Dual Resonance Models, 1974

46. S.K. Ma Modern Theory of Critical Phenomena, 1976

47. D. Forster Hydrodynamic Fluctuation, Broken Symmetry, and

Correlation Functions, 1975

48. A. B. Migdal Qualitative Methods in Quantum Theory, 1977

49. S. W. Lovesey Condensed Matter Physics: Dynamic Correlations, 1980

50. L.D. Faddeev Gauge Fields: Introduction to Quantum Theory, 1980
A. A. Slavnov

51. P. Ramond Field Theory: A Modern Primer, 1981 [cf. 74—2nd ed.]

52. R. A. Broglia Heavy Ion Reactions: Lecture Notes Vol. I, Elastic and
A. Winther Inelastic Reactions, 1981

53. R. A. Broglia Heavy Ion Reactions: Lecture Notes Vol. I, 1990

A. Winther



54.

55.
56.

57.
58.

59.
60.
61.
62.
63.

64.
65.

66.
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.

77.
80.

81.
82.
83.
84.
8s.
86.

87.

H. Georgi

P. W. Anderson

G. G. Ross
S. W. Lovesey

P. H. Frampton
J. 1. Katz

T. J. Ferbel

T. Appelquist
A. Chodos

P. G. O. Freund
G. Parisi

R. C. Richardson
E. N. Smith

J. W. Negele

H. Orland

E. W. Kolb

M. S. Turner

E. W. Kolb

M. S. Turner

V. Barger

R. J. N. Phillips
T. Tajima

W. Kruer

P. Ramond

B. F. Hatfield
P. Sokolsky

R. Field

J. F. Gunion

E. Haber
Kane
Dawson

C. Davidson
Fradkin

D. Faddeev
A. Slavnov
Broglia
Winther
Goldenfeld
D

. Hazeltine
D. Meiss
Ic

H.
G.
S.
R.
E.
L.
A.
R.
A.
N.
R.
.

S. Ichimaru

Frontiers in Physics

Lie Algebras in Particle Physics: From Isospin to Unified
Theories, 1982

Basic Notions of Condensed Matter Physics, 1983

Gauge Theories of the Strong, Weak, and Electromagnetic
Interactions, 1983

Crystal Optics and Additional Light Waves, 1983
Superspace or One Thousand and One Lessons in
Supersymmetry, 1983

Semi-Simple Lie Algebras and Their Representations, 1984
Grand Unified Theories, 1984

Condensed Matter Physics: Dynamic Correlations, 2nd
Edition, 1986.

Gauge Field Theories, 1986

High Energy Astrophysics, 1987

Experimental Techniques in High Energy Physics, 1987
Modern Kaluza-Klein Theories, 1987

Statistical Field Theory, 1988

Techniques in Low-Temperature Condensed Matter
Physics, 1988

Quantum Many-Particle Systems, 1987

The Early Universe, 1990
The Early Universe: Reprints, 1988
Collider Physics, 1987

Computational Plasma Physics, 1989

The Physics of Laser Plasma Interactions, 1988

Field Theory: A Modern Primer, 2nd edition, 1989 [cf. 51—
1st edition]

Quantum Field Theory of Point Particles and Strings, 1989
Introduction to Ultrahigh Energy Cosmic Ray Physics, 1989
Applications of Perturbative QCD, 1989

The Higgs Hunter’s Guide, 1990

Physics of Nonneutral Plasmas, 1990
Field Theories of Condensed Matter Systems, 1991
Gauge Fields, 1990

Heavy Ion Reactions, Parts I and II, 1990
Lectures on Phase Transitions and the Renormalization
Group, 1992

Plasma Confinement, 1992

Statistical Plasma Physics, Volume I: Basic Principles,



88.

89.
90.

91.

92.

93.

94.

9s.
96.

97.
98.

99.
100.

101.
102.

103.

S. Ichimaru

G. Griiner
S. Safran

B. d’Espagnat

J. Bahcall
R. Davis, Jr.
P. Parker

A. Smirnov
R. Ulrich

R. Feynman
F. Morinigo
W. Wagner
M. Peskin
D. Schroeder
R. Feynman
M. Brack

R. Bhaduri
D. Cline

T. Tajima
K. Shibata
J. Rammer
R. Hazeltine
F. Waelbroeck
P. Ramond
Nutku
Saclioglu
Turgut

P. Philips

Frontiers in Physics

1992

Statistical Plasma Physics, Volume II: Condensed
Plasmas, 1994

Density Waves in Solids, 1994

Statistical Thermodynamics of Surfaces, Interfaces, and

Membranes, 1994

Veiled Reality: An Analysis of Present Day Quantum

Mechanical Concepts, 1994
Solar Neutrinos: The First Thirty Years

Feynman Lectures on Gravitation

An Introduction to Quantum Field Theory

Feynman Lectures on Computation
Semiclassical Physics

Weak Neutral Currents
Plasma Astrophysics

Quantum Transport Theory
The Frameworkof Plasma Physics

Journeys Beyond the Standard Moel
Conformal Field Theory: New Non-Perturbative
Methods in String and Feild Theory

Advanced Solid State Physics



Preface to the Revised Edition

Lie Algebras in Particle Physics has been a very successful book. I have
long resisted the temptation to produce a revised edition. I do so finally,
because I find that there is so much new material that should be included,
and so many things that I would like to say slightly differently. On the other
hand, one of the good things about the first edition was that it did not do too
much. The material could be dealt with in a one semester course by students
with good preparation in quantum mechanics. In an attempt to preserve this
advantage while including new material, I have flagged some sections that
can be left out in a first reading. The titles of these sections begin with an
asterisk, as do the problems that refer to them.

I may be prejudiced, but I think that this material is wonderful fun to
teach, and to learn. I use this as a text for what is formally a graduate class,
but it is taken successfully by many advanced undergrads at Harvard. The
important prerequisite is a good background in quantum mechanics and linear
algebra.

It has been over five years since I first began to revise this material and
typeset it in IXEX. Between then and now, many many students have used the
evolving manuscript as a text. I am grateful to many of them for suggestions
of many kinds, from typos to grammar to pedagogy.

As always, I am enormously grateful to my family for putting up with
me for all this time. I am also grateful for their help with my inspirational

epilogue.

Howard Georgi
Cambridge, MA
May, 1999
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Why Group Theory?

Group theory is the study of symmetry. It is an incredible labor saving device.
It allows us to say interesting, sometimes very detailed things about physical
systems even when we don’t understand exactly what the systems are! When
I was a teenager, I read an essay by Sir Arthur Stanley Eddington on the
Theory of Groups and a quotation from it has stuck with me for over 30
years:!

We need a super-mathematics in which the operations are as un-
known as the quantities they operate on, and a super-mathematician
who does not know what he is doing when he performs these op-
erations. Such a super-mathematics is the Theory of Groups.

In this book, I will try to convince you that Eddington had things a little
bit wrong, as least as far as physics is concerned. A lot of what physicists
use to extract information from symmetry is not the groups themselves, but
group representations. You will see exactly what this means in more detail as
you read on. What I hope you will take away from this book is enough about
the theory of groups and Lie algebras and their representations to use group
representations as labor-saving tools, particularly in the study of quantum
mechanics.

The basic approach will be to alternate between mathematics and physics,
and to approach each problem from several different angles. I hope that you
will learn that by using several techniques at once, you can work problems
more efficiently, and also understand each of the techniques more deeply.

'in The World of Mathematics, Ed. by James R. Newman, Simon & Schuster, New York,
1956.

1 DOI: 10.1201/9780429499210-1
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Chapter 1

Finite Groups

We will begin with an introduction to finite group theory. This is not intended
to be a self-contained treatment of this enormous and beautiful subject. We
will concentrate on a few simple facts that are useful in understanding the
compact Lie algebras. We will introduce a lot of definitions, sometimes prov-

ing things, but often relying on the reader to prove them.

1.1 Groups and representations

A Group, G, is a set with a rule for assigning to every (ordered) pair of
elements, a third element, satisfying:

QAADNIff,ge Gthenh = fgeq.

(1.A2)For f,g,h € G, f(gh) = (fg)h.

(1.A.3) There is an identity element, e, such that forall f € G, ef =

fe=f.

(1.A.4) Every element f € G has an inverse, f !, such that ff~! =

f~if=e

Thus a group is a multiplication table specifying g192 V91,92 € G. If
the group elements are discrete, we can write the multiplication table in the

form
\Jelog [ g |-
€ € g1 g2
9111 91 19191 | 9192
g2 || 92 | 9291 | 9292
DOI: 10.1201/9780429499210-2 2

(1.1)
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A Representation of G is a mapping, D of the elements of GG onto a set of
linear operators with the following properties:

1.B.1 D(e) = 1, where 1 is the identity operator in the space on which
the linear operators act.

1.B.2 D(g1)D(g2) = D(g192), in other words the group multiplica-
tion law is mapped onto the natural multiplication in the linear
space on which the linear operators act.

1.2 Example - Z;

A group is finite if it has a finite number of elements. Otherwise it is infinite.
The number of elements in a finite group G is called the order of G. Here is
a finite group of order 3.

(1.2)

Sl | o o

S Rio |l

[=al BN e | By
ol |le

This is Z3, the cyclic group of order 3. Notice that every row and column
of the multiplication table contains each element of the group exactly once.
This must be the case because the inverse exists.

An Abelian group in one in which the multiplication law is commutative

9192 = 9291 - (1.3)

Evidently, Z3 is Abelian.
The following is a representation of Z3

D(e) =1, D(a)=e>3, D(b) =e'm/3 (1.4)

The dimension of a representation is the dimension of the space on which
it acts — the representation (1.4) is 1 dimensional.
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1.3 The regular representation

Here’s another representation of Z3

10 0 00 1
D(e)=<0 1 0), D(a):(l 0 0)
0 0 1 0 1 0 w5)

010
D(b):(o 0 1)
1 0 0

This representation was constructed directly from the multiplication ta-
ble by the following trick. Take the group elements themselves to form an
orthonormal basis for a vector space, |e), |a), and |b). Now define

D(g1)lg2) = 9192) (1.6)

The reader should show that this is a representation. It is called the regular
representation. Evidently, the dimension of the regular representation is the
order of the group. The matrices of (1.5) are then constructed as follows.

ler) =le), le2) =la), |es)=b) (1.7)
[D(9)lij = (el D(g)le;) (1.8)

The matrices are the matrix elements of the linear operators. (1.8) is a
simple, but very general and very important way of going back and forth from
operators to matrices. This works for any representation, not just the regular
representation. We will use it constantly. The basic idea here is just the
insertion of a complete set of intermediate states. The matrix corresponding
to a product of operators is the matrix product of the matrices corresponding
to the operators —

[D(9192)]i5 = [D(91)D(g2)];;
= (ei|D(91)D(g2)le;)
=Y (el D(g1)lex) (ex| D(g2)le;) (1.9)
P

=Y [D(91)lik[D(g2)]k;
%

Note that the construction of the regular representation is completely gen-
eral for any finite group. For any finite group, we can define a vector space in
which the basis vectors are labeled by the group elements. Then (1.6) defines
the regular representation. We will see the regular representation of various
groups in this chapter.
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1.4 Irreducible representations

What makes the idea of group representations so powerful is the fact that they
live in linear spaces. And the wonderful thing about linear spaces is we are
free to choose to represent the states in a more convenient way by making
a linear transformation. As long as the transformation is invertible, the new
states are just as good as the old. Such a transformation on the states produces
a similarity transformation on the linear operators, so that we can always
make a new representation of the form

D(g) = D'(9) = S7'D(9)S (1.10)

Because of the form of the similarity transformation, the new set of operators
has the same multiplication rules as the old one, so D' is a representation if
D is. D' and D are said to be equivalent representations because they differ
just by a trivial choice of basis.

Unitary operators (O such that O1 = O~1) are particularly important. A
representation is unitary if all the D(g)s are unitary. Both the representations
we have discussed so far are unitary. It will turn out that all representations of
finite groups are equivalent to unitary representations (we’ll prove this later -
it is easy and neat).

A representation is reducible if it has an invariant subspace, which
means that the action of any D(g) on any vector in the subspace is still in
the subspace. In terms of a projection operator P onto the subspace this con-
dition can be written as

PD(g)P = D(g)PVg € G (1.11)

For example, the regular representation of Z3 (1.5) has an invariant sub-

space projected on by
1 /1 11
P = 3 111 (1.12)
111

because D(g)P = P Yg. The restriction of the representation to the invariant
subspace is itself a representation. In this case, it is the trivial representa-
tion for which D(g) = 1 (the trivial representation, D(g) = 1, is always a
representation — every group has one).

A representation is irreducible if it is not reducible.

A representation is completely reducible if it is equivalent to a represen-
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tation whose matrix elements have the following form:

Di{g) 0 -
0 Dog) - (1.13)

where D;(g) is irreducible V3. This is called block diagonal form.
A representation in block diagonal form is said to be the direct sum of
the subrepresentations, D;(g),

DieDy&--- (1.14)

In transforming a representation to block diagonal form, we are decom-
posing the original representation into a direct sum of its irreducible com-
ponents. Thus another way of defining complete reducibility is to say that
a completely reducible representation can be decomposed into a direct
sum of irreducible representations. This is an important idea. We will use
it often.

We will show later that any representation of a finite group is completely
reducible. For example, for (1.5), take

1 1 1 1
S = 3 1 W w (1.15)
1 w w?
where .
w = 2mi/3 (1.16)
then

1.5 Transformation groups

There is a natural multiplication law for transformations of a physical system.
If g; and g» are two transformations, g;go means first do g and then do g;.



1.6. APPLICATION: PARITY IN QUANTUM MECHANICS 7

Note that it is purely convention whether we define our composition law to
be right to left, as we have done, or left to right. Either gives a perfectly
consistent definition of a transformation group.

If this transformation is a symmetry of a quantum mechanical system,
then the transformation takes the Hilbert space into an equivalent one. Then
for each group element g, there is a unitary operator D(g) that maps the
Hilbert space into an equivalent one. These unitary operators form a repre-
sentation of the transformation group because the transformed quantum states
represent the transformed physical system. Thus for any set of symmetries,
there is a representation of the symmetry group on the Hilbert space — we
say that the Hilbert space transforms according to some representation of the
group. Furthermore, because the transformed states have the same energy as
the originals, D(g) commutes with the Hamiltonian, [D(g), H] = 0. As we
will see in more detail later, this means that we can always choose the energy
eigenstates to transform like irreducible representations of the group. It is
useful to think about this in a simple example.

1.6 Application: parity in quantum mechanics

Parity is the operation of reflection in a mirror. Reflecting twice gets you
back to where you started. If p is a group element representing the parity
reflection, this means that p2 = e. Thus this is a transformation that together
with the identity transformation (that is, doing nothing) forms a very simple
group, with the following multiplication law:

\[elp]
ellelp (1.18)
pPl|p|e

This group is called Z,. For this group there are only two irreducible rep-
resentations, the trivial one in which D(p) = 1 and one in which D(e) = 1
and D(p) = —1. Any representation is completely reducible. In particular,
that means that the Hilbert space of any parity invariant system can be de-
composed into states that behave like irreducible representations, that is on
which D(p) is either 1 or —1. Furthermore, because D(p) commutes with
the Hamiltonian, D(p) and H can be simultaneously diagonalized. That is
we can assign each energy eigenstate a definite value of D(p). The energy
eigenstates on which D(p) = 1 are said to transform according to the trivial
representation. Those on which D(p) = —1 transform according to the other
representation. This should be familiar from nonrelativistic quantum me-
chanics in one dimension. There you know that a particle in a potential that is
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symmetric about z = 0 has energy eigenfunctions that are either symmetric
under z — —z (corresponding to the trivial representation), or antisymmetric
(the representation with D(p) = —1).

1.7 Example: 53

The permutation group (or symmetric group) on 3 objects, called S3 where

a =(1,2,3) as = (3,2,1)
az = (1a2) a4 = (2a3) as = (3’ 1)

(1.19)

The notation means that a, is a cyclic permutation of the things in positions 1,
2 and 3; a9 is the inverse, anticyclic permutation; ag interchanges the objects
in positions 1 and 2; and so on. The multiplication law is then determined by
the transformation rule that g go means first do g5 and then do g;. It is

\ [ elailapas[as|as|
e e (ayp|[az2|ag | a4 | a5
ayjffay ja2| € |as | as | as
az ||az2| e |a1 |aq|as|as (1.20)
as jlaz |a4 | Q51 € | Q1 | G2
a4 |l a4 | Q5 | Q3 | A2 | € | A1
as|[as | a3 | a4 | Q1 { QG2 | €

We could equally well define it to mean first do g; and then do g2. These
two rules define different multiplication tables, but they are related to one
another by simple relabeling of the elements, so they give the same group.
There is another possibility of confusion here between whether we are per-
muting the objects in positions 1, 2 and 3, or simply treating 1, 2 and 3 as
names for the three objects. Again these two give different multiplication ta-
bles, but only up to trivial renamings. The first is a little more physical, so we
will use that. The permutation group is an another example of a transforma-
tion group on a physical system.

S5 is non-Abelian because the group multiplication law is not commuta-
tive. We will see that it is the lack of commutativity that makes group theory
so interesting.
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Here is a unitary irreducible representation of S3

D —% %3 -1 0

@)=1{ & /> D(a)={ ¢ 1) (1.21)
1 23\’ 1 _\3

D(ay) = (\33 21) , D(as)z( 2. T )
3 T3 -3 73

The interesting thing is that the irreducible unitary representation is more
than 1 dimensional. It is necessary that at least some of the representations
of a non-Abelian group must be matrices rather than numbers. Only matri-
ces can reproduce the non-Abelian multiplication law. Not all the operators
in the representation can be diagonalized simultaneously. It is this that is
responsible for a lot of the power of the theory of group representations.

1.8 Example: addition of integers
The integers form an infinite group under addition.

Ty=x+Yy (1.22)

This is rather unimaginatively called the additive group of the integers. Since
this group is infinite, we can’t write down the multiplication table, but the
rule above specifies it completely.

Here is a representation:

D(z) = (é ‘f) (1.23)

This representation is reducible, but you can show that it is not completely
reducible and it is not equivalent to a unitary representation. It is reducible
because

D(z)P =P (1.24)
where L o
P= (0 0) (1.25)
However,
D(z)(I-P)# (I - P) (1.26)

so it is not completely reducible.
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The additive group of the integers is infinite, because, obviously, there are
an infinite number of integers. For a finite group, all reducible representations
are completely reducible, because all representations are equivalent to unitary
representations.

1.9 Useful theorems

Theorem 1.1 Every representation of a finite group is equivalent to a unitary
representation.

Proof: Suppose D(g) is a representation of a finite group G. Construct the
operator
S=3" D(9)'D(g) (1.27)
9€G
S is hermitian and positive semidefinite. Thus it can be diagonalized and its
eigenvalues are non-negative:

S=U"tdU (1.28)
where d is diagonal
d 0 -
d=0 do - (1.29)

where d; > 0 V. Because of the group property, all of the d;s are actually
positive. Proof — suppose one of the d;s is zero. Then there is a vector A

such that SA = 0. But then

AMSx=0=""|ID(g)Al]*. (1.30)
9eG

Thus D(g)\ must vanish for all g, which is impossible, since D(e) = 1.
Therefore, we can construct a square-root of S that is hermitian and invertible

vdi 0
xX=8V2=y-t| 0 Vd& ---| U (1.31)

X is invertible, because none of the d;s are zero. We can now define

D'(g)=XD(g) X~ (1.32)
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Now, somewhat amazingly, this representation is unitary!
D'(g)'D'(9) = X' D(g)'SD(9)X (1.33)
but

D(9)'SD(g) = D(9)" (Z D(h)*D(h)) D(g)

heG
= > D(hg)'D(hg) (1.34)
heG
=Y D(r)'D(h) =S = X?

heG

where the last line follows because hg runs over all elements of G when h
does. QED.

We saw in the representation (1.23) of the additive group of the integers
an example of a reducible but not completely reducible representation. The
way it works is that there is a P that projects onto an invariant subspace, but
(1 — P) does not. This is impossible for a unitary representation, and thus
representations of finite groups are always completely reducible. Let’s prove
1t.

Theorem 1.2 Every representation of a finite group is completely reducible.

Proof: By the previous theorem, it is sufficient to consider unitary repre-
sentations. If the representation is irreducible, we are finished because it is
already in block diagonal form. If it is reducible, then 3 a projector P such
that PD(g)P = D(g)P Vg € G. This is the condition that P be an invariant
subspace. Taking the adjoint gives PD(g)!P = PD(g)' Yg € G. But be-
cause D(g) is unitary, D(g)" = D(g)~! = D(g™!) and thus since g~! runs
over all G when g does, PD(g)P = PD(g) Vg € G. But this implies that
(1-P)D(g)(1 — P) = D(g)(1 — P) Vg € G and thus 1 — P projects onto
an invariant subspace. Thus we can keep going by induction and eventually
completely reduce the representation.

1.10 Subgroups

A group H whose elements are all elements of a group G is called a subgroup
of G. The identity, and the group G are trivial subgroups of G. But many
groups have nontrivial subgroups (which just means some subgroup other
than G or e) as well. For example, the permutation group, S3, has a Z3
subgroup formed by the elements {e, a1, a2}.
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We can use a subgroup to divide up the elements of the group into subsets
called cosets. A right-coset of the subgroup H in the group G is a set of
elements formed by the action of the elements of H on the left on a given
element of G, that is all elements of the form H g for some fixed g. You can
define left-cosets as well.

For example, {a3, a4, a5} is a coset of Z3 in S3 in (1.20) above. The
number of elements in each coset is the order of H. Every element of G
must belong to one and only one coset. Thus for finite groups, the order of
a subgroup H must be a factor of order of G. It is also sometimes useful to
think about the coset-space, G/ H defined by regarding each coset as a single
element of the space.

A subgroup H of G is called an invariant or normal subgroup if for
every g € G

gH = Hg (1.35)

which is (we hope) an obvious short-hand for the following: forevery g € G
and h; € H there exists an hy € H such that h1g = gha, or ghog™! = hy.
The trivial subgroups e and G are invariant for any group. It is less ob-
vious but also true of the subgroup Z3 of S3 in (1.20) (you can see this
by direct computation or notice that the elements of Z3 are those permuta-
tions that involve an even number of interchanges). However, the set {e, a4}
is a subgroup of G which is not invariant. as{e,as} = {as,a;} while
{e,as}as = {as,a2}.

If H is invariant, then we can regard the coset space as a group. The
multiplication law in G gives the natural multiplication law on the cosets,
Hg:

(Ha1)(Hgs) = (Hg1Hg1 ') (9192) (1.36)

But if H is invariant Hg; Hgy 1 — H, so the product of elements in two
cosets is in the coset represented by the product of the elements. In this case,
the coset space, G/H, is called the factor group of G by H.

What is the factor group S3/Z3? The answer is Z.

The center of a group G is the set of all elements of G that commute
with all elements of G. The center is always an Abelian, invariant subgroup
of G. However, it may be trivial, consisting only of the identity, or of the
whole group.

There is one other concept, related to the idea of an invariant subgroup,
that will be useful. Notice that the condition for a subgroup to be invariant
can be rewritten as

gHg '=HVgeG (1.37)
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This suggests that we consider sets rather than subgroups satisfying same
condition.
g7'Sg=5Yg€eqG (1.38)

Such sets are called conjugacy classes. We will see later that there is a one-
to-one correspondence between them and irreducible representations. A sub-
group that is a union of conjugacy classes is invariant.
Example —
The conjugacy classes of Ss are {e}, {a1, a2} and {a3, a4, as}.
The mapping
G — gGg~t (1.39)

for a fixed g is also interesting. It is called an inner automorphism. An
isomorphism is a one-to-one mapping of one group onto another that pre-
serves the multiplication law. An automorphism is a one-to-one mapping
of a group onto itself that preserves the multiplication law. It is easy to see
that (1.39) is an automorphism. Because g 1919 g 1929 = g~ 'g1g2g, it pre-
serves the multiplication law. Since g~'g19 = g7 929 = g1 = go, it is one
to one. An automorphism of the form (1.39) where g is a group element is
called an inner automorphism). An outer automorphism is one that cannot
be written as g~ Gg for any group element g.

1.11 Schur’s lemma

Theorem 1.3 If D;(g9)A = ADy(g) Vg € G where D1 and D3 are inequiv-
alent, irreducible representations, then A = 0.

Proof: This is part of Schur’s lemma. First suppose that there is a vector |u)
such that A|u) = 0. Then there is a non-zero projector, P, onto the subspace
that annihilates A on the right. But this subspace is invariant with respect to
the representation D5, because

AD,(g)P = Dy(g)AP =0Vg € G (1.40)

But because D;, is irreducible, P must project onto the whole space, and
A must vanish. If A annihilates one state, it must annihilate them all. A
similar argument shows that A vanishes if there is a (v| which annihilates
A. If no vector annihilates A on either side, then it must be an invertible
square matrix. It must be square, because, for example, if the number of
rows were larger than the number of columns, then the rows could not be a
complete set of states, and there would be a vector that annihilates A on the
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right. A square matrix is invertible unless its determinant vanishes. But if the
determinant vanishes, then the set of homogeneous linear equations

Alp) =0 (1.41)

has a nontrivial solution, which again means that there is a vector that anni-
hilates A. But if A is square and invertible, then

A™'D1(g)A = Dsy(g) Vg €G (1.42)

so D; and D, are equivalent, contrary to assumption. QED.

The more important half of Schur’s lemma applies to the situation where
D, and D, above are equivalent representations. In this case, we might as
well take D = D, = D, because we can do so by a simple change of basis.
The other half of Schur’s lemma is the following.

Theorem 1.4 If D(g)A = AD(g) Vg € G where D is a finite dimensional
irreducible representation, then A o I.

In words, if a matrix commutes with all the elements of a finite dimensional
irreducible representation, it is proportional to the identity.
Proof: Note that here the restriction to a finite dimensional representation
is important. We use the fact that any finite dimensional matrix has at least
one eigenvalue, because the characteristic equation det(A — AI) = 0 has at
least one root, and then we can solve the homogeneous linear equations for
the components of the eigenvector |u). But then D(g)(A — AI) = (A4 —
AID(g) Yg € G and (A — AI)|u) = 0. Thus the same argument we used in
the proof of the previous theorem implies (A — AI) = 0. QED.

A consequence of Schur’s lemma is that the form of the basis states of an
irreducible representation are essentially unique. We can rewrite theorem 1.4
as the statement

A'D(@A=D(@)VgeG=> AT (1.43)

for any irreducible representation D. This means once the form of D is fixed,
there is no further freedom to make nontrivial similarity transformations on
the states. The only unitary transformation you can make is to multiply all
the states by the same phase factor.

In quantum mechanics, Schur’s lemma has very strong consequences for
the matrix elements of any operator, O, corresponding to an observable that
is invariant under the symmetry transformations. This is because the matrix
elements (a, 7, z|O|b, k, y) behave like the A operator in (1.40). To see this,



1.11. SCHUR’S LEMMA 15

let’s consider the complete reduction of the Hilbert space in more detail. The
symmetry group gets mapped into a unitary representation

g—D(g)Vge G (1.44)

where D is the (in general very reducible) unitary representation of G that
acts on the entire Hilbert space of the quantum mechanical system. But if the
representation is completely reducible, we know that we can choose a basis
in which D has block diagonal form with each block corresponding to some
unitary irreducible representation of G. We can write the orthonormal basis

states as
la, 5, z) (1.45)

satisfying
<aajax I bakvy) = gp ij Jzy (1.46)

where a labels the irreducible representation, 7 = 1 to n, labels the state
within the representation, and x represents whatever other physical parame-
ters there are.

Implicit in this treatment is an important assumption that we will almost
always make without talking about it. We assume that have chosen a basis in
which all occurences of each irreducible representation a, is described by the
same set of unitary representation matrices, D,(g). In other words, for each
irreducible representation, we choose a canonical form, and use it exclusively

In this special basis, the matrix elements of D(g) are

(a,j,a;lD(g)|b, k,y) = abazy [Da(g)]jk (1.47)

This is just a rewriting of (1.13) with explicit indices rather than as a matrix.
We can now check that our treatment makes sense by writing the representa-
tion D in this basis by inserting a complete set of intermediate states on both

sides:
I=Y3"la,j2)(a,j,zl (1.48)

a?j’z

Then we can write

D(g) = }_ la,j,z)(a, 4,21 D(g) ) lb,k,y){b,k,y|

a,j,z b,k,y
= GLYJ_; |(1,j,$) Jab Jzy [Da(g)]]k (ba k’ y{ (149)
b.k,y

= Y la,5,2) [Da(9); (a, b, x|

a’j’k’z
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This is another way of writing a representation that is in block diagonal form.
Note that if a particular irreducible representation appears only once in D,
then we don’t actually need the z variable to label its states. But typically,
in the full quantum mechanical Hilbert space, each irreducible representation
will appear many times, and then the physical z variable distinguish states
that have the same symmetry properties, but different physics. The important
fact, however, is that the dependence on the physics in (1.47) is rather trivial
— only that the states are orthonormal — all the group theory is independent
of z and y.
Under the symmetry transformation, since the states transform like

) = D(9)w) (sl = (4| D(9)! (1.50)
operators transform like
O — D(g) O D(g)! (1.51)

in order that all matrix element remain unchanged. Thus an invariant observ-
able satisfies

0 - D(g)0D(9)' =0 (1.52)
which implies that O commutes with D(g)
[0,D(g)]=0Vg€G. (1.53)

Then we can constrain the matrix element
(a, ,z|0b, k, y) (1.54)
by arguing as follows:
0 = (a,3,z|[0, D(9)]|b, k, y)
= Z a ],IL‘IO[b kl ><b7 k,’ le(g)[b7 k7y>

—Z a,3,z|D(9)la, 5, z)a, 5, z|Olb, k, )

(1.55)

Now we use (1.47), which exhibits the fact that the matrix elements of D(g)
have only trivial dependence on the physics, to write

0 = {a, ,2|[0, D(g)}|b, k, y)
= Z a, 3, z|0[b, k', y) [Ds(9)]kk

_Z ]]] a,j', z|Olb, k, y)

(1.56)
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Thus the matrix element (1.54) satisfies the hypotheses of Schur’s lemma. It
must vanish if ¢ # b. It must be proportional to the identity (in indices, that
is d;5) for a = b. However, the symmetry doesn’t tell us anything about the
dependence on the physical parameters, z and y. Thus we can write

(a,j,:z:lOlb, k7y) =fa($,y) 5ab 5jk (157)

The importance of this is that the physics is all contained in the function
fo(z,y) — all the dependence on the group theory labels is completely fixed
by the symmetry. As we will see, this can be very powerful. This is a simple
example of the Wigner-Eckart theorem, which we will discuss in much more
generality later.

1.12 * Orthogonality relations

The same kind of summation over the group elements that we used in the
proof of theorem 1.1, can be used together with Schur’s lemma to show some
more remarkable properties of the irreducible representations. Consider the
following linear operator (written as a “dyadic™)

A% =" Do(g7")la, 5)(b, €| De(g) (1.58)
geG

where D, and D, are finite dimensional irreducible representations of G.
Now look at

a(91)A% =3 Da(g1)Dal(g™")la, 5)(b, €| Dy () (1.59)
geG
=" Da(g197")a,5)(b, €| Dy(g) (1.60)
geG
=Y Da((g97") " )la, 5) (b, £| De(g) (1.61)
geG

Now let ¢’ = gg7*

=Y Dalg' "la,7)(b, €| Ds(g' 1) (1.62)
g eG
= 3" Dalg'™")la,5)(b, €| Do(g") De(g1) = A% Dy(g1) (1.63)

g'eG
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Now Schur’s lemma (theorems 1.3 and 1.4) implies A;‘g = 01if D, and
Dy, are different, and further that if they are the same (remember that we have
chosen a canonical form for each representation so equivalent representations
are written in exactly the same way) A;‘g o< I. Thus we can write

]Z - Z D la7.7 (b elDb( ) = Jab /\_?ZI (1.64)
9€G

To compute A%, compute the trace of A 7 (in the Hilbert space, not the in-
dices) in two dlfferent ways. We can wrlte

Tr A3f = 85 Tr (Afe T) = 6ap Xfe Tr I = 60 My g (1.65)

where n, is the dimension of D,. But we can also use the cyclic property of
the trace and the fact that A‘J‘,’; o dgp to write

TIA]Z - 6ab Z(a, elDa(g)Da(g_l)lavj) = Néa.b (sjlf (1-66)
9€qG

where N is the order of the group. Thus A%, = Ndjy /ng and we have shown

N
> Da(g™)la, j} b €1Ds(g) = — dab O3] (1.67)
9€G @

Taking the matrix elements of these relations yields orthogonality relations

for the matrix elements of irreducible representations.

2 %[Da(g_l)]kj[Db(g)]lm = Jabdjedkm (1.68)
9€q

For unitary irreducible representations, we can write
n
> Wa[Da(g)]}kk[Db(g)]em = 0ab0je0km (1.69)
geG

so that with proper normalization, the matrix elements of the inequivalent
unitary irreducible representations

Do) 170

are orthonormal functions of the group elements, g. Because the matrix ele-
ments are orthonormal, they must be linearly independent. We can also show
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that they are a complete set of functions of g, in the sense that an arbitrary
function of g can be expanded in them. An arbitrary function of g can be writ-
ten in terms of a bra vector in the space on which the regular representation
acts:

F(g) = (Flg) = (F|Dr(g)le) (1.71)
where
=Y Flg)d| (1.72)
g eqG

and Dp, is the regular representation. Thus an arbitrary F'(g) can be written
as a linear combination of the matrix elements of the regular representation.

=Y F(¢')(g|Dr(g)le) = >_ F(¢")[Drlg) (1.73)

g'eG g'eG

But since Dp, is completely reducible, this can be rewritten as a linear com-
bination of the matrix elements of the irreducible representations. Note that
while this shows that the matrix elements of the inequivalent irreducible rep-
resentations are complete, it doesn’t tell us how to actually find what they are.
The orthogonality relations are the same. They are useful only once we ac-
tually know explicitly what the representation look like. Putting these results
together, we have proved

Theorem 1.5 The matrix elements of the unitary, irreducible representations
of G are a complete orthonormal set for the vector space of the regular rep-
resentation, or alternatively, for functions of g € G.

An immediate corollary is a result that is rather amazing:

N=> n? (1.74)

— the order of the group NV is the sum of the squares of the dimensions of the
irreducible representations n; just because this is the number of components
of the matrix elements of the irreducible representations. You can check that
this works for all the examples we have seen.

Example: Fourier series — cyclic group Zy with elements a; for j =
0to N —1 (withag = e)

a0k = G(j+k) mod N (1.75)
The irreducible representations of Zy are

Dy (a;) = e*mmi/N (1.76)
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all 1-dimensional.! Thus (1.69) gives

1 3=
el Z —2min/ ]/N 2ring/N __ = pm (1.77)
which is the fundamental relation for Fourier series.

1.13 Characters

The characters xp(g) of a group representation D are the traces of the linear
operators of the representation or their matrix elements:

xp(g) = Tr D(g) = >_[D(g))us (1.78)

1

The advantage of the characters is that because of the cyclic property of the
trace Tr(AB) = Tr(BA), they are unchanged by similarity transformations,
thus all equivalent representations have the same characters. The characters
are also different for each inequivalent irreducible representation, D, — in
fact, they are orthonormal up to an overall factor of N — to see this just sum
(169 overj=kandf=m

1 1
> N[Da(g)];k[Db(g)]Zm =Y n_dabéjlékm = bab
phard =

or

= Z XDa(9)* XDy (9) = das (1.79)
g€G

Since the characters of different irreducible representations are orthogonal,
they are different.
The characters are constant on conjugacy classes because

TrD(g 'g19) = Tr(D(¢™") D(g1) D(g)) = Tr D(g1) (1.80)

It is less obvious, but also true that the characters are a complete basis for
functions that are constant on the conjugacy classes and we can see this by
explicit calculation. Suppose that F'(g;) is such a function. We already know

'We will prove below that Abelian finite groups have only 1-dimensional irreducible rep-
resentations.
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that F'(g;) can be expanded in terms of the matrix elements of the irreducible
representations —

F(g1) =Y clDa(g1)]jk (1.81)
a,j,k

but since F’ is constant on conjugacy classes, we can write it as

1 1
Flg1) =5 2 Flo7q19) = 5 X hilDalg ™ 919)lse (1:82)

geG a,j,k
and thus
1 a -1
F(g1) = 5 2 cilDalg™]jelDalg0)]em[Da(9)lme (183)
a,j,k
g,¢,m

But now we can do the sum over g explicitly using the orthogonality relation,
(1.68).
1
F(g1) =Y —c%[Dalg1)lembikdem (1.84)

a,j,k @

&,m
or 1 1
F(g) =3 —[Dalg)lee =3 —cijxalgr) (189

a,jt e a,j

This was straightforward to get from the orthogonality relation, but it has an
important consequence. The characters, x,4(g), of the independent irreducible
representations form a complete, orthonormal basis set for the functions that
are constant on conjugacy classes. Thus the number of irreducible representa-
tions is equal to the number of conjugacy classes. We will use this frequently.

This also implies that there is an orthogonality condition for a sum over
representations. To see this, label the conjugacy classes by an integer o, and
let ks be the number of elements in the conjugacy class. Then define the
matrix V with matrix elements

ko

Vaa = N

XDa(ge) (1.86)

where g, is the conjugacy class .. Then the orthogonality relation (1.79) can
be written as VTV = 1. But V is a square matrix, so it is unitary, and thus we
also have VVT =1, or

N
> XDa(90)" XD, (98) = 1—0as (1.87)
a [0
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Consequences: Let D be any representation (not necessarily irreducible). In
its completely reduced form, it will contain each of the irreducible represen-
tations some integer number of times, m,. We can compute m, simply by
using the orthogonality relation for the characters (1.79)

1
N}:mumumm=m£ (1.88)
geG

The point is that D is a direct sum

mP times
> Dy®---®D, (1.89)
a
For example, consider the regular representation. It’s characters are
xr(e) =N xr(g)=0forg#e (1.90)
Thus
mE = xa(e) = na (1.91)

Each irreducible representation appears in the regular representation a num-
ber of times equal to its dimension. Note that this is consistent with (1.74).
Note also that m, is uniquely determined, independent of the basis.
Example: Back to S5 once more. Let’s determine the characters without
thinking about the 2-dimensional representation explicitly, but knowing the
conjugacy classes, {e}, {a1,az} and {a3,a4,as}. It is easiest to start with
the one representation we know every group has — the trivial representa-
tion, Dy for which Dgy(g) = 1 for all g. This representation has characters
xo0(g) = 1. Note that this is properly normalized. It follows from the con-
dition 3" n2 = N that the other two representations have dimensions 1 and
2. It is almost equally easy to write down the characters for the other 1-
dimensional representation. In general, when there is an invariant subgroup
H of G, there are representations of G that are constant on H, forming a
representation of the factor group, G/H. In this case, the factor group is Za,
with nontrivial representation 1 for H = {e, a1, a2} and —1 for {a3, a4, as5}.
We know that for the 2 dimensional representation, x3(e) = n3 = 2, thus so
far the character table looks like

a; | @
e a% ag
o111 (192)
1111
212717
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But then we can fill in the last two entries using orthogonality. We could
actually have just used orthogonality without even knowing about the second
representation, but using the Z» makes the algebra trivial.

a; | &

e| as | at
oll1| 1|1 (1.93)

111 ]-1

22| -1 0

We can use the characters not just to find out how many irreducible rep-
resentations appear in a particular reducible one, but actually to explicitly
decompose the reducible representation into its irreducible components. It is
easy to see that if D is an arbitrary representation, the sum

s

Py =3 xp.(9)"Dlg) (1.94)
geq

is a projection operator onto the subspace that transforms under the represen-
tation a. To see this, note that if we set j = k and sum in the orthogonality
relation (1.69), we find

Mg

N XDaq (g)*[Db(g)]ém = OabOtm (1.95)
geG

Thus when D is written in block diagonal form, the sum in (1.95) gives 1
on the subspaces that transform like D, and O on all the rest — thus it is the
projection operator as promised. The point, however, is that (1.94) gives us
the projection operator in the original basis. We did not have to know how to
transform to block diagonal form. An example may help to clarify this.
Example — S5 again

Here’s a three dimensional representation of S3

1 00 0 01
Dg(e) = 01 0 , D3(a1) = 1 00
0 01 010

0 10 010
D3(a2) = (0 0 1) ) D3(a3) = (1 0 0) (196)
1 00 0 01
1 00 0 0 1
D3(a4) = (0 0 1) ; D3(a5) = (0 1 0)
01 0 1 00
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More precisely, as usual when we write down a set of matrices to represent
linear operators, these are matrices which have the same matrix elements —
that is

[Ds(9)lx = (7| Dslk) (1.97)
One could use a different symbol to represent the operators and the matrices,
but its always easy to figure out which is which from the context. The impor-
tant point is that the way this acts on the states, [7) is by matrix multiplication
on the right because we can insert a complete set of intermediate states

Z]k (k|D3(g Z[k )[D3(g (1.98)

This particular representation is an important one because it is the defin-
ing representation for the group — it actually implements the permutations
on the states. For example

D3(a1 ll Zik D3 al)]kl I2>
3(a1)[2) = Z(k )[Ds3(a1)]k2 = 13) (1.99)
D3(a1)[3) = Zlk Y[Ds(a1)]ks = [1)

thus this implements the cyclic transformation (1,2,3),or1 — 2 — 3 — 1.
Now if we construct the projection operators, we find

1 5 1 1 1 1
Py = —6— (D3(6) +;D3(aj)) = 5 (1 1 1) (1.100)

1 11

1 2 5
P = -é (D;;(e) + ZD;;(GJ') - ZD;;(GJ')) =0 (1.101)
j=1 =3
5 /2 -1 -1
P, = 5 2Ds(e ZD3 a;) | = 3 -1 2 -1 (1.102)

-1 -1 2
This makes good sense. Pg projects onto the invariant combination (|1) +
[2) + [3))/+/3, which transforms trivially, while P, projects onto the two
dimensional subspace spanned by the differences of pairs of components,
[1) —|2), etc, which transforms according to Ds3.
This constructions shows that the representation D3 decomposes into a
direct sum of the irreducible representations,

D3 = Dg & D, (1.103)
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1.14 Eigenstates

In quantum mechanics, we are often interested in the eigenstates of an invari-
ant hermitian operator, in particular the Hamiltonian, H. We can always take
these eigenstates to transform according to irreducible representations of the
symmetry group. To prove this, note that we can divide up the Hilbert space
into subspaces with different eigenvalues of H. Each subspace furnishes a
representation of the symmetry group because D(g), the group represen-
tation on the full Hilbert space, cannot change the H eigenvalue (because
[D(g), H] = 0). But then we can completely reduce the representation in
each subspace.

A related fact is that if some irreducible representation appears only once
in the Hilbert space, then the states in that representation must be eigenstates
of H (and any other invariant operator). This is true because H|a, j, z) must
be in the same irreducible representation, thus

Hla,j,z) = ¢cyla,5,9) (1.104)
Yy

and if z and y take only one value, then |a, j, ) is an eigenstate.
This is sufficiently important to say again in the form of a theorem:

Theorem 1.6 If a hermitian operator, H, commutes with all the elements,
D(g), of a representation of the group G, then you can choose the eigen-
states of H to transform according to irreducible representations of G. If
an irreducible representation appears only once in the Hilbert space, every
state in the irreducible representation is an eigenstate of H with the same
eigenvalue.

Notice that for Abelian groups, this procedure of choosing the H eigen-
states to transform under irreducible representations is analogous to simulta-
neously diagonalizing H and D(g). For example, for the group Z, associated
with parity, it is the statement that we can always choose the H eigenstates to
be either symmetric or antisymmetric.

In the case of parity, the linear operator representing parity is hermitian,
so we know that it can be diagonalized. But in general, while we have shown
that operators representing finite group elements can be chosen to be unitary,
they will not be hermitian. Nevertheless, we can show that for an Abelian
group that commutes with the H, the group elements can simultaneously
diagonalized along with H. The reason is the following theorem:

Theorem 1.7 All of the irreducible representations of a finite Abelian group
are I-dimensional.
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One proof of this follows from our discussion of conjugacy classes and from
(1.74). For an Abelian group, conjugation does nothing, because g g’ g~*
g’ forall g and ¢’. Therefore, each element is in a conjugacy class all by itself.
Because there is one irreducible representation for each conjugacy class, the
number of irreducible representations is equal to the order of the group. Then
the only way to satisfy (1.74) is to have all of the n;s equal to one. This proves
the theorem, and it means that decomposing a representation of an Abelian
group into its irreducible representations amounts to just diagonalizing all the
representation matrices for all the group elements.

For a non-Abelian group, we cannot simultaneously diagonalize all of
the D(g)s, but the procedure of completely reducing the representation on
each subspace of constant H is the next best thing.

A classical problem which is quite analogous to the problem of diago-
nalizing the Hamiltonian in quantum mechanics is the problem of finding the
normal modes of small oscillations of a mechanical system about a point of
stable equilibrium. Here, the square of the angular frequency is the eigen-

.value of the M~!K matrix and the normal modes are the eigenvectors of
M~1K. In the next three sections, we will work out an example.

1.15 Tensor products

We have seen that we can take reducible representations apart into direct
sums of smaller representations. We can also put representations together
into larger representations. Suppose that D; is an m dimensional representa-
tion acting on a space with basis vectors |j) for j = 1 tom and D isan n
dimensional representation acting on a space with basis vectors |z) forz = 1
to . We can make an m X n dimensional space called the tensor product
space by taking basis vectors labeled by both j and z in an ordered pair —
|7,z). Then when j goes from 1 to m and z goes from 1 to n, the ordered
pair (j,z) runs over m x n different combinations. On this large space, we
can define a new representation called the tensor product representation
D; ® Dy by multiplying the two smaller representations. More precisely, the
matrix elements of Dp,gp,(g) are products of those of D;(g) and Da(g):

(4,2| Dp,oD.(9) |k, y) = (3] D1(g) k) (z] D2(9g) ly) (1.105)

It is easy to see that this defines a representation of . In general, however,
it will not be an irreducible representation. One of our favorite pastimes in
what follows will be to decompose reducible tensor product representations
into irreducible representations.
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1.16 Example of tensor products

Consider the following physics problem. Three blocks are connected by
springs in a triangle as shown

(1.106)

Suppose that these are free to slide on a frictionless surface. What can we
say about the normal modes of this system. The point is that there is an S3
symmetry of the system, and we can learn a lot about the system by using the
symmetry and applying theorem 1.6. The system has 6 degrees of freedom,
described by the z and y coordinates of the three blocks:

(21 n1 T2 Y2 =3 ¥3) (1.107)

This has the structure of a tensor product — the 6 dimensional space is a
product of a 3 dimensional space of the blocks, and the 2 dimensional space
of the z and y coordinates. We can think of these coordinates as having two
indices. It is three two dimensional vectors, 75, each of the vector indices has
two components. So we can write the components as r;, where j labels the
mass and runs from 1 to 3 and y labels the z or y component and runs from
1 to 2, with the connection

T T T =
( 1 Y 2 Y2 3 ys) (1.108)

(T11 Ti2 To1 T22 T31 T32)

The 3 dimensional space transforms under S5 by the representation D3. The
2 dimensional space transforms by the representation Dy below:

_l _3
Ds(e) = ((1) (1)) » Do(ar) = (%—g 2 ) ;

1 V3 —%
-1 ¥ —1
D2(a2) = ( \35 21) . D2(U,3) = ( 0 ?) 5 (1109)
T2 T2
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This is the same as (1.21). Then, using (1.105), the 6 dimensional represen-
tation of the coordinates is simply the product of these two representations:

[D6(9)]jukv = [D3(9)]jx[D2(9)) (1.110)
Thus, for example,
o 0 o o0 -1 -
o o o o ¥ -1
-1 -8 o0 o0 0 0
De(ar)=| 2 772 (L111)
(o) L -1 0 0 0 0
0 0 -1 =¥ 0o o0
o o ¥ -1 o o)

This has the structure of 3 copies of Dy(a;) in place of the 1’s in Ds(a;).
The other generators are similar in structure.

Because the system has the S3 symmetry, the normal modes of the sys-
tem must transform under definite irreducible representations of the symme-
try. Thus if we construct the projectors onto these representations, we will
have gone some way towards finding the normal modes. In particular, if an
irreducible representation appears only once, it must be a normal mode by
theorem 1.6. If a representation appears more than once, then we need some
additional information to determine the modes.

We can easily determine how many times each irreducible representation
appears in Dg by finding the characters of Dg and using the orthogonality
relations. To find the characters of Dg, we use an important general result.
The character of the tensor product of two representations is the product of
the characters of the factors. This follows immediately from the definition of
the tensor product and the trace.

XDi1xDs = XDy XDs (1.112)

So in this case,

xs(9) = D _[De(9)]jusn
” (1.113)

= [D3(9)];5[D2(9)]ue = x3(9)x2(9)
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so that the product is as shown in the table below:

a a3
e a% 3%

Dy 3]0 )1 (1.114)
Dy 121-110
Dsll6] 010

This is the same as the characters of the regular representation, thus this rep-
resentation is equivalent to the regular representation, and contains Dq and

D1 once and D5 twice.
Note that (1.113) is an example of a simple but important general relation,

which we might as well dignify by calling it a theorem —

Theorem 1.8 The characters of a tensor product representation are the prod-
ucts of the characters of the factors.

With these tools, we can use group theory to find the normal modes of
the system.

1.17 * Finding the normal modes

The projectors onto Dy and D; will be 1 dimensional.

PoiS
1
b= g > xo(9)* Ds(9)
geG
1 V3 1 ¥v3 g _Vv3
O A A
Y ©m % © 0 -% (1.115)
C1 3 L By B
= 4 12 4 12 6
V3 1L Y3 1 g _\¥3
12 12 12 12 6
0 0 0 0 0 0
_v3 1 ¥ _1 g 1
6 6 6 6 3
1
2
VA
61
=-| 2 (% R R/ A _%) (1.116)

&=
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corresponding to the motion

(1.117)

the so-called “breathing mode” in which the triangle grows and shrinks while

retaining its shape.
P1 is

sl
S

—
[ ]

— —
—
(=[] M|§MI

577l

geG

_v3i 1L B3 _1

12 12 12 6

R/ B < (1.118)
_¥3 1L 3 1

12 12 12 6

1 V3 1 V3

4 12 4 6

3 1 _v3 1

6 6 6 3

0 0 0 0 0

(_Q I 0) (1.119)
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corresponding to the motion

(1.120)

the mode in which the triangle rotates — this is a normal mode with zero
frequency because there is no restoring force.

Notice, again, that we found these two normal modes without putting in
any physics at all except the symmetry!

Finally, P; is

2
P, = g > x2(9)* De(9)
geG
2 0 1 3 1 V3
3 6 6 ?/5 (15
2 3 1
0 I R B (1.121)
1 V3 2 0 1 V3
- 6 6 3 6 6
_v3 1 0 2 V3 1
6 6 3 6 6
1 _¥3 1 V3 2 0
6 6 6 6 3
V3 1 _¥3 1 0 2
6 6 6 6 3

As expected, this is a rank 4 projection operator (ITr P, = 4). We need some
dynamical information. Fortunately, two modes are easy to get — translations
of the whole triangle.

Translations in the z direction, for example, are projected by

1
3 03030
00000 0
1 1 1

T, = 888888 (1.122)
3 03030
000 00 0
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and those in the y direction by

0 00 O0O0O
0 30 3 0 3
0 000O0O
h=lo 1o 1ol (1.123)
0 00O0O0TO
0 30 35 0 3
So the nontrivial modes are projected by
P-T,-T, =
1 0 1 _v3 1 B
3 6 6 6 6
R e
3 6
N/ S | 0 1 _\3 (1.124)
6 6 3 6 6
_v3  _1 0 1 V3o 1
6 6 3 6 6
1 V3 1 V3 1 0
6 6 6 6 3
V3 _1 _V3 _1 g 1
6 6 6 6 3

To see what the corresponding modes look like, act with this on the vector
(00 0O O 0 1)toget

Lol L ) (1.125)

(1.126)

Then rotating by 27/3 gives a linearly independent mode.
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1.18 * Symmetries of 2n+1-gons

This is a nice simple example of a transformation group for which we can
work out the characters (and actually the whole set of irreducible representa-
tions) easily. Consider a regular polygon with 2n + 1 vertices, like the 7-gon
shown below.

(1.127)

The grouE of symmetries of the 2n+1-gon consists of the identity, the 2n
27]

rotations by 524 forj =1ton,

+2mj
rotations by 5 :]1 forj=1ton (1.128)
7

and the 2n+1 reflections about lines through the center and a vertex, as show
below:

reflections about lines through center and vertex (1.129)

(1.130)

Thus the order of the group of symmetries is N = 2 x (2n + 1).
There are n + 2 conjugacy classes:

1 — the identity, e;
2 — the 2n+1 reflections;

3to n+2 — the rotations by 237-12%% for j = 1 to n — each value of j is a

separate conjugacy class.

The way this works is that the reflections are all in the same conjugacy
class because by conjugating with rotations, you can get from any one reflec-
tion to any other. The rotations are unchanged by conjugation by rotations,
but a conjugation by a reflection changes the sign of the rotation, so there is
a £+ pair in each conjugacy class.
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Furthermore, the n conjugacy classes of rotations are equivalent under
cyclic permutations and relabeling of the vertices, as shown below:

(1.131)
(1.132)
The characters look like
el T j=1 j=2 ji=n
111 1
(1.133)
1]—-1 1 1 1
210 2cos227’lrjr"1 2cosz4::_"1 2cos%2’_’:?

In the last line, the different values of m give the characters of the n different
2-dimensional representations.

1.19 Permutation group on n objects

Any element of the permutation group on n objects, called Sy, can be written
in term of cycles, where a cycle is a cyclic permutation of a subset. We
will use a notation that makes use of this, where each cycle is written as a
set of numbers in parentheses, indicating the set of things that are cyclicly
permuted. For example:

(1) means z1 — =1

(1372) means 1 — T3 = T7 = T3 — T

Each element of S, involves each integer from 1 to n in exactly one
cycle.

Examples:

The identity element looks like e =(1)(2)- - -(m) — n 1-cycles — there is
only one of these.
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An interchange of two elements looks like (12)(3)- - -(n) — a 2-cycle and
n — 2 1-cycles — there are n(n — 1)/2 of these — (j172)(J3) - - - (4n)-
An arbitrary element has k; j-cycles, where

n
> jkj=n (1.134)
5=1

For example, the permutation (123)(456)(78)(9) has two 3-cycles, 1 2-cycle
and a 1-cycle,so ky =k, = 1l and k3 = 2.

There is an simple (but reducible) n dimensional representation of Sy
called the defining representation where the “objects” being permuted are
just the basis vectors of an nn dimensional vector space,

1), 12),---In) (1.135)

If the permutation takes z; to z, the corresponding representation operator
D takes |j) to |k), so that

D) = [k) (1.136)

and thus
(€] D |5) = ke (1.137)

Each matrix in the representation has a single 1 in each row and column.

1.20 Conjugacy classes

The conjugacy classes are just the cycle structure, that is they can be labeled
by the integers k;. For example, all interchanges are in the same conjugacy
class — it is enough to check that the inner automorphism gg;g~! doesn’t
change the cycle structure of g; when g is an interchange, because we can
build up any permutation from interchanges. Let us see how this works
in some examples. In particular, we will see that conjugating an arbitrary
permutation by the interchange (12)(3)- - - just interchanges 1 and 2 without
changing the cycle structure

Examples — (12)(3)(4)-(1)(23)(4)-(12)(3)(4) (note that an interchange
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1234
(12)(3)(4)

(DH(23)(4)
(12)(3)(4) (1.138)

!
2134
!
2314
!
3214
1234

| (2A3)@
3214

(12)(3)(4)-(1)(234)-(12)(3)4)

1234
(12)(3)(4)

(1)(234)
(12)(3)(4) (1.139)

!
2134
!
2341
!
3241
1234

I (139
3241

If 1 and 2 are in different cycles, they just get interchanged by conjuga-

tion by (12), as promised.

The same thing happens when 1 and 2 are in the same cycle. For example

1234
L (12)0)@
2134
{ (123)(4)
1324
L 12)6)@) (1.140)
3124
1234 B
i (213)4)
3124

Again, in the same cycle this time, 1 and 2 just get interchanged.

Another way of seeing this is to notice that the conjugation is analo-
gous to a similarity transformation. In fact, in the defining, n dimensional
representation of (1.135) the conjugation by the interchange (12) is just a
change of basis that switches |1) < |2). Then it is clear that conjugation
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does not change the cycle structure, but simply interchanges what the permu-
tation does to 1 and 2. Since we can put interchanges together to form an
arbitrary permutation, and since by repeated conjugations by interchanges,
we can get from any ordering of the integers in the given cycle structure to
any other, the conjugacy classes must consist of all possible permutations
with a particular cycle structure.

Now let us count the number of group elements in each conjugacy class.
Suppose a conjugacy class consists of permutations of the form of k; 1-
cycles, kg 2-cycles, etc, satisfying (1.134). The number of different permuta-
tions in the conjugacy class is

n!
I, 7% kj!

because each permutation of number 1 to n gives a permutation in the class,
but cyclic order doesn’t matter within a cycle

(1.141)

(123) is the same as (231) (1.142)
and order doesn’t matter at all between cycles of the same length

(12)(34) is the same as (34)(12) (1.143)

1.21 Young tableaux

It is useful to represent each j-cycle by a column of boxes of length 3, top-
justified and arranged in order of decreasing 7 as you go to the right. The
total number of boxes is n. Here is an example:

(111 (1.144)

is four 1-cycles in S; — that is the identity element — always a conjugacy
class all by itself. Here’s another:

N (1.145)

is a 4-cycle, a 3-cycle and a 1-cycle in Sg. These collections of boxes are
called Young tableaux. Each different tableaux represents a different conju-
gacy class, and therefore the tableaux are in one-to-one correspondence with
the irreducible representations.
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1.22 Example — our old friend S3

The conjugacy classes are

(17 ] @ (1.146)
with numbers of elements
3! 3! 3!
g == == 1.14
3! : 2 3 3 2 ( 7

1.23 Another example — S,

o O B O (1148
with numbers of elements
4! 4! 4! 4! 4!
4! : 4 0 8 3 8 4 6 ( )

The characters of Sy look like this (with the conjugacy classes which
label the columns in the same order as in (1.148)):

conjugacy classes

(1.150)

W) —
o
[S]
|
p—
o

The first row represents the trivial representation.

1.24 * Young tableaux and representations of S,

We have seen that a Young tableau with n boxes is associated with an irre-
ducible representation of S,,. We can actually use the tableau to explicitly
construct the irreducible representation by identifying an appropriate sub-
space of the regular representation of Sy,.
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To see what the irreducible representation is, we begin by putting the
integers from 1 to n in the boxes of the tableau in all possible ways. There
are n! ways to do this. We then identify each assignment of integers 1 to
n to the boxes with a state in the regular representation of S, by defining
a standard ordering, say from left to right and then top down (like reading
words on a page) to translate from integers in the boxes to a state associated
with a particular permutation. So for example

1K3P) (1150
77— |6532174)

N

where |6532174) is the state corresponding to the permutation
1234567 — 6532174 (1.152)

Now each of the n! assignment of boxes to the tableau describes one of the
n! states of the regular representation.

Next, for a particular tableau, symmetrize the corresponding state in the
numbers in each row, and antisymmetrize in the numbers in each column. For
example

— ]12) + |21) (1.153)

and

(1.154)

21y |123) +|213) — [321) — [231)

1
3]

Now the set of states constructed in this ways spans some subspace of
the regular representation. We can construct the states explicitly, and we
know how permutations act on these states. That the subspace constructed
in this way is a representation of S, because a permutation just corresponds
to starting with a different assignment of numbers to the tableau, so acting
with the permutation on any state in the subspace gives another state in the
subspace. In fact, this representation is irreducible, and is the irreducible
representation we say is associated with the Young tableau.

Consider the example of S3. The tableau

(113 (1.155)

gives completely symmetrized states, and so is associated with a one dimen-
sional subspace that transforms under the trivial representation. The tableau

@ (1.156)
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gives completely antisymmetrized states, and so, again is associated with a
one dimensional subspace, this time transforming under the representation in
which interchanges are represented by —1. Finally

(1.157)
gives the following states: -

iz — |123) + |213) — |321) — |231) (1.158)
iz — |321) +|231) — |123) — |213) (1.159)
i:” — |231) + [321) — |132) — [312) (1.160)
B 132) +[312) ~ [231) — j321) (1.161)
il — |312) +|132) — |213) — |123) (1.162)
i 1, |213) + {123) — |312) — |132) (1.163)

Note that interchanging two numbers in the same column of a tableau just
changes the sign of the state. This is generally true. Furthermore, you can
see explicitly that the sum of three states related by cyclic permutations van-
ishes. Thus the subspace is two dimensional and transforms under the two
dimensional irreducible representation of Ss.

It turns out that the dimension of the representation constructed in this
way is |

n!

I (1.164)
where the quantity H is the “hooks” factor for the Young tableau, computed
as follows. A hook is a line passing vertically up through the bottom of
some column of boxes, making a right hand turn in some box and passing out
through the row of boxes. There is one hook for each box. Call the number
of boxes the hook passes through h. Then H is the product of the hs for
all hooks. We will come back to hooks when we discuss the application of
Young tableaux to the representations of SU(N) in chapter X II1.

This procedure for constructing the irreducible representations of .S, is
entirely mechanical (if somewhat tedious) and can be used to construct all the
representations of .Sy, from the Young tableaux with n boxes.
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We could say much more about finite groups and their representations,
but our primary subject is continuous groups, so we will leave finite groups
for now. We will see, however, that the representations of the permutation
groups play an important role in the representations of continuous groups. So
we will come back to .S, now and again.

Problems

1.A. Find the multiplication table for a group with three elements and
prove that it is unique.

1.B. Find all essentially different possible multiplication tables for groups
with four elements (which cannot be related by renaming elements).

1.C. Show that the representation (1.135) of the permutation group is
reducible.

1.D. Suppose that D, and D, are equivalent, irreducible representations
of a finite group G, such that

Dy(g) = SDi(9) 5™ Vgeq
What can you say about an operator A that satisfies

AD(g9) =Dy(g)A VgeG?

1.E. Find the group of all the discrete rotations that leave a regular tetra-
hedron invariant by labeling the four vertices and considering the rotations
as permutations on the four vertices. This defines a four dimensional repre-
sentation of a group. Find the conjugacy classes and the characters of the
irreducible representations of this group.

*1.F. Analyze the normal modes of the system of four blocks sliding on
a frictionless plane, connected by springs as shown below:
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just as we did for the triangle, but using the 8-element symmetry group of
the square. Assume that the springs are rigidly attached to the masses (rather
than pivoted, for example), so that the square has some rigidity.



Chapter 2

Lie Groups

Suppose our group elements g € G depend smoothly on a set of continuous
parameters —

g9(a) 2.1

What we mean by smooth is that there is some notion of closeness on the
group such that if two elements are “close together” in the space of the group
elements, the parameters that describe them are also close together.

2.1 Generators

Since the identity is an important element in the group, it is useful to param-
eterize the elements (at least those close to the identity element) in such a
way that @ = 0 corresponds to the identity element. Thus we assume that in
some neighborhood of the identity, the group elements can be described by a
function of N real parameters, o, for a = 1 to N, such that

9(@)|g=o = € 2.2)

Then if we find a representation of the group, the linear operators of the rep-
resentation will be parameterized the same way, and

D(a)|y_y =1 2.3)

Then in some neighborhood of the identity element, we can Taylor expand
D(a), and if we are close enough, just keep the first term:

D(da) =1+ idag X, + -+ (2.4)

43 DOI: 10.1201/9780429499210-3
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where we have called the parameter do to remind you that it is infinitesimal.
In (2.4), a sum over repeated indices is understood (the “Einstein summation
convention”) and

9 D(a) (2.5)

Xoe=—1
8aa a=0

The X, fora = 1 to N are called the generators of the group. If the
parameterization is parsimonious (that is — all the parameters are actually
needed to distinguish different group elements), the X, will be independent.
The 1 is included in the definition (2.5) so that if the representation is unitary,
the X, will be hermitian operators.

Sophus Lie showed how the generators can actually be defined in the
abstract group without mentioning representations at all. As a result of his
work, groups of this kind are called Lie groups. I am not going to talk about
them this way because I am more interested in representations than in groups,
but it is a beautiful theoretical construction that you may want to look up if
you haven’t seen it.

As we go away from the identity, there is enormous freedom to param-
eterize the group elements in different ways, but we may as well choose our
parameterization so that the group multiplication law and thus the multipli-
cation law for the representation operators in the Hilbert space looks nice.
In particular, we can go away from the identity in some fixed direction by
simply raising an infinitesimal group element

D(da) =1+ idag X, (2.6)

to some large power. Because of the group property, this always gives an-
other group element. This suggests defining the representation of the group
elements for finite ¢ as

D(a) = lim (1 + i Xo/k)F = eloeXe .7)
k—o0

In the limit, this must go to the representation of a group element because
1 + 10, X, /k becomes the representation of a group element in (2.4) as k
becomes large. This defines a particular parameterization of the representa-
tions (sometimes called the exponential parameterization), and thus of the
group multiplication law itself. In particular, this means that we can write the
group elements (at least in some neighborhood of €) in terms of the genera-
tors. That’s nice, because unlike the group elements, the generators form a
vector space. They can be added together and multiplied by real numbers. In
fact, we will often use the term generator to refer to any element in the real
linear space spanned by the X,s.
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2.2 Lie algebras

Now in any particular direction, the group multiplication law is uncompli-
cated. There is a one parameter family of group elements of the form

U()) = eroaXe (2.8)
and the group multiplication law is simply
UM)U(A2) = U1 + Ag) (2.9)

However, if we multiply group elements generated by two different linear
combinations of generators, things are not so easy. In general,

eiaaXa eiﬂbXb ;é ei(aa‘i‘ﬂa)Xa (210)

On the other hand, because the exponentials form a representation of the
group (at least if we are close to the identity), it must be true that the product
is some exponential of a generator,

eiaaXa eiﬂbXb — eidaXa (2,1 1)

for some §. And because everything is smooth, we can find §, by expanding
both sides and equating appropriate powers of a and 5. When we do this,
something interesting happens. We find that it only works if the generators
form an algebra under commutation (or a commutator algebra). To see this,
let’s actually do it to leading nontrivial order. We can write

i6,X, = In (1 + gitaXagifsXp _ 1) (2.12)

I will now expand this, keeping terms up to second order in the parameters «
and 3, using the Taylor expansion of In(1 + K) where

K = ei%Xagibs Xy _ 1
= (1 +iaX, — %(ozaXa)2 +e0)

(L+iBpXp — %(ﬂbXb)z +e) =1 (2.13)
= 1iaaXa + 18a X0 — % XafpXp

-E(aaXa)z - %(ﬂaXa)z +--
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This gives
i, X4 =K—%K2+---
= iaaXa + Z',Ba,Xa - aaXa;BbXb

2.14
-l(aaXa)2 - %(ﬁaXa)2 ( )

+5(0aXa + foXa)* + -

Now here is the point. The higher order terms in (2.14) are trying to cancel.
If the X's were numbers, they would cancel, because the product of the ex-
ponentials is the exponential of the sum of the exponents. They fail to cancel
only because the X's are linear operators, and don’t commute with one an-
other. Thus the extra terms beyond 10, X, + 13, X, in (2.14) are proportional
to the commutator. Sure enough, explicit calculation in (2.14) gives

idaXazK—%K2+--~

= 10 X, + 18 Xa (2.15)
1

_'2' [O‘aXaaﬁbXb] toe

We obtained (2.15) using only the group property and smoothness, which
allowed us to use the Taylor expansion. From (2.15) we can calculate J,,
again in an expansion in « and 3. We conclude that

[aaXa, ,BbXb] = —27:(66 — Q¢ — ,Bc)Xc + - =1y X, (2.16)

where the ¢ is put in to make -y real and the - - - represent terms that have more
than two factors of o or 8. Since (2.16) must be true for all & and 3, we must
have

Ye = aaﬁbfa.bc (2.17)
for some constants f,p., thus
[Xa> Xb] = 1 fabeXc - (2.18)
where
fabc = '—fba.c (2.19)
because [A, B] = —[B, A]. Note that we can now write
1
6a:aa +,Ba——7a+"' (2.20)

2
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so that if v and the higher terms vanish, we would restore the equality in
(2.10).

(2.18) is what is meant by the statement that the generators form an alge-
bra under commutation. We have just shown that this follows from the group
properties for Lie groups, because the Lie group elements depend smoothly
on the parameters. The commutator in the algebra plays a role similar to the
multiplication law for the group.

Now you might worry that if we keep expanding (2.12) beyond second
order, we would need additional conditions to make sure that the group mul-
tiplication law is maintained. The remarkable thing is that we don’t. The
commutator relation (2.18) is enough. In fact, if you know the constants,
fabe, yOUu can reconstruct 4 as accurately as you like for any « and 3 in some
finite neighborhood of the origin! Thus the f,s. are tremendously important
— they summarize virtually the entire group multiplication law. The fg. are
called the structure constants of the group. They can be computed in any
nontrivial representation, that is unless the X, vanish.

The commutator relation (2.18) is called the Lie algebra of the group.
The Lie algebra is completely determined by the structure constants. Each
group representation gives a representation of the algebra in an obvious way,
and the structure constants are the same for all representations because they
are fixed just by the group multiplication law and smoothness. Equivalence,
reducibility and irreducibility can be transferred from the group to the algebra
with no change.

Note that if there is any unitary representation of the algebra, then the
fabes are real, because if we take the adjoint of the commutator relation for
hermitian X's, we get

[Xa, Xp]T = =i f. X

. . (2.21)
= [XbaXa] =1 fpacXe = —1% fabeXe

Since we are interested in groups which have unitary representations, we will
just assume that the f,;. are real.

2.3 The Jacobi identity
The matrix generators also satisfy the following identity:

[Xa, [Xp, X.]] + cyclic permutations = 0. (2.22)
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called the Jacobi identity, which you can check by just expanding out the
commutators.!

The Jacobi identity can be written in a different way that is sometimes
easier to use and is also instructive:

[Xaa [Xb’ Xc]] = [[Xaa Xb] 7Xc] =+ [Xln [Xm Xc]] . (2.23)
This is a generalization of the product rule for commutation:
(Xa, Xo Xc] = [Xa, Xp) Xc + Xp[ X, X] - (2.24)

The Jacobi identity is rather trivial for the Lie algebras with only finite dimen-
sional representations that we will study in this book. But it is worth noting
that in Lie’s more general treatment, it makes sense in situations in which the
product of generators is not even well defined.

2.4 The adjoint representation

The structure constants themselves generate a representation of the algebra
called the adjoint representation. If we use the algebra(2.18), we can com-
pute

[Xay [Xb7 XC]]

=1 fbcd [Xa, Xd] (2.25)
= — focd fade Xe
so (because the X, are independent), 2.22) implies
fbcdfade —+ fabdfcde —+ fcadfbde =0. (2.26)
Defining a set of matrices T,
[Ta]bc = _ifabc (2-27)
then (2.26) can be rewritten as
[Tm Tb] =1 fabeTe (2.28)

Thus the structure constants themselves furnish a representation of the alge-
bra. This is called the adjoint representation. The dimension of a repre-
sentation is the dimension of the linear space on which it acts (just as for a

!The Jacobi identity is really more subtle than this. We could have proved it directly in
the abstract group, where the generators are not linear operators on a Hilbert space. Then
the algebra involves a “Lie product” which is not necessarily a commutator, but nevertheless
satisfies the Jacobi identity.
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finite group). The dimension of the adjoint representation is just the number
of independent generators, which is the number of real parameters required
to describe a group element. Note that since the fg.s are real, the generators
of the adjoint representation are pure imaginary.

We would like to have a convenient scalar product on the linear space
of the generators in the adjoint representation, (2.27), to turn it into a vector
space. A good one is the trace in the adjoint representation

Tr(T,Th) (2.29)

This is a real symmetric matrix. We will next show that we can put it into
a very simple canonical form. We can change its form by making a linear
transformation on the X,, which in turn, induces a linear transformation on
the structure constants. Suppose

Xo = X, = Ly Xs (2.30)
then
[thn XII)] =1 LygLpe faecXc
=1 LadLbe]“deng_h1 Ly X, (2.31)
=1 LadLbefdegL;ché
s02
fabc — ftllbc = LadLbefdegL;c1 (2-32)
If we then define a new T,;s with the transformed f's,
[Ta]bc — [Té]bc = LadLbe[Td]egL;cl (2.33)
or
[To] = [T2) = LoaL[Ty) L7} (2.34)

In other words, a linear transformation on the X,s induces a linear transfor-
mation on the T,s which involves both a similarity transformation and the
same linear transformation on the a index that labels the generator. But in the
trace the similarity transformation doesn’t matter, so

TT(TaTb) — TT(T;TI;) = LacLpg TT(TCTd) (2.35)

2Because of the L™ in (2.32), it would be make sense to treat the third index in Sabe
differently, and write it as an upper index — fg,. We will not bother to do this because we are
going to move very quickly to a restricted set of groups and basis sets in which Tr(T,T}) o
5. Then only orthogonal transformation on the X,s are allowed, L™ = LT, so that all
three indices are treated in the same way.
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Thus we can diagonalize the trace by choosing an appropriate L (here we
only need an orthogonal matrix). Suppose we have done this (and dropped
the primes), so that

Tr(T,Tp) = k%gp no sum (2.36)

We still have the freedom to rescale the generators (by making a diagonal
L transformation), so for example, we could choose all the non-zero k%s to
have absolute value 1. But, we cannot change the sign of the k%s (because L
appears squared in the transformation (2.35)).

For now, we will assume that the k®s are positive. This defines the
class of algebras that we study in this book. They are called the compact
Lie algebras. We will come back briefly below to algebras in which some
are zero.> And we will take

TH(T,T}) = Ao (2.37)

for some convenient positive A. In this basis, the structure constants are com-
pletely antisymmetric, because we can write

fabe = =i 37! Te([To, Th) Te) (2.38)
which is completely antisymmetric because of the cyclic property of the trace.

TI‘([Ta, Tb] Tc) = (TaTch - TbTaTc)

= (BTTe - TIT,) = (%, 7o) Ta) 239)

which implies
fabe = foca - (2.40)

Taken together, (2.19) and (2.40) imply the complete antisymmetry of fgp.

fabc = fbca = fcab
2.41
= —fbac = "facb = —fcba- ( )

In this basis, the adjoint representation is unitary, because the T, are imagi-
nary and antisymmetric, and therefore hermitian.

I Algebras in which some of the k.s are negative have no nontrivial finite dimensional
unitary representations. This does not mean that they are not interesting (the Lorentz group is
one such), but we will not discuss them.
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2.5 Simple algebras and groups

An invariant subalgebra is some set of generators which goes into itself
under commutation with any element of the algebra. That is, if X is any
generator in the invariant subalgebra and Y is any generator in the whole al-
gebra, [Y, X] is a generator in the invariant subalgebra. When exponentiated,
an invariant subalgebra generates an invariant subgroup. To see this note that

h=eX, g=é€Yf (2.42)
g hg =X (2.43)
where
I —iY iY . 1
X' =e* Xe =X—z[Y,X]—§[Y,[Y,X]]+---. (2.44)

Note that the easy way to see this is to consider
X'(e) = e7¥ XY (2.45)

then Taylor expand in € and set € = 1. Each derivative brings another com-
mutator. Evidently, each of the terms in X' is in the subalgebra, and thus X’
is in the subgroup, which is therefore invariant.

The whole algebra and O are trivial invariant subalgebras. An algebra
which has no nontrivial invariant subalgebra is called simple. A simple alge-
bra generates a simple group.

The adjoint representation of a simple Lie algebra satisfying (2.37) is
irreducible. To see this, assume the contrary. Then there is an invariant sub-
space in the adjoint representation. But the states of the adjoint representation
correspond to generators, so this means that we can find a basis in which the
invariant subspace is spanned by some subset of the generators, 7, forr = 1
to K. Call the rest of the generators T, for z = K + 1 to N. Then because
the rs span an invariant subspace, we must have

[Ta.]:cr = —1 fa.:cr =0 (2.46)

for all a, z and r. Because of the complete antisymmetry of the structure
constants, this means that all components of f that have two rs and one x or
two zs and one r vanish. But that means that the nonzero structures constants
involve either three rs or three zs, and thus the algebra falls apart into two
nontrivial invariant subalgebras, and is not simple. Thus the adjoint represen-
tation of a simple Lie algebra satisfying (2.37) is irreducible.
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We will often find it useful to discuss special Abelian invariant subalge-
bras consisting of a single generator which commutes with all the generators
of the group (or of some subgroup we are interested in). We will call such
an algebra a U(1) factor of the group. U(1) is the group of phase transfor-
mations. U(1) factors do not appear in the structure constants at all. These
Abelian invariant subalgebras correspond to directions in the space of gener-
ators for which k, = 0in (2.36). If X, is a U(1) generator, fg,. = 0 for all b
and c¢. That also means that the corresponding k¢ is zero, so the trace scalar
product does not give a norm on the space. The structure constants do not tell
us anything about the U (1) subalgebras.

Algebras without Abelian invariant subalgebras are called semisimple.
They are built, as we will see, by putting simple algebras together. In these
algebras, every generator has a non-zero commutator with some other gen-
erator. Because of the cyclic property of the structure constants, (2.38), this
also implies that every generator is a linear combination of commutators of
generators. In such a case, the structure constants carry a great deal of in-
formation. We will use them to determine the entire structure of the algebra
and its representations. From here on, unless explicitly stated, we will dis-
cuss semisimple algebras, and we will deal with representations by unitary
operators.

2.6 States and operators

The generators of a representation (like the elements of the representations
they generate) can be thought of as either linear operators or matrices, just as
we saw when we were discussing representations of finite groups —

Xalt) = 1)1 Xald) = |5)[Xalji (2.47)

with the sum on j understood. As in (1.98), the states form row vectors and
the matrix representing a linear operator acts on the right.

In the Hilbert space on which the representation acts, the group elements
can be thought of as transformations on the states. The group element ¢®Xa
maps or transforms the kets as follows:

iy = |i') = e**Xe|i) (2.48)
Taking the adjoint shows that the corresponding bras transform as

(i] = (@'| = (i]e""@aXe (2.49)
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The ket obtained by acting on |7) with an operator O is a sum of kets, and
therefore must also transform as in (2.48).

Oli) — e@X2Q4)

— eiaaXa Oe—iaaXa eiaaXali) — Ollil) ) (250)
This implies that any operator O transforms as follows:
0 - O = ¢%Xe Qg% Xa, (2.51)

The transformation leaves all matrix elements invariant.
The action of the algebra on these objects is related to the change in the
state of operator under an infinitesimal transformation.

—i8]7) = —i (1 + iceXa)i) — 1)) = 2aX,ld) (2.52)
—i6(i] = —(ijaa X (2.53)
—i80 = [ayX,, 0] . (2.54)

Thus, corresponding to the action of the generator X, on a ket
Xal?) (2.55)

is —X, acting on a bra*
—(i| X, (2.56)

and the commutator of X, with an operator
(X, 0] . (2.57)
Then the invariance of a matrix element {:|O|i) is expressed by the fact,

(#]0 (Xal2)) + (i] [Xa, O]i) — (1] Xa) Oli) = 0. (2.58)

2.7 Fun with exponentials

Constider the exponential
gi@aXa (2.59)

“The argument above can be summarized by saying that the minus signs in (2.56) and in
the commutator in (2.57) come ultimately from the unitarity of the transformation, (2.48).
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where X, is a representation matrix. We can always define the exponential
as a power series,

goaa = 30 (126 Xa)” (2.60)

—= n!

However, it is useful to develop some rules for dealing with these things with-
out expanding, like our simple rules for exponentials of commuting num-
bers. We have already seen that the multiplication law is not as simple as
just adding the exponents. You might guess that the calculus is also more
complicated. In particular,

_Q_em,,x,, # iX, ei%Xa (2.61)
Jday

Howeyver, it is true that

d ; . ; . g

ettt = iop Xy el te = ettante y X, (2.62)
s

because a, X, commutes with itself. This is very important, because you can

often use it to derive other useful results. It is also true that

0 g Xa .

o | =ik (2.63)
because this can be shown directly from the expansion. It is occasionally
useful to have a general expression for the derivative. Besides, it is a beautiful
formula, so I will write it down and tell you how to derive it. The formula is

_eiaaXa — /1 ds eisaaXa (sz) e12(1—5)(:1‘:XC (2.64)
aab 0
I love this relation because it is so nontrivial, yet so easy to remember. The
integral just expresses the fact that the derivative may act anywhere “inside”
the exponential, so the result is the average of all the places where the deriva-
tive can act. One way of deriving this is to define the exponential as a limit
asin (2.7).

e Xe = lim (1 + i, X, /k)F (2.65)

k—oo

and differentiate both sides — the result (2.64) is then just an exercise in
defining an integral as a limit of a sum. Another way of doing it is to expand
both sides and use the famous integral

/dss (- = ;”;”il) (2.66)

We will see other properties of exponentials of matrices as we go along.
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Problems
2.A. Find all components of the matrix e'*4 where
0 01
A=1{0 0 O
1 00

2.B. If [A, B] = B, calculate

eiaA B e—iaA

55

2.C. Carry out the expansion of 4. in (2.11) and (2.12) to third order in

o and 8 (one order beyond what is discussed in the text).



Chapter 3

SU(2)

The SU(2) algebra is familiar.'
[Jj, Jk] = i€jkede (3.1)

This is the simplest of the compact Lie algebras because ¢;; for 4,5,k =
1 to 3 is the simplest possible completely antisymmetric object with three in-
dices. (3.1) is equivalent (in units in which 2 = 1) to the angular momentum
algebra that you studied in quantum mechanics. In fact we will only do two
things differently here. One is to label the generators by 1, 2 and 3 instead
of z, y and z. This is obviously a great step forward. More important is the
fact that we will not make any use of the operator J,J,. Initially, this will
make the analysis slightly more complicated, but it will start us on a path that
generalizes beautifully to all the other compact Lie algebras.

3.1 J; eigenstates

Our ultimate goal is to completely reduce the Hilbert space of the world to
block diagonal form. To start the process, let us think about some finite space,
of dimension NNV, and assume that it transforms under some irreducible repre-
sentation of the algebra. Then we can see what the form of the algebra tells
us about the representation. Clearly, we want to diagonalize as many of the
elements of the algebra as we can. In this case, since nothing commutes with
anything else, we can only diagonalize one element, which we may as well
take to be J3. When we have done that, we pick out the states with the highest
value of J3 (we can always do that because we have assumed that the space

'We will see below why the name SU (2) is appropriate.
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is finite dimensional). Call the highest value of .J3 j. Then we have a set of

states
J3Ija O’) =.7'.7’ O’) (32)

where « is another label, only necessary if there is more than one state of
highest J3 (of course, you know that we really don’t need o because the
highest state is unique, but we haven’t shown that yet, so we will keep it). We
can also always choose the states so that

(7,03, 8) = dagp (3.3)

3.2 Raising and lowering operators

Now, just as in introductory quantum mechanics, we define raising and low-
ering operators,

JE = (Jy i) /V2 (3.4)
satisfying
[J3,J%] = £J* (3.5)
[J*,J7 ] =Js (3.6)
so they raise and lower the value of J3 on the states. If
J3|m) = m|m) €N))
then
J3JE|m) = JEJsim) £ JE|m) = (m £ 1) J*|m) (3.8)

The key idea is that we can use the raising and lowering operators to
construct the irreducible representations and to completely reduce reducible
representations. This idea is very simple for SU(2), but it is very useful to
see how it works in this simple case before we generalize it to an arbitrary
compact Lie algebra.

There is no state with J3=j+1 because we have assumed that j is the
highest value of J3. Thus it must be that

Jt|j,a) =0V « (3.9)

because any non-zero states would have J3=j+1. The states obtained by act-
ing with the lowering operator have J3=j—1, so it makes sense to define

J7lj, @) = Nj(a)lj — 1, ) (3.10)
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where N;(a) is a normalization factor. But we easily see that states with
different o are orthogonal, because

N;(B)*Nj(e)(j - 1,87 — 1, )

= (3, BT T }j, @)
= (7,8 [J*,J 715, a) (3.11)
= (4, BlJ31J, @)

= j{J5,Bli, @) = j bap
Thus we can choose the states |j — 1, ) to be orthonormal by choosing
a)=\j=N; (3.12)
Then in addition to (3.10), we have

JHi - 1,0) = —J+J7]ja)
N;
1 .
=¥ [+, J7] 13, ) (3.13)

J - .
= N;l]aa> =le],a>

The point is that because of the algebra, we can define the states so that
the raising and lowering operators act without changing «. That is why the
parameter « is eventually going to go away. Now an analogous argument
shows that there are orthonormal states |j — 2, «) satisfying

J—U - 17a> = Nj—llj - 2, a)
3.14
JHi = 2,a) = Nj_ilj - 1,a) (19

Continuing the process, we find a whole tower of orthonormal states, |j —
k,a) satisfying
J|j—k,a) =Nj_glj — k-1,
| =k, 0) = Nj_lj a) 3.15)
J+l.7 -k — 13a> = N]~k|] - k7a>

The N's can be chosen to be real, and because of the algebra, they satisfy
Niy ={j—kalJ*J7|j =k a)
= (.7 - kva‘ [J+7 J_] l] - kaa>
+<.7 - kv aIJ_J_*“j - ka a)
=N j2—k+1 +i—k

(3.16)
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This is a recursion relation for the N's which is easy to solve by starting with
N,.
5

Nj2 =3
N}, - N} =451
Ni, - N, =ij—k (3.17)

N2, = (k+1)j—k(k+1)/2
= s(k+1)(25 - k)

orsettingk =35 —m

Nm=—\}_§\/(j +m)(j —m+1) (3.18)

Because the representation is finite dimensional (by assumption — we haven’t
proved this) there must be some maximum number of lowering operators, £,
that we can apply to |5, a). We must eventually come to some m = j —£ such
that applying any more lowering operators gives 0. Then £ is a non-negative
integer specifying the number of times we can lower the states with highest
J3. Another lowering operator annihilates the state —

Jlj—4a)=0. (3.19)

But then the norm of J~|j — ¢, a) must vanish, which means that

Nj_p= \/ (2 -0)(+1)=0 3.20

the factor £ + 1 cannot vanish, thus we must have
£=2j. 3.21)

Thus ‘
j= 3 for some integer £. (3.22)

Now we can get rid of a. It is now clear that the space breaks up into
subspaces that are invariant under the algebra, one for each value of «, be-
cause the generators do not change «. Thus from our original assumption of
irreducibility, there must be only one « value, so we can drop the « entirely.
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Furthermore, there can be no other states, or the subspace we just constructed
would be nontrivial (and invariant). Thus we have learned how the generators
act on all the finite dimensional irreducible representations. In fact, though
we won’t prove it, there are no others — that is all representations are finite
dimensional, so we know all of them.

3.3 The standard notation

We can now switch to the standard notation in which we label the states of
the irreducible representations by the highest J3 value in the representation
and the J3 value:?

|7, m) (3.23)
and the matrix elements of the generators are determined by the matrix ele-

ments of J3 and the raising and lowering operators, J*:3

(jv m,lJ3lj’ m) =m am'm
G,/ [T |,m) = /(G + m+ 1) = m)/2 b mot (3.24)
Gy m! [T 1G,m) = /(G +m)(§ = m +1)/2 b ms

These matrix elements define the spin j representation of the SU(2) algebra:
[Tl = (3,5 + 1 = klJals, g + 1= £) (3.25)

Here we have written the matrix elements in the conventional language where
the rows and columns are labeled from 1 to 25 + 1. In this case, it is often
convenient to label the rows and columns directly by their m values, which
are just j + 1 — £ and 7 + 1 — k above in (3.25). In this notation, (3.25) would
read

[T mrm = (4, m/|Jald, m) (3.26)

where m and m' run from j to —j in steps of —1. We will use these in-
terchangeably — choosing whichever is most convenient for the problem at
hand.

2Well, not completely standard — in some books, including the first edition of this one,
the j and m are written in the other order.

3The +/2 factors are the result of our definition of the raising and lowering operators and
are absent in some other treatments.
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For example, for 1/2, this gives the spin 1/2 representation

1
J11/2=l(0 1) _ 1

2\1 0 2
12 _1/0 -3y _ 1 (3.27)
T3 ‘2<z' o)“z"2
y2_1/1 0y _1
1 =3(s %) =50

where the os are the Pauli matrices.

le((l) (1)> O'2=(? BZ> 03-——((1) _01) (3.28)

satisfying
0a0p = g + 1€abe0¢ 3.29)

The spin 1/2 representation is the simplest representation of SU(2). It is
called the “defining” representation of SU (2), and is responsible for the name
SU, which is an acronym for “Special Unitary”. Exponentiating the gener-
ators of the spin 1/2 representation to get the representation of finite group
elements gives matrices of the form

gl d/2 (3.30)

which are the most general 2 x 2 unitary matrices with determinant 1. The
“special”, in Special Unitary means that the determinant is 1, rather than an
arbitrary complex number of absolute value 1.

All the other irreducible representations can be constructed similarly. For
example, the spin 1 representation looks like

] (0 1 0)
Ji=—1[1 0 1
V2 0 ¢+ 0

0 — O
Jy = 1 <z 0 -—i) (3.31)
V2 0 1 0
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while the spin 3/2 representation is

0 2 o o
2 \/g o 2 0
' 0 2 0 3
0 0o i o
0 —/% 0o o0
an_|VE o0 -2 0 (3.32)
: 0 2 0 —/%
0 0 3000
20 0 0
32_|0 3 0 0
73 00 -1 0
o0 o -3

The construction of the irreducible representations above generalizes to
any compact Lie algebra, as we will see. The J3 values are called weights,
and the analysis we have just done is called the highest weight construc-
tion because it starts with the unique highest weight of the representation.
Note that the same construction provides a systematic procedure for bringing
an arbitrary finite dimensional representation into block diagonal form. The
procedure is as follows:

1. Diagonalize J3.
2. Find the states with the highest J3 value, j.

3. For each such state, explicitly construct the states of the irreducible
spin j representation by applying the lowering operator to the states
with highest J3.

4. Now set aside the subspace spanned by these representations, which
is now in canonical form, and concentrate on the subspace
orthogonal to it.

5. Take these remaining states, go to step 2 and start again with the

states with next highest J3 value.
(3.33)
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The end result will be the construction of a basis for the Hilbert space of the
form
lJ,m, @) (3.34)

where m and 7 refer to the J3 value and the representation as usual (as in
(3.23) and o refers to all the other observables that can be diagonalized to
characterize the state. These satisfy

<jlvmlvallj,mva) = Om/m 6j’j da'a (3.35)

The Kronecker ds are automatic consequences of our construction. They are
also required by Schur’s lemma, because the matrix elements satisfy

<jl’ ml’ allJan, m7 a)
= [ Tt (5", ", &', m, @) (3.36)

= (j',m’,a|j,m", ) [I]mrm

because we can insert a complete set of intermediate states on either side of
Jo.  Thus {j',m,o'|j,m, @) commutes with all the elements of an irre-
ducible representation, and is either 0 if j # j' or proportional to the identity,

Omm ifJ = jl'

3.4 Tensor products

You have probably all used the highest weight scheme, possibly without
knowing it, to do what in introductory quantum mechanics is called addi-
tion of angular momentum. This occurs when we form a tensor product
of two sets of states which transform under the group.* This happens, in turn,
whenever a system responds to the group transformation in more than one
way. The classic example of this is a particle that carries both spin and orbital
angular momentum. In this case, the system can be described in a space that
you can think of as built of a product of two different kinds of kets.

|2, 2) = |3) |z) 3.37)

where the first states, |¢) transforms under representation D, of the group
and the second, |z), under Dy. Then the product, called the tensor product,

*We saw an example of this in the normal modes of the triangle in our discussion of finite
groups.
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transforms as follows:

D(g) li,z) = 1, y) [D182(9)]jyiz
= {7} ly) [D1(9)]5: [D2(9)]yz (3.38)
= (|) [Dl(g)]jz' (ly) (D2 9)]1/:1:)

In other words, the two kets are just transforming independently under their
own representations. If we look at this near the identity, for infinitesimal «,,

(1 +iagJy) |1, z)
= 15,900, yl (1 + iaaJa) li, z)
= 15,9} (8560 + ialT122() iz
=|5,9) (6ji + Z'aa[Jz%]ji) (6!/2 + iaa[Jg]yz)
Thus identifying first powers of a,

[Ja®2(9))jyiz = [aljidye + 85l T2 ]ye (3.40)

(3.39)

When we multiply the representations, the generators add, in the sense shown
in (3.40). This is what happens with addition of angular momenta. We will
often write (3.40) simply as

JI®Z = gl 1 j2 (3.41)

leaving you to figure out from the context where the indices go, and ignoring
the d-functions which, after all, are just identity operators on the appropriate
space. In fact, you can think of this in terms of the action of the generators as

follows:
Ja(1iMe)) = (Jals))I2) + 1) (Val=)) (3.42)

3.5 J; values add

This is particularly simple for the generator J3 because we work in a basis in
which J3 is diagonal. Thus the J3 values of tensor product states are just
the sums of the J3 values of the factors:

J3 (lj1,m1)]j2,mz)) = (m1 +mg2) (ljl,m1)|j2,m2)) (3.43)

This is what we would expect, classically, for addition of angular momentum,
of course. But in quantum mechanics, we can only make it work for one
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component. We can, however, use this in the highest weight construction,
(3.33).

Consider, for example, the tensor product of a spin 1/2 and spin 1 rep-
resentation. The highest weight procedure (3.33) is what you would use to
decompose the product space into irreducible representations. Let’s do it ex-
plicitly. There is a unique highest weight state,

13/2,3/2) =11/2,1/2)1,1) (3.44)

We can now construct the rest of the spin 3/2 states by applying lowering
operators to both sides. For example using (3.42)

J713/2,3/2) = J~([1/2,1/2)I1, 1))

(3.45)
- \/2‘3/2,1/2) - \/;1/2,—1/2)[1,1) +11/2,1/2)]1,0)

or

13/2,1/2) = \/§|1/2, -1/2)]1,1) + \/?1/2, 1/2)1,0) (3.46)
Continuing the process gives

3/2,-1/2) = 2112, <1/211,0) + 1 21/2,1/201, -1

13/2,-3/2) =1|1/2,—-1/2){1,-1)

(3.47)

Then the remaining states are orthogonal to these —

\/§|1/2,—1/2)|1,1) —\/§|1/2,1/2)!1,0) (3.48)
and
\/%[1/2,—1/2”1,0) —\/211/2,1/2)[1,—1) (3.49)

applying the highest weight scheme to this reduced space gives

1/2.1/2 =22, -1/ -y 31/2,1211,0)
/2,172 = o2, 12,0 - 212,20 -

In this case, we have used up all the states, so the process terminates. Note
that the signs of the spin 1/2 states were not determined when we found the
states orthogonal to the spin 3/2 states, but that the relative sign is fixed be-
cause the J3 = +1/2 states are related by the raising and lowering operators.

(3.50)
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Problems
3.A. Use the highest weight decomposition, (3.33), to show that
s+j
lef{sy= > &
©l={s—j|

where the @ in the summation just means that the sum is a direct sum, and
{k} denotes the spin k representation of SU(2). To do this problem, you do
not need to construct the precise linear combinations of states that appear in
each irreducible representation, but you must at least show how the counting
of states goes at each stage of the highest weight decomposition.

3.B. Calculate

eZT'O'
where & are the Pauli matrices. Hint: write 7 = |] 7.

3.C. Show explicitly that the spin 1 representation obtained by the high-
est weight procedure with j = 1 is equivalent to the adjoint representation,
with fope = €qpe by finding the similarity transformation that implements the
equivalence.

3.D. Suppose that [0,};; and [7]zy, are Pauli matrices in two different
two dimensional spaces. In the four dimensional tensor product space, define
the basis

H=li=Dlz=1  R=li=1z=2
B =li=2)z=1) 14) = [i = 2)|z = 2)
Write out the matrix elements of o5 @ 7y in this basis.

3.E. We will often abbreviate the tensor product notation by leaving out
the indices and the identity matrices. This makes for a very compact notation,
but you must keep your wits about you to stay in the right space. In the
example of problem 3.D, we could write:

[0a}ij0z
' 6i]["7b]zy a

as o,

<

[Ua]ij [nb]zy as  OaMp
a
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0ij0zy as 1

So for example, (o1)(02m1) = i03n; and (o17m2)(o173) = iny.
To get some practice with this notation, calculate
(a) [Ua, Uan] 3
(b) Tr (Ua {nb: Uc’]d}) ’

© [o1m1, 02m2]
where o, and 7, are independent sets of Pauli matrices and {A, B} = AB +

BA is the “anticommutator.”
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Tensor Operators

A tensor operator is a set of operators that transforms under commutation
with the generators of some Lie algebra like an irreducible representation of
the algebra. In this chapter, we will define and discuss tensor operators for
the SU(2) algebra discussed in chapter 3. A tensor operator transforming
under the spin-s representation of SU(2) consists of a set of operators, O}
for £ = 1to 2s+1 (or —s to s), such that '

(Mo, Of) = OF, [ T3] me - 4.D

It is true, though we have not proved it, that every irreducible representa-
tion is finite dimensional and equivalent to one of the representations that we
found with the highest weight construction. We can always choose all tensor
operators for SU(2) to have this form.

4.1 Orbital angular momentum

Here is an example — a particle in a spherically symmetric potential. If the
particle has no spin, then J, is the orbital angular momentum operator,

Jo = Lo = €ape Th Pe 4.2)

The position vector is related to a tensor operator because it transforms under
the adjoint representation

[Jay rb] = €gcd [rc DPd, rb] = —1€gcd Te 5bd (4.3)

= —l€gepTe = Te [Jgdj]cb

DOI: 10.1201/9780429499210-5 68


https://doi.org/10.1201/9780429499210-5

4.2. USING TENSOR OPERATORS 69

where J24 is the adjoint representation, and we know from problem 3.C that
this representation is equivalent to the standard spin 1 representation from the
highest weight procedure.

4.2 Using tensor operators

Note that the transformation of the position operator in (4.3) does not have
quite the right form, because the representation matrices J2% are not the stan-
dard form. The first step in using tensor operators is to choose the operator
basis so that the conventional spin s representation appears in the commuta-
tion relation (4.1). This is not absolutely necessary, but it makes things easier,
as we will see. We will discuss this process in general, and then see how it
works for r,.

Suppose that we are given a set of operators, Q; for z = 1 to 2s+1
that transforms according a representation D that is equivalent to the spin-s
representation of SU(2):

[Jm Qz] = Qy [JaD]yz (4.4)

Since by assumption, D is equivalent to the spin-s representation, we can find
a matrix S such that
SJPg-t=7s (4.5)

or in terms of matrix elements
[S]Z:c [Jf]zy [S_l]yf’ = [J;]Zl’ (4.6)

Then we define a new set of operators

0} =Qy[S 7Yy, forl=-stos 4.7
Now O] satisfies

[a, OF]

= [Ja, Q] [S_l]yl

= Qz[Jf]zy [S_l]yf (4.8)

= Qz[S_l]zl’ [S]l’z’ [Jf]Z’y [S_l]yl
= Op [Jglee
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which is what we want. Notice that (4.8) is particularly simple for J3, because
in our standard basis in which the indices £ label the J5 value, J3, (or Jj for
any s) is a diagonal matrix

[J5loe = L8  foré,f! = —stos. (4.9)

Thus
[J3,0‘z] = O‘z/ [Jg]glg = 602 . 4.10)

In practice, it is usually not necessary to find the matrix S explicitly. If
we can find any linear combination of the 2, which has a definite value of
J3 (that means that it is proportional to its commutator with J3), we can take
that to be a component of O¢, and then build up all the other O° components
by applying raising and lowering operators.

For the position operator it is easiest to start by finding the operator rg.
Since [J3,73] = 0, we know that r3 has J3 = 0 and therefore that r3 « rg.

Thus we can take
’[‘0 = ’['3 (4.1 1)

Then the commutation relations for the spin 1 raising and lowering operators
give the rest

[J%,ro]=ra1

(4.12)
=F(ri £ir)/V2

4.3 The Wigner-Eckart theorem

The interesting thing about tensor operators is how the product O} |j, m, &)
transforms.

Jo O} |3, m, 0)
= [Ja, OF] |4, m, @) + OF Jo |5, m, ) (4.13)
= 05 jym, ) [Jilee + OF i, m', @) [Hlmrm
This is the transformation law for a tensor product of spin s and spin j, s ® j.
Because we are using the standard basis for the states and operators in which

Js3 is diagonal, this is particularly simple for the generator J3, for which (4.13)

becomes
J30; |j,m,a) = (£ +m)O; |j,m, ) (4.14)

The J3 value of the product of a tensor operator with a state is just the
sum of the J3 values of the operator and the state.
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The remarkable thing about this is that the product of the tensor operator
and the ket behaves under the algebra just like the tensor product of two
kets. Thus we can decompose it into irreducible representations in exactly
the same way, using the highest weight procedure. That is, we note that
O: |4,7,) with J3 = j + s is the highest weight state. We can lower it
to construct the rest of the spin 7 + s representation. Then we can find the
linear combination of J3 = j + s — 1 states that is the highest weight of the
spin 7 + s — 1 representation, and lower it to get the entire representation,
and so on. In this way, we find explicit representations for the states of the
irreducible components of the tensor product in terms of linear combinations
of the Oj |7, m, ). You probably know, and have shown explicitly in problem
3.A, that in this decomposition, each representation from j + s to |j — s|
appears exactly once. We can write the result of the highest weight analysis
as follows:

3 0515, M —4,a) (s,5,6, M — £ | J, M) = ks |J, M) (4.15)
l

Here |J, M) is a normalized state that transforms like the J3 = M compo-
nent of the spin J representation and % is an unknown constant for each J
(but does not depend on M). The coefficients (s,7,¢,M — £ | J,M) are
determined by the highest weight construction, and can be evaluated from
the tensor product of kets, where all the normalizations are known and the
constants & are equal to 1:

> is 015, M ~8) (s, 5,6, M — €| J,M) = |J, M) (4.16)
14

One way to prove! that the coefficients can be taken to be the same in (4.15)
and (4.16) is to notice that in both cases, J* |J, J) must vanish and that
this condition determines the coefficients (s, 7,¢,J — £ | J,J) up to a mul-
tiplicative constant. Since the transformation properties of Oj |j,m) and
|s,£){j,m) are identical, the coefficients must be proportional. The only
difference is the factor of k; in (4.15).

We can invert (4.15) and express the original product states as linear com-
binations of the states with definite total spin J.

j+s
Oilim,e) = > (J,L+m]s,j,t,m)ks|JL+m) (4.17)
J=|j~s|

'This is probably obvious, but as we will emphasize below, the operators are different
because we do not have a scalar product for them.
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The coefficients (J, M | s,j,¢, M — ¢£) are thus entirely determined by
the algebra, up to some choices of the phases of the states. Once we have a
convention for fixing these phases, we can make tables of these coefficients
once and for all, and be done with it. The notation (J, £ + m|s, 7, £, m) just
means the coefficient of |J,£ + m) in the product |s,£) |j,m). These are
called Clebsch-Gordan coefficients.

The Clebsch-Gordan coefficients are all group theory. The physics comes
in when we reexpress the |J, £ + m) in terms of the Hilbert space basis states
IJ, £+ m, ﬂ) -

ky|J,L+m) =Y kag|J, L+ m,B) (4.18)
B

We have absorbed the unknown coefficients & into the equally unknown co-
efficients k4. These depend on «, 7, Of and s, because the original products
do, and on (3 and J, of course. But they do not depend at all on £ or m. We
only need to know the coefficients for one value of £+ m. The kg are called
reduced matrix elements and denoted

kop = (J, 8| O° |5, @) (4.19)

Putting all this together, we get the Wigner-Eckart theorem for matrix ele-
ments of tensor operators:

(J;m/, 8| Of |5, m, a)
= 5m’,£+m <J,€ + mlsﬁj’ e? m) ) <J,ﬂ| o |.77 a)

(4.20)

If we know any non-zero matrix element of a tensor operator between states
of some given J, 8 and j, o, we can compute all the others using the algebra.
This sounds pretty amazing, but all that is really going on is that we can use
the raising and lowering operators to go up and down within representations
using pure group theory. Thus by clever use of the raising and lowering oper-
ators, we can compute any matrix element from another. The Wigner-Eckart
theorem just expresses this formally.

4.4 Example

Suppose
Find
(1/2,1/2,0| 11 ]1/2,-1/2,8) =7 (4.22)
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First, since ry = r3,
(1/2,1/2,a|r9 (1/2,1/2,8) = A (4.23)

Then we know from (4.12) that

1
ry = —ﬁ(—’r‘_H + ’I‘_1) (4.24)

Thus
(1/2,1/2,a| r111/2,-1/2,8)

—~ (1/2,1/2,df %(—m Fr) 2128 @25)

- _%(1/2, 1/2, 0|41 [1/2,~1/2, 6)

Now we could plug this into the formula, and you could find the Clebsch-
Gordan coefficients in a table. But I'll be honest with you. I can never re-
member what the definitions in the formula are long enough to use it. In-
stead, I try to understand what the formula means, and I suggest that you do
the same. We could also just use what we have already done, decomposing
1/2 ® 1 into irreducible representations. For example, we know from the
highest weight construction that

13/2,3/2) =r4111/2,1/2,6) (4.26)

is a 3/2,3/2 state because it is the highest weight state that we can get as a
product of an ry operator acting on an {1/2,m) state. Then we can get the
corresponding |3/2,1/2) state in the same representation by acting with the
lowering operator J~

13/2,1/2) = \@J- 13/2,3/2)
= \/gro 11/2,1/2,6) + \/grﬂ 11/2,-1/2,8)

But we know that this spin-3/2 state has zero matrix element with any spin-
1/2 state, and thus

(4.27)

0=(1/2,1/2,a|3/2,1/2)
= \ﬁu/z, 1/2,a|r0|1/2,1/2, B) (4.28)

+ %(1/2,1/2,a|r+111/2,—1/2,@
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SO
(1/2,1/2,a] r411/2,-1/2, B)
= —v2(1/2,1/2,a| 10 1/2,1/2, B) (4.29)
=-Vv24
SO
(1/2,1/2,a]r1]1/2,-1/2,8) = A (4.30)

Although we did not need it here, we can also conclude that

11/2,1/2) = \/gro 11/2,1/2,0) — \/gm 11/2,-1/2,0)  (431)

is a 1/2,1/2 state. This statement is actually a little subtle, and shows the
power of the algebra. When we did this analysis for the tensor product of j=1
and 7=1/2 states, we used the fact that the |1/2,1/2) must be orthogonal to
the |3/2,1/2) states to find the form of the |1/2, 1/2) state. We cannot do this
here, because we do not know from the symmetry alone how to determine the

norms of the states
ro|1/2,m) (4.32)

However, we know from the analysis with the states and the fact that the
transformation of these objects is analogous that

J1I1/2,1/2) =0 (4.33)

Thus it is a 1/2,1/2 state because it is the highest weight state in the represen-
tation. We will return to this issue later.

There are several ways of approaching such questions. Here is another
way. Consider the matrix elements

(1/2,m,a|rq|1/2,m', B) (4.34)

The Wigner-Eckart theorem implies that these matrix elements are all propor-
tional to a single parameter, the k, 5. Furthermore, this result is a consequence
of the algebra alone. Any operator that has the same commutation relations
with J, will have matrix elements proportional to r,. But J, itself has the
same commutation relations. Thus the matrix elements of r, are proportional
to those of J,,. This is only helpful if the matrix elements of J, are not zero
(if they are all zero, the Wigner-Eckart theorem is trivially satisfied). In this
case, they are not (at least if a = [3)

(1/27 m7 al Ja Il/za mlv ﬂ) = éaﬁ_zl—[o-a]mm’ (435)
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Thus
(1/2,m,a| e |1/2,m', 8) < [0a]mm (4.36)

This gives the same result.

4.5 * Making tensor operators

If often happens that you come upon a set of operators which transforms
under commutation with the generators like a reducible representation of the

algebra
[Jas ] = Q[P (4.37)

where D is reducible. In this case, some work is required to turn these into
tensor operators, but the work is essentially just the familiar highest weight
construction again. The first step is to make linear combinations of the {2
operators that have definite J3 values

[J3,0m,a]l = MO g (4.38)

This is always possible because D can be decomposed into irreducible rep-
resentations that have this property. Then we can apply the highest weight
procedure and conclude that the operators, with the highest weight, O; ,, are
components of a tensor operator with spin j, one for each «. If there are any
operators with weight j—1/2, O;_, 5 g, they will be components of tensor
operators with spin j—1/2. However, things can get subtle at the next level.
To find the tensor operators with spin j—1, you must find linear combinations
of the operators with weight 5—1 which have vanishing commutator with J+
— then they correspond to the highest weights of the spin j—1 reps

[J1,0-14] (4.39)

The point is, if you get the operators in a random basis, you have nothing like
a scalar product, so you cannot simply find the operators that are “orthogo-
nal” to the ones you have already assigned to representations. I hope that an
example will make this clearer. Consider seven operators, a+1, b+; and ay,
bo and cp, with the following commutation relations with the generators:

[J37 a‘+l] =041 [Jg, b'H.] = b+1
[J37 0:0] = [Jg,bo] = [J3, co] =0 (440)
[Jam1] = —a1  [Js,boa] = —by
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[T am] = [JT,b4a] =0
[J*,a0] = at [T, bo] = by
[J+,a_1] = [J+,b_1] =

JT,c] =aq1 — by
(4.41)

ag + bg — 300)

N —

_ 1 _ 1
[J ,a+1] = 'é(a[) + bO +C[)) [J ,b+1] = E(ao +b() —C())

[J7,a0] =2a_1 +b_; [J7,bo] =a_1+ by [J7,c0] = a_y

[J=a1] = [J7,bo1] =0
(4.42)
To construct the tensor operators, we start with the highest weight states,
and define

Aii=ay1 Bu=by (4.43)

Then we construct the rest of the components by applying the lowering oper-
ators

1 1
Ay = 5((10 + by + Co) By = E(ao + by — Co) (4.44)

and
A1 =2a_1+b_ B_i1=a_1+b_ (4.45)

You can check that the raising operators now just move us back up within the
representations.

Now there is one operator left, so it must be a spin O representation.
But which one is it? It must be the linear combination that has vanishing
commutator with J* — therefore it is

C() = ag — b() — Cp (4.46)

Let me emphasize again that we went through this analysis explicitly
to show the differences between dealing with states and dealing with tensor
operators. Had this been a set of seven states transforming similarly under
the algebra, we could have constructed the singlet state by simply finding
the linear combination of J3 = 0 states orthogonal to the J; = 0 states in
the triplets. Here we do not have this crutch, but we can still find the singlet
operator directly from the commutation relations. We could do the same thing
for states, of course, but it is usually easier for states to use the nice properties
of the scalar product.
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4.6 Products of operators

One of the reasons that tensor operators are important is that a product of two
tensor operators, Oy and O;2 in the spin s; and spin sy representations,
transforms under the tensor product representation, s; ® sz because

[Ja7 O:T%l 0;9732]
= [Ja, Om,] O, + Omy [Ja, O, ] (4.47)
= Of,ill 0;9732 [X;I]m’lml + 0;9711 02'2 [Xg2]m’2m2

Thus the product can be decomposed into tensor operators using the highest
weight procedure.

Note that as usual, things are particularly simple for the generator J3.
(4.47) implies

[J3,0m, O52,] = (m1 +m2) O, Og2, (4.48)

The J3 value of the product of two tensor operators is just the sum of the J3
values of the two operators in the product.

Problems

4.A. Consider an operator O, for z = 1 to 2, transforming according to
the spin 1/2 representation as follows:

[Jas O] = Oy [0alya /2
where o, are the Pauli matrices. Given
(3/2,-1/2,a| O1|1,-1,5) = A
find
(3/2,-3/2,0] 02]1,-1,5)

4.B. The operator (r,;)? satisfies
[L+7 (T+1)2] =0

It is therefore the O, component of a spin 2 tensor operator. Construct the
other components, O,,. Note that the product of tensor operators transforms
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like the tensor product of their representations. What is the connection of
this with the spherical harmonics, Y ,(8,$)? Hint: let r; = sinfcos ¢,
ro = sinfsin¢, and r3 = cosf. Can you generalize this construction to
arbitrary ¢ and explain what is going on?

4.C. Find

gl X, A

where the X are given by (3.31) Hint: There is a trick that makes this one
easy. Write
g X} = ad X}

where
a = /00, Golq =1

You know that &, X! has eigenvalues 1 and 0, just like X3 (because all
directions are equivalent). Thus (G, X, ;)2 is a projection operator and

((:‘fale)3 = (&aX;)

You should be able to use this to manipulate the expansion of the exponential

« . . ; 1
and get an explicit expression for e*®%a,



Chapter 5
Isospin

The idea of isospin arose in nuclear physics in the early thirties. Heisenberg
introduced a notation in which the proton and neutron were treated as two
components of a nucleon doublet

(P
N = (n) (CN))
He did this originally because he was trying to think about the forces between
nucleons in nuclei, and it was mathematically convenient to write things in
this notation. In fact, his first ideas about this were totally wrong — he re-
ally didn’t have the right idea about the relation between the proton and the
neutron. He was thinking of the neutron as a sort of tightly bound state of
proton and electron, and imagined that forces between nucleons could arise
by exchange of electrons. In this way you could get a force between proton
and neutron by letting the electron shuttle back and forth — in analogy with
an H2+ ion, and a force between neutron and neutron — an analogy with a
neutral H, molecule. But no force between proton and proton.

5.1 Charge independence

It was soon realized that the model was crazy, and the force had to be charge
independent — the same between pp, pn and nn to account for the pat-
tern of nuclei that were observed. But while his model was crazy, he had
put the p and n together in a doublet, and he had used the Pauli matrices to
describe their interactions. Various people soon realized that charge indepen-
dence would be automatic if there were really a conserved “spin” that acted
on the doublet of p and n just as ordinary spin acts on the two J3 compo-
nents of a spin-1/2 representation. Some people called this “isobaric spin”,
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which made sense, because isobars are nuclei with the same total number of
baryons,! protons plus neutrons, and thus the transformations could move
from one isobar to another. Unfortunately, Wigner called it isotopic spin and
that name stuck. This name makes no sense at all because the isotopes have
the same number of protons and different numbers of neutrons, so eventually,
the “topic” got dropped, and it is now called isospin.

5.2 Creation operators

Isospin really gets interesting in particle physics, where particles are routinely
created and destroyed. The natural language for describing this dynamics is
based on creation and annihilation operators (and this language is very useful
for nuclear physics, as we will see). For example, for the nucleon doublet in
(5.1), we can write

Ip.a) = aly , 10)
— 1
[n,a) =a ,_%’GIO) (5.2)
where the .
aN’i%,a (5.3)

are creation operators for proton (+%) and neutron -—%) respectively in the
state «, and |0) is the vacuum state — the state with no particles in it. The NV
stands for nucleon, and it is important to give it a name because we will soon
discuss creation operators for other particles as well. The creation operators
are not hermitian. Their adjoints are annihilation operators,

ay .+l o (5.4
These operators annihilate a proton (or a neutron) if they can find one, and
otherwise annihilate the state, so they satisfy

Oy s1,al0) = 0 55)

The whole notation assumes that the symmetry that rotates proton into neu-
tron is at least approximately correct. If the proton and the neutron were not
in some sense similar, it wouldn’t make any sense to talk about them being in
the same state.

'Baryons are particles like protons and neutrons. More generally, the baryon number is
one third the number of quarks. Because, as we will discuss in more detail later, the proton
and the neutron are each made of three quarks, each has baryon number 1.
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Because the p and n are fermions, their creation and annihilation opera-
tors satisfy anticommutation relations:

{aNt’m’“’ aly i g} = Omme Oa (5.6)
{aJer,m,a’ aN,m',ﬁ} = {aN»m,a’aN,m’,ﬁ} =0

With creation and annihilation operators, we can make multiparticle states
by simply applying more than one creation operator to the vacuum state. For

example
n proton creation operators

.

t co.al
Iyia Nl |0 (5.7)
o |n protons; aj,- -+, o)

produces an n proton state, with the protons in states, a; through ay. The
anticommutation relation implies that the state is completely antisymmetric
in the labels of the particles. This guarantees that the state vanishes if any
two of the as are the same. It means (among other things) that the Pauli
exclusion principle is automatically satisfied. What is nice about the creation
and annihilation operators is that we can construct states with both protons
and neutrons in the same way. For example,

n nucleon creation operators
N

-~ ~

1 f
ANmy,ar " AN M an 0) (5.8)
o |n nucleon; my, ;- - ; My, ap)

is an n nucleon state, with the nucleons in states described by the m variable
(which tells you whether it is a proton or a neutron) and the a label, which
tells you what state the nucleon is in. Now the anticommutation relation
implies that the state is completely antisymmetric under exchange of the pairs
of labels, m and a.

In nucleon; my, aq;ma, - <+ 3 My, Oy (5.9
= —|n nucleon; my, ag; M1, Q15 - - ;Mn, Qn)

If you haven’t seen this before, it should bother you. It is one thing to assume
that the proton creation operators anticommute, because two protons really
cannot be in the same state. But why should proton and neutron creation
operators anticommute? This principle is called the “generalized exclusion
principle.” Why should it be true? This is an important question, and we will
come back to it below. For now, however, we will just see how the creation
and annihilation operators behave in some examples.
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5.3 Number operators

We can make operators that count the number of protons and neutrons by
putting creation and annihilation operators together (the summation conven-
tion is assumed):

1

a a 1 counts protons
N,+%,a N.+35,a P

Oy, _1a%N~1a counts neutrons (5.10)

t
AN m,o ONma counts nucleons

Acting on any state with /V,, protons and V,, neutrons, these operators have
eigenvalues IV, N, and N, + N, respectively. This works because of (5.5)
and the fact that for a generic pair of creation and annihilation operators

[aTa, aT] =ql (5.11)

Notice that the number operators in (5.10) are sumnmed over all the possible
quantum states of the proton and neutron, labeled by a. If we did not sum
over ¢, the operators would just count the number of protons or neutrons or
both in the state . We could get fancy and devise more restricted number
operators where we sum over some ¢ and not others, but we won’t talk further
about such things. The total number operators, summed over all ¢, will be
particularly useful.

5.4 Isospin generators

For the one-particle states, we know how the generators of isospin symmetry
should act, in analogy with the spin generators:

1
Talm, @) = |m', @) [JY?)im = 51m', @) [almm (5.12)

Or in terms of creation operators

1

Ta @l o 10) = aly o 10) T2/ %) m = gak,m,’a 10) [0a)mm  (5.13)
Furthermore, the state with no particles should transform like the trivial rep-
resentation —

T,[0) =0 (5.14)
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Thus we will get the right transformation properties for the one particle states
if the creation operators transform like a tensor operator in the spin 1/2 rep-
resentation under isospin:
1
2
[T”" a’TN,m,a] = a’;rV,m’,a [J;/ bmfm = Ea;rv:m’,a [oa]mim (5.15)

It is easy to check that the following form for Ty does the trick:

Ty = aly s o I X m O o + -

a}fv,m,’a [Ua]m’m AN,m,a + - (5.16)
1y
= EG’N,a Og QN+ -
where - -- commutes with the nucleon creations and annihilation operators
(and also annihilates |0)). The last line is written in matrix form, where we
think of the annihilation operators as column vectors and the creation op-
erators as row vectors. Let us check that (5.16) has the right commutation
relations with the creation operators so that (5.15) is satisfied.

[Ta’ a’;rV,m,a]

= [a’;\/,m’,ﬂ [J01./2]m'm" aN,m",B5 a’;rV,m,a]

= @l 5 T e { @0 mr 3,0 e} (5.17)

- {G"Ir\/,m’,ﬂ’ a’;rV,m,a} [J01./2]m'm” aN m" .3

= G"IrV,m’ o [J01./2]m'm
The advantage of thinking about the generators in this way is that we now
immediately see how multiparticle states transform. Since the multiparticle
states are built by applying more tensor (creation) operators to the vacuum
state, the multiparticle states transform like tensor products — not a surpris-
ing result, but not entirely trivial either.

5.5 Symmetry of tensor products

We pause here to discuss an important fact about the combination of spin
states (either ordinary spin or isospin). We will use it in the next section to
discuss the deuteron. The result is this: when the tensor product of two iden-
tical spin 1/2 representations is decomposed into irreducible representations,
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the spin 1 representation appears symmetrically, while the spin 0 appears an-
tisymmetrically. To see what this means, suppose that the spin 1/2 states are

11/2,4+1/2, o) (5.18)

where a indicates whatever other parameters are required to describe the
state. Now consider the highest weight state in the tensor product. This is
the spin 1 combination of two identical J3=1/2 states, and is thus symmetric
in the exchange of the other labels:

11,1) =1(1/2,1/2,2)|1/2,1/2, 8) = [1/2,1/2,8)|1/2,1/2,a)  (5.19)

The lowering operators that produce the other states in the spin 1 representa-
tion preserve this symmetry because they act in the same way on the two spin
1/2 states. 1
—=111/2,-1/2,a)|1/2,1/2,
S (2-1/2.001/21/2,8)

H1/2,1/2,0)11/2, ~1/2, ﬁ)) (5.20)

1,-1) =11/2,-1/2,0)[1/2,-1/2, B)

Then the orthogonal spin O state is antisymmetric in the exchange of o and

Jo5

l].,O) =

—\}—i(ll/z’ ~1/2,0)[1/2,1/2, B)

~[1/2,1/2,0)11/2,-1/2,6))

|0’0) =
(5.21)

5.6 The deuteron

The nucleons have spin 1/2 as well as isospin 1/2, so the « in the nucleon
creation operator actually contains a J3 label, in addition to whatever other
parameters are required to determine the state.

As a simple example of the transformation of a multiparticle state, con-
sider a state of two nucleons in an s-wave — a zero angular momentum state.
Then the total angular momentum of the state is simply the spin angular mo-
mentum, the sum of the two nucleon spins. Furthermore, in an s-wave state,
the wave function is symmetrical in the exchange of the position variables
of the two nucleons. Then because the two-particle wave function is pro-
portional to the product of two anticommuting creation operators acting on
the vacuum state, it is antisymmetric under the simultaneous exchange of the
isospin and spin labels of the two nucleons — if the spin representation is
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symmetric, the isospin representation must be antisymmetric. and vice versa.
When combined with the results of the previous section, this has physical
consequences. The only allowed states are those with isospin 1 and spin O or
with isospin O and spin 1. The deuteron is an isospin O conbination, and has
spin 1, as expected.

5.7 Superselection rules

It appears, in this argument, that we have assigned some fundamental physical
significance to the anticommutation of the creation operators for protons and
neutrons. As I mentioned above, this seems suspect, because in fact, the
proton and neutron are not identical particles. What we actually know directly
from the Pauli exclusion principle is that the creation operator, aL for any
state of a particle obeying Fermi-Dirac statistics satisfies

(ag)2 =0 (5.22)

If we have another creation operator for the same particle in another state,

ag, we can form the combination aL + ag, which when acting on the vacuum

creates the particle in the state o + 3 (with the wrong normalization). Thus
the exclusion principle also implies

(az, + ag)2 =0 (5.23)

and thus
{a;, ag} =0 (5.24)

This argument is formally correct, but it doesn’t really make much physi-

cal sense if af, and ag create states of different particles, because it doesn’t
really make sense to superpose the states — this superposition is forbidden
by a superselection rule. A superselection rule is a funny concept. It is the
statement that you never need to think about superposing states with different
values of an exactly conserved quantum number because those states must be
orthogonal. Anything you can derive by such a superposition must also be
derivable in some other way that does not involve the “forbidden” superpo-
sition, Thus as you see, the superposition is not so much forbidden as it is
irrelevant. In this case, it is possible to show that one can choose the creation
operators to anticommute without running into inconsistencies, but there is a
much stronger argument. The anticommutation is required by the fact that the
creation operators transform like tensor operators. Let’s see how this implies
the stated result for the two nucleon system.
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Call the creation operators for the baryons ali (dropping the N for
brevity) where the first sign is the sign of the third component of isospin and

2
the second is the sign of third component of spin. Since (aifF +) = 0, there

is no two nucleon state with T3 = 1 and J; = 1. But this means that there is
no state with isospin 1 and spin 1, since the highest weight state would have
to have T3 = 1 and J3 = 1. In terms of creation operators, for example

[T", (al+)2] _ {af__i_,al_'_} =0 (5.25)

Similar arguments show that the operators must anticommute whenever they
have one common index and the others are different.

The argument for operators that have no index in common is a little more
subtle. First compute

o @) ] = falel o+ {aleal =0 626

But the two terms in the sum must separately vanish because they are phys-
ically distinguishable. There cannot be a relation like (5.26) unless the two
operators

{al_.al,}10) (5.27)

and
{als,al_}10) (5.28)

separately vanish, because these two operators, if they did not vanish, would
do physically distinguishable things — the creation of a proton with spin up
and a neutron with spin down is not the same as the creation of proton with
spin down and a neutron with spin up. Thus the operators (5.27) and (5.28)
must separately vanish. Thus, not only does the isospin 1, spin 1 state (5.26)
vanish but so also does the isospin 0, spin O state

{al_,al,}10) - {al,al_}10) (5.29)

5.8 Other particles

When isospin was introduced, the only known particles that carried it were
the proton and neutron, and the nuclei built out of them. But as particle
physicists explored further, at higher energies, new particles appeared that
are not built out of nucleons. The first of these were the pions, three spinless
bosons (that is obeying Bose-Einstein, rather than Fermi-Dirac statistics) with
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charges Q = +1, 0 and —1, and T3 = Q, forming an isospin triplet.> The
creation and annihilation operators for the pions can be written as

1
Ar m,a>

Grma form=—1tol (5.30)

They satisfy commutation, rather than anticommutation relations

[a'/r,m,aaajr’m/,g] = mm’éaﬂ

(5.31)
[air,m,aaair,m’,ﬂ] = [aﬂ,m,aa aw,m’,ﬂ] =0

so that the particle states will be completely symmetric. They also commute
with nucleon creation and annihilation operators.
The isospin generators look like

T, =al [J;]mm/ Qrmiq+ " (5.32)

T™,m,a

where as in (5.16) the - - - refers to the contributions of other particles (like
nucleons). Again, then the creation operators are tensor operators.

There are many many other particles like the nucleons and the pions that
participate in the strong interactions and carry isospin. The formalism of cre-
ation and annihilation operators gives us a nice way of writing the generators
of isospin that acts on all these particles. The complete form of the isospin
generators is

T, = Z aI:,m,a [']gz]mm’ Az.m' o (5.33)

particles =
states o
T3 values m,m’

where al’m’a and ay ;' o are creation and annihilation operators for z-type
particles satisfying commutation or anticommutation relations depending on

whether they are bosons or fermions,
[az,m,a, al/ m g] = 5mm' 5&[352:2:/
T (5.34)
Linarah ], = | ], =0
Az om0 a:z:’,m’,ﬂ + Gxm,a) A’ ;m/ 8] 4.
The rule for the & (+ for anticommutator, — for commutator) is that the anti-

commutator is used when both z and z’ are fermions, otherwise the commu-
tator is used. The 7, in (5.33) is the isospin of the z particles.

*When these particles were discovered, it was not completely obvious that they were not
built out of nucleons and their antiparticles. When very little was known about the strong
interactions, it was possible to imagine, for example, that the 7+ was a bound state of a proton
and an antineutron. This has all the right quantum numbers — even the isospin is right. It just
turns out that this model of the pion is wrong. Group theory can never tell you this kind of
thing. You need real dynamical information about the strong interactions,
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5.9 Approximate isospin symmetry

Isospin is an approximate symmetry. What this means in general is that the
Hamiltonian can be written as

H=Hy+AH (5.35)

where Hy commutes with the symmetry generators and AH does not, but
in some sense AH is small compared to Hy. It is traditional to say in the
case of isospin that the “strong” interactions are isospin symmetric while
the weak and electromagnetic interactions are not, and so take Hy = Hg
and AH = Hgy + Hw where Hg, Hgps and Hyy are the contributions
to the Hamiltonian describing the strong interactions (including the kinetic
energy), the electromagnetic interactions, and the weak interactions, respec-
tively. From our modern perspective, this division is a bit misleading for two
reasons. Firstly, the division between electromagnetic and weak interactions
is not so obvious because of the partial unification of the two forces. Sec-
ondly, part of the isospin violating interaction arises from the difference in
mass between the u and d quarks which is actually part of the kinetic energy.
It seems to be purely accidental that this effect is roughly the same size as the
effect of the electromagnetic interactions. But this accident was important
historically, because it made it easy to understand isospin as an approximate
symmetry. There are so many such accidents in particle physics that it makes
one wonder whether there is something more going on. At any rate, we will
simply lump all isospin violation into AH. The group theory doesn’t care
about the dynamics anyway, as long as the symmetry structure is properly
taken into account.

5.10 Perturbation theory

The way (5.35) is used is in perturbation theory. The states are classified
into eigenstates of the zeroth order, isospin symmetric part of the Hamilto-
nian, Hy. Sometimes, just Hy is good enough to approximate the physics
of interest. If not, one must treat the effects of AH as perturbations. In the
scattering of strongly interacting particles, for example, the weak and electro-
magnetic interactions can often be ignored. Thus in pion-nucleon scattering,
all the different possible charge states have either isospin 1/2 or 3/2 (because
1® 1/2 = 3/2 & 1/2), so this scattering process can be described approxi-
mately by only two amplitudes.

The mathematics here is exactly the same as that which appears in the
decomposition of a spin-1/2 state with an orbital angular momentum 1 into
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states with total angular momentum 3/2 and 1/2. The state with one pion and
one nucleon can be described as a tensor product of an isospin 1/2 nucleon
state with an isospin 1 pion state, just as the state with both spin and orbital
angular momentum can be described as a tensor product, having both spin
and angular momentum indices.

Problems

5.A. Suppose that in some process, a pair of pions is produced in a state
with zero relative orbital angular momentum. What total isospin values are
possible for this state?

5.B. Show that the operators defined in (5.33) have the commutation
relations of isospin generators.

5.C. A1t AT, A0 and A~ are isospin 3/2 particles (T3 = 3/2, 1/2,
—1/2 and —3/2 respectively) with baryon number 1. They are produced
by strong interactions in 7-nucleon collisions. Compare the probability of
producing A** in 7P — A+t with the probability of producing A° in
P — AL



Chapter 6

Roots and Weights

Now we are going to generalize the analysis of the representations of the
SU(2) algebra to an arbitrary simple Lie algebra. The idea is simple. First,
we do what we always try to do in quanturmn mechanics — find the largest
possible set of commuting hermitian observables and use their eigenvalues to
label the states. In this case, our observables will be the largest set of hermi-
tian generators we can find that commute with one another, and can therefore
be simultaneously diagonalized. Their eigenvalues will be the analog of J3.
The rest of the generators will be analogous to the raising and lowering op-
erators in SU(2). We will find that every raising operator corresponds to an
SU(2) subgroup of the Lie algebra, and then we can use what we know about
SU(2) to learn about the larger algebra.

6.1 Weights

We want the largest possible set of commuting hermitian generators because
we want to diagonalize as much as possible. A subset of commuting hermi-
tian generators which is as large as possible is called a Cartan subalgebra.
It will turn out that the Cartan subalgebra is essentially unique, in that any
one we choose will give the same results.

In a particular irreducible representation, D, there will be a number of
hermitian generators, H; for i = 1 to m, corresponding to the elements of the
Cartan Subalgebra called the Cartan generators satisfying

Hi=H!, and [H;H;]=0. 6.1)

The Cartan generators form a linear space. Thus we can choose a basis in
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which they satisfy
Tr (HlH]) = kD(Sij fort,7=1tom (6.2)

where & is some constant that depends on the representation and on the nor-
malization of the generators. The integer m, the number of independent Car-
tan generators, is called the rank of the algebra.

Of course, the point is that the Cartan generators can be simultaneously
diagonalized. After diagonalization of the Cartan generators, the states of the
representation D can be written as |u, z, D) where

Hil/,l,,ﬂf,D) :/Ji“l,,ﬂi,D) (63)

and z is any other label that is necessary to specify the state.

The eigenvalues p; are called weights. They are real, because they are
eigenvalues of hermitian operators. The m-component vector with compo-
nents p; is the weight vector. We will often use a vector notation in which

a-p=a;u; and a? = a0 (6.4)

6.2 More on the adjoint representation

The adjoint representation, defined by (2.27), is particularly important. Be-
cause the rows and columns of the matrices defined by (2.27) are labeled by
the same index that labels the generators, the states of the adjoint representa-
tion correspond to the generators themselves. We will denote the state in the
adjoint representation corresponding to an arbitrary generator X, as

| Xa) - (6.5)

Linear combinations of these states correspond to linear combinations of the
generators —

alXo) + B1Xp) = |aX, + BXy) - (6.6)
A convenient scalar product on this space is the following:’
(XalXp) = A7 Tr (X1X3) (67)

(X is what we called kp for the adjoint representation — see (2.37)). Now
using (6.6) and (2.27), we can compute the action of a generator on a state,
as follows:
XolXp) = |XC> (Xl XalXp) = | Xc) [Ta]cb = —1 facb| Xc)
= ifabchc> = !7; fachc> = ‘[Xa,XbD .

'We need the dagger because we will be led to consider complex linear combinations of
the generators, analogous to the raising and lowering operators for SU(2).

(6.8)
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6.3 Roots

The roots are the weights of the adjoint representation. Because [H;, H;] =
0, the states corresponding to the Cartan generators have zero weight vectors

H;|H;) = |[H;, Hj]) =0 (6.9

Furthermore, all states in the adjoint representation with zero weight vectors

correspond to Cartan generators. Because of (6.2), the Cartan states are or-
thonormal,

(HilHj> = /\_ITI‘(HiHj) = (51;,' (6.10)

The other states of the adjoint representation, those not corresponding to

the Cartan generators, have non-zero weight vectors, o, with components o,

H;i|Ea) = oi| Eq) (6.11)
which means that the corresponding generators satisfy
[Hi, Ea] = aiEa (612)

It will turn out (and we will prove it below) that for the adjoint representation,
the non-zero weights uniquely specify the corresponding states, so there is no
need for another parameter (like z in (6.3) in the arbitrary representation D).
Like the SU(2) raising and lowering operators, the E, are not hermitian.
They cannot be hermitian because we can take the adjoint of (6.12) and get

[H;, Bf] = -] (6.13)

thus we can take
El=E_,. (6.14)
This should remind you of the raising and lowering operators J* and J~ in

SU(2).

States corresponding to different weights must be orthogonal, because
they have different eigenvalues of at least one of the Cartan generators. Thus
we can choose the normalization of the states in the adjoint representation
(that is, the generators) so that

(BalBg) = AT (ELBp) = bap (= [] b)) (6.19)

The weights «; are called roots, and the special weight vector o with compo-
nents ¢; is a root vector.
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6.4 Raising and lowering

— The E.., are raising and lowering operators for the weights, because the
state By, |u, D) has weight p + o —

H;E.,|p, D) = [H;, Exqo) |, D) + ExoHijp, D) = (4 £ a);Exolpt, D) .
(6.16)
At this point, we have no notion of positivity, so it doesn’t make sense to ask
which is raising and which is lowering. But we will introduce this later.
Equation (6.16) is true for any representation, but it is particularly impor-
tant for the adjoint representation. To see why, consider the state Eq|E_q).
This has weight & — a = 0, thus it is a linear combination of states corre-
sponding to Cartan generators. This in turn implies that [E,, E_,] is a linear
combination of Cartan generators:

FalB-o) = B |H)) = |6.H) = |8 H) = [[Ba, B-a)) . (6.17)
But we can actually compute 3 —

gi = (Hi’EalE—a>
= A"1Tr (H; [Ey, E_4]) this follows from (6.8)

= A"UTr (B_a [Hi, Bo]) from the cyclic property of T o)

=Ala; Tr(E_oE,)  from (6.12)
= q; from (6.15).
Thus
[Ex,E_o)=a-H. (6.19)

This should remind you of the SU(2) commutation relation [J*, J~] = J;.
It is this analogy that we will exploit to learn about the compact Lie groups
and their representations.

6.5 Lotsof SU(2)s

For each non-zero pair of root vectors, +a, there is an SU(2) subalgebra of
the group, with generators

E* = |o| ' Ezq

E3;=la]%a-H. (6:20)
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To see this, note that

[E3, E*] = |a| 3 - H, E+4] 6.21)
=la|%a- (£a)Eiq = £|o| 'Eiq = £E* ’
and from (6.19)
[E*,E7] = |a|™?[Ea, E—0]

=lo|"%2a- H = E3. (622)

We know on general grounds that the states of each irreducible represen-
tation of the full algebra can be decomposed into irreducible representations
of any one of these SU(2) subalgebras, and we already know everything
about the irreducible representations of SU(2). This puts very strong con-
straints on the nature of the roots. For example, we can now easily prove that
the root vectors correspond to unique generators. Suppose the contrary, so
that there are two generators, E, and E/,. We can choose linear combina-
tions of these two so that they are orthogonal in the adjoint representation (1
will use the same names for the two generators, assuming that I chose them
to be orthogonal from the beginning, just to avoid useless notation) — thus
we can write

(Ea|Eh) = AV Tx (ELEL) = 371 Tr (B_oE}) =0. (6.23)

Consider the behavior of the state | E.,) under the action of the SU(2) subal-
gebra (6.20). E~|E],) has zero weight vector, and thus it is a linear combina-
tion of Cartan states. But

(Hi|E™|E,) = A" Tx (H; [E™, By])
= —\"VTr (B~ [H;, EL)) (6.24)
= —ai/\"1 Tr (EAE—) =0

for all 4, and thus the coefficient of every Cartan state in E~|E.) vanishes,

and therefore
E"|E)) =0. (6.25)

But we also have
Es|E,) = |o|%a- HIE,) . = |E,). (6.26)

Equations (6.25) and (6.26) are inconsistent, because (6.25) implies that | E7,)
is the lowest J3 state in an SU(2) representation, and (6.26) implies that it
has J; = 1. But the lowest J3 state of an SU(2) representation cannot have
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positive J3 — the J3 value is always —7 for a non-negative half integer j.
Thus E/, cannot exist, and we have shown, as promised, that | E,) is uniquely
specified by a — no other labels are required.

In fact, if o is a root, then no non-zero multiple of o (except —a) is a
root. To see this, note that the three states | E3) and |E*) form a spin 1 repre-
sentation of the algebra (6.20), because they form the adjoint representation.
Now suppose ka a root for k # +1. Clearly, k must be a half-integer, be-
cause the E3 value of the corresponding state must be a half integer. But if &
is an integer not equal to %1, the state is part of a representation that contains
another state with root «, which is impossible, by the argument we just gave.
And if k is half an odd integer, then there is a state with root /2, and we can
repeat the argument using the SU(2) associated with that generator and get a
contradiction in the same way.

6.6 Watch carefully - this is important!
More generally, for any weight p of a representation D, the E3 value is
a .
E3]H,$7D) = 7&2_!11'“,‘7;’1)) (6.27)

Because the E3 values must be integers or half integers,

20

éu is an integer. (6.28)
«

The general state |u, z, D) can always be written as a linear combination
of states transforming according to definite representations of the SU(2) de-
fined by (6.20). Suppose that the highest spin state that appears in the linear
combination is j. Then there is some non-negative integer p such that

(E*)P |u,z, D) #0 (6.29)

with weight s+ p o is the highest Fj3 state of the SU(2) spin j representation,
so that

(E*)?*' |u,z,D) = 0. (6.30)
The E3 value of the state (6.29) is
alutpa) _xb, (6.31)
(63 8%

Likewise, there is some non-negative integer g such that

(E7)?|u,2,D) #0 (6.32)
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with weight 11 — g o is the lowest E3 state of the SU(2) spin j representation,
so that

(E7)" |u,z,D) = 0 (6.33)

and the E5 value of the state (6.32) is

a-(p—gqa) _a-p :
- = : (6.34)

Adding (6.31) and (6.34) gives

200 -
2l p—q=0 (6.35)
(04

or
- 1
L= __(p—q). 3
=30~ (6.36)

We will refer to (6.36) as the “master formula”. The relations (6.31), (6.34)
and (6.36) are the basic relations that lead to a geometrical classification of
all the compact Lie groups. They don’t look like much, but when we augment
them with some geometrical intuition, we can exploit them to great effect, as
you will see.

Here is a simple first step. Applying (6.36) to the roots gives a particu-
larly strong constraint, because we can apply it twice for any pair of distinct
roots,  and (. Defining the SU(2) algebra with F,, gives

af_ 1.
= —-a). (637)

Defining the SU(2) algebra with Ejs gives

. 1 .
@ﬁTa =50 -4d). (6.38)

Multiplying these gives a remarkable formula for the angle 8,43 between the
roots « and G-

2 _ '
(6;252) _ Q)EIP 7). (6.39)

cos? Opp =

What is remarkable about this is that (p — q)(p’ — ¢') must be an integer, so
(because it must be non-negative) there are only four interesting possibilities
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(up to complements) for angles between roots!

p-90 -q) Oap
0 90°
1 60° or 120° (6.40)
2 45° or 135°
3 30° or 150°

The possibility (p — q)(p’ — ¢') = 4, corresponds to 0° or 180° — neither
is interesting. 0° is already ruled out by our theorem on uniqueness. 180°
is trivial because roots always come in pairs with opposite signs, both in the
same SU (2) subgroup.

Problems

6.A. Show that [E,, Eg] must be proportional to E, . What happens
if a + 3 is not a root?

6.B. Suppose that the raising lowering operators of some Lie algebra

satisfy
[Ea,Egl = N Eqyip

for some nonzero N. Calculate

[Em E—a—ﬁ ]
6.C. Consider the simple Lie algebra formed by the ten matrices:
Oq O,T1 0473 T2

for a = 1 to 3 where o, and T, are Pauli matrices in orthogonal spaces (see
problem 3.E). Take H; = o3 and Hy = o373 as the Cartan subalgebra. Find
(a) the weights of the four dimensional representation generated by these
matrices, and

(b) the weights of the adjoint representation.

Hint: Although you have enough information to do the problem after read-
ing this chapter, it may be easier after you have seen the example of SU(3)
worked out in the next chapter.



Chapter 7

SU(3)

After SU(2) the most important algebra in particle physics is SU(3). Maybe
it is more important. I’m not sure. SU(3) is the group of 3 x 3 unitary
matrices with determinant 1 (again, as in (3.30), the U stands for “unitary”
and the S stands for “special”, which means determinant 1).

7.1 The Gell-Mann matrices

SU (3) is generated by the 3 x 3 hermitian, traceless matrices. There are vari-
ous ways of seeing that the tracelessness constraint is what gives determinant
1. If we exponentiate the hermitian generators to get unitary matrices

Ula) = el@aXe (7.1)

we can compute the determinant in any basis. In particular, if we diagonalize
aa.Xa,
Va,X,V'=D (7.2)

where D is diagonal, we have

det(U(a)) = det(e!P) = H Plii = gD = i TraaXa (7.3)
J

Thus if Tr o, X, = 0, the determinant is 1.
The standard basis for the hermitian 3 x 3 matrices in the physics litera-
ture is in terms of a generalization of the Pauli matrices, called the Gell-Mann
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matrices:

01 0 0 —2 0
AM=11 00 =11 0 0

0 0 0 0 0 O

1 0 O 0 0 1
A3=1[0 =1 0 M=10 0 O

0 0 O 1 00

0 0 —2 0 0 O (7.4)
Ads=110 0 O =10 0 1

1 0 0 010

0 0 O (1 0 O )
M=[10 0 —i| X==-={01 0

0 2z O v 0 0 -2

These are generalizations of the Pauli matrices in the sense that the first three
Gell-Mann matrices contain the Pauli matrices acting on a subspace:

/\az(%“ 8) fora=1to3 (1.5)

You can imagine that we could go on and construct 4 x 4 matrices that contain
these 3 x 3 matrices in the same way, and so on.
The SU(3) generators are conventionally defined by

1
T, = =Xa (7.6)
2
and they satisfy
1
Tt (ToTh) = 50w (1.7

Clearly, T, for a = 1 to 3 generate an SU(2) subgroup of SU(3).
This is sometimes called the isospin subgroup, for reasons that will become
apparent when we discuss SU(3) as an approximate symmetry of the strong
interactions — where this subgroup is in fact Heisenberg’s isospin. It is con-
venient to put T3 in the Cartan subalgebra. There is one generator, T3, that
commutes with T3, so we put it in the Cartan subalgebra as well, and take

H,=T;3 Hy, =Ty (7.8)
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7.2  Weights and roots of SU(3)

The weights of this representation are easy to find because 73 and Ty are
already diagonal

5 0 0 1 0 0
2
T3=<0 -3 0) T8=‘/?§(0 1 0) (7.9)

0 0 0 00 -2

The eigenvectors, and associated weights are

1
0} — (1/2,V3/6)

0

0

1| = (=1/2,v3/6) (7.10)
0

0

0] — (0,—v3/3)

1

These vectors, plotted in a plane, form the vertices of an equilateral triangle

4
H>
(—1/2,v/3/6) *(1/2,v3/6)
(7.11)
Hl —
¢ (0> —\/—3—/3)

The roots are going to be differences of weights, because the corresponding
generators must take us from one weight to another. It is not hard to see that
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the corresponding generators are those that have only one off-diagonal entry:

1 .

7 (Ty £iT%) = E+10
1 :

o5 (T £iTs) = By (7.12)
1 )

2 (Ts +£iT7) = E12,5v3)2

where the = signs are correlated. The roots form a regular hexagon, plotted
here along with the two elements of the Cartan subalgebra in the center:

"
H,

(7.13)

37
[ ]

1!
L&)

Hl—}

Problems

7.A. Calculate f147 and fy58 in SU(3).

7.B. Show that Ty, T, and T3 generate an SU(2) subalgebra of SU(3).
Every representation of SU(3) must also be a representation of the subalge-
bra. However, the irreducible representations of SU(3) are not necessarily
irreducible under the subalgebra. How does the the representation generated
by the Gell-Mann matrices transform under this subalgebra. That is, reduce,
if necessary, the three dimensional representation into representations which
are irreducible under the subalgebra and state which irreducible representa-
tions appear in the reduction. Then answer the same question for the adjoint
representation of SU(3).
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7.C. Show that Ao, A5 and A7 generate an SU(2) subalgebra of SU(3).
Every representation of SU(3) must also be a representation of the subalge-
bra. However, the irreducible representations of SU(3) are not necessarily
irreducible under the subalgebra. How does the representation generated by
the Gell-Mann matrices transform under this subalgebra. That is, reduce,
if necessary, the three dimensional representation into representations which
are irreducible under the subalgebra and state which irreducible representa-
tions appear in the reduction. Then answer the same question for the adjoint
representation of SU (3).



Chapter 8

Simple Roots

What we need to complete the analogy between SU(2) and an arbitrary sim-
ple Lie algebra is a notion of positivity for the weights. Then we can dis-
cuss things like raising and lowering operators, and the “highest weight” in
a meaningful way. What we want is a definition that ensures that every non-
zero weight is either positive or negative, and that if p is positive, —u is
negative and vice versa.

8.1 Positive weights

It is easy to find such a scheme — indeed, in a multi-dimensional space, there
are an infinite number. In some arbitrary basis for the Cartan subalgebra, the
components, 41, i42, - - -, of the weight are fixed. We will say that the weight
is positive if its first non-zero component is positive and that the weight is
negative if its first non-zero component is negative. While this depends on
the arbitrary basis, it does have the properties we want. Eventually, we will
see that the results will not depend on the basis, but for now, we will just fix
it and forget it.

For example, in SU(3), the 3 dimensional defining representation looks
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like this:

(-1/2,v3/6) . (1/2,v/3/6)

is negative is positive
H 1 —

(8.1)

1(0,~-1/V3)

is negative

The weight (0, —1/+/3) is negative because its first component is zero so the
sign is determined by the sign of the second component.
With this definition, we can define an ordering in the obvious way:

> v if yu — v is positive 8.2)

This allows us to talk about the highest weight in a representation.

In the adjoint representation, the positive roots correspond to raising op-
erators and the negative roots to lowering operators. The highest weight of
any representation has the property that we cannot raise it, so that all genera-
tors corresponding to positive roots must annihilate the corresponding state.

In the SU(3) adjoint representation, in our usual basis, the positive roots
are on the right and the negative on the left, as shown below:

T
Ho

e e,
negative | positive

negative A positive (8.3)
H, —

A
J

negative ositive
g. p [ ]
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8.2 Simple roots

But we don’t want to check all the roots if we don’t have to. Clearly, some
of the positive roots can be built out of others. So it makes sense to define
simple roots as positive roots that cannot be written as a sum of other positive
roots. We will then see that if a weight is annihilated by the generators of all
the simple roots, it is the highest weight of an irreducible representation. Fur-
thermore, from the geometry of the simple roots, it is possible to reconstruct
the whole algebra. The logic of this is fun and worth understanding in detail.
1 -— If a and 3 are different simple roots, then o — (3 is not a root. This is
true because one of them, say £, is larger, so that  — « is positive. But then
B is the sum of two positive roots, & and 8 — a.

2 — Because o — 3 is not a root

E_o|Bp) = E_g|Ea) =0 (8.4)

Then in the master formula (6.36)

e -9
a2 - 2 p q
the integer ¢ is zero. Similarly in
B-a _ 1, ’
7 5P =)
the integer ¢’ is zero. Thus
a-f _p B-a P’
= =5 7 =-5 (8.5)

Knowing the integers p and p’ for each simple root is equivalent to knowing
the angles between the simple roots, and their relative lengths because

] 2
vy’ g _p 8.6)

coslap = — 5 Ea_p’

3 — The angle between any pair of simple roots satisfies

s

5 <O<m 8.7
The first inequality follows from (8.6) because the cosine is less than or equal
to zero. The second inequality follows because all the roots are positive. Sim-
ple multidimensional geometry then implies that the simple roots are linearly
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independent. Here’s a proof — consider a linear combination of the simple
roots,

Y=Y Taa (8.8)

If all the coefficients have the same sign, then clearly, -y cannot vanish unless
all the coefficients vanish, because the « are all positive vectors. But if there
are some coefficients of each sign, we can write

Y=p-—v (8.9)
where u and v are strictly positive vectors,
un= Z ToO V= — Z Ty (8.10)
To >0 Ta<0

But the norm of -y cannot vanish because
(w=v)?2=p2+02=2u-v) > +12>0 (8.11)

where the last inequality follows from the fact (a - 3) < 0 for any pair of
simple roots, (8.6).

Thus no linear combination of the simple roots can vanish and they are
linearly independent.
4 — Any positive root ¢ can be written as a linear combination of simple
roots with non-negative integer coefficients, ko

p=) koo (8.12)

This is just logic. If ¢ is simple, this is true. If not, we can split it into two
positive roots and try again.

5 — The simple roots are not only linearly independent, they are complete,
so the number of simple roots is equal to m, the rank of the algebra, the
number of Cartan generators. If this were not true, then there would be some
vector £ orthogonal to all the simple roots, and therefore orthogonal to all the

roots. But then
[£-H,Eg] =0 forall roots ¢ (8.13)

Since ¢ - H also commutes with the other Cartan generators, it commutes with
all the generators and the algebra is not simple, contrary to assumption.

6 — Finally, we are in a position to construct the whole algebra from the
simple roots. For now, we will simply show how to determine all the roots.
We will find easier ways of doing this later, and also discuss how to construct
the actual algebra.
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We know that all the positive roots have the form
bp =) kac (8.14)
03

for non-negative integers, k,, where the integer k is

k=) ko (8.15)

If we can determine which ¢ are roots, we will have determined the roots in
terms of the simple roots. It is straightforward to do this inductively, using
the master formula.

All the ¢1’s are roots because these are just the simple roots themselves.
Suppose now we have determined the roots for k£ < £. Then we look at

Eq|de) (8.16)

for all &, which gives roots of the form ¢,,;. We can compute

2a- P

o2

—(p-q) (8.17)

But we will always know ¢, because we will know the history of how ¢, got
built up by the action of the raising operators from smaller £. Thus we can
determine p. If p > 0, then ¢, + « is a root.

Let’s illustrate this inductive procedure for £ = 1. In this case, we always
start with a simple root, ¢; = 3 where [ is a simple root. All the gs are zero

sO
2001 2a-8
a2 o2
Thus if « - 8 = 0, then p = 0 and « + 3 is not a root. Otherwise p > 0 and
a + [ is aroot.

The only way this procedure could fail to find a root is if there exists
some positive root ¢4 which is not the sum of a root ¢, and some simple
root. This is impossible, because if there were such a ¢.1, it would be an-
nihilated by all the E_,, (because E_,|¢,+1) if non-zero would be a ¢, state
and we could apply E, to it and get |¢p,1) back). Thus |¢,41) would have to
transform like the lowest weight state of all the SU(2) subalgebras associated
with the simple roots, which requires that the E3 values a - ¢¢11/a? < 0 for
all «. But then

(8.18)

¢%+1 = Z koo - ¢pp1 <0 (8.19)
[94
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which is a contradiction. Thus we always find all the roots ¢, by acting on
all the ¢, with all the simple roots. For SU (3), for example, the positive root
(1,0) is the sum of the other two, which are the simple roots

o' =(1/2,v3/2) o? = (1/2,—V3/2) (8.20)

as shown
T
Ho
simple
[} al
- q o' +o? (8.21)
H1 —
° a2
simple
We have
o =a?’ =1 ol a?=-1/2 (8.22)
thus L L
2" -« 200 -«
e = T = -1 (8.23)

and thus p = 1 for both a! acting on |a?), and vice versa. Thus a! + a? is a
root, but 2a! + o? and o' + 2a? are not.

8.3 Constructing the algebra

The procedure outlined above can give us more than a listing of the roots. We

can actually construct the entire algebra from the simple roots. Let us go back
to the derivation of the master formula, where we found in (6.31) and (6.34)

Q- . a .
—&—’f+p= 2B g=—j (8.24)

This follows because a state |u) with weight p in any irreducible representa-
tion must have some component that transforms under the largest spin repre-
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sentation of the SU(2) algebra associated with «, generated by (from (6.20))

E* = |a| 'Eiq 325

Es;=|o| %a-H

This largest spin is the 7 in (8.24). In general, |1) may also have lower spin
components, but j is the highest one. It must be there so that (E*)? |u)
transforms like a |7, 7) state, which is non-zero, but annihilated by another
E*, and (E~)™ |u) transforms like a |j, —7) state, annihilated by another
E~. Adding these two relations gives the master equation. But subtracting
them gives

p+q=2j (8.26)

Thus if we know p and ¢, we know the highest spin representation that over-
laps with the weight state.

If 12 is a root in the adjoint representation, the situation is even simpler.
Because we have already shown that each root appears only once in the ad-
joint representation, if we know p and ¢, and therefore j for a root 4 under
the action of the SU(2) associated with a simple root «, we can conclude that
|3) is the state with E3 = o - /a2 in the spin j representation,

18) = j,a - B/?) (8.27)

It is completely determined up to a phase. Thus we also know exactly how
E¥ acts, up to phases. Let’s see how this enables us to construct the algebra
in the example of SU(3). The root diagram looks like this:

T
H»

—al—a?, ool +a? (8.28)

&
3
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where
2 2
o =0 =1 ol a? =-1/2
al - o? al - a? 1
al? a2? 2

We already know that p = 1 and ¢ = 0 for both o acting on |a?), and vice
versa. We already know how the Cartan generators commute with everything.
So we just need the commutation relations of the raising and lowering oper-
ators. Let’s begin by explicitly constructing the raising operator, E,1 2.

Since p + g = 1, we have j = 1/2 and therefore, if we look at the a! raising
operator
E+|Ea2> = |all_1Ea1lEa2>
= E,|Ey:) = |[Eqt, Egz])
1 (8.29)
= B 11/2, -1/2) = E[l/zv 1/2>
1
= ETNEaHLa?)

where 7 is a phase. This may need some explanation. The |E,2) state is
properly normalized, by assumption, and it corresponds to the |1/2, ~1/2)
state under the o SU(2) (the E3 value is ot -a?/a12 = —1/2). Acting on it
with the raising operator E* tells us what the correctly normalized [1/2,1/2)
state is. But this, up to a phase, which we called 7, must be the properly
normalized state | E 41, 42). Putting all this together, and choosing 7 = 1 by
convention, we have

|Egtiq2) = \/il[Eal,Eaz]) (8.30)

and thus

Egiio2 = V2[Es, Eye) (8.31)

Now that we have expressed the other positive root as a commutator of
the simple roots, we can compute any commutator just using the Jacobi iden-



8.4. DYNKIN DIAGRAMS 111

tity. For example
[E_al ) E 1+a2]
= \/_[ _ats [Bats Eg2]]
= V2[[E_g1,Eq1], Ey2) (8.32)
=2 [—al “H, Ea2]

1
7§Ea2
We already knew this, because we are just moving back down the SU(2)
representation. Here’s another, slightly more interesting:

= —'\/5011 . 012Ea2 =

[ a2 Eat +a2]
\/_[ —a?s [ alan2]]
\/_[ [ —a?;s Eaz]]

(8.33)
=2 [Ea1,—a2 . H]
=2 [a2 . H,Ea1]
1

= \/5(11 . a2Eal = _EEQI

The interesting thing here is the phase — which is determined to be a — sign.
8.4 Dynkin diagrams

A Dynkin diagram is a short-hand notation for writing down the simple roots.
Each simple root is indicated by an open circle. Pairs of circles are connected

by lines, depending on the angle between the pair of roots to which the circles
correspond, as follows:

(=D if the angle is 150° (8.34)

(O if the angle is 135°

O—(O if the angle is 120°

O (O if the angle is 90°
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The Dynkin diagram determines all the angles between pairs of simple roots.
This doesn’t quite fix the roots, because there may be more than one choice

for the relative lengths. We will come back to that later.
O is the diagram for SU (2)

(O is the diagram for SU(3)

8.5 Example: G,
Suppose that an algebra has simple roots
ol =(0,1) o =(V3/2,-3/2)

This is an allowed pairing, because

a? =1 o??=3
al-a?=-3/2
1,2 1,42
2aa1-2a __3 2aa2'2a -1
The angle between the two roots is determined by
cosf,142 = —ﬁ 0142 = 150°

2

Thus this corresponds to the Dynkin diagram

=0
This algebra is called G5.

8.6 The roots of G2

(8.35)

(8.36)

(8.37)

(8.38)

For E,1 acting on |a?) we have p = 3. For E,: acting on |a!) we have

p = 1. Thus
ol +a? 20! +a? and 3ol +o?

are all roots but
o' +20® and 40! + o?

(8.39)

(8.40)
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are not. In terms of ¢, in (8.14) we have
o =al + a? g3 =2al + o ¢y=3al + a? (8.41)

We know that the ¢ state is unique from the general properties of simple
roots. The ¢ state is unique because o + 22, the only other state that could
be obtained by acting on ¢s, is not a root. To see whether there is another ¢4
state, we must check whether 2! + 22 is a root, that is, whether it can be
obtained by acting on ¢3 with a simple root, which must be o?.

202 (20! +a?)  —6+6
a?? 3

But ¢ = 0 because 2! is not a root, and thus p = 0, so 2a’ + 20 is not a
root. Actually, we could have come to this conclusion more simply by noting
that 20! + 202 = 2(a! + o?) which is twice the root a! + o2, but we proved
in the discussion after (6.26) that no multiple of a root can be a root.

Now to get the @5 states, note that we already know that 4o’ + o is not
a root, so we need only check 3a' + 2a2.

20?2 (3a' +a?)  -9+6
a?? -3

Again, ¢ = 0, thus p = 1 and ¢5 = 3! + 2a? is a root. Because p = 1, we
also know that 3a! 4 3a? is not a root, so to check for ¢, we need only look
at 4o + 202

2a' - (3a! +2a%)  6-—6

al? 1

0=—-(p—q (8.42)

-1=-(p—q) (8.43)

g = 0 because 2a! + 22 is not a root, so we are finished (again, we could
has just used the fact that 2a! + o is a root to see that 4! + 2a? is not), and
the roots look like this:

—a?e [}2 ®3a! +a?
L L
—al ~a*e ® 20! + o?
—3ql — 942 1 2
3a 2a . {) _ Jat +2a (8.45)
H1 -
—2al —a2e eql 4 a2
—ale
—3al —a’e ® 2
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What we did can be summarized in the following diagram:

T

[ J H2

LY
®

. 7 8.46
® s (8.46)

®

.
° a

8.7 The Cartan matrix

There is a useful way of keeping track of the integers p* and ¢* associated
with the action of a simple root o on a state |¢) for a positive root ¢ that
eliminates the need for tedious geometrical calculations. The idea is to label
the roots directly by their ¢* — p* values. The gt — p* of any weight, p, is
simply twice its F3 value, where E3 is the Cartan generator of the SU(2)
associated with the simple root o?, because

2H - o 2 - o

2Bs|p) = —7—Im) =

e (¢ = #") I (8.47)

Because the of are complete and linearly independent, the ¢* — p* values for
the weights contain the same information as the values of the components of
the weight vector, so we can use them to label the weights. The advantage of
doing so is that it will make very transparent the structure of the representa-
tions under the SU (2)s generated by the simple roots.

Since a positive root, ¢, can be written as ¢ = Zj kjaj , the master
formula can be written as

i i
qg —p 2

2 (8.48)
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where A is the Cartan matrix

A = 207 - o
Ji= ;2

a’L

(8.49)

The matrix element A;; is the g — p value for the simple root o' acting on the
state |a’), twice the E3 value, thus all the entries of A are integers. The di-
agonal entries are all equal to 2. This is obvious from the definition, and also
from the fact that the simple roots have E3 = 1 because the SU(2) generators
themselves transform like the adjoint, spin 1 representation. The off-diagonal
entries, all 0, —1, —2 or —3, record the angles between simple roots and their
relative lengths — the same information as the Dynkin diagram, and they tell
us how the simple roots fit into representations of the SU(2)s associated
with the other simple roots. It is easy to see that the Cartan matrix is invert-
ible because the o are complete and linearly independent. Note that the jth
row of the Cartan matrix consists of the g; — p; values of the simple root
o,

For SU(3), the Cartan matrix looks like

2 -1
(_1 9 ) (8.50)
For the G, algebra we have just analyzed, it looks like
2 -1
( _3 9 ) (8.51)

8.8 Finding all the roots

We now show how to use the Cartan matrix to simplify the procedure of
building up all the roots from the simple roots. When we go from ¢ to ¢ + o/
by the action of the raising operator E,;, this just changes k; to k; + 1, and
thus ¢ — p* to ¢* ~ p* + Aj;.

kj - k?J +1
ST (8.52)
¢ —p' = q -p'+Aj

If we think of the ¢* — p* as the elements of a row vector, this is equivalent to
simply adding the jth row of the Cartan matrix, which is just the vector ¢ — p
associated with the simple root o7. This allows us to streamline the process
of computing the roots. We will describe the procedure and illustrate it first
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for SU(3). Start with the simple roots in the ¢ — p notation. We will put each
in a rectangular box, and arrange them on a horizontal line, which represents
the k = 1 layer of positive roots — that is the simple roots.

=1 3

It is convenient to put a box with m zeros, representing the Cartan generators,
on a line below, representing the k = 0 layer.

- @354
k=0 H,

Now for each element of each box we know the ¢* value. For the ith element
of af, ¢¢ = 2, because the root is part of the SU(2) spin 1 representation
consisting of E,: and o - H. For all the other elements, ¢/ = 0, because
a* — o is not a root.

=20 0 2

k=1 ®59)
k=0 H;

Thus we can compute the corresponding p’.

pP=01 10

k=1 ®50
k=0 P2

Since the ith element of o is 2 (because it is a diagonal element of A), the
corresponding p’ is zero (of course, since 2c in not a root). For all the
others, p is just minus the entry. For each non-zero p, we draw a line from
the simple root to a new root with & = 2, on a horizontal line above the
k = 1 line, obtained by adding the appropriate simple root. The line starts
above the appropriate entry, so you can keep track of which root got added
automatically. You can also draw such lines from the £ = O layertothe k = 1
layer, and the lines for each root will have a different angle. You then try to
put the boxes on the £ = 2 layer so that the lines associated with each root
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have the same angle they did between the 0 and 1 layer. These lines represent
the action of the SU(2) raising and lowering operators.

P= 00
g= 11
k=2
k=1 (8.57)
k=

The procedure is now easy to iterate, because everything you need to know
to go from k = £ to k = £ + 1 is there in your diagram. At each stage, you
compute p by subtracting the element of the vector from the corresponding g.
For SU (3), the procedure terminates at k& = 2, because all the ps are zero.

Clearly, we could have continued this diagram farther down and shown
the negative roots in the same way.

k=2
k=1
k=0 (8.58)
k=-1
k=-2

8.9 The SU(2)s

The transformation properties of the roots under the two SU(2)s should be
obvious from (8.58). In fact, instead of thinking about p and ¢, we can just
see how each Ej3 value fits into an SU(2) representation. Then the process
terminates as soon as all the SU(2) representations are completed. This is
equivalent to actually computing the ps and gs, because we got the master
formula by thinking about this SU(2) structure anyway, but it is much faster
and easier.
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Let us illustrate this with the diagram for G:

k=5
k=4
k=3
k=2
k=1 8.59)
k=0

The argument in terms of the SU(2) structure goes as follows. We know
that the simple roots o' = and o? = [ —3 2 | are the highest weights of
spin 1 representations for their respective SU(2)s. | 2 —1 | must be the bottom

of a doublet under o, because of the —1, and [ -32 [ is the bottom of a spin
3/2 quartet under o! because of the —3. So we just follow these up to the

end, making sure that each root fits happily into representations under all the
SU(2)s. is fine because it is the top of the o doublet and in the o'

quartet. is fine because it is an o singlet and in the o} quartet.
finishes the o! quartet and starts a new a? doublet. And finally, finishes
the a? doublet and is an a! singlet, so it doesn’t start anything new, and the
process terminates.

8.10 Constructing the G, algebra

We will do another example of this procedure later. Now let’s stay with G5
and construct the algebra. The two relevant raising operators are

1
Ef=E, Ef= ﬁEa'z (8.60)

Start with the | E,2) state. We know, because p = 3 and g = 0 or by looking at
the roots in (8.59) that it is the lowest weight state in a spin 3/2 representation
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of the o SU(2). Call it
|Ea2> = 13/27—'3/27” (8.61)

Then applying the o raising operator

I[Eal ; Ea2]>

= \/33/2, -1/2,1) (8.62)
3
2 lEa1+a2>

The last line is a definition, in that it involves a phase choice, but the con-
struction using the raising operator guarantees that we have the normalization
right. Applying the raising operator again gives

|[Eal7 [Eal ’ Ea2]]>

- z\/g 13/2,1/2,1) (8.63)
= \/6 lE2al+a2>

and a third time gives

[Eal’ [Eala [E Eaz]]]

\/—f|3/2 3/2,1) (864
=3 IE3a1+a2>

=3|1/2,-1/2,2)
where we have written the last line because this is also the lowest weight state

of spin 1/2 representation of the o? SU(2). Then applying the o raising
operator gives

” a?s [E L [Ea19[E I’Ea2]]]]>

= 3\/_\/— 11/2,1/2,2) (8.65)

= % |E3a1+2a2>

Putting this all together, we have expressions for all the positive roots in
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terms of the generators associated with the simple roots:

1
E =1/=[E 1, [E,1, E
2al4a? j;[ alv[ als az]] (8.66)
EB:le—HJz2 = § [Eal 3 [Eal’ [Ea17 Ea?]]]

E3a1+2a2 = [Ea2 [E 1y [Eal» [Ea13Ea2]]]]
This is enough to determine all the commutation relations by just repeatedly

using the Jacobi identity. For example, let’s check that the o' lowering oper-
ator acts as we expect. For example

E_o1,Eq1 o]
\/7[E—a1 [Eats Eqe]]
§ [[E—-al ’ Eal] aEaZ] (8.67)

2
—\/:[a - H, E,2|
2
=—\/§a“azEa2 =37

This is what we expect for a lowering operator acting on |3/2, —1/2) state.
The other relations can be found similarly. The general form involves some
multiple commutator of negative simple root generators with a multiple com-
mutator of positive simple root generators. When these are rearranged using
the Jacobi identity, the positive and negative generators always eat one an-
other in pairs, so that in the end you get one of the positive root states, or one
of the negative root states or a Cartan generator, so the algebra closes.

8.11 Another example: the algebra C;

Let’s Jook at the algebra corresponding to the following Dynkin diagram

1 2 3
5 &8 @o
where ) ) )
at =a* =1 39 =2 (8.69)
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2 -1 0
-1 2 -1 (8.70)
0o -2 2

Then the construction of the positive roots goes as follows:!

The Cartan matrix is

200

8.71)

0 00

This algebra is called C3. It is part of four infinite families of simple
compact Lie algebras, called the classical groups. We will discuss them all
later.

8.12 Fundamental weights

Suppose that the simple roots of some simple Lie algebra are o/ for j =
1 to m. The highest weight, u, of an arbitrary irreducible representation, D
has the property that u + ¢ is not a weight for any positive root, ¢. From the
preceding discussion, it is clearly sufficient that u + o’ not be a weight in the
representation for any 7, because then

Euilp) =0Vj (8.72)

which implies that all positive roots annihilate the state, because any positive
root can be expressed as a multiple commutator of simple roots. We will
see soon that this is an if and only if statement, because an entire irreducible

"Here, because the group is rank 3, we are projecting a three dimensional root space onto
two dimensions — for groups of higher rank, these diagrams can get quite busy.
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representation can be constructed by applying lowering operators to any state
with this property. So if (8.72) is true, then u is the highest weight of an
irreducible representation. This means that for every E,; acting on |u), p =
0, and thus A

v R ¢ (8.73)

where the ¢/ are non-negative integers. Because the os are linearly indepen-
dent, the integers £ completely determine . Every set of £7 gives a . which
is the highest weight of some irreducible representation.

Thus the irreducible representations of a rank m simple Lie algebra can
be labeled by a set of m non-negative integers, /. These integers are some-
times called the Dynkin coefficients.

It is useful to consider the weight vectors, p7, satisfying

207 - pk
—— = i 8.74)
ol

Every highest weight, 4, can be uniquely written as
m . .
p=> 0y (8.75)
=1

We can therefore build the representation with highest weight i by construct-
ing a tensor product of £! representation of highest weight u!, £2 with highest
weight 112, and so on. This representation will generally be reducible, but we
can always then pick out the representation u by applying lowering operators
to |).

The vectors y? are called the fundamental weights and the m irreducible
representations that have these as highest weights are called the fundamental
representations. We will sometimes denote them by D7. Remember that
the superscripts are just labels. The vectors also have vector indices. It’s
potentially confusing because both run from 1 to m.

There is more to say about the Dynkin coefficients. Since the fundamen-
tal weights form a complete set, we can expand any weight of any representa-
tion in terms of them, as in (8.75). Then we can run the argument backwards
and get (8.73) which implies that for a general v,

O=g —p (8.76)

that is #7 is the ¢’ — p7 value for the simple root o. Thus the matrix elements
of the vectors we were manipulating in constructing the positive roots of var-
ious algebras were just the Dynkin coefficients of the roots (though of course,
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for a general weight or root, the Dynkin coefficients will not necessarily be
positive). In particular, the highest box in the construction is just the highest
weight in the adjoint representation. The rows of the Cartan matrix are the
Dynkin coefficients of the simple roots. Later, we will use a similar analysis
to discuss arbitrary representations.

8.13 The trace of a generator

This is a good place to prove a theorem that we will see often in examples,
and that will play a crucial role in the discussion of unification of forces:

Theorem 8.9 The trace of any generator of any representation of a compact
simple Lie group is zero.

Proof: It suffices to prove this in the standard basis that we have developed
in chapter 6 and this chapter, because the trace is invariant under similarity
transformations. In the weight basis, every generator is a linear combination
of Cartan generators and raising and lowering operators. The trace of raising
or lowering operators is zero because they have no diagonal elements. The
Cartan generators can be written as linear combinations of & - H , because
the simple roots, &*, are complete. But each &* - His proportional to the
generator of an SU(2) subalgebra and its trace is zero because every SU(2)
representation is symmetrical about O — the spin runs from —j to j. Thus
the Cartan generators have zero trace and the theorem is proved.

Problems

8.A. Find the simple roots and fundamental weights and the Dynkin di-
agram for the algebra discussed in problem (6.C).

8.B. Consider the algebra generated by o, and o,7; where o, and 7, are
independent Pauli matrices. Show that this algebra generates a group which is
semisimple but not simple. Nevertheless, you can define simple roots. What
does the Dynkin diagram look like?

8.C. Consider the algebra corresponding to the following Dynkin dia-
gram
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where
o’ =a? =2 o3t =1
Note that this is similar to Cs in (8.68), but the lengths (and relative
lengths) are different. Find the Cartan matrix and find the Dynkin coefficients
of all of the positive roots, using the diagrammatic construction described in
this chapter. Don’t forget to put the lines in the right place — this will make

it harder to get confused.



Chapter 9

More SU (3)

In this chapter, we study other irreducible representations of SU(3) and in
the process, learn some useful general things about the irreducible represen-
tations of Lie algebras.

9.1 Fundamental representations of SU (3)

Label the SU(3) simple roots as

(1/2,V3/2)
(1/2’ _\/5/2)

ol
o.1)

Ol2

Then we find the /ﬂ the highest weights of the fundamental representations,
by requiring that p* - o/ = 01if 7 # 5

it = (@', ¥)
ptof = (a' F V3b)/2 9.2)
= a' = +V/3b

and then normalizing to satisfy (8.74) which gives

pt = (1/2,v/3/6)

u? = (1/2,-V3/6) )

125 DOI: 10.1201/9780429499210-10
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! is the highest weight of the defining representation generated by the Gell-
Mann matrices —

T
Hy

(=1/2,v/3/6) *(1/2,/3/6)
H1 —

1(0,—V3/3)

We can also write it in the ¢ — p notation. In fact, we can use the properties of
the lowering operators in the g—p notation to construct all weights by working
down from the highest weight. p! is associated with the vector (1,0), and in
the graphical notation in which the simple roots look like

9.4

it looks like this
9.5

The highest weight is the top of an o! doublet. Subtracting o' gives —

[2 -1 ] = [ —1 1| thus because the second entry is a 1, and there is no state
above it in the o direction, it is the top of an o doublet. Subtracting o
gives ljl 1 I—l —-12 ] = [0 -1 ], so the series terminates and the weights are

ul ul ot pl—al —a? (9.6)
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There are many ways of obtaining the representation 2, or (0,1). The
most straightforward way to construct it from scratch is to use the ¢ — p
notation, starting with the highest weight, and working downwards in the
SU(2) representations:

9.7
so the weights are
,u2 ,uz o2 ,uz —al—al (9.8)
or
(1/2,—V3/6) (0,V3/3) (-1/2,~V3/6) 9.9)
so in the H; plane, these look like
T
Hy
[ ]
(9.10)
H1 —
[ ] [ ]

9.2 Constructing the states

Do all of these weights correspond to unique states so that the representation
1s 3 dimensional? We strongly suspect so, since that was the case for the (1,0)
representation, and these two are clearly closely related. But we would like to
be able to answer the question in general, so let’s see how we might answer it
for a general representation. Suppose we have an irreducible representation
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with highest weight p. Then there will be one or more states, |u), and all the
states in the representation can clearly be written in the form

E¢1E¢2 Tt E¢n|ﬂ) (9.11)

where the ¢; are any roots. But any such state with a positive ¢ can be
dropped, because if a positive ¢ appears, we can move it to the right us-
ing the commutation relations until it acts on |u}), which give zero. So we can
take all the ¢; in (9.11) to be negative.

But since every negative root is a sum over the simple roots with non-
positive integer coefficients, we can take only states of the form

E—aﬁl E—aBZ o E_gpn |/-l'> (9.12)

where o are simple roots without losing any of the states.

Now it is clear if it wasn’t before that the highest weight state is unique.
If there were two states with the highest weight, the representation would
break up into two independent sets of the form (9.12) above, and it would not
be irreducible.

In addition, any state that can be obtained in only one way by the action
of simple lowering operators on |) is unique. This shows that all the states
in the (0,1) representation are unique.

This technique of starting with the highest weight state and builiding the
other states by the action of lowering operators actually allows us to build
the representation explicitly. We can compute the norms of the states (see
problem 9.A) and the action of the raising and lowering operators on the
states is built in by construction. We will not actually use this to build the
representation matrices, because there are usually easier ways, but we could
do it if we wanted to. The point is that all we need to do to construct the
representation explicitly is to understand the structure of the space spanned
by the kets in (9.12).

The first thing to notice is that two states produced by a different set of
E__;sin(9.12) are orthogonal. This is clear because the linear independence
of the a’s implies that the two states have different weights. But then they
are orthogonal because they are eigenstates of the hermitian Cartan generators
with different eigenvalues.

The norm of any state can be easily computed using the commutation
relations of the simple root generators. The norm has the form

(ﬂlEaﬁn cee Eaﬁz Eaﬁl E*aﬁ1 E_aﬁz vt E_aﬂn |/.L) (913)

The raising operators, starting with E s, can be successively moved to the
right until they annihilate |{u). On the way, they commute with the lowering
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operators, unless the roots are a positive and negative pair, in which case
the commutator is a linear combination of Cartan generators, which can be
evaluated in terms of x and the abfis, leaving a matrix element with one less
raising and lowering operator. This is a tedious, but completely systematic
procedure — you can easily write a recursive program to do it explicitly.

If two states in (9.12) have the same set of ;s but in a different order,
then they have the same weight. In this case, we must compute their norms
and matrix elements to understand the structure of the space. The matrix
elements can be calculated in the same way as the norm in (9.13) because
they have a similar structure:

(1| Eqrn -+ - Bora Ba1 B_py B_ gy -+ B_opn 1) (9.14)

where y; and §; are two lists of the same set of integers but in a different
order. Again, simply moving the raising operators to the right gives a com-
pletely systematic way of computing the matrix element.

Once you have the norms and the matrix elements, you can construct an
orthonormal basis in the Hilbert space using the Gram-Schmidt procedure.
For example, suppose that one weight space involves two states of the form
(9.12), |A) and |B). Then if

(A|B)-(B|A)=(A|A)(B|B) (9.15)

the two states are linearly dependent, and there is a single basis state that we
can take to be
|4)

—_—. (9.16)
(4] 4)

While if

(A B)-(B|A)#(A| A)-(B|B) 9.17)
then the two states are linearly independent and we can choose an orthnormal
basis of the form

14)

—————— and
V{41l A)

|B){(A|A)—|A)(A|B) (9.18)

JUAT4) (AB) (B|A)— (4| A)-(B|B))

An orthonormal basis is all you need to complete the construction of the
space. Again, I want to emphasize that while this procedure is tedious and
boring, it is completely systematic. You could program your computer to do
it, and thus construct any representation completely from the highest weight
and the simple roots.
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9.3 The Weyl group

We could also have shown that the states in the u? representation are not
degenerate by understanding the obvious symmetry of the representations.
The symmetry arises because there is an SU(2) associated with each root
direction, and all SU(2) representations are symmetrical under the reflection
E3 — —FEj3. In particular, if i is a weight, and B3 = « - H/ a? is the E3
associated with the root «, then

Balu) = = |u) (9.19)

and the reflection symmetry implies that u — (¢ — p)o (where (¢ — p) =
2(a - p/a?)) is a weight with the opposite E3 value

Eslp— (g —p)a) = —%Iu— (g—pla) (9.20)

Note that the vector average of u and its reflection, . — (¢ — p)a, is p — (g —
p)a/2 which is in the hyperplane perpendicular to «, because

a-(p—(g—pe/2) =a-p—(g—-p)?/2=0 (9.21)
as 1illustrated below:

p—(q—pa p—(g—pa/2 p

(9.22)
(8%

All such reflections for all roots are transformations on the weight space
that leave the roots unchanged. We can obtain additional transformations
that leave the roots unchanged by combining two or more such reflections. !
The set of all transformations obtained in this way forms a transformation
group called the Weyl group of the algebra. The individual reflections are
called Weyl reflections. The Weyl group is a simple way of understanding
the hexagonal and triangular structures that appear in SU (3) representations.

For example, in SU(3), if you first reflect in the plane perpendicular to o' and then in
the plane perpendicular to o, the result in a rotation by 120°.
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9.4 Complex conjugation

Notice that the weights of the second fundamental representation are just the
negatives of the weights of the first.

(9.23)

This means that the two representations are related by complex conjugation.
If T, are the generators of some representation, D, of some Lie Algebra,
the objects —T" have the same commutation relations (because the structure
constants are real) —

([Te, o))" = (¢ fapeTe)*
[T: s Tb*] = —1 f, abcTc* (9.24)
[~TF ~T] = i fane(=T7)

It is called the complex conjugate of the representation D, and is some-
times denoted by D. D is said to be a real representation if it is equivalent
to its complex conjugate. If not, it is a complex representation. The Cartan
generators of the complex conjugate representation are —H*. Because H;
is hermitian, H* has the same eigenvalues as H;. Thus if u is a weight in
D, —u is a weight in D. In particular, the highest weight of D is minus the
lowest weight of D.

Obviously, in SU(3), the representation (0,1) is the complex conjugate
of (1,0). The lowest weight of (1,0) is — 2, the negative of the highest weight
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of (0,1) and vice versa.

*u

(9.25)
—plo ou

There are various different notations used in the physics literature for
the SU(3) representations. Sometimes, you will see the Dynkin coefficients
(g1, ¢2)- This is always a unique labeling. But a common shorthand notation,
which is not too confusing for small representations is to give their dimension
and to distinguish between a representation and its complex conjugate with a
bar, so that (for example),

1,00=3 (0,1)=3 (9.26)
In general, the complex conjugate of (n, m) is (m,n). This is clear if
you think about the highest and lowest weights. Because the lowest weight
of (1,0) is minus the highest weight of (0, 1), and vice versa, we have
(n,m) has highest weight nu' + myu?
: I
(n,m) I:;s lowest weight nus —mu 9.27)
(m,n) has highest weight np? +mpu!

Representations of the form (n,n) are real.

9.5 Examples of other representations

Consider the representation (2,0). It has highest weight

2u' = (1,1/V3) (9.28)
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In the ¢ — p notation, of (9.4) and (9.5) it looks like this

(9.29)
or in the Cartan space
T
Ho.
1_ 142
® 2“ % . ° 2;1,1
(9.30)
o o 2;1,1 ol H -
¢2u! — 20!

All the weights correspond to unique states. 2u! — o!, 2u' — 2a! and
2u' — a' — o? are reached by unique paths from the highest weight, and the
others are related to these by Weyl reflections. Thus this is a 6-dimension
representation — (2,0) = 6. It is evidently complex. Its complex conjugate,
(0,2) = 6 is inverted in the origin in the Cartan plane, and reflected about a

vertical line in the ¢ — p picture:
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T
Ho
[ ]
® ®
(9.31)
H 1=
° ® ®2,?
(9.32)
Now consider the representation (1,1). Note that
pl+p? =l +a? (9.33)

but o +a? is the highest weight of the adjoint representation (8.58) We know
that the zero weight is doubly degenerate — corresponding to the two states
of the Cartan subalgebra. The two ways of getting to zero from the highest
weights give different states. You can show that

E_. E_a2|#1 + #2> *k E_2E_ |;l.1 + #2> (9.34)

You will do this in problem (9.A).
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Now look at (3,0), with highest weight 3!

(9.35)
The weight diagram is
T
Ho
. ° ° o 3u!
. ooul— ol (9.36)
H1 —
. o3ul — 20!
e3u! — 30!

All the states are obviously unique except the state in the center. But it
turns out to be unique also. The two vectors

E_aE_,E_,1|3u)

9.37)
E_a2E_al E_al |3p,1)
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are linearly dependent, because we can write

E_g2E_q E_y|3u')

= [E_o2, E_1] E_s1[3p")
+E_gE_pE_n1|3p")

= E_g1 [E_g2, E_1] [3)
+E_gE_2E_q1|3p")

= E_qE_pE_u|3u")
+E_gE_p2E_q1|3p")
=2E_ywE_pE_u|3u})

(9.38)

2

where the second step follows because —2a! — o2 is not a root, and thus

[E_g2, E_g1], BE_ga] =0 (9.39)

2

and the second to last because 3u! — o2 is not a root, and thus

[E_o2, E_o1] 13}) = E_q2E_s1|3u%) (9.40)
Thus this is a ten dimensional representation. It is sometimes called just
the 10. Its complex conjugate, the (0, 3) representation, is the 10.

Problems

9.A. If | i) is the state of the highest weight (1 = p! 4 u?) of the adjoint
representation of SU(3), show that the states

|A) =E_p1 E_g2 |1)

and
|B)=E_p2 E_n 1)

are linearly independent. Hint: Calculate the matrix elements (A | A), (A |
B), and (B | B). Show that | A) and | B) are linearly dependent if and only if

(Al A)(B|B) =(A| B){(B| 4)
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9.B. Consider the following matrices defined in the six dimensional ten-
sor product space of the SU(3) A, matrices and the Pauli matrices o,:

1
5/\a0'2 fora=1,3,4,6 and 8
1
~2—/\a fora=2,5and 7
Show that these generate a reducible representation and reduce it.

9.C. Decompose the tensor product of 3 X 3 using highest weight tech-
niques.
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Tensor Methods

Tensors are great tools for doing practical calculations in SU(3) and in many
other groups as well. As you will see, the idea of tensors is closely related to
the idea of a wave function in quantum mechanics.

10.1 lower and upper indices

The idea starts by labeling the states of the 3 as

11/2,V3/6) =)
|—1/2,v/3/6) = |,) (10.1)
0, ~1/v/3) = ,)

The 1, 2 and 3 are to remind you of the fact that the eigenvectors of the H;
and H, matrices corresponding to these weights are vectors with a single
non-zero entry in the first, second and third position. We have also written
the indices below the line for a reason that will become clear shortly.

If we define a set of matrices with one upper and one lower index, as

follows 1
[Talj = 5[Aalis (10.2)

then the triplet of states, |,), transforms under the algebra as

Tol;) = ) [T} (10.3)

The important thing to notice is that the sum over j involves one upper and
one lower index.

DOI: 10.1201/9780429499210-11 138
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Label the states of the 3 as

-1/2,-V3/6) = ')

11/2,-v3/6) = [*) (10.4)
10,1/V3) = °)
Then . A .
To[") = =) [Te]; (10.5)

This is true because the 3 is the complex conjugate representation, generated
by
—[T = -1}, = -[T]; (10.6)

Now I can define, as usual, a state in the tensor product of n 3s and m 3s.

Iil---im) — ]il)"'[im)ljl)"'ljn) 10.7)

jl ]n
It transforms as
Ta[” ”'Fm)

Ji1n
n

_ i1 im k
- Z ljl"'jl-—lkj£+1"‘jn) [Ta]jl (10.8)
Gl

iy ovig 1 Kiget im
_ Z ]]1111;1 1ktes1 ) [Ta];gl

£=1

This distinction between upper and lower indices is useful because SU(3)

has two different kinds of 3-dimensional representations — the 3 and 3. We
need some way to distinguish them. Raising and lowering the indices is just
a handy notational device.

10.2 Tensor components and wave functions
Now consider an arbitrary state in this tensor product space

vy = [y oft 0 (10.9)

g1 ) Vir i

v is called a tensor. A tensor is just a “wave-function”, because we can find
v by taking the matrix element of |[v) with the tensor product state.

Jredn

i1im

B =G ) (10.10)
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The correspondence here is exactly like the relation between the space wave
function of a particle in quantum mechanics and the state describing the par-
ticle in the Hilbert space.

P(z) = (z]) (10.11)

The tensor v is characterized by its tensor components, ufll z’ . Now

we can think of the action of the generators on |v) as an action on the tensor
components, as follows:

To|v) = [Tov) (10.12)
where
Tolt s
— Je .71"'k"'.7n.
Z[T iy evim (10.13)

—Z [Tt vl

This defines the action of the generators on an arbitary tensor!

10.3 Irreducible representations and symmetry

We can now use the highest weight procedure to pick out the states in the ten-
sor product corresponding to the irreducible representation (n, m). Because

|;) is the highest weight of the (1,0) representation, and %) is the highest
weight of the (0,1) representation, the state with highest weight in (n, m) is

EEE) (10.14)
It corresponds to the tensor vy with components
UHZ: Z" = Ndj1---05,1052 i (10.15)

Now we can construct all the states in (n,m) by acting on the tensor vy
with lowering operators. The important point is that vy has two properties
that are preserved by the transformation vy — Tovy.

1. vy is symmetric in the upper indices, and symmetric in the lower in-
dices.

2. vy satisfies
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5;1 pltIn =0 (10.16)

E
The first is preserved because the generators act the same way on all the upper
indices and the same way on all the lower indices. The second is preserved
because of the minus sign in (10.13) and the tracelessness of the T;s. All the
states in (n,m) therefore correspond to tensors of this form, symmetric in
both upper and lower indices, and traceless (which just means that it satisfies
(10.16) which is a generalization of the condition of tracelessness for a ma-
trix). It turns out that the correspondence also goes the other way. Every such
tensor gives a state in (n, m).

10.4 Invariant tensors

The 6% is called an invariant tensor. An invariant tensor is one that does
not change under an SU(3) transformation. The change in a tensor is propor-
tional to the action of some linear combination of generators on it, but

[To6) = [Talk 6F — [Tu]k 6} = [Tu]} — [Tu]i =0 (10.17)

thus 6;1 doesn’t change under any SU(3) transformation. There are two other
invariant tensors in SU(3) — the completely antisymmetric tensors, ¥/ k and

€;jk- These are invariant because of the tracelessness of T,,. Consider
[To €] = [T} % + [T,]13 € + [Tn]5 €4 (10.18)

This is completely antisymmetric, so we can look at the 123 component —

[Ta 6]123 = [Ta]}{ E823 + [Ta]g 611!3 + [Ta]g E12£

_ 1123 T 12 (123 3123 _ (10.19)
=[To)i €™ + [Tulze™ + [Tu]se = =0

Thus ¥ is invariant.

10.5 Clebsch-Gordan decomposition

We can use tensors to decompose tensor products explicitly. Suppose that u
is a tensor with n upper indices and m lower indices, and v is a tensor with
p upper indices and g lower indices. Then it follows from the definition of a
tensor that the product, u ® v defined by the product of the tensor components

! !

P, in P
digm et = Uji i gt (10.20)

B1-in )t 3o

[u®9]
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is the tensor that describes the tensor product state |u) @ |v). Thus we can
analyze tensor products by manipulating tensors — the wave-functions of the
corresponding states. The general strategy for doing these decompositions
is to make irreducible representations out of the product of tensors, and then
express the original product as a sum of terms proportional to various irre-
ducible combinations. The advantage of this procedure is that we are directly
manipulating wave functions, which is often what we want to know about.

Consider, for example, 3 ® 3. If we have two 3s, u* and v?, we can write
the product as

N . 1 ..
u'e = 2 (uz oI + o v’) + §e”’°ekem ub o™ (10.21)
The first term,
2 (wod + o) (10.22)
; .

transforms like a 6. This contains the highest weight state ul v!. We have
added the u’ v* term to make it completely symmetric in the two upper in-
dices, and thus irreducible. The lower index object

exemu’ v™ (10.23)

having only one lower index, transforms like a 3. Thus we have explicitly
decomposed the tensor product into a sum of 6 and a 3. Not only does this
show that

33=603 (10.24)

> (1,0) ® (1,0) = (2,0) @ (0,1) (10.25)

it shows us how to actually build wave functions with the required symmetry
properties. Later, we will see how this makes some kinds of calculations easy.
Note also how as in (10.23) whenever a tensor with more than one upper
index is not completely symmetric, we can trade two upper indices for one
lower index using the € tensor.
Next, let’s look at 3 ® 3, a product of ut (a 3) and vj (a 3). We can write

) . . 1.
u'vj = (u’ vj — %6; uF vk) + 5(5; uF v (10.26)

The first term in parentheses is traceless, and transforms like the 8, while the
tensor with no indices, u*vy, transforms like the trivial representation, (0,0),
or 1. Thus

33=81 (10.27)
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or
(1,0) ® (0,1) = (1,1) & (0,0) (10.28)

Notice the role of the invariant tensor, (5; One way of understanding why
only traceless tensors are irreducible is that if a tensor is not traceless, the §
tensor can be used to construct a non-zero tensor with fewer indices, and thus
explicitly reduce it. )

One more example — u? (a 3) times 'ui (an 8).

utv] =
1 . A S .
S (wi] +udof — =L utv) — 6wt v})
2 4 4 (10.29)
—}-Ze”e (€tmn u™ Vg + €bmn u™ vY)
1, . L,
+3 (3(5}c ubv) — 6] ut 'U})

where the first term on the right hand side is a (2,1) (or 15 —it’s 15 dimen-
sional), the second term is a 6, and the last is a 3.

38=15063. (10.30)

or
(1,0)® (1,1) = (2,1) & (0,2) & (1,0). (10.31)

10.6 Triality

Notice that (n —m) mod 3 is conserved in these tensor product decomposi-
tions. This is true because the invariant tensors all have (n—m) mod 3 =0,
so there is no way to change this quantity. It is called triality.

10.7 Matrix elements and operators

The bra state (v] is
(’U| _ Ujl"':j" * (i.l"‘im (1032)

i1ovim \j1odn

The bra transforms under the algebra with an extra minus sign. For example,
the triplet (;] transforms as

—((|Ta = —(i|Tal,) (| = —1Tali (] (10.33)
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In words, this says that the bra with a lower index transforms as if it had an
upper index. This is because of the complex conjugation involved in going
from a bra to a ket. Similarly, the bra with an upper index transforms as if it
has a lower index. This suggests that we define the tensor corresponding to a
bra state with the upper and lower indices interchanged so that the contraction
of indices works in (10.33). Thus we say that the tensor components of the
bra tensor (v| are

o = ol (10.34)
so that (10.32) becomes
— m /81t
(o] =0 (A (10.35)

Then when the state (v| is transformed by —(v|Tj,, the tensor T is transformed
by T,7.
For example, consider the matrix element
—kq-k G1oGn rk1ekm yiy -
(u|v) = Uy, lnm Ui - 17: <lx-~-€nm jl'-'j':)

_._—kl km ]l Jn 1-1‘ . im el__, ln
Up, .ot Viyi Oy~ " O Oy =+ 05 (10.36)

_ =t "-'m. Ji- ]n
u]l “Jn ’Ull “im

The indices are all repeated and summed over (contracted for short), which
they must be because the matrix element is invariant.

10.8 Normalization

A corollary to (10.36) is that if the state |v) is normalized, satisfying (v |
v) = 1, then the tensor components must satisfy a normalization condition

S vl P=1 (10.37)

11 “tm
ir-im
J1In
For example, the tensor vy in (10.15) satisfies (10.37), because only a single
term contributes in the sum. But a tensor of the form

N(286} — 856} — 8163) (10.38)
describes a state with norm
]:k:l j:k:2 ]=k=3
NP S (2861 - 8562 - 663) = |N|2( T+ T+ 1 ) _ 6|N]2

3k
(10.39)
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10.9 Tensor operators

We can extend the concept of tensors to include the coefficients of tensor
operators in an obvious way. For example, if a set of operators, O, transform
according to the (n,m) representation of SU(3), we can form the general
linear combination

W = wl i Ol ke (10.40)

11"l J1In

then if W transforms by commutation with the generators, the coefficients,

w! I transform like (n,m), (10.13).

10.10 The dimension of (n, m)

A very simple application of tensor methods is the calculation of the dimen-
sion of the irreducible representation (n, m). The dimension of the repre-
sentation is the number of independent components in the tensor. We know
that the tensor has n upper and m lower indices, and is separately symmetric
in each. The number of independent components of a object symmetric in
n indices each of which run from 1 to 3 is equal to the number of way of
separating n identical objects with two identical partitions — which is

n+2) (n+2)! (n+2)(n+1)
( 2 > Tonl2l 2 (104D
Thus if there were no other constraint, the number of independent coefficients

would be
(n+2)(n+1) (m+2)(m+1)

2 2

However, the tensor is also required to be traceless. This says that the object
we get by taking the trace vanishes, and it is symmetric in n—1 upper indices
and m—1 lower indices. Thus this imposes B(n—1, m—1) constraints, so the
total is

(10.42)

B(n,m) =

D(n,m) = B(n,m) — B(n—1,m — 1)
_(n+2)(n+1) (m+2j(m+1)

2 2
_(n+1)n (m+ 1)m (10.43)

_ (n-2+-1)(m+?l)[(n +2)(m + 2) — nm)

(n+1)(m+1)(nj—m+2)
2
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You can check that this formula works for the small irreducible representa-
tions that we have discussed.

10.11 * The weights of (n, m)

We can now put together various pieces of what we know about the irre-
ducible representation (n, m) of SU(3). A general irreducible representation
of SU(3), (n, m), has the form of a hexagon, illustrated below for n = 8 and
m = 4.

m+1
\ weights

n+l
weights

(10.44)
The highest weight is marked with the arrow. The weights along the dotted
line can be reached from the highest weight by repeated application of the
lowering operator E_,:. Thus counting the highest weight, there are n + 1
weights along the dotted side of the hexagon. The weights along the dashed
line can be reached from the highest weight by repeated application of the
lowering operator E_ .. Thus counting the highest weight, there are m + 1
weights along the dashed side of the hexagon. If either n or m is 0, the
hexagon degenerates in to a triangle.

The Weyl reflection symmetries guarantee that the hexagon is symmetri-
cal. Thus the three dashed sides are equivalent in the diagram below, as are
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the three dotted sides.

\
/ v mil
\ weights

"o‘ ° ° ° ° ° ° ° ° ° ° ._o'. (10_45)

. . n+l
.' [ ] ® ® [ ] ® ® ‘. Weights

The dashed and dotted sides together make up an outer layer of weights, all of
which correspond to unique states in the irreducible representation because
they are equivalent by Weyl reflection to states that can be reached uniquely
by simple lowering operators from the highest weight. Obviously, we can
define a next layer of weights by considering the hexagon immediately inside
this one, and we can continue this process until each weight is assigned to a
“layer”.

We will now show how to prove the following result:

Theorem 10.10 As you go in from one layer to the next, the degeneracy of
the weight space for states in the layer increases by one each time, until you
get to a triangular layer. From then on, the degeneracy remains constant.

Theorem 10.10 implies that the degeneracies of the layers in our example are
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as shown in the following figure.

. .'o' . "o' * e...0 o o o L 0 (10.46)

We will prove theorem 10.10 by counting the independent components of
the tensors which represent these states. So we must first understand in detail
how to go from weights to tensor components. We begin by considering ten-
sors without the constraint of tracelessness. Such a tensor is simply the most
general object completely symmetric in its upper and lower indices. We will
then use the strategy of the previous section (on the dimension of (n,m)) to
deal with the trace constraint. The advantage of this, as we saw above, is that
it is easy to count the independent states because the tensor components are
completely determined by the number of upper and lower components of each
value. Now consider a tensor symmetric in 7 upper indices and in m lower
indices. This corresponds to a reducible SU(3) representation, but it con-
tains the general irreducible representation (n,m) that we wish to study. The
weight diagram for this reducible representation will be the same as (10.44),
but the degeneracies of the states corresponding to each weight may be dif-
ferent (and larger). The outer layer, however, is nondegenerate even for this
more general tensor, because it contains no tensor components which have the
same value of any upper and lower index, so there is no trace constraint. As
we go around this outer layer, along each side, one index changes to another
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as illustrated in the following figure (where j indicates a lower j index).

2 =1

22922222 11111111
V3333 - V3333

/
22222222
VIl o.‘ e © e o © o o o o o o
. ™ ™ ™ ® ™ ® . ® ® ™ o

.
.'o ° ° ° ° ° ° ° o'.
3 —)2\ "o' ™ ™ ® ™ ® ® 'o" /1 —3

.'o_ e o o o o
"o- — — —o —o'.
I e g
251

(10.47)
To deal with the inner layers, we first need to understand the connec-
tion between the tensor components and the weights. Consider a particular
component of the general tensor with n upper and m lower indices. We will
assume, for convenience that n > m (as is the case for the example in the
figures). This is not a serious restriction, because if it is not true for a rep-
resentation, then it is true for the complex conjugate representation obtained
by changing the signs of all the weights (with all degeneracies remaining un-
changed). Thus if we understand the representations for n > m, we actually
understand them all. Define z(j) to be the number of upper components with
the value j, and Z(j) to be the number of lower components with the value j.
Thus for example, for the highest weight of our tensor, 2(1) = n, Z(2) = m,

and the others are all zero. Note that the three quantities

z(1) - z(1), z2(2) —2(2), z(3) —=(3), (10.48)

are determined by the weight associated with the component and the value of
n —m. By straightforward calculation, the 1-component of the weight vector
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satisfies

1 = 1) ~ 2(1)] — 5[=(2) ~ 2(2)]. (10.49)

o= Y0200) =20 + L 1e02) - 220] - L) - 23). 1050
And n — m satisfies
n—m=[z(1) - 2(1)] + [2(2) ~ 2] + [(3) —2(3)].  (105D)

Thus

(1) ~2(1) = 5[6p1 +2v3 2 +2(n —~m)

2(2) - 7(2) = é[—G,ul + V3 s + 2(n — m)] (10.52)

2(3) ~ 203) = 5[0~ m) — 23]

Actually, rather than using (10.52), it will be easier just to follow what is
happening to the z(j) — Z(j) by thinking about what happens to the indices
as you move around the weight diagram, but the important point is that these
differences of upper and lower indices are all fixed.

Now suppose that we move into the k-th inner layer by taking k steps to
the left. Assume that & < m so we are still in a hexagonal layer (the number
of weights along the upper-right-hand edge of the layer decreases by one for
each increase in k, thus k£ = m is the corner of the first triangular layer — we
will come back to this later). Then take j steps down to a weight on the k-th
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inner layer, as shown below (for k = 3 and 7 = 2):

(10.53)

As we move in horizontally, in each step either 1 — 2, or 2 — 1, or
1 — 3 and 2 — 3 (see (10.47), and thus z(1) — Z(1) is decreased by one and
z(2) — Z(2) is increased by one. Similarly, as we go down the kth layer, at
each step z(1) — Z(1) is decreased by one and z(3) — Z(3) is increased by
one. And thus
z()=z(1)=n—-k—3j

2(2) —2(2) = —(m — k) (10.54)
z(3) -2Z(3) =3

Now we can count the number of components. (10.54) implies that the
tensor component can be written with

n—k—j1s,m—k2s, j 3s, and k j-J pairs, where (10.55)
jis1,2or3.

The j-7 pairs do not contribute to the z(j) — Z(j) values —they do not affect
the weight, but they give different independent tensor components. Thus the
number of ways we can get this weight is the number of different ways we
can choose these k pairs, which is

(k+2> _(k+2)(k+1)

) : (10.56)
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Note that it only depends on k£ — that is it only depends on the layer, not
on where we are in the layer. It is easy to see that this is also true for the
weights above the horizontal. The argument is similar and we leave it as an
exercise for the reader. (10.56) is the number of independent components for
the general tensor with n upper and m lower components. The number of
components in the traceless tensor is this minus the number of independent
components of the same weight in the trace. The trace is a general tensor
with n — 1 upper and m — 1 lower indices. It’s highest weight is one step
to the left of the highest weight of (n,m). From the highest weight of this
tensor, it takes only £ — 1 steps to get to the same weight. Thus the number
of components of the trace is (10.56) for ¥ — k& — 1, and the number of
independent components of the traceless tensor is
k+2 k+1 (k+2)(k+1) (k+1)k

( 9 ) ( 5 )_ 5 5 =k+1. (10.57)
This simply implies that the degeneracy increases by one each time we move
in a layer, in agreement with theorem 10.10.

This analysis remains valid in to k = m. But when k£ > m, that is after
the first triangular layer, (10.55) doesn’t make sense because the number of
2s cannot be negative. Instead, the component must look like

n—k—jls,k—m2s, j3s, and m j-j pairs, (10.58)
where 7 is 1, 2 or 3.

Thus from this layer on, m plays the role of k, and the degeneracy remains at
m + 1 the rest of the way in. This completes the proof of theorem 10.10.

10.12 Generalization of Wigner-Eckart

Consider a matrix element of a tensor operator between tensor states
(u|Wv) (10.59)

This is really a shorthand for a very large number of possible matrix ele-
ments, because each representation may have many independent components
(the number being just the dimension of the representation). Suppose that
the representations of v, u and W are irreducible. Then we expect that the
symmetry will ensure that there are relations among the various possible ma-
trix elements. For example, if these were SU(2) tensor operators, we know
that all the matrix elements would be determined in terms of a single num-
ber. To determine the consequences of the symmetry in this case, we imag-
ine decomposing the state Wv) into irreducible representations. Then we
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know there can be no contribution to the matrix element except from repre-
sentations that transform under the same irreducible representation as . This
follows from Shur’s lemma. Also because of Shur’s lemma, the contribution
from each appearance of the representation of u is determined by a single
unknown number, because the matrix element is proportional to the identity
in the space of the u representation. Thus there will be one (and only one)
unknown constant in the matrix element for each time the representation of u
appears in the tensor product W ® v. However, there is an important differ-
ence between this and the case of SU(2). Here u may appear more than once
in the decomposition of W|v).

Tensor analysis will make it relatively easy to write an expression for the
matrix element, (10.59), that automatically incorporates all of the constraints
that follow from the symmetry. Because of (10.9), (10.35), and (10.40), the
matrix element will be proportional to the tensor components of |v)

it (10.60)
and of W
Wi pe (10.61)

and proportional to the conjugate components of (u|

;! !
1 zn,

U

gt (10.62)

The entire matrix element must be invariant. Which means that the answer
for the matrix element must have all the indices either contracted with each
other or with invariant tensors (that is Js and es). Another way to say the
same thing is that the matrix element

‘L,

Z
(i j0f i ,m)

€1 Ewl JmJl gl
il“’inkl"'kai,‘l"'i, ,
n

(10.63)

must itself be an invariant tensor — a sum of terms made of Js and es.

Here is an example that will be of some interest later. Suppose that u, W
and v are all 8s. This is particularly easy to analyze, because @, W and v can
all be thought of as matrices, with the upper index referring to the row, and
the lower index to the column. Then, for example,

Wivl = [W ol (10.64)
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Now a term with all indices contracted is one in which the matrices are com-
bined into a number by matrix multiplication, and taking traces. There are
precisely two such terms:

Tr(@Wv) and Tr(@vW) (10.65)

There are two terms because the tensor product 8 ® 8 contains 8 twice. Thus
in this case the matrix element is

AL TI@W v) + X Tr(Tv W) (10.66)

where A; and )\, are constants that must be fixed by the physics, rather than
the group theory (like the reduced matrix elements in the Wigner-Eckart the-
orem for SU(2)). This means that all 8 = 512 matrix elements are de-
termined in terms of these two parameters! Furthermore, we know how all
the matrix elements are related simply by matrix multiplication, without any
fancy tables or whatnot.

Here’s another example — suppose u and v are 10s, and W is an 8. The
matrix element will be proportional to the tensor components of |v)

pi1teis (10.67)

and of W
w§ (10.68)

and proportional to the conjugate components of {u|

Uj, joss (10.69)

In this case, it is easy to see that there is only one way to put the indices
together (because of the total symmetry of % and v)

Wi, ik WE0112E (10.70)
Thus the matrix element is determined by a single reduced matrix element

(u|W|v) = M\ Tiyspe W12t (10.71)

10.13 * Tensors for SU(2)

You may be wondering why we have spent so much time on the description
o tensors for SU(3), while we barely mentioned them for SU(2). The an-
swer to this question is really more history and sociology than it is math or
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physics. The description of irreducible SU(2) representations in term of ten-
sors is simply not used very much, perhaps because it is not needed. Everyone
knows how to deal with the SU (2) irreducible representations in other ways.
Nevertheless, tensor analysis is useful for SU(2), and it may be instructive to
see how it works.

Tensor analysis for SU(2) is even simpler than for SU(3) because there
is only one fundamental representation for SU(2) — the doublet. Thus we
can look only at tensors with upper indices, and there is no trace constraint.
The € symbol now has two indices, rather than three in SU(3). So while
we could use the invariant e tensor to lower two upper indices in SU(3),
in SU(2), the € just eats two upper indices completely. This implies that
the irreducible representations correspond to completely symmetric tensors,
because if a tensor with n indices is not completely symmetric, then we can
get a non-zero tensor with n—2 indices by contracting two indices with ¢, and
that would reduce the representation. Obviously, the completely symmetric
tensor with n indices corresponds to the irreducible spin-n/2 representation,
because the highest weight state, in which all the indices are 1, has J3 = n/2.

Because the SU(2) irreducible representations correspond to such sim-
ple tensors, we can write them down explicitly. Consider the tensor with 2s
indices, corresponding to the spin-s representation, and let us pick out the
component with J3 = m. Because each 1 index carries J3 = 1/2 and each 2

index carries J3 = —1/2, the J3 = m state must correspond to a tensor with
s +m 1s and s — m 2s. Let us define the tensor
viL 7% (10.72)

to be a completely symmetric tensor which is equal to 1 if s + m indices are
1 and zero otherwise. There are

< 2s ):( (2s)! (10.73)

s+m s+m)! (s —m)!

ways to pick the s +m 1s out of the 2s indices. Thus v; r,, is a sum of ( sf_sm)

terms. For example,

viis 0 = 6 672 650 + 6t 63 o2 + 6 6T o2 (10.74)
The state |v; ) is not properly normalized. The squared norm gets a

2s ) terms in (10.72). Thus the properly

contribution 1 from each of the ( s

normalized state is

92 -1/2
|s,m) = (S+m> |vs.m) (10.75)
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It is easy to check that this definition behaves properly under the SU(2) rais-
ing and lowering operators. We will next illustrate its use.

10.14 * Clebsch-Gordan coefficients from tensors

Consider the product o o
Vo my" + Ve (10.76)
From the general properties of tensors, we know that it transforms like a

component in the tensor product of s; and s;. The corresponding normalized
state is easy to write down, because (10.76) is simply a product:

25, ~1/2 255 -1/2
[s1, 82,m1,ms) = <s1 +m1) (sz +m2) [Vs1ms - Vsa,ma)
(10.77)

The tensor product (10.76) lives in the space of tensors which are sym-
metric in the 2s; 7 indices and separately symmetric in the 2s2 j indices.
What we would like to do is to decompose this tensor product space into sub-
spaces that transform irreducibly under SU(2). We can do this by combining
tensors corresponding to the various spin states in 51 ® s with invariant ten-
sors to produce tensors with the appropriate symmetry properties.

The simplest example of this is spin s; + s2. We know that we can write
the states of spin s; + sz in terms of a completely symmetric tensor with
251 + 2s9 indices,

251 + 259

—-1/2
10.78
51 +32+m1+m2) |U31+32,m1+m2> ( )

|s1+ 852, m1+my) = (
Since vs, 4s,,m,+m; is completely symmetric, it is symmetric in its first 2s;
and its last 2s, indices, and is thus in the same space as the tensor product,
(10.76). The scalar product of the two states, (10.77) and (10.78) is the an-
swer to the question “What is the amplitude to find the state of spin 51 + s2 in
the tensor product state?” In other words, it is the Clebsch-Gordan coefficient,

<81 + 89,M1 + M2 l 81,82,m1,m2> (1079)

But we can also easily calculate the matrix element directly from the defini-
tions because

<U31+sz,m1+m2 l Usy,m 'Usz,m2>
. B . . * . . . .
_ 2171257 J1°"J239 11°7+228q J1:J2s9
= § : (vs1+32,m1+m2 Usy,mi1 -~ Usy,ma (10.80)
iyrriggg
J1 7289
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The complex conjugation is unnecessary, because the tensors are real. The
sum looks formidable, but actually it is easy to do. Each configuration of 1s
and 2s for the tensors on the right-hand-side will correspond to some config-
uration for vys, +2s,, Which contains all possible configurations with the right
total number of 1s and 2s. Thus the sum in (10.80) gives

( 281 )( 289 ) (10.81)
s1+my 89 + Mo )

and the result for the Clebsch-Gordan coefficient is

(s1 + s2, m1 +ma | 81,52, m1, M2)

251 1/2 289 1/2 251 + 259 )—1/2 (10.82)
B (31+m1) (32+m2> <31+32+m1+m2

You can check in special cases that this is right using raising and lowering
operators, but tensors gave us the general result rather easily.

10.15 *Spin s; + 52— 1

The component of the tensor product, (10.77), in spin s; + s2 — 1 will be
proportional to the tensor vy, 45,1 m,+m,. 10 compute the Clebsch-Gordan
coefficient, we must find the normalized state proportional to this tensor in the
space of the tensor product tensor, (10.76). That is, we must construct a tensor
proportional to Vs, 4ss—1,m;+m,, DUt with 2s1 + 2s- indices and symmetric
in the first 2s; indices, and the last 259 indices. To add two indices, we need
the invariant tensor €. Thus we can form the tensor

117 i2"'i2slj2"'j232
L T - (10.83)
Now we have to symmetrize in the ¢ indices and symmetrize in the j indices.
Let us call the symmetrized tensor

Vil"'i%ljl“‘j?m (10.84)

s1+s2—1,m1+mg,251,252

Each term in V has a single €'"7s multiplied by vs,4+sy~1,m,+m, With all the
other indices. There are 4s;59 terms in V, corresponding to the 2s; possible
values of  and the 2s5 values of s.
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The tensor V is not properly normalized. Call the normalization factor
N. Then the Clebsch-Gordan coefficient is

(s1+ 82— 1,m1 +mg| s1, s2,™m1,M2)

N 251 -1/2 259 -1/
- (31 +m1) (82+m2) (10.85)

vil"'i2slj1"'j232 * 11025y J10 259
Z s1+s2—1,m1+m2,251,252 Usy,m; Usy,ma
i1 igg)
J1702s9

The sum in (10.85) is easy to simplify because each of the 4s;s; terms in V
gives the same resuit. This is true because these terms were constructed by
symmetrizing in the ¢ and j indices, but the tensor product is already symmet-
ric in the 7 and j indices. And as before, the complex conjugation is irrelevant.
Thus we can rewrite (10.85) as

(s1+ 83— 1,m1 +my | 51,82, m1,m2)

2 -1/2 -1/2
R
s1+my S_2+m2

Z i .viz'-'izsljz"'stz . vn'"izsl L J1d2sy
s1+s2—1,mi1+m2 Ss1,M1 §2,M2

il'”i231

jll.'jzsz

-1/2 2 -1/2
=N g 251 ) ( 52 ) 45189
S1+my So+m
S1 — 1 —1

I T B G | ey
s1+mg—1 So +mo s1 +my Sy +mg —1

(10.86)
where the last line follows by simply expanding the two non-zero values of
€"171 in the sum to get

igei2s) J20J2sy ’Ul iz-i2g) v2j2"'j232 N v2i2-'-i231 . ,Uljz'"jzsz
s1+s2—1mi1+ma §1,M1 52,12 $1,Mm1 52,2
i1
J2 sy

(10.87)

To calculate N in (10.85), note that we can expand one of the Vs, and
each of the terms will give the same result because of the symmetry of the

remaining V, so

L L 2
2 21°:°1251 71 J2s9

l/N = Z Vsl+sz—1_,m1+m2,251:252

i1vi2sy

i S (10.88)
_ iljl 12'”1231J2‘“J232 11.”1231J1.UJ252
= 45152 Z € ,U.31-+-32—1,m1+mz>vsl'+'52"17ml'+""1“2’251’2s2

il'“iZsl

jl'“j252
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Now we can do the sum over 7; and j; in (10.88) by expanding V.
What makes this doable is the fact that
1141 45t t2sq 17 T2sg _ i2:i2sy J2oJ2sy
Z € v51+52—1,m1+m2,251,252 - Cvsl+52—1,m1+m2 (10.89)
11,1
for some constant C, so.that
141, 027" t2s J2 " J2sg 1)i1'"i2slj1'"j2s2
Z € Usi+s2—1,mi+me ¥s1+sa—1,m1+mz,251,252
i1rig

317323

—c ¥ iz-rine j2dasy % _ o 251+ 289 —2

- Usi+sa~1,mi+mz| — s1+82—1+my+my
ig-iggy
j2“‘j2s2

_ (10.90)
To compute C, note that the term in V proportional to €191 gives a factor
of 2 because

171

2
=2 (10.91)

Eiljl

The terms proportional to €'19m for m # 1 give 1 each because

Y it gim = §iim (10.92)

11

. . i2"'i2slj2"'j2s2 .

The sum over j; then simply reproduces v, 4o *7 27 . Since there are
2s9 — 1 possible values for j,,, such terms give 259 — 1 total contribution to
C'. The terms proportional to €™ for m # 1 contribute another 2s; — 1. The
other terms contribute nothing. Thus C' = (24251 —1+2s2—1) = 2s1+2s9,
and

(10.93)

2 289 — 2
1/N2 = 43132(231 + 232) ( 51+ 252 )

31+32—1+m1+m2

and putting all this together gives

(s1 4+ s2 — 1,my; + mg | s1, $2, M1, M2)

( 2s1 -1/2 259 —1/2
s +m1> (32+m2)
_ ( 281 + 289 — 2 )—1/2 (23132 )1/2
S1+ 8 —1+my+m 81+ s
L osy sy — 25, —1

1) ) - Cro) ()
s1+mp—1 89 + Mo 81 +my S99 +mg—1

(10.94)
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10.16 * Spin sy + sy — k

The analysis of the general case is similar to that in the previous section. The
total spin can be written as s; + sz — k for £ between 0 and [s; — s2|. The
component of the tensor product, (10.77), in spin s; + s — k is proportional
to the tensor v, 45,—k,m,+m,- 10 compute the Clebsch-Gordan coefficient,
we must find the normalized state proportional to this tensor in the space of
the tensor product tensor, (10.76), so we must construct a tensor proportional
tO Vs, +5,—k,m+mg» DUt with 251 + 235 indices and symmetric in the first 2s;
indices, and the last 2s, indices. For this, we need k invariant tensors €/ to
form the tensor

e (1095
Now we symmetrize in the ¢ indices and symmetrize in the j indices. The
symmetrized tensor is

vil"'i%ljl“'jhz (10.96)

s1+s2—k,mi1+m2,251,2s2

Each term in V has k €'r%s multiplied by vs, 45,k m,+m, With the other in-
dices. We can count the number of terms in V as follows. The 7 index in the
first e can have any of 2s; values, and the £ index any of 2s; values. Then the
1 index in the second € can have any of 2s; — 1 values, and the &k index any of
239 — 1 values. And so on for k£ terms. However, this overcounts by a factor
of k!, because the order of the es doesn’t matter. Thus the number of terms is

(281)! (232)! 1

(25, — k)! (255 — k)! k! (10.97)

1

Again, let N be the normalization factor required to properly normalize
the tensor V. Then the Clebsch-Gordan coefficient is

(s1+ 82 — k,m1 +mgy | 51,52, m1, m3)

N ( 251 )—1/2 < 259 )-1/2
s1+my Sp +mg (10.98)
Z (Vil"'iZsljl"'jZ.sz ) vil'"izsl .Ujl"'j2s~2
s1+s2—k,m1+mg2,251,252 $1,m1 §2,M2
t10rringg
jl”'j232

As above, the sum in (10.98) can be simplified because each of the y terms
in V gives the same result. The complex conjugation is irrelevant as usual .
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Thus we can rewrite (10.98) as

(s1 + s2 — k,m1 + mg | 51,52, m1, M2)

281 -1/2 259 -1/2
V(o im)  orm)
s1+my Sg + mg

. - Gkl 828, Jht1-i2s 149 G1ojas
}: [} U R 1 2. 1. 2
€ € Usy+89—k,mi+ma Us1,my Usg,m2

i1izgg (10.99)

71777284

=N( 231 )—1/2( 252 )-1/2#

s1+my S9 + ma

-Xk:(—l)f (k)( 25, — k )( 259 — k )
= 1 s1+m;—k+£) \sg+mg—£

where in the last line we have expanded all the es.
To calculate NV in (10.98), note that

1o g 2
2 _ 21772257 17" J2s9
1/N - Z VS1+52—k,m1+m2,2S1,252
11 i2sy
192eg (10.100)
= 1 €M1 ... (kiR Tkl 8251 b1 J2sg vil"‘iZsljl"'jZ.sg
=4 s1+s2—k,mi1+msg s1+s2—k,m1+m2,251,252

Now, again, we can do the sum over ¢; and j; by expanding V. The result
will be proportional to V with two fewer indices
d1j1 bl B2sg J10d2sy _ 121124, J2°J2sg
Z € v51+52—k,m1+m2,251,282 - Cv81+82—k,m1+m2,281—1,252—1
(10.101)
because the sum over ¢; and j; doesn’t affect the symmetry in the other in-

dices. We can find the coefficient C in (10.101) by picking out all contribu-
tions to any single term in the expansion of the right-hand-side, for example,

11,01

2] i gy tk+1°"102s1 Tk41"J2s
e€I2 ... Ik 051:182_;jm11m2 2 (10102)
We will now look at all terms in Vs, 15, k.m,+m,,2s,,25, that contribute
to the particular term (10.102) in V4 55—k m+ms,251 —1,2s5—1 and find their
contributions to the coefficient C'.
The term

i1j1 ghadz . . Jikdk otk 281 TR 41 T20
ele €FF U sakma+ma (10.103)

contributes 2.
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Each of the 2s5 — k terms of the form

i1m 292 . JAkjk okl T2 TRt 1 Fm—1 J1 Jm41 T 2sy
eme €R VU s mkmytma (10.104)

for m > k contributes 1.
Each of the 2s; — k terms of the form

imi1 G2ds | ikjk otk tmo1 8 tmt1i2s) Thp1 T 2eg
€mte € $1-+52—kmy +mg (10.105)

for m > k contributes 1.
Each of the k£ — 1 terms of the form

10m Ami1 d2d2 . . . Am—1dm—1 dmt1dmtl .. . gikJk o Tkl 1281 Jkt1T2sy
€ € € € € € s1+s2—k,m1+ma
(10.106)

for 2 < m < k contributes 1.
Putting all this together gives C' = (2s1 + 2s2 — k + 1) and thus
Z 6i1j1vi1"'i281 J1J2sy
8

1+s2—k,m1+mz2,251,2s2
11,1 (10.107)
_ ig-+izs, J2° 280
= (231 + 232 -k+ 1) Vsl+sg—k,m1+m2,251—1,252—1
Now we iterate the procedure, and do the sum over ¢z and j2 in the same
way, then 43 and j3 and so on. In general
ip_+_1jp_+_1 ip+1"'i231 jp+1"‘j232
Z € V51+82—k,m1+m2,251—p,2.5‘2—p
Tp+1,Jp+1 (10.108)
-C Vip+2...i231 Jp+2-d2s,
= ¥P Ysi14+s3—k,m1+m2,251-p—1,252—p—1
where Cj = C and

Te+1°"02s) Jht1°"J2s9 _Tk12eg Jh10J2sg
Vsl+32-k,m1+m2,251—k,2sg—k — Ys1+s2—k,m1+ma2 (10109)
As we did before for Cj, to calculate C,,, we can look at all contributions
to a single term in the expansion of the right-hand-side, for example,
ipr2dpra .. kTR o k10281 TRt 1 T28g
ert2irt etkIk Vg1 b 50— kmy-+ma (10.110)
We will now look at all terms in Vg, 45,k mi+ms,2s1—p,2s,—p that con-
tribute to the particular term (10.110) in Vg, 15,k mi+mq,251—p—1,252—p—1
and find their contributions to the coefficient Cj,.
The term

ipr1dpt1 fiphadpa2 . . . gikk okt P21 Tkt sy
€ € €MF U somkmytmay (10.111)
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contributes 2.
Each of the 2s5 — k terms of the form

ipt1 - i2s) Jh417Tm—1 Jp+1 Jm+41-J2sg
51+52—k,m1+m; (10.112)

eipt1dm clp+2dp+2 .. . (thk
for m > k contributes 1.
Each of the 2s; — k terms of the form

imdptl Jdpr2dpt2 . . . kK Tk1-Tm—1 fp+1 Em41-02s1 Th+1"""J2s2
€ € € $1-+$2—k m1ma (10.113)

for m > k contributes 1.
Each of the & — p — 1 terms of the form

ihg 1820y Jh41 T2
s1+s2—k,mi1+ma

(10.114)

e‘ip+1jm eimjp+1 eip+2jp+2 - eim—ljm—le‘im+1jm+1 e eikjk )

for 2 < m < k contributes 1.
Thus
Cp=251+2s0—k—p+1 (10.115)

and

Z g1, . ek Uik+1‘“i231jk+1"'j282 Vil"'izsljl"'j232
€ s1+s2—k,mi1+m2 s1+s2—k,m1+m2,251,252

1125
f1+d2sy
k—1 . L . 5
_ HC Z Tk41° 2251 Jk+1"""J2s9
- 4 s1+s2—k,mi1+m2
p=0 ’ik+1"'i.231
Jk+1"T2s9

(231+232—k+1)! ( 251 + 289 — 2k )

=(231+282—-2k+1)! s1+sa+k+my+mg
(10.116)

and

(251 + 289 — k + 1)! ( 251 + 289 — 2

10.117
(2S1+282—2k+1)! 31+32~1+m1+m2> ( )

1/N%2=p

Now we have all the pieces, and can put them together into the Clebsch-



164 CHAPTER 10. TENSOR METHODS

Gordan coefficient for |s; + s2 — k,m1 + ma) in |s1,m1) X |s2, m2),

(s1+ s2 — k,m1 +mg | 51,52, M1, M2)

_ 251 + 2s9 — 2k 251 289 ~1/2
—[<81+82+m1+m2—k> <S1+m1> (32+m2)}
(251)! (252)1\ 2 /(251 + 252 — 2k + 1)1\ /2
( k! ) ((231+232—k+1)!)

'i(—l)l (k)( 25, — k >( 259 — k )
=0 i s1+my—k+¢ Sa+mo—£

. 251 + 2s9 — 2k 251 259 —1/2
B [(31+32+m1 +m2—k> <31+m1) (82 +m2)]
251 25o\1Y2 [ (251 + 289 — k + 1 ~1/2

_i(_1)£<k)< 251 — k )( 232—-k)
12 s1+m1—k+¥¢ 8o +mg — ¢

£=0

(10.118)
This relation is a bit complicated for humans to use, but it is easy to code
it into a computer program that computes arbitrary Clebsch-Gordan coeffi-
cients, and it is nice example of the power of tensor methods.

Problems

10.A. Decompose the product of tensor components u’ v7¥ where v7* =
v*7 transforms like a 6 of SU(3).

10.B. Find the matrix elements (u|T,|v) where T, are the SU(3) gener-
ators and |u) and |v) are tensors in the adjoint representation of SU (3) with
components u} and v;. Write the result in terms of the tensor components

and the )\, matrices of (7.4).

10.C. In the 6 of SU(3), for each weight find the corresponding tensor
component v*7.

*10.D.
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a. Use the SU(2) tensor methods described in this chapter to redo prob-
lem V.C.

b. Check equation (10.86) by using the highest weight procedure to find
the state |3/2,1/2) in the tensor product of spin 3/2 states and spin 1 states
and compare with the result from (10.86) for the Clebsch-Gordan coefficient

(3/2,1,3/2,1/2 | 1,3/2,0,1/2)

*10.E. Consider wP scattering, ignoring isospin breaking. There are
three easily accessible processes (because it is hard to make 7° beams or
neutron targets):

ntp — ntp with amplitude Ay, = (7w p|H;|ntp)
7m~p — n~p with amplitude A_, = (7~ p|H;|7"p) (1)

7~ p — 7°n with amplitude Ag, = (mn|H;|7p)

where Hj is the interaction Hamiltonian, which is approximately SU(3) in-
variant. If we describe the pion and nucleon wave functions in terms of
SU(2) tensors, ¥ = 7% for the pions and N7 for the nucleons, we can
write the most general amplitude for this process as follows:

(n N|H|w N) = A, Tjp Nom* Nt + Ay Ty Non? NF (2)

a. Use (2) and the techniques described in the notes on tensor analysis
for SU(2) to write the three scattering amplitudes in (1) in terms of A; and
As and find the relation among the three amplitudes in (1).

b. The scattering amplitudes in (1) can also be written in terms of I =
3/2 and I = 1/2 amplitudes by decomposing the wN states into irreducible
I =3/2 and I = 1/2 representations and using Schur’s lemma. Find these
amplitudes in terms of A; and As.



Chapter 11

Hypercharge and Strangeness

Let’s now go back to the 1950s to the discovery of strange particles. By this
time, isospin was well established as an approximate symmetry of the strong
interactions, broken by the weak and electromagnetic interactions. Experi-
menters began to notice a strange new class of particles which were produced
in pairs in scattering of strongly interacting particles, and decayed much more
slowly back into ordinary particles. It was eventually realized that a lot of the
physics could be understood if there were an additive quantum number, called
strangeness that was conserved by the strong (and electromagnetic) interac-
tions, but not by weak interactions. Call it S. Particles which carry a non-zero
value of S are called strange particles.

11.1 The eight-fold way

The lightest strange particles are the K mesons, an isospin doublet with S =
1
Kt with I3=1/2

K% with Iy =-1/2 (LD
and their antiparticles with S = —1
B’ with I;=1/2 (112)

K~ with I3=—1/2

Like the s, the K's have spin zero and baryon number zero.
There are also strange baryons, particles with baryon number +1. With
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S = —1 there is an isotriplet (that is an isospin 1 representation)

£t with I3=1
0 with ;=0 (11.3)
¥~ with [3=-—1

and an isosinglet (isospin 0)

A with I;=0 (11.4)

With §' = —2 there is an isodoublet (isospin 1/2)

20 with I3=1/2
27 with I3 =-1/2

(11.5)

All of these particles satisfy

Q=T;+Y/2 (11.6)

where ¢} is the electric charge in units of the proton charge, T3 is the third
component of isospin, and Y is a quantum number called hypercharge, de-
fined by

Y=B+S§ (11.7)

If we plot T3 versus Y for the baryons, we get a plot that suggests the 8
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dimensional adjoint representation of SU(3):

T
Y
N P
— - £0 A S — (11.8)
T3 —
=" =0
To make the hexagon regular, we can choose
H =T; Hy;=+v3Y/2 (11.9)
T
Hy
N P
- 0 + (11.10)
z A z T, —

|
(1]
S

Something similar works for the light spin 0 mesons if we add the some-
what heavier n meson that was not discovered when SU(3) was first dis-
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cussed.
T
H>
KO K+
— 0 + (11.11)
T el 4 H1 —
K- K

It tumns out that the SU(3) symmetry suggested by these plots is not a sym-
metry of what were thought of as the strong interactions in the early 1960.
But then Gell-Mann realized that you could imagine dividing the strong in-
teractions into two parts:

very strong interactions, invariant under and SU(3) symmetry
under which the light baryons and mesons transform like 8s
and;
(11.12)
medium strong interactions, which break SU(3), but conserve
isospin generated by 77, 7% and T3, and hypercharge gen-
erated by 273 //3.

Then he showed that SU(3) symmetry could be used in perturbation theory,
like isospin, to understand a lot about the strong interactions.

11.2 The Gell-Mann Okubo formula

SU(3) is much more than just taxonomy. Consider the baryon masses. We
can write the baryon states as

B: ) (11.13)

where B} is a tensor (wave function) that labels the particular baryon we are
interested in. For example, the proton state corresponds to

B} = 6:1 653 (11.14)
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We can survey all the states at once by writing the following matrix:

0. A +
. 7 + 76 EOZJ P
1 __ - — A
B; = by 7 + 7 N (11.15)
=— =0 =2A
- - v6 /i
Now
B;|!) = P|P) + NIN) + - -- (11.16)

The entries of the matrix are convenient labels for keeping track of the states
— P is the proton wave function, A is the A wave function, and so on.

If SU(3) were an exact symmetry, all the particles of the octet would
have the same mass. Because it is broken, the masses will be different. But
if, as Gell-Mann assumed in (11.12), the SU(3) conserving very strong in-
teractions are much more important than the SU(3) breaking medium strong
interactions, the differences between different particle masses within the rep-
resentations, the mass splittings, should be smail compared to the average
mass. Explicitly, the mass is the energy of a particle state at rest, so we want
to calculate the matrix element of the Hamiltonian between the various single
particle states. We will ignore the weak and electromagnetic interactions for
now. The weak interactions give a negligible contribution to masses. The
electromagnetic interactions are more interesting, because while their effect
is small, it is significant because it violates isospin symmetry. We will come
back to this later. Then the matrix element we want is

(B|Hg|B) = (B|Hvs|B) + (B|Hus|B) (11.17)

where Hy g commutes with the SU(3) generators and Hjss commutes with
the isospin and hypercharge generators, but not with the others. The first
term contributes a common mass to each particle in the SU (3) representation.
In general, we cannot say anything very interesting about the second term.
However, there is reason to believe that H s transforms like the 8 component
of an octet of SU(3). Actually, when Gell-Mann first did the calculation,
he didn’t have any reason to believe this. But it is the simplest possibility
consistent with the isospin and hypercharge conservation assumed in (11.12).
The point is that we know the strong interaction Hamiltonian commutes with
the isospin and hypercharge generators. Thus it must be made up of tensor
operators that have components with / = 0 and Y = 0. The 8 is the smallest
nontrivial representation that has a state with ] =Y =0. The I =Y =0
state corresponds to the generator Tg. So Gell-Mann just assumed that Hpsg
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transformed like the T3 component of an 8 in order to be able to use the
Wigner-Eckart theorem to get a result. In particular, he assumed

Hyrs = [Ti]3 O} (11.18)
where O is a tensor operator transforming like an 8 under SU(3),
[T‘“ Of] = O'L [Ta]i'c - Of [Ta]']i (11.19)

In (11.18) we are using the matrix element [Tg];- as a tensor component to

pick out the component of the operator that commutes with I and Y.
Now we can use tensor methods to compute the matrix element

(B|Hms|B) (11.20)

This is a calculation we have already done. The two independent SU (3)
invariant combinations of the tensor coefficients are

B; (Tsl] BY = Tx (B! T4 B)

- N ; (11.21)
B; B} [Ts)f =T (B! BTy)
where we have used the fact that in matrix notation,
B — BT = B*T (11.22)

because B involves complex conjugation and interchanging of upper and
lower indices, which is equivalent to transposition.

Thus purely from SU(3) symmetry and the assumption that Hysg is a
component of an octet we know that

(B|Hps|B)
=XTr(BTBT8) +YTr(BTTgB)
= X ([B' Bl} + (B! BJ} - 2[B! B}) /V12 (11.23)

+v ([B B} + (B B' - 2[B B'3) /v12
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So we need to compute the diagonal elements of Bf B and B Bt
2

(B! Bj1i1 = EO—+—— +|= P+ =)
VORRRY/]
2
by A 2
BY By = |ZF|" + |— B0
5 1 = 5 + [+ G+
—2A |2
[B' Blss = [p|* + |n|® + \/—
20 (11.24)
BB = |2+ & +2+2+ 2
[ ]11 l\/i 76 , |2 |P|
(BB = =7 + 7 +|nf?
2A
t —— =0
BB = 27" + |2 [ ’—\/—
Thus
(B|Hums|B)
=X (|Z2+ (812 - |A]? - 2IN|?) /V12
(I + 12 ~ AP = 2N ) / 1125

+Y (|21 + [N]? — A2 - 218]7) /v/12

where we sum over particle types in each isospin representation. Now it is
easy to find the contribution to each particle mass by picking out the right
tensor coefficient. Adding the common mass M from the very strong inter-
actions, we have

My = My —2X/V12 +Y/V12

Ms = My + X/V12 +Y/V12

My =My - X/V12-Y/V12 (11.26)

M= = M, +X/\/E—2Y/\/E

Thus we have expressed the four masses in terms of three parameters. We
know nothing (from the symmetry) about the values of My, X, and Y, but
we can eliminate these dynamical quantities and get one relation that follows
purely from the symmetry —

2(My + Mz) = 3Mj + My (11.27)
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This is the Gell-Mann-Okubo formula. And it works very well. For exam-
ple, it implies

My = %(2(MN + Ms) — My) (11.28)
Putting in (in MeV)
My =940 My =1190 M= = 1320 (11.29)
gives
My = 1110 (exp. 1115) (11.30)

compared to the experimental value of 1115, the difference is less than 1%.
Considering that isospin breaking is bigger than this, it is much better than
we have any right to expect.

11.3 Hadron resonances

Particles like the baryons and mesons that participate in the strong interac-
tions are generically called hadrons. The baryons and mesons that we have
discussed are the lightest hadrons. But there are also an enormous number of
excited states of these light states that can be produced in particle collisions
but decay back into the light states so quickly that they appear only as en-
hancements in the scattering cross-section. The first hadron resonance to be
discovered was the A, which shows up as a very large enhancement in the
7P scattering cross-section at about 1230 MeV for angular momentum 3/2.
The resonance appears in all the charge states, from +2 to —1, so this is a
spin 3/2, isospin 3/2 state. It is part of a 10 of SU(3). All the other states in
the 10 have now been observed.

T
H,
A~ AP AT ATT
*— *0 *4 (11.31)
2y by ») Hi —
E*— E*O
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When Gell-Mann first discussed SU (3), the 2~ had not yet been observed.
Gell-Mann was able to predict not only its existence, but also its mass. Let us
repeat his calculation.
Again, we assume that Hpsg transforms like the 8 components of an
octet, and compute
(B*|Hs|B*) (11.32)

where we have called the decuplet wavefunction B* and
|B*) = B ;,) (11.33)

is the general decuplet state. We have already done the tensor analysis, and
in this case, we can immediately write down the result just by thinking. Since
there is only one reduced matrix element, the matrix elements of all octet op-
erators are proportional (component by component). Thus the matrix element
we want is proportional to the matrix element of the generator, T3, and thus to
the hypercharge, Y. This means that we predict equal spacing for the isospin
representations

MZ, — MA = ME- —_— ME- = MQ_ ot ME* (11.34)
Experimentally, in MeV,
Ma = 1230 My = 1385 M=+ =1530 (11.35)

The spacings are nearly equal, and the average is about 150, thus we expect
the 2~ at about 1680. Gell-Mann was even able to predict the fate of the
Q. With the predicted mass, it could not decay into two lighter particles
conserving strangeness and baryon number. The lightest pair of particles with
baryon number 1 and strangeness —3 is the K~ and Z° (or R’ and =7) with
a total mass of about 1815. Thus Gell-Mann predicted that the 2~ would
look not like a resonance, but like a weakly decaying particle, decaying into
states with strangeness —2, Zx and AK~. Sure enough, the {2~ was seen
(first in bubble chamber photographs) with a mass of 1672 MeV. This was
very convincing evidence that SU(3) is a good approximate symmetry of the
strong interactions.

11.4 Quarks

Today, this may seem rather trivial, because we now know that all of these
strongly interacting particles are built out of the three light quarks, u, d and
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s, transforming like the 3 of SU(3).

T
H>
d U
(11.36)
H1 —
$
The baryons can be built of three quarks because
33®3=10680861 (11.37)
To see this, note that 3® 3 = 6 @ 3, so
3033=(603)®(3®3) (11.38)
and 6 ® 3 looks like
ud ok = 1 ( 0k 4 ytk vj-i—ukjvi)
3 (11.39)

1/ .
+§ (ezklee o U u™ n+€Jklf uzm,un)

which is 10 @ 8. Thus both the 10 and the 8 of baryons that we have al-
ready seen can be built out of 3 quarks (the 1 also appears, in higher angular
momentum states).

The corresponding antiquarks transform like a 3

P

(11.40)

Hl—)

i~
aul

The mesons are built out of quark plus antiquark. Since 3® 3 =8 &1,
this is either an octet like the 7, K, 7 states we have already seen, or a singlet,
like the 7' (actually, because of the medium strong interactions, the n and 7'
mix slightly).
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The quarks have spin 1/2, and as we will see later, carry another property,
color, that is essential for the understanding of the strong interactions. They
also have baryon number 1/3 because three quarks are required to make a
baryon. The u and d quarks have zero strangeness, and thus their hypercharge
is 1/3. The s quark has strangeness —1, and Y = —2/3. For the quarks, the
electric charge is

Q=T3+Y/2

|
wlr—‘o e
N—

Qo= O

(11.41)

Quarks were originally introduced as a mathematical device, a shorthand for
doing SU(3) calculations. Today, though we know that quarks are real and
we have a detailed understanding of many aspects of the strong interactions.
Still, however, there is much that we cannot calculate. We are often forced to
fall back on symmetry arguments.

Ican’t resist doing one more example of an SU (3) relation from the early
days. The octet of spin 1/2 baryons have magnetic moments. Unlike the elec-
tron magnetic moment, however, the baryon moments cannot be calculated
just from their masses and quantum electrodynamics. They depend on the
internal structure of the particles. But we can use SU(3) to say a lot about
them. The crucial observation is that the operator that describes the mag-
netic moment, whatever it is, must be proportional to (2, the electric charge
of the quarks. It is therefore an SU(3) octet operator, and we can use the
Wigner-Eckart theorem. We expect

u(B) = aTe(BB' Q) + s Tx(B' BQ) (11.42)

Thus we expect 6 relations among the 8 magnetic moments (there is actually
a 9th, because it is a transition magnetic moment that is responsible for the
electromagnetic decay, £ — A~). In fact, all the magnetic moments can be
calculated in terms of u(P) and pu(N). These predictions were first worked
out by Sidney Coleman and Shelly Glashow in 1961.
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Problems

11.A. What would the Gell-Mann-Okubo argument tell you about the
masses of particles transforming like a 6 of SU(3)?

11.B. Compare the probability for AT production in 7°P — A¥ with
the probability for $*° production in K~ P — £*9, assuming SU(3) sym-
metry of the S-matrix.

11.C. Use the SU(3) argument discussed in the chapter to repeat the
calculation of Coleman and Glashow, predicting all the spin 1/2 baryon mag-
netic moments in terms of x(P) and p(N).



Chapter 12

Young Tableaux

We discussed Young tableaux in connection with the irreducible represen-
tations of the symmetric groups. We will now see that they are useful for
dealing with irreducible representations of Lie groups. We will begin by dis-
cussing this for SU(3), but the real advantage is that it generalizes to SU(n).

12.1 Raising the indices

The crucial observation is that the 3 representation is an antisymmetric com-
bination of two 3s, so we really do not need the second fundamental repre-
sentation to construct higher representations. We can write an arbitrary repre-
sentation as a tensor product of 3s with appropriate symmetry. In fact, as we
have seen, Young tableaux correspond to irreducible representations of the
permutation group, and the connection with the irreducible representations of
SU(3) (and SU(N), as we will see later) is that the irreducible representa-
tions of SU(3) transform irreducibly under permutation of the labels of the
indices.

Consider a general representation, (n,m). It is a tensor (in the old lan-

guage) with components

i1evin
Al (12.1)

separately symmetric in upper and lower indices, and traceless. We can raise
all the lower indices with € tensors to get

ail'"inklfl'"kmfm

‘ , . (12.2)
= Jikalr . EJmkmfmA;}l"-.-_ljy:n
Clearly, it is antisymmetric in each pair, k; «> ¢;, and symmetric in the ex-
change of pairs k;, 4; < k;¢;.

DOI: 10.1201/9780429499210-13 178


https://doi.org/10.1201/9780429499210-13

12.1. RAISING THE INDICES 179

Now for each such tensor, we can associate a Young tableau:

kil oo lkm i1| lsz (12.3)
o - ey,

What we would like to do is to find a rule that associates with the Young
tableau the specific symmetry of the tensor (12.2). We can do that by think-
ing about the highest weight of the representation, (n, m). Because the low-
ering operators preserve the symmetry, if we find the symmetry of the tensor
components describing the highest weight, all the states will have that sym-
metry. The highest weight is associated with the components in which all
the is are 1, and all the k, ¢ pairs are 1,3. All of these can be obtained by
antisymmetrizing the k, ¢ pairs from the component in which all the ks are
1, and all the #s are 3. But this one component is symmetric under arbitrary
permutations of the is and ks, and separately symmetric under permutations
of the £s. Thus we will obtain a tensor with the right symmetry if we start
with an arbitrary tensor with n 4 2m components, and first symmetrize all the
is and ks, and separately the s, and then antisymmetrize in every £, ¢ pair.
In the Young tableau language, this is very easy to state. We first symmetrize
in the components in the rows, then antisymmetrize in the components in the
columns. The result is symmetric in the ¢s and in the k, £ pairs as (12.2) must
be. But it also has a property that is the analog of tracelessness. Because we
have raised the indices with es, the condition of tracelessness becomes

Cirkygy a1 FIA b = (12.4)

This vanishes for a tensor with the symmetry properties just described be-
cause of the symmetrization of the components in the rows.

Thus a Young tableau like the one above is a rule for symmetrizing a
tensor to project out a specific irreducible representation. For example, if
a172k1 s a general tensor with three upper indices, but no special symmetry
property, the Young diagram

L (12.5)
k1
produces the tensor
altizky | gieaik
(12.6)

—gkain _ gizkii

which transforms according to the (1,1) (or adjoint) representation.
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We can generalize the concept to Young tableau with more rows. The
general rule is the same. Put indices in the boxes. Symmetrize in the indices
in the rows. Then antisymmetrize in the indices in the columns.

In SU(3), the tensors corresponding to Young tableaux with more than
three boxes in any column vanish because no tensor can be completely an-
tisymmetric in four or more indices which take on only three values. Any
column with three boxes corresponds to a factor of € in the three indices —

t_ijk =
(12.7)
So tableaux of the form
kil o |k ill li”l (12.8)
O] - b,

describe the same representation as (12.3).

12.2 Clebsch-Gordan decomposition

We can now give, without proof, an algorithm for the Clebsch-Gordan decom-
position of a tensor product. To decompose the tensor product of irreducible
representations a and 3 corresponding to tableaux A and B, you build onto
A using the boxes of B in the following way. Begin by putting as in the top
row of B and bs in the second row. Take the boxes from the top row of B
and put them on A, building to the right and/or down, to form legal tableau
(that is collections of boxes in which the numbers of boxes in the rows are not
increasing as you go down, and the numbers of boxes in the columns are not
increasing as you go the right), with no two as in the same column. Then take
the second row and add the boxes to each of the resulting tableau to form legal
tableaux with one further condition. Reading along the rows from right to left
from the top row down to the bottom row, the number of as must be greater
than or equal to the number of bs. This avoids double counting. The tableaux
produced by this construction correspond to the irreducible representations in
a® p.

Examples:
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D®@=E@®E (12.9)

33=683
E}®[:]: aJ@{% (12.10)
I®3=841

It is less trivial to do this one the other way.

D@zz@ (12.11)
/ R
[Tett] & [ [a] ® & [

Lb] al
b

The tableaux that are crossed out do not satisfy the constraint that the number
of as is greater than or equal to the number of bs. Needless to say, it is easier
to do it the other way, because you have fewer boxes to move around.

Sometimes the tableaux that are produced in the first stage are useless,
because there is no possible second state. Here’s an example:

@ =[]e[1q (12.12)
08 0%

o

Of course we would actually never do it this way. This is the decomposition
of 3®3 = 6 @ 3. This is just the complex conjugate of 3 ® 3 = 6 & 3 which
we have already done, and which was much easier because it involved fewer
boxes. That’s a useful lesson.
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Finally, here is a useful example which illustrates all of the rules — 8 ® 8

| ® |ala] = (12.13)

lala] = lalefh| ® ala] ® lafa]
—

[a] - [ [ ]#5) ® a e [ 1
4

L b .
a] V1 a] %
— & )
a a
2] aib
-
7
or
| ® [ala] = alal & lala] (12.14)
|| b b |
b
27 10
<) al B al @ al &
alb a b a
b} 4] ajb
10 8 8 1

This analysis not only illustrates all the rules, it suggests one possible sys-
tematic way of ordering the calculation, in this case by putting things as far
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to the right as possible to start with, and then working to the left. It is impor-
tant to have some such rule for your own calculations, so that you don’t miss
possibilities.

123 SU(3) = SU2) x U(1)

Young tableaux can do many other useful things for us. One that we can
already explore in SU(3) is to help us understand how a representation of
SU(3) decomposes into representations of its subgroups. An example of
this which has some phenomenological importance is the decomposition of
SU(3) representations into their representations of SU(2) x U(1), and par-
ticularly, of isospin and hypercharge (T3, remember, is just V3 Y/2).

The three components of the defining representation, the 3, decompose
into a doublet with hypercharge 1/3 and a singlet with hypercharge —2/3. In
general, consider a Young tableau with n boxes and look at the components
in which 7 indices transform like doublets and n — j transform like singlets.
The total hypercharge will be

j_2n=Jg)_ _2n .
J _ =— 12.
3 3 3+ (12.15)

We will denote the n—j singlet components by a Young tableau of n—7 boxes
in one row. This is the only valid Young tableau that we can build for these,
because they all have the same index, and thus cannot appear in the same
column.

The SU(2) representations that these components transform under will
be some subset of the representations that can be built out of j boxes. Now
here is the point. To determine whether a given SU(2) representations, c,
actually appears, what we do is to compute the tensor product of a with the
n—j horizontal boxes. Then the number of times the original representation
of SU(3) appears in the tensor product is the number of times o appears in
the decomposition. We will give a justification of this procedure later, when
we generalize it. But now let us work out some examples. We will use a
notation in which we refer to the SU(2) representation by their dimension,
and put a subscript to indicate the hypercharge. Thus (21 + 1), stands for an
isospin [ representation with hypercharge y.

First consider the 6. The result is illustrated in the following figure
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(where the . represents the trivial tableau, with no boxes).

1] — (12.16)
G=I
(o o) 2w
==

Each representation appears once.
Now look at the 3. The answer here is obvious, because this is the com-
plex conjugate of the 3. but let us see what it looks like in this language.

B IR (12.17)
)

(=) RV

Again, each representation appears once. Note that we cannot have a col-
umn of boxes on the right hand side of the ordered pairs, because this would
represent an antisymmetric combination of states with only one index, which
vanishes.

Next consider the adjoint representation, where we already know the an-
SWer.

] (12.18)

)
Bo) -
<
<

M 0) s
0 M) 2
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Each representation appears once.
Now let’s do a less trivial one, for the 27 —

] . (12.19)

S——’
it
=}

|
~—
"~
o

(Irliuln) 3,

Again, each representation appears once.
Problems

12.A. Find (2,1) ® (2,1). Can you determine which representations
appear antisymmetrically in the tensor product, and which appear symmetri-
cally.

12.B. Find 10 ® 8.

12.C. For any Lie group, the tensor product of the adjoint representation
with any arbitrary nontrivial representation D must contain D (think about
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the action of the generators on the states of D and see if you can figure out
why this is s0). In particular, you know that for any nontrivial SU(3) rep-
resentation D, D ® 8 must contain D. How can you see this using Young

Tableaux?



Chapter 13

SU(N)

We now want to generalize the discussion of the last few chapters to SU(NV),
the group of special unitary N x N matrices, generated by the hermitian,
traceless, N x N matrices.

13.1 Generalized Gell-Mann matrices

There are a couple of different useful bases for the SU(N) generators. We
will start with a generalization of the Gell-Mann matrices, in which we build
up from the SU(N) to SU(N + 1) generators one step at a time. We will
normalize (as in SU(2) and SU(3))

1
To(ToTh) = 5 0ab (13.1)

The generators of the raising and lowering operators, we can take to have
a single non-zero off-diagonal element, 1/ V2. The group is rank N — 1,
because there are N — 1 independent traceless diagonal real matrices. We can
choose the N — 1 Cartan generators as follows

1 m
[Hm]ij = —m (Z (Sik(sjk — m(si,m+1 (Sj,m+1> (13.2)
k=1
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For example

1 0 0
1 0
1 1 01 O
H1=§ 0 1 HQ—\/_—E 0 0 -2
(13.3)
1 0 0 O
] 01 0 O
Hy=—|0 0 1 0
V24|10 0 0 -3
and so on.

Altogether, there are N2 — 1 independent traceless hermitian matrices.
These N2 — 1 matrices generate the N dimensional defining representation
of SU(N), which we will sometimes call the N. The weights are N — 1
dimensional vectors,

) 1 m
N = [Hplii = —————— Oik —mM&;m 13.4
[V] [ ]JJ 2m(m—|—1) (kX::l 7k m V) +1) ( )
These satisfy,
vy =m=1 om (m_—i—-—l) (kX::l Ojk —méj,m+1)
N-1 1 m )
- ¥ oy (St i)
N-1 . 2
- 1, U=D (13.5)
2 amm+1) | 2G - 1)
_lN"1<i_ 1 )+<J'—1>
S 2= \m (m+ 1) 2j
_1_ 1 j—1 N-1

b
s
o
o
.
b
=
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and for i < j,
l/i . l/j
N-1 1 < m
= > bk —/”"5{4-1>
= 2m(m + 1) =
m
X Z 5jk —m (Sj,m.q_l) (13.6)
k=1
= S (s )
o 2m(m+1)  2j(j —1)
1 1 11
2j 2N 25 2N

The weights all have the same length, and the angles between any two distinct
weights are equal —

2 N-—-1 ; 1
2 D 1 7 R . .
v 5N vt o for 1 #£ 3 13.7)
or
Jovi= -yl (13.8)
- 2N 2Y '
Thus the weights form a regular figure in N — 1 dimensional space, the N —1
simplex.
Explicitly, the weights look like
o 11 1 _ 1
“\2°2v3 Voam(m+1) CV2(N-1)N
0 11 1 1
l/ ——-7 y ... 5 5 .. ,
2’23 V2m(m + 1) V2(N —1)N
1 1 1
3
VB=[0,-—, -, o
V3 V2m(m + 1) V2(N —1)N
(13.9)
l/m+1 —

m 1
(0’0""’_,/2m(m+1)"“’ \/2(N—1)N>

oV = 070’...’0,...,___‘]\/__1___
2(N —1)N
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For convenience, we will choose a backwards convention for positivity
—a positive weight is one in which the LAST non-zero component is positive.
With this definition, the weights satisfy

1

P> 2 s NS N (13.10)

The E's take us from one weight to another, so the roots are differences
of weights, v* — 17 for 1 # j. The positive roots are v* — 17 for ¢ < j. The
simple roots are

= —vtlfori=1to N -1 (13.11)
The roots all have length 1. They satisfy using (13.8)

S
o - o = 5 (835 = bi15 = Oir1 + Gigr+1)

2T (13.12)
= dij = 5 Sijx1

so the Dynkin diagram is

O-0-0-0 a1

ol a2 aN—2 aN—l

The fundamental weights are
‘ j
pl = Z vk (13.14)
k=1

It is easy to check using (13.7) that these satisfy

20t - !
i

= 0;; (13.15)

because the term proportional to ﬁ in (13.8) cancels because the simple root
is a difference of fundamental weights. Thus u* is the highest weight of the
defining representation.

13.2 SU(N) tensors

As in SU(3), we can associate states with tensors,

[ty = ) (13.16)
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then we can build up arbitrary representations as tensor products.
Consider, for example, the antisymmetric combination of m defining rep-
resentations. The states are

Abramlg g (13.17)

where Ali1im] is completely antisymmetric. This set of states forms an irre-
ducible representation, because of the antisymmetry. Because of the antisym-
metry, no two indices can take on the same value. Thus the highest weight in
this set of states arises when one of the indices is 1, another is 2, and so on.
That means that the highest weight is the fundamental weight ™

m
Yo vE=pm (13.18)
k=1

Thus this representation is the fundamental representation D™.
The highest weight of any irreducible representation can be written in
terms of the Dynkin coefficients, ¥, as

p=> qut (13.19)
k

The ¢¥s are non-negative integers. The tensor associated with this represen-
tation has, for each k£ from 1 to N — 1, ¢ sets of & indices that are antisym-
metric within each set. A simple generalization of the argument as for SU(3)
shows that symmetry of this tensor can be obtained from the following Young
tableau, with q’C columns of &£ boxes

qN—l qN-Z q2 ql
boxes boxes .. boxes boxes
1] (13.20)
N-1
boxes

This gives a tensor of the right form for the same reason as it did in
SU (3). The highest weight state has a term in which the top row is all 1s, the
second is all 2s, the third is all 3s, etc. Thus the tensor we want is obtained
by first symmetrizing in the indices in the rows, and then antisymmetrizing in
the indices in the columns. This is exactly the symmetrization condition that
we used at the end of chapter I to construct the irreducible representations of
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the permutation groups. Thus the irreducible representations of SU(N) with
m indices are associated with the irreducible representations of S,,.

As in SU(3), tableaux with more than N boxes in any column corre-
spond to tensors which vanish identically. Any columns with N boxes con-
tribute a factor of the completely antisymmetric tensor with NV indices (which
we will again call €). Tableaux which are the same except for columns with
N boxes correspond to the same irreducible representation.

We will sometimes denote the representation corresponding to a Young
tableau by giving the number of boxes in each column of the tableau, a series
of non-increasing integers, [£1, £2, - - -] In this notation, D7 is [5].

For example the adjoint representation, in SU(N) as in SU(3), corre-
sponds to a tensor with one upper and one lower index. To get it into the
standard form of a tensor, we must raise the lower index with an N compo-
nent e. Thus the adjoint is [N — 1, 1].

Clebsch-Gordan decomposition works the same way as for SU(3), ex-
cept that now we need cs for the third row of the tableau, ds for the fourth,
etc. Along with the condition that reading along the rows from right to left
from the top row down to the bottom row, the number of as must be greater
than or equal to the number of bs which is greater than or equal to the number

of cs, etc.
For example,
H ® [a] = a] ® E (13.21)
2] ® [1] = [2,1] & [3]
or
al=[Jald[Ja]® [ [a] ® [ [a] & [ (13.22)
5] b b b - .
c c | || |
d] d | N | -
\d| c b |G
d] c] 6]
.d| c
|d]

4] ® [4] [44] & [53] @ [62] @ [7.1] @ [8]

Notice that it is the rule about number of as being greater than or equal to
the number of bs and so on, that prevents us from having more than one of
any of these representations. Of course, if N is less that eight, some of the
tableaux in the last example will give vanishing tensors, while others will
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have columns of N boxes that can be eliminated without changing the repre-
sentation.

Note, in general, in the Clebsch-Gordan decomposition process that the
only time boxes can disappear is when columns of N boxes are removed.
Thus each tableaux in the decomposition of a tableau with j boxes ® a tableau
with & boxes will have a number of boxes equal to j+k modulo V. This is the
analog of the conservation of triality in SU(3). The quantity j + & mod N
in SU(N) is sometimes denoted by the linguistic barbarism N -ality.

13.3 Dimensions

For most of the small representations that we will need, it is easy to work out
the dimension. For example, the dimension of {5] is

(1;[) - mvN_lT)' (13.23)

The dimensions of the two-column representations can be worked out using
the Clebsch-Gordan series. For example, from [1]® [2] = [2, 1] & [3], we can
find the dimension of [2,1].

(D)()-()- st

There is, however, a simple rule for obtaining the dimensions of any
representation from its tableau. It is called the factors over hooks rule. It
is a special case of Weyl’s character formula. It works as follows. Put an N
in the upper left hand corner of the tableau. Then put factors in all the other
boxes, by adding 1 each time you move to the right, and subtracting 1 each
time you move down. The product of all these factors is F'. A hook is a line
passing vertically up through the bottom of some column of boxes, making a
right hand turn in some box and passing out through the row of boxes. There
is one hook for each box. Call the number of boxes the hook passes through
h. Then if H is the product of the hs for all hooks (the same factor we used
in (1.164), the dimension of the representation is

F/H (13.25)
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For example, for [2,1], the factors are

N | N+l (13.26)
F=N(N+1)(N-1)

The hooks are

] , - (13.27)
¥ U
so H = 3. Thus P N(N + 1)V = 1)
+ —_
7= 3 (13.28)

in agreement with (13.24).

13.4 Complex representations

Most of the representations of SU(N) are complex. For example, the lowest
weight of the defining representation is vN. But we know because the Cartan
generators are traceless that

N
S vi=0 (13.29)
j=1
and thus
N-1
W==3% v =—pNt (13.30)
j=1

Thus [1] is complex, and its complex conjugate is D¥-lor [N —1],
[ =[N-1] (13.31)
Simlarly, the lowest weight of [mn] is the sum of the m smallest Uts

N ) N-m

o= =N (13.32)
j=N-m+1 j=1
and thus

[m] = [N —m] (13.33)
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In general, the complex conjugate of a representation is
(01, -, 8] =[N =&y, -+, N — {1] (13.34)

Thus the tableau corresponding to a representation and its complex conjugate
fit together into a rectangle N boxes high, as shown below:

N boxes

13.5 SU(N)® SU(M) € SU(N + M)

Now we can generalize the discussion of SU(2) x U(1) € SU(3) from the
last chapter. Consider the SU(N)®SU(M)®U (1) subgroup of SU(N +M)
in which the SU(N) acts on the first N indices and the SU (M) acts on the
last M indices. Both of these subgroups commute with a U (1) which we can
take to be M on the first NV indices and —N on the last M (note that it is
traceless).

(13.35)

O=((0 *)mx® (+ O)-w~ (13.36)

We would like to determine how an arbitrary irreducible representation
of SU(N + M) decomposes into irreducible representations of SU(N) ®
SU(M) ® U(1). Suppose that we have an SU (N + M) representation with
n + m boxes. To compute the number of times that the product of an SU(N)
representation A with n boxes and a SU (M) representation B with m boxes
appears in the SU(N + M) representation when we restrict n indices to be
from 1 to N and m to be from V41 to N + M, we relax that condition and let
all the indices run over all N + M values, and find the tensor product A ® B
of the two representations (as representations of SU(N + M)). Then the
number of times that the pair (A, B) appears in the decomposition is equal to
the number of times the original SU(N + M) representation appears in the
tensor product A ® B. Note also that the U(1) charge of the representation is
nM — mN.

Notice that if we take M = 1, the SU(M) group disappears, because
there is no algebra SU (1) — it has no generators. However, the construction
described above still works. This is what we used in the previous chapter
to do the decomposition of SU(3) representations under the SU(2) x U(1)
subgroup in (12.18) and (12.19).
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Let us do the example SU(3) ® SU(2) ® U(1) € SU(5), where the
defining representation is

] (13.37)
= (D ¢ )2 (371)2

® ( ¢ D)—B (172)—3

Then the adjoint representation, which we showed above was [N — 1,1}, is

| (1338
-
- (" o), e
o(H ), wo
® (E H), @
o (HHH), ®w
(B )., w-

Problems

13.A. Show that the SU(n) algebra has an SU(n — 1) subalgebra. How
do the fundamental representations of SU(n) decompose into SU(n — 1)
representations?

13.B. Find [3]®[1] in SU(5). Check that the dimensions work out.
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13.C.  Find [3,11®[2.11

13.D. Under the subalgebra SU(N) ® SU(M) ® U(1) € SU(N+M),
where the defining representation N+M transforms as ([1], [0]) m®([0], [1]) =~
(in the [#1, - - -] notation where the £s are the number of boxes in the columns
of the Young tableaux, and where the first bracket indicates the SU (V) rep-
resentation and the second the SU(M)), how do the fundamental representa-
tions of SU(N+ M) transform? How about the adjoint representation?

13.E. Find [2] ® [1,1] in SU(NN), and use the factors over hooks rule to
check that the dimensions work out for arbitary V.



Chapter 14

3-D Harmonic Oscillator

This is an important chapter, but not because the three dimensional harmonic
oscillator is a particularly important physical system. It is, however, a beau-
tiful illustration of how SU(N) symmetries arise in quantum mechanics.

14.1 Raising and lowering operators

The Hamiltonian (here as elsewhere we have set h = 1) is

H= _1-1-,'2 + szf'?
2m 2 (14.1)
=w (a;rcak + 3/2)
where
1 .
ay = (mwrg +1pk)
2mew (14.2)
aI: = (m(d’l'k - lpk)

2mw

for k = 1 to 3. The ay and a;rc are lowering and raising operators satisfying
the commutation relations of annihilation and creation operators for bosons,

:ak,aﬂ = 5kg
lak, ag] = [a}c,az] =0

_a;rcak, az] = az

(14.3)

[t
akak,ae] = —ay
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If the ground state is |0), satisfying

ag|0) =0 (14.4)
then the energy eigenstates are
al ---al |0) (14.5)
with energy
w(n+3/2) (14.6)

The degeneracy of these states is interesting — it is the number of symmetric
combinations of the n indices, ky - - - k,, which is

(n+ (n+2)
2

Just the dimension of the (n, 0) representation of SU(3). This suggests that
the model has an SU(3) symmetry.

It is not hard to find the SU(3) explicitly, because the raising and lower-
ing operators are completely analogous mathematically to creation and anni-
hilation operators for bosons. And we know how to form SU(3) generators
out of creation and annihilation operators. This guess turns out to be right.
The generators of the SU(3) symmetry on the Hilbert space are

Qa = al [Tulkeas (14.8)

where T, = A, /2 are the Gell-Mann matrices. You have already shown that
these satisfy the commutation relations of SU(3) in problem (5.B), and you
can check that

(14.7)

[Qa, H] =0 (14.9)
so that the energy eigenstates form representations of SU(3). Also,
Q.]0) =0 (14.10)

so that the ground state is an SU(3) singlet.
Just like the creation and annihilation operators, the raising and lowering
operators form tensor operators under the SU(3),

[Qa, GL] = a} [Talek (14.11)

thus a;rc transforms like a 3. The lowering operator, ai, transforms like a 3,

[Qa,ar] = —[Ty)ke ae

= —ag [T ok = —ae [T ok

(14.12)
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Because all the states in the Hilbert space can be obtained by the action of the
raising operators on |0), the Hilbert space decomposes into (n, 0) representa-
tions. No other representations appear.

14.2 Angular momentum

Something interesting has happened here. The SU(3) symmetry is nontrivial.
It implies that states with different angular momenta are exactly degenerate.
Angular momentum is a subgroup of SU(3) generated by (see problem 14.C)

L3 =2Q2, L1=2Q7, Ly=-2Qs (14.13)

But for n > 1, the degenerate states in level n consist of more than one
anglar momentum. For example, the n = 2 states transform like a 6 of
the SU(3), which under angular momentum transforms like 5+1. Thus at
this level, the symmetry guarantees a degeneracy that does not follow from
rotation invariance alone. But notice that we didn’t have to do anything to
impose this SU(3) symmetry. We just imposed rotation invariance, and then
the SU(3) symmetry popped out, because of the linearity of the Harmonic
oscillator force law. Nonlinear, anharmonic effects would spoil the SU(3)
symmetry. For example, a term in the potential like (Z2)? would conserve
angular momentum, but break the SU(3).

This example can be extended to SU(N) if you let the number of di-
mensions be larger or smaller. The dimensions, in this case, just give you
more indices for your raising and lowering operator. For the harmonic os-
cillator, this looks pretty silly, since we live in three dimensions. But in a
relativistic theory when we describe the Hamiltonian in terms of creation and
annihilation operators, it is perfectly natural. The first approximation to the
Hamiltonian of any system of N different types of particles with the same
mass will be proportional to the total number operator, a;fcak where the sum
over k runs from 1 to N, just because the energy of the m particle state will
be m times the energy of a one particle state. This has an SU(N) symme-
try. Of course, interactions and other effects that treat the particles differently
may break the symmetry.

14.3 A more complicated example

It is very instructive to consider a slightly more complicated model in which
all representations of SU(3) appear in the Hilbert space. Consider the fol-
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lowing two-particle Hamiltonian:

_ W0 o2 W2 (82 B2
H_2(+r)+2(P+R)
+A [(f R-p-PY+(7P+R-p) (14.14)

where the R and P are an independent set of coordinates and momenta. This
describes two harmonic oscillators, in units with miw; = mows = 1, cou-
pled in what appears to be a complicated way. But in fact, it is carefully
constructed to be simple in terms of raising and lowering operators. Defining

it = (F—ip)/V2, d=(F+ip)/V2,

N o . . (14.15)
ot =(R—-iP)/v2, b= (R+iP)/V2
then the Hamiltonian becomes
H = wi(alay +3/2) + w2 (blbg + 3/2)
1(agax +3/2) + wa(by / 14.16)

+4A (albl) (agby)

The point of this is the form of the interaction term proportional to A, and
in particular, the way the indices of the raising and lowering operators are
contracted. It is constructed to commute with the operators (see problem
14.D)

Qa = af [Talkear — bl [T21ke be (14.17)

These have the commutation relations of SU(3), so the theory has an SU (3)
symmetry with the a' transforming like a 3, as in the simple three dimensional
harmonic oscillator, but with the b! transforming as a 3. Because we now have
raising operators that transform like 3s as well as 3s, we can construct states
which transform like arbitrary SU (3) representations.

To see what the states look like, note that H also commutes with the
number operators,

N,=ala;y and N, =blb (14.18)
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Thus the energy eigenstates have definite numbers of a's and bs, and trans-
form under irreducible representations of SU (3). They look like
|(n,m), K)
= (a:-r1 ---aIn b;r-l ---b;r-m — traces) (14.19)
.(d’r : ET)KIO)
transforming like the (n, m) of SU(3). For example, the octet states look like

(a,tb} - éake(af : B'T)) (at- ET)K;O) (14.20)

The indices of the a's act like lower SU(3) indices while the indices of the
bTs act like upper indices. The irreducible representations must be traceless
in a pair of an a' index and a b index.

It is straightforward to calculate the energy eigenvalues. Because of the
SU(3) symmetry, we can look at any state in an irreducible representation,
and in particular, at the highest weight states

|(n,m), K) = (a{)" (bg)m (at- ET)K|0) (14.21)

The first two terms in H just count a's and b's. The nontrivial term is the
interaction term proportional to A. But because we know that the state is an
eigenstate, we can just do it.

(EiT ’ gf) (6 ’ g) |(n7m)aK)

= (a8 [a-5, (@))"] D™ (at-8) " 10) (o)
(@ -8 @) [a-5,6)m] (a5 o) (b)
+@ 8 )" @)™ [an o, (a1 5) ] |10 (©

(14.22)
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(b) works the same way, and gives
m K |(n,m), K) (14.23)

(c) is
@ -5 )" 0™ [ow, b, (a7-5) || 0

=@ ) @) 6)" o Kal(@5) ] 0

=K (a8 ()" (o)™ ([ak,al] (a"- ET)K_l (14.24)

+a,t [ak, (EL'Jr . ET)K_l]) |0)
= K (K +2)|(n,m), K)

Thus the energy eigenvalue is

w1 (n+K+g> + wo (m+K+g> +4A K (n+m+ K +2) (14.25)

The physics of this model is not very interesting. However, as an ex-
ample of how symmetries arise, it is very instructive. There is a very useful
way of thinking about what goes on here. For a moment, think of the inter-
action term, proportional to A, as a perturbation on the harmonic oscillator
terms. In the absence of the A term, the theory has a larger symmetry —
SU (3) x SU(3) (and some U (1)s, but we will concentrate on the non-Abelian
symmetries) — separate SU(3) symmetries on the al and b' variables. The
interaction terms couples the as and bs together and breaks the independent
SU(3) symmetries down the single SU(3) that treats the interaction terms
as a singlet, because aiby and aLbL are singlets under the SU(3) symmetry.
It is often useful to organize the symmetry structure of the theory in such a
structured way.

Problems

14.A. Show that the operators

1
ij = a,J-ra,Jr.a,;c ~1 (5ikaza}a5 + 5]‘[‘;(1}(1;[(1[)
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transform like a tensor operator in the (2,1) representation.

14.B. Calculate the non-zero matrix elements of the operator O3, (where
ij is defined in 14.A) between states of the form

a} (a}t}) 0)

and
a;f-a,t (a}b}) |0) .

14.C. Show that (14.13) generates the standard angular momentum,

FXP.

14.D. Show that
[Qa,axbr] =0.



Chapter 15

SU(6) and the Quark Model

In the spectrum of low-lying baryons, the octet with spin 1/2 and the decuplet
with spin 3/2 are not very far apart in mass. Typical splittings between the
octet and decuplet states are not so different from splittings within the SU(3)
representations. Noticing this, in the 60’s, many physicists played with the
idea of embedding SU(3) in some larger symmetry group that would connect
the two representations. Because the baryons in the 8 and 10 have different
spins, the larger group cannot commute with angular momentum. You might
expect this to cause problems, because it means mixing up internal symme-
tries and spacetime symmetries, and indeed it does. But the problems do not
show up until you try to make the theory relativistic. We will discuss some of
this, and possible resolutions, later.

15.1 Including the spin

The obvious way to extend the SU(3) symmetry group is to include in the
quark states the quark spin as well as the quark type. This suggests that we
think about a 6 dimensional tensor product space in which the states have an
SU(3) index, and a spin index —

(ranlan1s)) (172, 1-172) 51

The corresponding symmetry group is an SU(6) symmetry that acts on this
six dimensional tensor product space. We can write the generators as products
of 3 x 3 matrices in the SU(3) space (though not necessarily traceless) and
2 x 2 matrices in spin space (again, not necessarily traceless). In particular,
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the generators include the SU(3) generators
1
5 Ao (15.2)

with the identity in spin space understood, and the spin generators

1
59 (15.3)

with the identity in the SU(3) space understood. That is, this SU(6) has an
SU(3) subalgebra under which the 6 transforms like two 3s, and it has an
SU(2) subalgebra under which the 6 transforms like 3 2s. The SU(3) and
SU(2) algebras commute with one another. We say that the SU(6) has an
SU(3) x SU(2) subgroup under which the 6 transforms like a (3,2). The
other SU (6) generators are the products

—;—)\acrj (15.4)
The total number of generators is then 8+3+24=35, which, sure enough, is
the number of independent, hermitian, traceless 6 x 6 matrices.

The low-lying baryons, consisting of three quarks, transform like the 56
dimensional representation of SU(6), the completely symmetric combination
of 3 6s. Let’s pause to understand how such a representation transforms.

152 SU(N) x SU(M) € SU(NM)

The general situation is SU(N) x SU(M) € SU(NM). It arises only for
SU (k) where k is not a prime, and thus this embedding does not show up in
SU(2) or SU(3). The idea is to always exploit the idea of a tensor product
space. For SU(N M), the defining representation has N M indices, and we
can therefore describe it in a tensor product space, replacing the N M indices
by an ordered pair of indices, ¢, z where ¢ runs from 1 to NV and z runs from
1 to M. Then the matrices

TN 6y and 8 [TM]ay (15.5)

are hermitian and traceless (remember that in a tensor product space, taking
the trace means contracting both types of indices) and generate SU(N) and
SU(M), respectively.

Under the SU(N) x SU(M) subalgebra generated by these matrices,
the NM transforms like (N, M) (or equivalently, ([1],[1]) — that is there
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are M copies of the N of SU(NN) which transform into one another under
the SU(M) — or vice versa, whichever you like). The reason that this is
useful is that very often our creation operators have more than one index —
like the SU(3) indices and spin indices in the quark states of SU(6). Then
this kind of tensor product is the natural place for them, and such SU (N M)
symmetries arise quite naturally.

Now we can ask the decomposition question. Given a representation of
SU(NM), how does it transform under SU(N) x SU{M)?

In particular, suppose we have a representation D, of SU(N M) corre-
sponding to some Young tableau with K boxes. In a tensor language, D is a
tensor with K SU(N') indices and K SU(M) indices. Thus because of N-
ality and M -ality, if the decomposition contains the representation (D1, D7)
where Dy is an SU(N) representation with K, boxes and D is an SU(M)
representation with K boxes, then

K=K mod N=K; mod M. (15.6)

To go further, it is again easiest to argue backwards. First, add columns of
N boxes to D; and columns of M boxes to D, if necessary to bring both
up to a total of K boxes. Now what the decomposition means is that we can
write the tensor described by a D tableau with (7, z) pairs in each box as a
linear combination of products of tensors with ¢ indices in the D; tableau and
z indices in the D5 tableau.

Now the idea is simple. Both the D; and D5 tableaux have definite sym-
metry properties under permutations of the k indices. They are associated
with irreducible representations of the symmetric group Si. The question
then is whether the product has any component that had the symmetry of D.
If so, then (D1, D7) will appear in the decomposition of D.

Of course, this doesn’t quite solve the problem, because we must still
understand whether the tensor product of two irreducible representations of
S contains a third. We won’t try to solve this problem in general. But we
will be able to tell in some special cases.

For the 56 of SU(6), this analysis is simple. The Young tableau associ-
ated with the 56 is

(11 (15.7)

which corresponds to the trivial representation of Ss. There are three possible
irreducible representations of SU (3) with three boxes:

11 ] @ (15.8)




208 CHAPTER 15. SU(6) AND THE QUARK MODEL

And there are two possible irreducible representations of SU(2) with three
boxes:

111 ] (15.9)

J

The SU(3) x SU(2) representations in the 56 are then those ordered pairs
of SU(3) and SU(2) representations for which the trivial representation of
S5 appears in the tensor product of the 53 representations of their Young
tableaux. For example, the representation

(T3> [T (15.10)

appears, because the completely symmetric representation is contained in its
tensor product with itself. This corresponds to the 10 of SU (3) with spin 3/2.
The other possibility is

(T[T (15.11)

The tensor product of these two S3 representations contains the trivial repre-
sentation (as we will see explicitly) because any pair of SU(3) and SU (2)
indices transforms the same way under any permutation, the product contains
the representation which is unchanged by the permutation. This represen-
tation corresponds to the 8 of SU(3) with spin 1/2. Thus the 56 includes
precisely the low-lying baryon states.

15.3 The baryon states

Let’s look explicitly at these states. The decuplet states are particularly simple
because they are separately symmetric in the SU(3) and SU(2) indices. For
example, indicating the 1/2 spin states by |+)
|ATY,3/2) = Juuu)|+++)
1
AT, 1/2) = §(|uud) + |udu) + [duu))

.(|++_> +4—t) + |—++>) (15.12)

S

£%%,1/2) =

~ D

-(Iuds) + |dus) + |sud) + |sdu) + |dsu) + lusd))

-(l++—) + |+-+) + l~++))
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The octet states are more complicated because they are antisymmetric in one
pair of spins and quark labels (because of the columns in the Young tableau).
To get a completely symmetric state, you can multiply the two and then add
cyclic permutations. For example

a2 =2

{ (]uds) -~ |dus)) (]+—+) — |—++))
+(Isud) — [sdu)) (1++-) = [+-+))
+([dsu) - |usd)) (l—++) - l++—))}

(15.13)

In this notation, the quark label and spin states are correlated. The first quark
label goes with the first spin states, and so on. The way this A state works
is that if you interchange both spin and quark labels of any pair, one of these
three terms is unchanged, while the other two get interchanged. Note the nor-
malization of the state. It is often more convenient to construct these states
by multiplying an SU(3) state that is symmetric in some pair of indices, like
|uud) which is symmetric in the first two, by a spin state which is symmetric
in the same pair, but with total spin 1/2. Then again, adding cyclic permuta-
tions gives a totally symmetric state. For example,
P =2
6
-{|uud) (2|++—) - |+=+) — l—++))
(15.14)

+|udu) (2I+—+> ~|—++) = |++-))

+|duw) (2(—++) — |++-) — |+—+))}

In the first term, for example, the |+—+) state and the |-++) state must have
the same coefficient for symmetry under interchange of the first two quarks,
but the |++-) state is automatically symmetric, so it can have a different co-
efficient. We have chosen the coefficients so that the sum vanishes, which
guarantees that the state will be orthogonal to the symmetric spin 3/2 state.
This can never give a decuplet state. If the SU(3) state is completely symmet-
ric, the sum over cyclic permutations gives zero rather than a nontrivial state.
Again, note that if you interchange both spin and quark labels of any pair, one
of these three terms is unchanged, while the other two get interchanged.
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154 Magnetic moments

Let us now see what SU(6) symmetry has to say about the magnetic mo-
ments of the baryons. To determine the SU(6) properties of the quarks, note
that if a quark is a point particle like the electron, its magnetic moment is
approximately

£ Qs (15.15)
2m

where m is the quark mass and e is the quark charge. This looks like an
SU (6) generator, so we infer that the magnetic moment operator transforms
like the 35 dimensional adjoint representation.

We are interested in the matrix elements

(56/35/56) (15.16)
But 35 ® 56 is
l® (11 (15.17)
=[TIT[1a ]
o111 o |
\

Because there is a unique 56 in the decomposition, we know that the matrix
elements are determined by a single reduced matrix element. Therefore, we
can compute the magnetic moments up to an overall constant by looking at the
matrix element of any operator that transforms like the correct component of a
35. In particular, we can use the SU(6) generators themselves, and conclude

pss o (56| Q & |56) (15.18)

We can use this relation to compute the ratio of the proton to neutron magnetic
moments, which was not determined by the Coleman-Glashow analysis. If
we compute the matrix element between states with the same o3 value, then
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only the Qo3 matrix element is not zero, so we can compute that. We do this
just by applying the tensor-product rule:

QU3|Pa1/2) :g

.{g]uud) (214+-) = =) + |=++))
+§]uud) (2]++—) ++—+) — ]—++)> (15.19)
—%]uud) (—2|++—) — |4=+) = |—++)>

+cyclic permutations}

Thus

P, 1/2|Qo3|P,1/2

( gl2sl /2) ) 1 (15.20)
=3—(-(4+1-1)+-4-141)—=(-4+1+1))=1

35 (3U+1-D+30-1+1) -3 )

The matrix element between neutron states can be obtained by simply inter-

changing the us and the ds in this calculation, which means interchanging the

2/3 and —1/3 factors —

(N,1/2|Qos3|N,1/2)

=3‘2“(‘l(4“_1)‘%(4‘1+1)+§(_4+1+1)>=‘§

36\ 3
(15.21)
So we expect
3
Ll (15.22)
UN 2
Experimentally, in nuclear magnetons (units of e/2mp)
pp =2.79 punv =—1.91
(15.23)
BP _ 146
UN

So it works, but the logic is rather indirect. From the quark model, we ex-
tracted only the SU(6) transformation law of the magnetic moment operator.
We then used the Wigner-Eckart theorem to show that we can calculate the
ratio by looking at the corresponding matrix elements of an SU(6) generator.
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We can get the result more easily by simply assuming that the quarks
actually exist as nonrelativistic constituents, and that the baryons really are
bound states of three quarks in an angular momentum zero state. Then the
magnetic moment of the baryon is simply the sum of the magnetic moments
of the quarks. The magnetic moment of a quark (by analogy with an electron)
is 2Q—ni in the direction of the spin where m is the quark mass, thus it can be

written e
— Q7 (15.24)
2m

Therefore in the tensor product language, the sum of the quark magnetic mo-
ments is ¢
5 > Q7 (15.25)
quarks

The proton magnetic moment is 277‘;}) 11p where mp is the proton mass and

4 p is the magnetic moment measured in “nuclear magnetons™. Thus

e €

€ -4 ~ [ p——
ompHP = g, \P1QEIP)[(PIG\P) = 7 (15.26)

which is exactly what we computed in the SU(6) argument, but with one
additional bit of information — we know the scale. If we assume that the
quark mass is about 1/3 the proton mass, we have

up=2L —3 (15.27)
m
This is not bad!
The quark model is thus not only simpler, it is more predictive. It also
gives a reasonable account of some SU(3) breaking effect in the baryon mag-
netic moments. For example, the Coleman-Glashow prediction for the A

magnetic moment is .
Ur = ——é-,up =—.93 (15.28)

You can see this directly in SU(6) by computing

1
(As 1/2|Q03|A’ 1/2> = _E (15.29)
But experimentally
pup = —.61 (15.30)
which is significantly different. The quark model gives
e e
—UA = Z QO’3 (15.31)

2mp 2mqua.rk

quarks
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In the matrix element, only the s quark actually contributes in the A, (15.13),
because the u and d spins are combined into a spin zero state. Thus we predict

1
pp = —= 1% (15.32)
3 mg
In the quark model, we expect the s quark to be heavier than the v and d
quarks to account for the larger mass of hadrons containing the s quark. For
example, if we assume (very roughly) ma =~ m, + 2m and mp = 3m, then

3ma —2m

me = 3 P~ 490 MeV (15.33)

SO
p ~ —.64 (15.34)

which is a bit better.

Problems

15.A. Find the SU(6) (i.e. quark model) wave functions for all the spin
1/2 baryons except P, N and A (which were discussed in the text).

15.B. Use the wave functions you found in (15.A) to calculate the mag-
netic moments,

a. in the SU(6) limit, calculating the ratios to y p;
b. in the quark model, put in SU(3) symmetry breaking by including
ms # My,d-

15.C. Show that the |A, 1/2) state, (15.13), is an isospin singlet.



Chapter 16

Color

There are some things wrong with the simple quark model discussed in the
previous chapter. The first is that the connection between spin and statistics is
wrong for these quarks. The quarks must have spin 1/2 in order to produce the
spin 1/2 and 3/2 baryons. Thus we would expect them to obey Fermi-Dirac
statistics, and we would expect the ground state of the three quark system to
be an s-wave, completely symmetric under the exchange of the position labels
of the three quarks. This would lead to an SU(6) representation completely
antisymmetric in the SU(6) indices of the three quarks — whichisa[3] ora
20 which transforms under SU(3) x SU(2) as ([2,1], [2,1]) & ([3],[1,1,1]})
or (8,2) & (1,4) which is not what we want.

The second difficulty is that we need some explanation of why only the
Gq and ggq combinations seem to exist. This would certainly not be explained
by any simple attractive force between quarks.

Finally, there is now a tremendous amount of evidence from studies of
high energy QCD that the quarks carry an attribute which we call color.
Quarks come in three colors, and the colors interact with a set of 8 gluons
in an SU(3) symmetric way. The SU(3) associated with the color interac-
tion is called color SU(3). It has nothing to do with Gell-Mann’s SU(3),
except, of course, that it provides the force that binds the light quarks into
Gell-Mann'’s representations.

16.1 Colored quarks

The quark states transform like a 3 — they have a single color SU(3) index
which I will let run from 1 to 3. The quark wave functions are tensors

¢ fori=1to3. (16.1)
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They also carry labels for Gell-Mann’s SU (3) (flavor), spin and position. The
idea is that the color interaction binds three quarks into a color singlet baryon
state, which is then described by contracting the color wave functions of the
quarks with an e —

kg ¢ q° (16.2)

Then, because the € is completely antisymmetric, the baryon state is symmet-
ric under the exchange of all the other labels.

It is this binding of three quarks into an SU(3) singlet baryon that sug-
gested the name “color” for the color SU (3) indices. The metaphor is based
on the fact that colorless light can be produced by combining beams of the
three primary colors, red, green and blue. In the same way, a colorless (that
is color SU(3) singlet) baryon state can be made out of three colored quarks.
Thus the color SU(3) indices are sometimes referred to as red, green and
blue, rather than 1, 2 and 3. '

I think that it was the use of the term color that gave rise, in turn, to the
name flavor for the label, u, d, s, etc, that distinguishes one type of quark
from another. Gell-Mann’s SU(3) is sometimes referred to as flavor SU(3)
because it transforms the light flavors into one another. Flavor is a completely
independent attribute. The quarks carry both color and flavor (and also spin).

Antiquarks transform like 3s under color SU(3), because color charges,
at least those in the Cartan subgroup that can be diagonalized, are quantum
numbers like electric charge and baryon number, and like electric charge and
baryon number, they change sign in going from a particle to its antiparticle.
If the Cartan charges change sign, that means that the weights change sign,
and that means going from the 3 representation to its complex conjugate, the
3.

We can make a color singlet state from three antiquarks by contracting
with an € —

€% 3,3, (16.3)

This describes an antibaryon. Or we can make color singlet states out of one
quark and one antiquark —

g (16.4)

These are the mesons. They include the pseudoscalar meson octet, the pseu-
doscalar singlet 1’ and also an octet plus singlet of spin 1 vector mesons,



216 CHAPTER 16. COLOR

shown below

T
H,
K*O K*+
P p01w,¢ ,0+ (16.5)
H1 —
K*— ?*0

Why does the color force bind these states? A partial answer is that it
behaves like the electromagnetic force. The gluons couple to color charges,
that is the color SU(3) generators, just as the photon, the particle of light,
couples to electric charge (the generator of a U(1) symmetry). The electro-
magnetic force between two objects is attractive when the product of their
electric charges is negative. This is why the electromagnetic force tends to
bind charged particles into neutral atoms and molecules. One difference with
color is that there are 8 gluons, instead of one photon, and the color interac-
tion between two colored particles is proportional to the sum of the products
of their color charges. If this is negative, the force is attractive.

Specifically, consider a state of two particles, A and B, transforming
according to some representations of color SU(3):

TAlr, A) = |s, A) [Ts,
o | A) = |s, A) [T7] (16.6)

T8z, B) = |y, B) [TP]yz

where r, 5 (z,y) are the color indices for the A (B) representation. The two
particle state is then a tensor product

|v, A, B) = vpg|r, A)|z, B) (16.7)
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Now the color interaction is proportional to the product of the charges,
Tf TaB (16.8)

summed over a, in the usual sense of the tensor product space. This is invari-
ant under SU (3) because the generator on the tensor product space is

T,=TA+ T2 (16.9)
which commutes with (16.8) because
[T+ T8, T 17|
= [1A, 1| T + 1 [T8, 7] (16.10)
=ifac (TATE + TATS) =0

The eigenstates of (16.8) are irreducible representations of color SU(3)
because of Schur’s lemma. To compute the eigenvalues, it is convenient to
write 1 ,

TATP = S (T2 - TA? _ 7B 16.11)
The object T2 (summed over a) is called a Casimir operator (it is the analog
of J2 in angular momentum SU(2)). It is easy to see that it commutes with
the SU (3) generators and is therefore a number on each irreducible represen-

tation. Note that Tj‘z and TP ? are fixed because they are properties of the
particles involved, but 7;? depends on how the A and B states are combined
into a state with definite color — that is, it depends on how the particular lin-
ear combination of tensor product states we are looking at transforms under
SU(3), and it has definite values on states that transform under an irreducible
representation. Loosely speaking, T2 measures the size of the color repre-
sentation. The smaller T2, the less “colorful” the state. Thus the color force
is most attractive in the least colorful states, and therefore it tends to bind
quarks and antiquarks into the least colorful siates possible. This is a step in
the right direction.

In a ¢g state, the most attractive state will be an SU(3) singlet (with
Tf = 0). In a three quark state, we can consider each pair of quarks in turn.
If the colors of a quark pair are combined symmetrically, the gq state is a 6.
If they are combined antisymmetrically, the state is a 3. T2 is 4/3 for the 3
and 10/3 for the 6, thus the antisymmetric combination is the most attractive.
Thus the most favored state is one that is antisymmetric in the colors of each
quark pair, which is the color singlet, completely antisymmetric state.
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16.2 Quantum Chromodynamics

There is much more to color. The quantum theory of the color interaction
of quarks and gluons is called QCD, Quantum Chromodynamics, in anal-
ogy with the quantum theory of the electromagnetic interactions of electrons
and photons, QED, Quantum Electrodynamics. There is a dimensional
parameter built into the QCD theory, Aqcp, a few hundred MeV. The QCD
interaction is rather weak for distances smaller than 1/ Aqcp, however, it gets
strong for distances larger than 1/Aqcp. We now believe that the quarks are
permanently confined by the strong long-distance QCD interactions inside
colorless hadrons, so that we can never completely isolate a colored quark
from its hadronic surrounding. This doesn’t mean that we cannot see quarks.
In fact, we see quarks and gluons rather directly in scattering experiments at
energies and momenta much larger than Aqcp. But it does mean that quarks
do not show up directly in the low energy spectrum.

With this picture of the strong interactions, we can understand why Gell-
Mann’s SU(3) is a useful symmetry. The interaction of the gluons is the same
for each of the quarks. The only thing that distinguishes between quarks (in
the strong interactions) is their mass. A mass term in the QC' D Hamiltonian
looks like

My Tu—+mgdd+mg3s (16.12)

where u, d, s (@, d, 5) are annihilation (creation) operators for the u, d and s
quarks. This can be rewritten

(M + mg +ms) (Tu+dd+3s)/3 (a)
+(my — mg) (Gu —dd)/2 (b)
+(2ms — my —myg) (255 —Tu —dd)/6 (¢)

(a) is an SU(3) invariant. (b) breaks isospin symmetry, which is one rea-
son that we think that the u-d mass difference is very small, a few MeV.
This term is a small perturbation that you can ignore unless you are inter-
ested in isospin breaking. It happens to have effects roughly the same size
as the electromagnetic interactions, even though it probably has nothing to
do with electromagnetism. (c) is the term that is responsible for most of
the breaking of Gell-Mann’s SU(3). It is fairly small, because the s — u and
s — d quark mass differences, as measured, for example by the mass splittings
within SU(3) representations, are not large compared to Aqcp. Notice that
(c) is a tensor operator, the 8 component of an octet. This is why Gell-Mann’s
original guess about the transformation law of the medium strong term in the
Hamiltonian actually worked. We no longer have to guess because we have
some understanding of the dynamics.
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16.3 Heavy quarks

As you probably know, there are other quarks besides the u, d and s quarks.
The ¢ (for charm) quark, the b (for bottom or beauty) quark and the ¢ (for
top or truth) quark have all been seen in high energy collisions. They are
all unstable, decaying back into the lighter quarks very quickly. But the ¢
and b quarks last long enough to bind into hadrons just as the lighter quarks
do. So there is now a rich phenomenology of particles containing ¢ and b
quarks. These particle had not been seen, and were barely even imagined
when Gell-Mann first explored the consequences of SU(3) symmetry.

How do these states transform under Gell-Mann’s SU(3)? You should
be able to guess what these states look like. There are meson states and
baryon states. Meson states with a heavy b or ¢ antiquark and a light «, d or
s quark transform like the 3, because the light quarks are a 3. Meson states
with a heavy b or ¢ quark and a light u, d or s antiquark transform like the
3, because the light antiquarks are a 3. Meson states in which both the quark
and the antiquark are heavy are SU(3) singlets. They transform trivially
under Gell-Mann’s SU(3) because the heavy quarks do not carry any SU(3)
properties at all. The baryons containing a single heavy quark and two light
quarks transform like the 6 and the 3 of SU(3). And so on.

16.4 Flavor SU(4) is useless!

Every so often, someone gets the deceptively attractive idea of enlarging Gell-
Mann’s flavor SU(3) symmetry to an SU(4) or an SU(5) including the ¢ or
the ¢ and b quark. Alas, this seemingly obvious extension is quite useless.
The trouble is that the masses of the ¢ and b quarks are so much larger than
the light quark masses, and so different from each other, that mass differ-
ences involving these quarks are much larger than Aqcp. The perturbative
description of the breaking of SU(3) that makes Gell-Mann’s SU (3) useful
is not appropriate in the extensions to SU(4) or SU(5). Don’t be fooled.

Problems

16.A. Find a relation between the sum of the products of the color charges
in the ¢q state in a meson and a the gq pair in a baryon.

16.B. Suppose that a “quix”, ), a particle transforming like a 6 under
color SU(3) exists. What kinds of bound states would you expect with one
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quix and additional quarks or antiquarks? How do these states transform
under Gell-Mann’s SU(3)? Hints: The quix is a flavor singlet, because
Gell-Mann’s SU (3) just transforms the light quarks. Also, you should only
include states whose wave functions cannot be factored into two independent
color singlets. For example, thinking just about the light quarks, you would
not include a Ggqqgq state, because you can show that every wave function you
can write down factors into a color singlet gg and a color singlet ggq. The
corresponding state would presumably fall apart into a meson and a baryon.

16.C. Here is a convenient way to calculate the Casimir operators, C(D)
(= T?) for small representations, D. Note that

TrT? = dim(D)C(D) = > _ Tr(T,To) = Y _ kp = 8kp

where kp is defined in (6.2) and dim(D) is the dimension of the representa-
tion D. kp = 1/2 for D = 3 (or 3) so C(D) = 4/3. But kp behaves in a
simple way under @ and ®:

(a) leGBDz = le + sz

(b) kp,ep, = dim(D1) kp, + dim(D3) kp,

Prove (a) and (b) and use them to calculate C(8), C(10), and C(6).



Chapter 17

Constituent Quarks

The color SU(3) theory of hadrons is a genuinely strongly interacting the-
ory. There is no obvious small parameter that we can use to express QCD
predictions in a perturbation series. At present, first principles QCD calcula-
tions can be done only by large-scale computer evaluations of the functional
integral. While such calculations have yielded important evidence that QCD
can explain the spectrum of light hadrons, the analysis is far from complete.
Given this complexity, it is remarkable that a simple non-relativistic quark-
model gives a reasonable qualitative picture of light hadron masses. In this
section, we will go over this picture briefly.

17.1 The nonrelativistic limit

If all the quarks had masses very large compared to the QCD parameter, A,
we could justify the nonrelativistic quark model in a simple way. In that
case, the QCD interaction would behave rather like ordinary electrodynamics,
except for a few peculiarities associated with the non-Abelian behavior of the
Gluons, as we discussed in the previous chapter. The baryons would simply
be nonrelativistic bound states. We would be able to organize a calculation
of the bound-state energies in an expansion in inverse powers of the large
quark masses. The leading contribution would be simply the sum of the quark
masses. In next order, there would be a contribution from the color interaction
depending on the space wave function but independent of the quark spins. In
the limit that the u, d and s are degenerate, we would have an approximate
SU(6) symmetry like that discussed in Chapter 15. The leading SU(6)-
breaking spin dependent interactions would be suppressed by inverse powers
of the masses, because they are all relativistic effects of color magnetism. The
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most important such effect for the ground state (which should be primarily an
£ = 0 state) would be the color magnetic moment interactions between the
constituent quark spins.

This picture works surprisingly well even though the quarks are light
(though it must be supplemented to describe the pseudoscalar mesons — not
a surprise, because the pion is too light to be thought of as a nonrelativistic
bound state). We do not understand why it works as well as it does, but let’s
see how it gives a picture of the masses of the ground states in the baryon
and meson sectors, the SU(6) 56 of baryons (the spin 1/2 octet and spin 3/2
decuplet) and the quark-antiquark bound states in the 6 ® 6 (the spin 1 and 0
octets and singlets).

What is really interesting about this picture is the way the spin-dependent
interactions work. If the ground-states are primarily s-wave, there will be
no contribution from a single color-magnetic moment interaction. However,
there will be important contributions from gluon exchange between quarks
that depend on the relative orientation of the color dipoles. Except for the
color factor, this interaction looks like that between electron magnetic mo-
ments, or between current loops. If two current loops are sitting on top of one
another, the state in which the dipole moments are aligned has lower energy
than the state in which they are paired (antiparallel).

In both the baryon and the meson, the color force between pairs is at-
tractive. Thus the magnetic moment interaction is like the magnetic moment
interaction between an electron and a positron, with opposite charges (as ex-
plained in Chapter 16, it is the magic of color that allows each of the three
pairs in the proton to behave as if they have “opposite” charges). Therefore
aligned magnetic moments correspond to paired spins, and vice versa. Thus
we expect that the state in which the spins are paired has lower energy than
the state in which they are aligned. Formally, there is a term in the Hamilto-
nian that looks like

5; - 3 (17.1)

where the o’s are the Pauli matrices acting on the spins and x is some func-
tion of the quark positions. The factors of 1/m; are there because the color
magnetic moment is inversely proportional to the quark mass. To the extent
that the wave functions are independent of the type of quark (which they are
in the SU(3) limit) and quark spin (the limit we are considering), « is just a
constant on the whole 56 or 35.

The spin-spin interaction, (17.1), makes the spin 1 mesons, in which the
spins are aligned, heavier than the spin 0 mesons in which they are paired.
It also makes the baryon decuplet, in which every pair is aligned, heavier
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than the octet, in which some spins are paired. In particular, if we ignore the
mass differences between quarks it clearly just depends on the total spin, .S,
because we can write it as

=Y Gi-d
A G; - &
m?2 J

pairs

- 57_’;3 (z G- 65 5].) (17.2)

where n = 3 for baryons and 2 for mesons.

The real beauty of this picture is that in the masses of the ground state
particles, we see the quark mass dependence of the color magnetic interac-
tion. For example, the splitting between =* and Z is smaller than the A-N
splitting because it involves the heavier s quarks. Likewise in the meson sys-
tem, the K *-K splitting is smaller than the p-w splitting for the same reason.
The most amusing example along these lines is the £-A splitting. These two
baryons consist of the same quarks, one u, one d and one s, and they have the
same total spin. The difference is the way in which the spins are put together.
In the %, because the isospin is 1, the u and d quarks are in a symmetric fla-
vor state, and thus the spins must be aligned, because the state must also be
symmetric in spin space. In the A, the isospin is O, the u and d quarks are in
an antisymmetric flavor state, and thus the spins are paired. The A has lower
energy because the color magnetic interaction between the lighter u and d
quarks is more important.

Furthermore, the ratio of m; to m,, 4 required is about the same in the
mesons and the baryons. You will show this in problem 17.B.

Although this simple picture was developed in the early days of QCD,
it is still not known for certain whether its success is simply fortuitous, or
whether it is telling us something important about QCD, or both! Probably,
both. Certainly, there are reasons to believe that the picture is more compli-
cated, because there are other ways of estimating the quark mass ratios that
give very different results. But it is also true that the constituent quark model
picture described in this chapter goes over very smoothly to a sensible de-
scription of mesons and baryons containing heavy ¢ and b quarks. Thus even
though, as explained in the last chapter, we cannot use more powerful sym-
metry arguments to understand these states because the symmetries are badly
broken, we can still understand a lot about them by using the quark model
directly. The simultaneous success of the constituent quark model for both
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heavy and light quark states convinces me that it does capture at least some
important part of the physics of QCD bound states.

Problems

17.A. Suppose the quix, ¢, described in (16.B) is a heavy spin zero
particle. Then in the ground state gg@Q bound states of an antiquix and two
light quarks (any of u, d or s), the only spin dependence should come from
the light quarks (because the ground state presumably has orbital angular
momentum zero). Discuss the spectrum of all the qqQ ground state particles,
spin 0 and spin 1, giving their SU(3) properties and their spins. Hint: In
the ground state, we expect the space wave function of the two quarks to be
symmetric under exchange.

17.B. Estimate m,, 4/m, by comparing the p — 7 mass splitting with
the K* — K mass splitting. Make an independent estimate of the ratio using
appropriate combinations of the $*-3 and ¥-A. mass differences.

*17.C. Discuss semiquantitatively the mass spectrum of baryon states
with a single ¢ quark and a pair of light quarks (various combinations of u, d
and s). You will need to find some experimental information about some of
these bound states to get started. You will also need to think about which of
the formulas in this chapter you can trust in this context.



Chapter 18

Unified Theories and SU (5)

The forces of the standard model of Elementary Particle Physics are shown
in the table below:

“Known” Forces

force E&M weak strong gravity
range oo |107%cm | 1073 cm )
1 ~ L ~ ~ 10—38 EZ
particle {| photon | W and Z gluons graviton?
mass 0 = 100mp | Oor= mp 0

Gravity is separate, because if we were only interested in the physics of indi-
vidual particles, we wouldn’t know about it at all. It is only because we have
some experience with huge collections of particles put together into planets
and stars that we know about gravity.

18.1 Grand unification

Each of the other forces is associated with a Lie Algebra. This suggests that
it may be possible to unify all the particle interactions as different aspects of
a single underlying interaction, based on a single simple Lie algebra.

We will see in this chapter that all the particle interactions fit very neatly
into the simple Lie algebra SU(5). We will also discuss other embeddings,
based on larger algebras. These theories are called Grand Unified theories,
where the term “grand” is added for obscure historical reasons. We will not
be able to discuss the full structure of these theories without the language of
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quantum field theory. But we can, at least, exhibit the Lie algebraic struc-
ture of grand unified theories in some detail. I hope that this will whet your
appetite for a more complete study of the physics behind the group theory.!

We have already discussed the color SU(3) theory of the strong interac-
tions. The SU(2) x U(1) theory of the electroweak interactions is slightly
more complicated. We will give only a superficial introduction here.

18.2 Parity violation, helicity and handedness

One of the salient features of the weak interactions is that they violate par-
ity. Parity is the symmetry in which the signs of all space coordinates are
changed. It is equivalent (up to a rotation) to reflection in a mirror. Spin 1/2
particles like electrons and quarks, if they are moving, can be characterized
by their helicity, the component of the spin in the direction of motion. For a
spin 1/2 particle, the helicity is +1/2. Particles with helicity 1/2 are said to be
right-handed. Those with helicity —1/2 are said to be left-handed. For rea-
sons that are not obvious, but which follow from basic principles of quantum
field theory, the antiparticle of a right-handed particle is left-handed, and the
antiparticle of a left-handed particle is right-handed. Helicity (or handedness)
is not invariant under a parity transformation because a mirror interchanges
left and right. Thus if some interaction acts differently on the right-handed
and left-handed components of a particle, the interaction is parity violating.
That is what the weak interactions do. A massive particle (at least if it carries
a conserved particle number) must have both left-handed and right-handed
components, because the helicity of a massive particle is not relativistically
invariant. It changes sign depending on the reference frame. Thus electrons
and their heavier cousins, muons and taus, and all the quarks have both left-
and right-handed parts. But a massless particle need not have both compo-
nents. Neutrinos are known to be very light, and for our purposes, we can
treat them as massless.2 Thus far, only left-handed neutrinos and their an-
tiparticles, right-handed antineutrinos, have been observed.

Forreasons which will become clear, it is useful to describe the symmetry
properties of the creations and annihilation operators, rather than those of the
states. We will restrict ourselves to the interactions of the lightest particle,
the 1 and d quarks and the electron and its neutrino. The heavier particles all
seem to be copies of one of these.

!See H. Georgi and S. L. Glashow, Phys. Rev. Lett. 32 (1974) 438.
There are a number of experimental indications of tiny neutrino masses. Note also that a
neutrino could have a small mass that violates particle number.
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The Glashow-Weinberg-Salam theory of the weak and electromagnetic
interactions treats the creation and annihilation operators as tensor operators
under an SU(2) x U(1) Lie algebra. We will call the SU(2) generators
R, and the U(1) generator S. Consider the creation operators for the right-
handed particles:

uf, b, e, wt, d', &t ot (18.1)

which create, respectively, right-handed u quarks, d quarks, electrons, % an-
tiquarks, d antiquarks, positrons, and antineutrinos. The color index of the
quark and antiquark operators is suppressed for now because it plays no role
in the weak interactions. We will come back to it later. Color SU(3) com-
mutes with the electroweak SU(2) x U(1). Under the SU(2) algebra, the
positron and the antineutrino form a doublet, transforming according to the
spin 1/2 representation. Like the proton and neutron creation operators under
isospin, these two creation operators can be regarded as the 1 and 2 compo-
nents of a tensor operator:

=g, ¥ =vt (18.2)

Likewise, the d and % antiquarks transform like a doublet under SU (2)
and we can write them as components of a tensor operator:
-t _ 5t -t _ _
o =d', ¥l=u' (18.3)
The % field is also a tensor operator under color SU(3), transforming like a
3, but for now, we have not written the SU (3) index explicitly.

Then the commutation relations of these creation operators with the SU(2)
and U (1) generators are the following:

[Ra,uf: =0, [S, uT: =2ul/3;

R, dt] =0, [8,a1] = —at/3;

[Ra,eT: =0, [S, eT: = —¢t; (18.4)
[Ra 8] =9l 0r/2, [S.8]] = 9l/6;

(R B] =B 0%ar/2,  [SE] =72

Thus all the fields are tensor operators, with @T and 7' transforming like
doublets under the SU(2), and the rest transforming like singlets.
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The annihilation operators for the right-handed particles are just the ad-
joints of (18.1). They transform under the complex conjugate representa-
tion. In particular, all the S values change sign. The creation operators for
the left-handed particles transform like the annihilation operators for their
right-handed antiparticles. Thus, for example, the creation operator for a left-
handed u quark transforms like the annihilation operator from a right-handed
T antiquark.

The S values in (18.4) have been constructed so that the electric charge
operator, (), is

Q=R3+65. (18.5)

You can check that
[Q.uf] =2ui/3,  [Q,df] = -dl/s,

o (18.6)
[Qvﬂ_T = _2HT/37 ~Q7dT] sz/3)

ef| =et, Q,7t] =o0.
[tht _Qf]o

Now the idea of the electroweak standard model is that as in QCD, each
of the generators of the Lie algebra is associated with a force particle. The
R, with three W,s, and the S with X. One linear combination of W3 and
X is the photon which couples to the electric charge, (). Thus electromag-
netism is contained within this larger theory. The other particles, the W=
(corresponding to the complex combinations Wy & W) and the Z (the com-
bination of W3 and X orthogonal to the photon) are responsible for the weak
interactions.

18.3 Spontaneously broken symmetry

There is something peculiar going on here. The SU(2) x U(1) cannot really
be a symmetry. If it were, the weak interactions would have long range, like
the electromagnetic interactions. Instead, the weak interactions have very
short range and their force particles, the W and Z, are massive. Furthermore,
if the SU(2) x U(1) symmetry remained unbroken, the quarks and the elec-
tron would have to be massless particles, because the weak interactions treat
their left-handed and right-handed helicity components differently, which is
consistent with relativity only for massless particles. Some new physics gives
mass to the quarks and leptons, and to all but one linear combination (the pho-
ton) of K3 and X, without destroying the consistency of the theory. What is
this physics?
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The answer is the structure of the vacuum state. The SU(2) x U (1) gen-
erators commute with the Hamiltonian, but the vacuum state of the world is
not an SU(2) x U(1) singlet. Hence, SU(2) x U(1) is not a good symme-
try on the states of the physical Hilbert space, all of which are built on the
asymmetric vacuum state. The quarks and leptons and the W and Z are not
degenerate with the massless photon in our vacuum.

This situation is called spontaneous symmetry breaking. The SU (2) x
U (1) symmetry is said to be spontaneously broken down to the U(1) of elec-
tromagnetism, because only the linear combination () = R3 + S treats the
vacuum state of our world as a singlet. The resulting theory gives a very good
description of the weak and electromagnetic interactions.

18.4 Physics of spontaneous symmetry breaking

It would be logical to explain, at this point, what new physics it is that pro-
duces spontaneous symmetry breaking. Alas, we still do not know what this
new physics is. There is, however, a model of the process that is easy to ex-
plain and worth understanding. This is the hypothesis of the Higgs field. A
field is a quantity defined at each point in space and time, like the electric and
magnetic fields of electromagnetism. The electric and magnetic fields have
several components that transform nontrivially under rotations and Lorentz
transformations. But imagine that there exists a scalar field, which is in-
variant under rotations and Lorentz transformations. Such a field can have
a non-zero value in the vacuum state without breaking rotation symmetry or
Lorentz invariance. If the field transforms nontrivially under SU (2) x U(1),
anon-zero vacuum value breaks the SU(2) x U(1) symmetry spontaneously.

In the SU(2) x U(1) electroweak theory, a Higgs field transforming like
a doublet of SU(2) and with S = 1/2 does the trick. Such a field (call it ¢)
transforms as

|[RBas 8] = #110%r/2,  [S,0d] = oi/2. (18.7)

If such a field exists, its self interactions can be described by a potential, V' (¢)
which is just the energy stored in a constant ¢ field. V(¢) is actually only a
function of ¢!¢ because it is invariant under SU(2) x U(1). Now the lowest
energy state corresponds to the minimum value of V(¢). But it may be that
¢ is not zero at the minimum of V' (¢). A simple example of a potential with
a non-zero value of ¢ at its minimum is

V(g) = (#9-v*)" (18.9
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for A > 0. This is minimized when ¢T¢ = v2. Then, for example, we can
take the vacuum value of ¢ to be

$1 =0, $o=v. (18.9)

Notice that (18.7) implies that the combination R3 + S acting on the vacuum
value of ¢, (18.9), gives zero, so that this particular subgroup of SU(2) x
U(1), associated with electromagnetism, is not broken by the Higgs field.
But any other linear combination of SU(2) x U(1) generators acting on the
vacuum value of ¢ gives a non-zero result, which means that these generators
are spontaneously broken — they correspond to rotations from the physical
vacuum to an unphysical vacuum state. The precise form of the unbroken
combination depends on the particular choice, (18.9), for the vacuum value
of ¢. However, any other choice with ¢T¢ = v? gives the same physics
because it is related to (18.9) by an SU(2) x U(1) transformation. Thus it
does no harm to make the choice (18.9) which leads to a simple form for the
unbroken U (1) generator, Q@ = R3 + S.

The Higgs field also allows the electron and quarks to get mass. The
rule is that a Higgs field can produce a mass for a spin 1/2 particle if the
tensor product of the representation of the right-handed particle and the rep-
resentation of the corresponding antiparticle contains the representation of
the Higgs field or its complex conjugate.> You can check that this is the case
for the electron and quark fields.

18.5 Is the Higgs real?

There is overwhelming evidence that the SU(3) x SU(2) x U(1) model of
the strong and electroweak interactions, with the SU(2) x U(1) symmetry
spontaneously broken down to the U(1) of electromagnetism, is an excellent
description of the interactions of elementary particles down to distances of
the order of 10~6cm. It is important to point out, however, that we do not
yet know whether the Higgs field actually exists. It is quite possible that it
is simply a mathematical metaphor for some other dynamics with the same
symmetry properties. As of this writing, we do not know whether the Higgs
is physics or mathematics. But we do know that if the Higgs is not real, there
is some other new physics that does the symmetry breaking. One of the most
important goals for particle physicists today is to either see the Higgs field
directly, or to find the physics that replaces it.

3In quantum field theory, this makes it possible to write an SU(3) x SU(2) x U(1)
invariant interaction terms involving the Higgs field and the particle creation and annihilation
operators that becomes a mass term when the Higgs field is replaced by its vacuum value.
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18.6 Unification and SU(5)

The SU(2) x U(1) symmetry of (18.4) is a partial unification of the weak and
electromagnetic interactions. It leaves many striking features of the physics
of our world unexplained. One of these is the quantization of electric charge.
The hydrogen atom is known to be electrically neutral to extraordinary accu-
racy. This implies that there is a relation between the charges of the quarks
and that charge of the electron. However, (18.5), while it can describe the
charges we see, does not explain them. The problem is the S generator. The
values of R3 are quantized because of the non-Abelian nature of the SU(2)
algebra. However, the values of S are completely arbitrary. They are cho-
sen to describe the quantized charges we see, but if we could embed both R
and S into a simple group, then the values of .S, like those of R3, would be
constrained by the structure of the algebra.

This idea was a major motivating factor in the search for unified theories
in the early 70s. At first, we searched for a simple group that unified only the
SU(2) x U(1) electroweak theory. This search proved fruitless. It was only
when color SU(3) was included as well that interesting unifications could be
obtained.

Thus we ask, is it possible to include the color SU(3) of the strong inter-
actions and further unify SU(3) and SU(2) x U(1) into a larger algebra, G,
which is spontaneously broken down to SU(3) x SU(2) x U(1)?

We will say that a set of creation operators, a;{,., transforms according to
the representation (D, d)s of SU(3) x SU(2) x U(1) if it satisfies

[Ta? a’;r} = a’Jr [TaD]yCB ’
R, 0f,] = af, (R, (18.10)
[S’, a;f,.] =sal,.

Thus z is a color SU(3) index, associated with the SU(3) representation D.
The 7 is an SU(2) index, associated with the SU(2) representation d. The
s is the S quantum number. (18.10) and (18.5) imply that s must be simply
the average electromagnetic charge of the representation, because for each

representation,
TTQ=TrR;3+TxrS=TxrS (18.11)

(the trace of R3 always vanishes because of theorem 8.9, or equivalently,
because SU(2) representations are symmetrical about Rz = 0).

We know the color SU(3) transformation properties of all the particles,
so we can read off the representations of the creation operators for the right-
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handed particles from (18.4):

ul: (3,1)y/3, dt: (3,1) 13, el (1,1)-q,

3 3,2y, 7' (1,2)0-

(18.12)
where we have indicated the SU(2) representations by their dimensions. The
full SU(3) x SU(2) x U(1) representation of the creation operators for the
right-handed particles is thus,

(3, 1)2/3® (3, 1)_1/3® (1,1)-1©(3,2)_1/6 ® (1,2)172-  (18.13)

The creation operators for the left-handed fields transform like the complex
conjugate of the representation (18.13):

(3, 1)2/3@ (3,1)13® (1, 1)1 ©(3,2)1/6 ® (1,2) 172 - (18.14)

where we have used the fact that the SU(2) representation is real, 2 = 2.
Notice that (18.13) and (18.14) are not the same, and thus the representation
is complex because of the parity violating habits of the electroweak SU(2) x
U(l).

(18.13) is the starting point in the search for unifying algebras. We want
to find an algebra G which contains SU(3) x SU(2) x U(1) as a subgroup,
and which has a representation transforming like (18.13) under this subgroup.
The rank of G must be at least four if it is to contain the four commuting
generators, T3, T3, R3 and S. The simplest possibility is to try the rank four
algebra, SU(5). We will see later that the other simple rank 4 algebras could
not possibly work because they do not have complex representations, and so
there is no way they could describe the complex representation, (18.13).

SU(5) has a five dimensional representation of course. It actually has
two, because the 5 is complex, and thus the 5 and 5 (or [1] and [4]) are not
equivalent. Can we find an SU(2) x U(1) subgroup of SU(5) such that the 5
transforms like some five dimensional subset of the creation operators? The
only possible such subset is

(3,130 (1,2)1/2- (18.15)
The five dimensional subset,
(3,1)2/3 @ (1,2)1/2, (18.16)

cannot work because the generator S is not traceless on it. Thus by theorem
8.9, S could not possibly be an SU(5) generator for this choice.
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It is straightforward to embed SU(3) x SU(2) x U(1) in SU(5) to obtain
(18.15). Take the SU(3) generators to be traceless matrices acting on only
the first three indices in the 5,

7, 0
( 0 0> , (18.17)
and the SU (2) generators to be the traceless matrices acting on the last two,
0 0
(0 R, ) (18.18)
Then S is the generator that commutes with both (18.17) and (18.18),
-I/3 0
( 0 I /2> (18.19)

Thus we can put the d' and 7" creation operators into an SU(5) 5, /\JT, as
follows:

/\;f =dzT, forz =1to3;
A t, (18.20)
M

il
|

il

]
N =
T
T o

3

7

What about the rest of (18.13). What remains is ul, et, and ET which
transforms as
(3, 1)2/3 ®(1,1)_1 ®(3,2)_1/6 - (18.21)

This representation is 10 dimensional. SU(5) has a 10 and a 10, the [2] and
[3] representations. The 10 is an antisymmetric tensor product of two 5’s,
so we can determine how it transforms under the SU(3) x SU(2) x U(1)
subgroup by taking the antisymmetric product of (18.15) with itself (you can
easily check that this is equivalent to using the general rule described in chap-
ter 13). The SU(3) and SU(2) representations compose in the standard way.
The S quantum number simply add. Thus,

[(3,1)_1/3 S (172)1/2] ® [(371)—1/3 © (1’2)1/2],45

- (18.22)
= [(3, D_ogp® (L, 1)1 0 (372)1/6] .

This is just the complex conjugate of the representation (18.21). Thus what
we actually want is the 10 representation, and then we can write the remaining
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right-handed fermion creation operators in an SU (5) representation antisym-
metric in two upper indices, &5 T = —¢¥it, with
¢t = ¢tbeyt fora,b,c=1t0 3,
godt =J2”T =u%t fora=1to03,
£a5T —_:E{IT =EaT fora=1to 3,
g8t = ¢t

(18.23)

This is the standard SU(5) model, with the creation operators for the
right- handed particles transforming like 5 & 10, or equivalently, with the
creation operators for the left-handed particles transforming like 5 @ 10. The
most interesting thing about it is the way that everything fits.

18.7 Breaking SU(5)

There are two issues that must be addressed in discussing the spontaneous
breaking of SU(5) symmetry.

1. How is the symmetry broken down from SU(5) to SU(3) x SU(2) x
U(1)?

2. How do the quarks and leptons get mass?

Let us answer these in the Higgs field language.

There is a very simple solution to the problem of breaking SU(5) down
to SU(3) x SU(2) x U(1), which in fact is very much analogous to Gell-
Mann’s solution to the problem of breaking SU(3) down to the SU (2) x U (1)
of isospin and hypercharge. The S generator in the adjoint representation has
all the desired properties for the vacuum value of a Higgs field. Just as the
hypercharge generator in the adjoint representation of SU(3) commutes with
isospin and hypercharge, so the U(1) generator, S, in the adjoint of SU(5)
commutes with SU(3) x SU(2) x U(1). Thus the 24 representation with
a vacuum value in the S direction* is a good choice for the Higgs field that
breaks SU(5) down to SU(3) x SU(2) x U(1).

Two conditions must be satisfied in order for a Higgs field to give mass
directly to the fermions in an SU(5) theory.” The Higgs representation (or its

*Unlike the situation in the Higgs doublet breaking SU(2) x U(1), there are physically
inequivalent directions in the adjoint of SU(5). One can show that the S direction is a possible
vacuum value.

SMore complicated, indirect mechanisms involving quantum mechanical “loop” effects are
also possible, but we will not discuss these.
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complex conjugate) must appear in the tensor product of the SU(5) represen-
tations in which the fermion and its antifermion appear. And the Higgs rep-
resentation must have a component that transforms under SU(3) x SU(2) x
U (1) like the Higgs field of the SU(3) x SU(2) x U(1) model or its complex
conjugate.

The right-handed positron () and d quark fields are in the 5, while their
antiparticles, the electron and d fields are in the 10. In SU(5), 5 ® 10 is
[1] ® [3] = [4] ®[3, 1], or 5 & 45 (see problem 13.B).

From (18.15), you can check that the 5 contains a component that trans-
forms like the SU(3) x SU(2) x U(1) Higgs field — the (1,2); /5. You can
check (see problem 18.E) that the 45 has the desired component as well.

Thus the electron and d quark masses can come from either of the two
Higgs representations, 5 or 45.

The right-handed « and 7 are both in the 10, and

BB =[1]+[4,2]+[3,3] =5+45+50 (18.24)

We already know that both the 5 and 45 of SU(5) Higgs fields have the
appropriate component to act as the SU(3) x SU(2) x U(1) Higgs field,
thus they can give mass to the u quark. The 50, however, does not have any
component transforming like (1,2) 41/ under SU(3) x SU(2) x U(1) (see
problem 18.E). Thus this representation is not useful for giving mass to the u
quark.

18.8 Proton decay

Another fascinating thing about the SU(5) theory is that quarks, antiquarks
and the electron all appear in the same irreducible representation. Because of
this, some of the SU(5) interactions do not conserve baryon number. Thus
SU (5) unification leads to proton decay. The proton is known to be extremely
long-lived. But if the vacuum value of the 24 Higgs field is extremely large,
then the interactions that cause proton decay are short range and the probabil-
ity of two quarks inside the proton interacting to cause the proton to decay is
very small. It turns out that we know approximately what the vacuum value
of the 24 must be in order to explain the observed differences between the
color SU(3), electroweak SU(2) and U(1) forces.® Thus the rate of proton
decay can actually be predicted in a given SU(5) model. Since SU(5) was
first found theoretically, experimenters have looked for proton decay with

SThis is not something that can be understood using group theory alone. It involves the
dynamics.
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more and more sensitive experiments, so far without success. In fact, the
simplest version of the SU(5) unified theory is fairly convincingly ruled out
by these experiments. But slightly elaborated versions of the SU(5) theory,
particularly supersymmetric versions, are still extremely promising.

Problems

18.A. Check explicitly that mass terms for the electron and the u and
d quarks are allowed in the SU(2) x U(1) model in which the symmetry is
broken by the Higgs field of (18.7). Hint: see the discussion on page 230.

18.B. Find the symmetric tensor product of (18.15) with itself.
18.C. Do the same for (18.21).

18.D. Consider the operator
O =&l €€ uquyd,

where u and d are quark annihilation operators. Show that if the operator
O appears in the Hamiltonian, it has the right charge and color properties o0
allow a proton to decay into a 7° and a positron.

18.E. How do the 45 ({4,2]) and 50 ([3,3]) of SU(5) transform under
the SU(3) x SU(2) x U(1) subgroup? Hint: it may be easier to answer the
question for the complex conjugate representations and then complex conju-
gate.
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The Classical Groups

The are four infinite series of simple Lie algebras, generating what are called
the classical groups. The first of these consists of the SU(NN) algebras that
we have studied already. Their Dynkin diagrams have the form

O—0+-0-0 a9

The rank n algebra SU(n + 1) was called A, by Cartan, who first classified
these things. In this brief section, we will go over the others very lightly,
before we do the complete classification. Later, we will discuss each of them
in detail.

19.1 The SO(2n) algebras

The orthogonal 2n x 2n matrices form the group of rotations in 2n-dimensional
real space. The group is generated by the imaginary antisymmetric 2n X 2n
matrices, of which n(2n — 1) are independent. We can choose the Cartan
generators as follows:

[Hmljk = —1(6j.2m—1 0k 2m — Ok, 2m—1 6j,.2m) (19.2)

This amounts to breaking up the 2n dimensional space into n different two
dimensional subspaces on which the different Cartan generators act. H,, is
a little Pauli matrix, o9, in the appropriate 2 dimensional space, with zeros
everywhere else. The eigenvectors of o5 are given by

(S —Oi> (Q ==l (L) (19.3)
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Thus the eigenvectors of the H,, are
[|£€")]j = 8061 £ 4 8 2% (19.4)

satisfying
H,, |£e*) = £6;,, |£eb) (19.5)

Thus the weight vectors are =+ the unit vectors e* with components
[€"]m = Okm (19.6)

(as usual, you must not confuse the space on which the generators act with
the Cartan space in which the weight vectors live).

The roots connect one subspace with another in all possible ways, so that
the roots vectors are

roots +el + ek for j#k
positive roots e/ £ e for j <k 17
simple roots e —eltl for j=1...n—1
and e ! +em
The Dynkin diagram is
=1 _ on
O—CO - (19.8)
el _ o2 el 4 en

The algebra SO(2n) was called D,, by Cartan.

19.2 The SO(2n + 1) algebras

For a 2n + 1 dimensional space, we can find n two dimensional subspaces,
but there is a one dimensional subspace left over. Thus for the rotation group
in 2n+1 dimensional space, generated by the imaginary antisymmetric (2n+
1) x (2n + 1) matrices, we can choose the Cartan generators as before, and
there will be weights of the form +e* corresponding to vectors in the kth two
dimensional subspace. But there is also a 0 weight, associated with the extra
dimension. Again, just as before, there will be roots connecting the various
two dimensional subspaces, with the same roots as in SO(2n). But now there
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are also roots connecting the extra one dimensional subspace with the others,
with roots +e’. Thus the roots are

roots tel +ef for j#k and £e’
positive roots el £ek for j <k and €

o (19.9)
simple roots el —eltl for j=1...n—1

and e™

The root e~ + €™ is not simple in SO(2n + 1) because it is a sum of
e"~! — e™ and twice ”. The Dynkin diagram is

OO OO0 19.10)
en

61—62

The algebra SO(2n + 1) was called B, by Cartan.

19.3 The Sp(2n) algebras

Finally consider the 2n x 2n dimensional hermitian matrices which are tensor
products of 2 x 2 matrices and n X n matrices, of the following form:

I1®A, o1 ® 85, 02 ® Sa, 03 ® S3 (19.11)

where the o, are the Pauli matrices, A is an antisymmetric 7 X n matrix,
and Si, S2 and S5 are symmetric n X n matrices. You can check that these
close under commutation because of the properties of the Pauli matrices. The
subset

1®A, 03 ® S3 (19.12)
for traceless S5 generate an SU(n) subalgebra of Sp(2n) of the form
T, O
< X _T:) (19.13)

which generates the reducible representation n @ 7 with weights 17/ and —v7
where the 17 vectors are defined in (13.9). We will take the first n—1 elements
of our Cartan subalgebra to be the Cartan subalgebra of this SU (n) subgroup,
H,, H, ... H,_ 4. The final element of the Cartan subalgebra is then

H, =030 I/V2n (19.14)
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All the generators of the SU(n) subalgebra commute with H,, thus the
roots of the subalgebra have H, = 0. We already know that the other com-
ponents are given by the SU(n) root vectors, v/ — v/*. The other roots corre-
spond to the matrices (01 £ 102) ® Sks where

[Skeli; = (ik 050 + 0se ) (19.15)

with H, = +/2/n and Hy,, = £[vF +v4,,.

I should say that this is a pretty stupid way of writing the roots. Later,
when we talk about Sp(2n) in more detail, we will introduce a better notation
in which all these relations are more obvious. Anyhow, if we take v+ to be
a unit vector orthogonal to all the I for 7 = 1 to n, the roots can be written
as

roots v~k for j#k

and + (uj + vk + \/gu"*'l)
positive roots v — vk for Aj <k

and (19 4+ vF + (/2um+1) (19.16)
simple roots v =it for j=1...n—1

and (21/"—{— %u"“)

The Dynkin diagram is
O-Or OO @91
vl — 12 20" + \/gu’”'l

where the SU(n) roots are shorter. The algebra Sp(2n) was called C, by
Cartan.

19.4 Quaternions

A useful way of thinking about the classical groups is as rotations groups in
various spaces. Obviously, SO(N) is the group of rotations in a real, NV di-
mensional space. The group generators, X, in the defining representation are
pure imaginary. The product iX that is exponentiated to get the representa-
tion of the group elements is completely real and antisymmetric. Similarly,
SU(N) is the group of “rotations” in a complex N dimensional space that
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preserve the norm of complex vectors. The real part of .X in the defining rep-
resentation is antisymmetric, and generates an SO(N) subgroup of SU(N).
The imaginary part of X is symmetric and traceless.

Finally, Sp(2N) can be thought of as the group of rotations in a quater-
nionic N dimensional space, where the elements are quaternions, objects of

the form L.
B+j-C (19.18)

where the components of ; are the quaternionic units, satisfying
JaJb = —0ap + €abclec (19.19)
Thus a vector in the N dimensional quaternionic space looks like

q1 B! +3'-C_"1
Q= : = : (19.20)
qN BN 4+7.CN

In this language, X has an antisymmetric part A, plus three independent
“complex” symmetric components,

7151, j282, J3Ss, (19.21)

proportional to the three quaternionic imaginary units, so that the :X have
the form
A, 181, J2S2, J3Ss. (19.22)

To see the connection of the quaternionic description of Sp(2/N) with
(19.11), note that the quaternionic units j are equivalent to —z times the Pauli

matrices,
j— —id, (19.23)

so that (19.21) is related to the terms in (19.11) proportional to the Pauli ma-
trices. To see how the Sp(2N) transformations in a 2N dimensional space
are equivalent to quaternionic rotations, consider simply building the N di-
mensional space of quaternions in terms of the Pauli matrices, so that the
quaternionic N-vector becomes a 2N X 2 matrix of the form

Bl —iC} —C}-iCl
B' —ig-C! Ci—iC!  B'+iC}
Q- : = : : (19.24)
BN —ig.CN BN —ic}¥ ¢y -icV
oV —ic¥ BN +icl
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The action of (i times) the Sp(2NN) generators on the complex 2N-vector
defined by the first column of (19.24) is equivalent to the action of (19.22) on
(19.24).

What makes this construction work is that the real numbers, the complex
numbers, and the quaternions share a very important property. For all of
them, an absolute value, |z|, can be defined with the properties that

|21 22| = |21] |22| lzl =0=2=0 (19.25)

You are familiar with how this works for the real numbers and the complex
numbers. For the quaternions, the absolute value is

|B+f-é‘ =/B2+ (2 (19.26)

Note that it satisfies

B+7.0[ = (B-7-0)(B+7-C)=(B+7-C) (B+]-C)
(19.27)
where complex conjugation is defined as usual as changing the sign of the
imaginary parts (all three of them in this case).
The existence of the absolute value with these properties means that there
is a natural norm defined on the /N dimensional quaternionic vector space:

N
QI =Y l¢1? (19.28)
j=1

Sp(N) is the group of rotations that preserve this norm while preserving the
structure of the quaternionic space.

One might wonder why there are not other possibilities for classical
groups. The reason is that it is not so easy to satisfy the condition (19.25).
This condition, plus the requirement that addition, subtraction, multiplica-
tion and division (except by 0) can all be consistently defined, is the defining
property of a structure called a division algebra. There is only one other
such structure, the octonians, with seven imaginary units, which we will dis-
cuss further in Chapter 27. Unfortunately, the multiplication law for octoni-
ans is not associative, so in general, rotations in an octonionic space do not
form a group. However, the peculiar Lie algebras that do not fit into any of
the classical groups are all related to octonions on one way or another. We
have already seen the algebra G2, and we will discuss some of these bizarre
algebras further in chapter 27.



19.4. QUATERNIONS 243

Problems

19.A. Consider the 36 matrices,
Oay; Tay Ta, OTaTplc

where o, 7, and 7 are independent sets of Pauli matricies. Show that these
matrices form a Lie algebra. Find the roots, the simple roots and the Dynkin
diagram. What is the algebra?

19.B. Consider the 28 matrices,

Oq , Ta n3, Oa" , Tall2, Talll 5 TaTl2 5 TaThp73 -

where o, 7, and 7 are independent sets of Pauli matricies. Show that these
matrices form a Lie algebra. Find the roots, the simple roots and the Dynkin
diagram. What is the algebra?



Chapter 20

The Classification Theorem

We will now classify all of the simple Lie algebras following the argument of
Dynkin. We will do this with simple analytical geometrical arguments based
on the master formula, (6.36). It may be that mathematicians can visualize
the meaning of the arguments in multidimensional space. I can’t do that. But
the analytical arguments are simple enough.

20.1 II-systems

We know that the simple roots of any simple Lie algebra have the following
properties:

A. They are linearly independent vectors.
B. If o and 3 are distinct simple roots, 2c: - 3/ is a non-positive integer.

To ensure that a system of roots satisfying A and B yields a simple Lie alge-
bra, we need one additional condition:

C. The simple root system is indecomposable.

A system of roots is decomposable if it can be split into two mutually or-
thogonal subsystems. A system is indecomposable if it is not decomposable.

It is easy to see that for decomposable simple-root systems, the simple
roots in the two orthogonal subsystems commute (p and ¢ are zero for all
pairs), and the entire system of roots splits into two commuting subsets. Each
subsystem, along with the Cartan generators associated with the subspace it
spans, forms an invariant subalgebra. The group associated with a decom-
posable root system is not simple. However, it is semi-simple, which means
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that is has no Abelian invariant subalgebra. Because the subalgebras com-
mute, the groups they generate also commute. A group of this kind that is
built out of two commuting subgroups, GG and Gy, is called a direct prod-
uct of the two subgroups, G = G X G2. An elementary example is the
algebra you studied in problem 8.B, in which the Dynkin diagram consisted
of two disconnected circles, associated with the group SU(2) x SU(2). All
the semisimple Lie groups are direct products of simple Lie groups.

Dynkin calls a system of vectors satisfying A, B and C a II-system. All
we need do to classify the simple Lie algebras is to classify the possible Ii-
systems. This is just geometry. We know that the system of vectors can be
constructed (up to a conventional normalization) from the Dynkin diagram,
and we will use the term II-system to refer interchangeably to the system of
vectors or the Dynkin diagram that represents it. In terms of Dynkin dia-
grams, B is just automatic, because the diagram just determines the integers;
C is the condition that the diagram cannot be taken apart into two diagrams
without cutting any lines; and A is equivalent to the condition that all the
simple roots are positive, from which we showed that linear independence
followed if B is satisfied.

Let us now do some geometry.

lemma 1. The only II-systems of three vectors are

O-0—0 wa O-O—0O @

This follows from the simple fact that the sum of the angles between any
three linearly independent vectors is less than 360°. The only possible angles
in a II-system are 90°, 120°, 135° and 150° and only one 90° degree angle
is allowed by indecomposability, so these are the only possibilities. We will
later see that there are three important systems that satisfy B and C, but not

A:
O—CED m OO @

and

These do not satisfy A because the sum of the angles is 360° so the three
vectors are coplanar and thus not linearly independent.

In fact, lemma 1 is an incredibly strong constraint, because if we take
from any Dynkin diagram a connected subset of circles, the result is another
Dynkin diagram. This is true because the lengths and angles are unchanged
and (because of B) the subset of vectors must also be linearly independent.
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Thus any indecomposable subsystem of a II-system is also a II-system. Thus
any three connected vectors in any II-system must be in one of the two forms
in (20.1).

A very simple corollary of this is that no triple line can appear in a II-
system of three or more vectors. Thus the only II-system containing a triple

line is
CED @23

corresponding to the algebra Go.

lemma 2. if a [I-system contains two vectors connected by a single line,
the diagram obtained by shrinking the line away and merging the two vectors
into a single circle is another II-system.

Let « and (3 be the two vectors and I the set of all the other vectors in the
IT-system. Because of lemma 1, we know that I" contains no vector connected
to both e and 3. Thus if a vector - is connected to «, then v - 8 = 0, and if
~ is connected to 3, then v - @ = 0. We also know that « + 3 has the same
length as « and 3. Therefore

if v € I is a vector connected to ¢,

theny:-(a+f8) =7«
v-(a+p) =7 204)
if ' € T is a vector connected to 3,

theny' - (a+8) =%

So the set « + 3 and T" is the shrunken II-system.

Lemma 2 has two important corollaries. a. No II-system has more than
one double line; and b. no II-system contains a closed loop. Either configu-
ration could be shrunk into conflict with lemma 1.

lemma 3. If the configuration

A (20.5)

is a II-system for some subdiagram, A, then

fje=0 @00

is also a II-system.
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To see this, label the vectors as follows:

(20.7)

o
2

We know that - 8 = 0 and
2.7y  2a-7
2
@ 7%_ (20.8)

from which it follows that

2y-(a+8
Y (a2 ) _

v
2y-(a+h) _
(o + B)

Thus the following is the Dynkin diagram for the shrunken II-system:

(20.9)

e -@ (20.10)

A corollary is that the only branches in a IT-system have the form of three
single lines coming from a central circle, like

O_<j\/CQ> (20.11)

because anything with more branches, such as

(20.12)

(20.13)

or a double line such as g
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can be shrunk to

o=o=e @14

which is not a II-system because of lemma 1.

Similarly, no II-system contains two branches.

This is as far as we can go with general theorems. We must now consider
some peculiar special cases, associated, as we will see, with what are called
the exceptional groups (meaning that they don’t fall into any of the infinite
families discussed in the previous chapter).

lemma 4. No II-system contains any of the following diagrams:

()

O-O-C=0-0 @

All of these fail the test of linear independence, because we can find a set
of numbers p; such that, if the vectors in the diagram are o/, the sum

2
(Z 14 aj) =0 (20.15)
j

The appropriate values of £; are indicated inside the corresponding cir-
cles below:
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@
O—20—E0—(0—0—-0 ®)

©
OmOmOnOnOmOmOmO (©)

In (d), the vectors do not all have the same length. The two on the right
may be either longer or shorter than the others by a factor of V2. If they are
longer, use

O——C—V (@)

If they are shorter, use

O——(GE0—® (4)

We will see later that all these diagrams can be constructed with linearly
dependent vectors.

We now have enough information to complete the classification theorem.
All II systems must belong to one of 4 infinite families, or be one of 5 excep-
tional diagrams. All these are shown below, with shorter vectors indicated by
filled circles.
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A O—O-O0-O

By O-O---O—C®

SN = N5 N =)

D, Q—Q@\/g

¢ @O (20.16)
B o 0O-O

Er O—Q—Q—g—Q—Q

Nothing else is allowed. Everything else runs afoul of one of the geomet-
rical constraints we have derived. There are no other infinite families. Adding
more circles beyond the double line in By, or C), runs into (d), except for Fj.
Continuing beyond the branch in Dy, runs into (a), (b) or (c), except for the
E; exceptionals. And we already knew that G2 is the unique diagram with a
triple line.

Note some equivalences between the algebras. A;, By and C1 all consist
of a single circle, and thus all describe the algebra of SU(2). In addition,
By = (3. The Dy, family is a bit odd. As you go down in n you keep
removing circles from the left. D, looks like

Q_Q€ (20.17)

and D3 degenerates into
(20.18)
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and thus D3 = Aj3. Note, further, that if we remove one more circle from D3
to get Do, it falls apart into two disconnected circles (the middle one must
be removed to stay in the D,, family). Thus D, is not simple. This is the
statement (an important one) that the algebra of SO(4) is the same as the
algebra of SU(2) x SU(2) (problem 8.B).

That is the complete list of such coincidences. All the others are distinct
algebras.

20.2 Regular subalgebras

A regular subalgebra, R, of a simple Lie algebra, A, is a subalgebra such
that the roots of R are a subset of the roots of A and the generators of the
Cartan subalgebra are linear combinations of the Cartan generators of A. A
regular subalgebra is called maximal if the rank of R is the same as the rank
of A (in which case the Cartan subalgebras are identical).

If we leave a circle out of a Dynkin diagram, the result is a diagram or
two disconnected diagrams. These are associated with a regular subalgebra
of the original algebra, associated with a subset of the original simple roots.
Thus for example, the SU(n) x SU (m) subgroup of SU(n + m) is obtained
in this way. We can repeat the procedure and find other regular subgroups.
However, these subalgebras have lower rank than the starting group. The
Cartan generators that have been left out generate U(1) factors of the sub-
algebra. There are also non-maximal but regular subalgebras which cannot
be obtained by leaving out a circle, but instead are obtained by the merging
procedure that we used to establish the classification theorem.

To find the semisimple maximal regular subalgebras, we can use the fol-
lowing trick. Add to the system of simple roots, o for 5 = 1 to n, the
lowest root, a®. Because a? is the lowest root, a® — o7 is not a root, and
therefore, by the usual argument,

200 - o 200 - o
¢ = ad 2 5 (20.19)
[0

ol

are non-positive integers. Therefore, this system of vectors satisfies the condi-
tions for a IT-system except that there is one linear relation among the vectors.
This is called an extended I1-system or an extended Dynkin diagram.

If we remove any vector from an extended II-system, the remaining vec-
tors are linearly independent. They still satisfy the master formula. They are
therefore the simple roots of a regular, maximal subalgebra of the original
algebra. However, the system may not be indecomposable, so the subalgebra
may be semi-simple.
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There is a unique extended II-system for each II-system, because given
a Dynkin diagram, we can find the lowest root explicitly. In fact, we have
already discussed all of the extended II-systems in the discussion of the clas-
sification theorem, because they are just the systems that failed the test of
linear independence, but were otherwise OK. Here they are:

diagram extended diagram
An 0-0-0-0 W A
B 0-O--0-0-® g:ooo:- By
Cn eoeo-0e0 Ooe- o660 O
D, O~ .Og (O;O . O@ D},
(20.20)
G2 (=g} [=e¥e) 2
Fy o000 Fy

e 0O
Eg O{)io—o Eg

Eq o—o&go—o wogo@—o E;
Es w—o—o&o—o&o&oogoo%

There are some exceptions for small n. 4; = By = C; = SU(2) and
Dy = SU(2)xSU(2) cannot be extended without changing notation because
the highest and lowest roots of SU(2) are negatives on one another, and we
have not included a notation for 180° in our definition of Dynkin diagrams.

It should probably be
=0 (20.21)

The other exceptions are By and Dj, for which the indicated extensions
do not exist because there are not enough open circles to allow for branching.
The corresponding extended II-systems are actually C%, and Aj.

Let’s work out some other examples.

The first thing to notice is that A,, doesn’t have any semi-simple regular
maximal subalgebras. Removing any circle from A, just takes you back to
Ay again.

For the Bys, removing an open circle from the left end of B}, gives you
back B, again. But removing the filled circle from the right end of B}, gives
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D,,. This corresponds to the fact that SO(2n+1) has an SO(2n) subgroup. If
instead we remove a circle from the middle of B}, (for large enough n that the
middle exists), the diagram falls apart into a By and a D,,_, corresponding
to the SO(2k) x SO(2n — 2k + 1) subgroup. Each of these can be further
broken down, as well. In general, to enumerate all the semisimple regular
maximal subalgebras, you must continue breaking things up into subgroups
until you get to subalgebras that cannot be further broken down.

For the C,,, removing an open circle from either end just gives you back
Cyr. Removing a filled circle from the middle breaks up Cy, into Cj and
C,.—. Finally, removing the first of last filled circle gives A; X Cp,—1. This
is really the same thing again, because A; = SU(2) is the same algebra as
C; = Sp(2), so this is just a degenerate special case of the same analysis.

For D,,, removing a circle from either end gives back Dy, so all we can
do is to remove a circle from the middle to get Dy x D, _, corresponding to
SO(2k) x SO(2n — 2k).

G, is small enough that it is easy to enumerate all the possibilities. Re-
moving the open circle from the right of G/, gives back G;. Removing the
filled circle from the left gives A, = SU(3). Removing the middle circle
gives SU(2) x SU(2).

Fy has a B4 subgroup, obtained by removing the filled circle from the
left. It has an A; x Aj subgroup obtained by removing the second filled
circle. It has an A, x A; subgroup obtained by removing the left-most open
circle. And it have a C'3 X A; subgroup obtained by removing the penultimate
open circle.

I’ll stop here to leave some questions to ask on problem sets and exams.

20.3 Other Subalgebras

The general subject of the subalgebras of an algebra is quite complicated. But
the principle is a simple one. For each algebra, there is a simplest representa-
tion, out of which all the other representations can be built. If you know how
this representation transforms under a subalgebra, you can determine how
any representation transforms. Conversely, each possible transformation of
the simplest representation is associated with a different subalgebra.

We will come back to this notion several times in the following chapters.
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Problems
20.A. Prove that decomposable II-systems yield decomposable root sys-
tems.

20.B. Find the regular maximal subalgebras of Eg.

20.C. Find the regular maximal subalgebras of SO(12). To find them all,
you will have to apply the extended Dynkin diagram algorithm several times,
because some of the regular maximal subalgebras themselves have nontrivial
regular maximal subalgebras.



Chapter 21

SO(2n + 1) and Spinors

The SO(N) algebras have a fascinating property which is worth exploring
— spinor representations.

21.1 Fundamental weights of SO(2n + 1)

Label the generators of SO(2n + 1) as
Mgy = —M,, fora,b=1to2n+1 (21.1)
In the 2n + 1 dimensional defining representation
[Mab]a:y =—1 (6113: (sby - 6ba: 6ay) (21~2)
It is easy to find the commutation relations
Map, Mg
(Mo Mo 013
=1 ((sbc Mog — boc Mpg — pa Mo + bad Mbc)
This is the standard form for rotation generators in a real vector space. The

commuting generators in the Cartan sub-algebra we took to be

Hj = M2j—1,2j forj=1ton (21.4)
We can take the roots to be

1 .
Enei = E(M2j—1,2n+1 +in Majoni1)

Breiyper = 5(Maj_126-1 +in Maj ok 21.5)
+in Moj_1 9k — nn' Majok)
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where 7, ' = +1. These satisfy

[Hj, Byet] = n1e); Bper = njk Eyes (21.6)

so that the simple roots are

o =l —elt! forj=1ton—-1
1.7

an:en

corresponding to the diagram

O—O - -O—C 0 (21.8)

al a2 s e n—1 "

The fundamental weights are
k=1 (21.9)

The last one is different because of the different normalization of ™. This
last representation is the spinor. By Weyl reflections in the roots e’, we get
from p" the set of weights

%(:I:el +e?..- e (21.10)
All of these are unique, because they are equivalent by reflection to the high-
est weight state. Furthermore, each could be the highest weight for some
other definition of positivity, thus there are no other weights and the repre-
sentation is 2™ dimensional. It is convenient to treat the 2" dimensional space
as a tensor product of n two dimensional spaces. Then an arbitrary matrix
in the space can be built as a tensor product of Pauli matrices. Call the Pauli
matrices for the jth space o7, so that

|+el/2 +e2/2--- +e"/2)
=|+e'/2) ® |£e?/2) @ - - @ |£e™/2) (21.11)

‘7:{ |z ej> = IJ:' ej> [Ua]x’x
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where z,z' = +£1/2.
In this notation, the Cartan generators are

1
H; = -2-a§ (21.12)
These all satisfy
1
2 _
HS = 1 (21.13)
We could have chosen any M, to be a Cartan generator, so it is clear that
1
My® =7 (21.14)

in this representation for any a # b. Now consider the roots

1 .
E,; = E(M2j—1,2n+1 + Zsz,2n+1) (21.15)
Because we can only raise a state in the representation at most once, we must
have

(E.i)*=0 (21.16)
Expanding out (E,;)?, you can see that this implies
{Myj_12n+1, M2j2n41} =0 (21.17)
Again, the particular choice of axes is arbitrary, so we must have
{Mjp, M} =0 for j#k#L#] (21.18)

Let us now construct the Es explicitly. Because E,: is a raising operator,
we know that
E|—€'/2 + z0e? + - - - zpe™)
=f(l‘g,-“,l‘n)|61/2+l‘262+"'1‘n6n) (21.19)
E_o|—€'/2 + 29 + - ze™) =0

for some function, f. We can compute the norm of f using standard tricks.

|f (22, 2n)|? = (—€! /2 4+ 22€” + - - Tne”|
E_aE.|—e'/2 4+ z9e® 4 -+ zpe™) (21.20)
= (-e'/2+ - |{E_q,Ea}|—€'/24 ")
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but using (21.14) and (21.17) we see that!

1
{B e, Ea} =3 (21.21)
and thus .
|f(@o, s mn)* = 5 (21.22)
Now for each x4, - -, z,, we can choose the relative phase of the states so

that f is positive. We can do this by adjusting the phases of the states with
z; = —1/2. Then

1
Lo, -, L) = —= 21.23
independent of x. Comparing with our definition of o, we can write
L,
Eia= 50+ (21.24)

Let us now apply the same argument to F_ 2.

Epa|riel —e?/2 4+ - z,e™)

= fo(z1,23, *,Zn) |.’L‘161 + 62/2 + - zpe™) (21.25)
1
where ]fg(xl,:vg,---,a:n)]2 =3

for some function, fo. For z; = 1/2, we can choose the relative phases of
the states to make f, = 1/+/2, as before so that

1

Epale'/2—e?/2+ )= —=|e!/2+€*/2+--) (21.26)
V2

But now we cannot change the phases of the z; = —1/2 states, because

we have already fixed them in the previous argument. In particular, we know
that {Ey.1, Ey.2} = 0, and therefore we can do the following computation
Ea|l—e'j2—e?/24 )
=V2E,E_plet/2—€2/2+--)
= V2E_aEplet/2—-€*/2+ ) (21.27)
=—E_gle'/2+€*/2+ )
1 1 2
=——|—e/2+4+e/2+ -
ﬂl / / )

'We could equally well use the fact that [E,1, B_,1] = al-H.
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That is we need an extra minus sign for the —e' /2 state. Or in terms of o7
matrices,
Eip =0l 21.28
+e2 — 5 O304 ( . )
where the tensor product is understood, as usual.

This is easy to understand. The o3 is there to ensure that E .1 and E. 2
anticommute. Since E_,: is built out of o} and 03, E.... must be propor-
tional to o3.

Continuing in exactly the same way, we find

Bua = goiofol
R (21.29)
Bey=gob- ol ol
For the hermitian generators, we can then write
M 19041 = ld% |
12 o (21.30)

M2j,2n+1 = 50-% . 0-% 0-%
Now we know everything, because we can constuct all the other genera-
tors by commutation:

Moy = —i [Mg 2n+1, My 2n+1] (21.31)

for a,b # 2n + 1. Each M, is just +1/2 times a product of Pauli matrices.
This representation is called the spinor representation of SO(2n + 1).
As you see, it is a generalization of the spin 1/2 representation of SO(3) (or

SU(2)).

21.2 Real and pseudo-real

From (21.10), we can see that the spinor representation, ™, is equivalent to its
complex conjugate. Nevertheless, the spinor representations have interesting
properties under complex conjugation. Before discussing this specifically, we
will address the problem more generally.

Suppose that T, generates a real irreducible unitary representation of a
simple Lie algebra, so that

T,=—-RTfR'=-RTTR™! (21.32)
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We can prove that R is unique up to a trivial scale factor. For suppose that
there is another non-singular matrix, @, that also satisfies

T, =-QT,; Q! (21.33)
Then
T =-Q'T.Q (21.34)
and thus
T,=RQ'T,QR! (21.35)
or
[Ta, RQ‘l] =0 (21.36)

for all a. But if a matrix commutes with all the generators of an irreducible
representation, Schur’s Lemma implies that it is a multiple of the identity, and
thus

RQ'=XI R=)Q (21.37)

and thus R is essentially unique.
Now let us use this result to show that R must be either symmetric or
antisymmetric. Because the T, are hermitian, we can write

T,=-RTTR', 1T'=-RVT,RT
=T, =RR ' T,RTR! (21.38)
= [Ta,RT R—l] =0

Therefore, using Schur’s Lemma again, we conclude that RTR = Alor
RT = AR (21.39)

But since transposing twice gets us back to where we started, we must have
A2 =1, or A = %1, which is the desired result. Either

R=A=-AT o R=S5=5T (21.40)
Thus there can be two kinds of real representations. If R = .S, the represen-

tation is called real-positive, or just real. If R = A, the representation is
called real-negative, or pseudo-real.



21.3. REAL REPRESENTATIONS 261

21.3 Real representations

To see what this difference means in practice, suppose that T, is equivalent
to a representation consisting of purely imaginary antisymmetric matrices,

T.=U'T,U, T.=-T" (21.41)

The corresponding group representation is completely real, since it has the

form e
eitaTa (21.42)

In this case, we can compute the matrix K —
T -
T =-77=_-UvTT,TU " =U"'T,U

(21.43)
=T, =-UUTTY(UUT)!
Thus the matrix R is the symmetric matrix U UT.

The converse is also true. Any irreducible representation of a simple Lie
algebra with a symmetric R is equivalent to a representation that is pure imag-
inary. Let’s see how this argument goes. All the irreducible representations
are equivalent to unitary representations, so we will assume that the genera-
tors are hermitian. Then it is easy to see that R is proportional to a unitary
matrix. We can write the equivalence condition as

~TT =R 'T,R=R'T, R~ (21.44)
where the second equality follows from Hermitivity. But then
RR'T, =T, RR! (21.45)

and R R! « I by Schur’s Lemma. The overall constant just cancels out in
the similarity transformation, so we may as well take R to be unitary. Now
suppose that it is also symmetric. It is a linear algebra fact that we can write
a symmetric unitary matrix as a product of unitary matrix and its transpose?

R=vvVvT (21.46)

But then the generators
T.=V'T,V (21.47)

are antisymmetric — for example, we can multiply the reality condition (21.44)
on the left by V7 and on the right by V17T to obtain

VITTy- 1Ty iT, V. (21.48)

2If R is symmetric and unitary, then R R* = R*R = I, and therefore the real and imag-
inary parts of R commute. Thus they can be simultaneously diagonalized by an orthogonal
transformation. The reader should be able to take it from there.
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21.4 Pseudo-real representations

The pseudo-real representations, in contrast, cannot be transformed into purely
imaginary matrices, even though they are equivalent to their complex conju-
gates. The simplest example of a pseudo-real representation is the spin 1/2
representation of SU(2) generated by the Pauli matrices, Ty, = g,/2. Ob-
viously, there is no way to generate this representation with antisymmetric
imaginary 2 x 2 matrices, because there is only one such matrix and there
are three generators. But still, the representation is equivalent to its complex
conjugate because

Og = —09 a: 1) (21.49)

And indeed, the transformation matrix, g9, is antisymmetric, so the represen-
tation is pseudo-real.

21.5 R is an invariant tensor

There is another very useful way of thinking about the matrix K. It is an
invariant tensor. To see this, note that if the representation is unitary, as we
always assume, we can rewrite (21.32) as

T.R=—-RT} = T,R+RTI =0. (21.50)
In terms of explicit indices, this can be written
[To); R + [T)Y R =0 (21.51)

which implies that R is an invariant tensor in the tensor product space D ® D
where D is generated by the T;,. For any real representation, D ® D contains
the trivial representation, 1, only once because R is unique. If D is real-
positive, the coefficient of the representation 1 in D ® D, which is precisely
the invariant tensor K, is symmetric in the exchange of the two equivalent
Ds. If D is real-negative (pseudo-real), the coefficient R is antisymmetric.

21.6 The explicit form for R

To find the matrix R for the spinor representation of SO(2n + 1), it is enough
to satisfy (21.32) for the generators

1 . .
Ma; 19041 = 3 03 --- 0% o]

;2 Ny (21.52)
Majon+r =503 oy o}
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for all j, because the rest can be obtained by commutation of these, and if
(21.32) is satisfied for the generators (21.52), it is satisfied for any commu-
tator of two of them. We can now build up R as a tensor product of 2 x 2
matrices in the various subspaces,

R=][r (21.53)
j
We must have
~rlaof, P = ‘7%,2
—rt aé* P12 ai; P2 = 03012
j-1 . 1

(21.54)

! must anticommute with o}

Now we can determine the 77 one at a time. r

and commute with o}, Thus we can take 7! = o}. Then from the next
condition, 72 must commute with a:f and anticommute with a% . Thus we can
take 12 = a:f. And so on — the o35 and o s alternate.

Thus we can take the matrix R to be

R=]]d I[ & (21.55)
ogd ev,:en
Note that
R*’=1, or R=R"! and RT =(-1)"*V2R  (21.56)

Soforn =1 and 2, R is antisymmetric; for n = 3 and 4, R is symmetric;
for n = 5 and 6, R is antisymmetric; etc. Thus

Algebra

Spinors

SO(8k + 3) pseudo-real

SO(8k +5) pseudo-real (21.57)
SO(8k +7) real

SO(Sk + 1) real



264 CHAPTER 21. SO(2N + 1) AND SPINORS

Problems

21.A. Show that the set of 10 matrices, %6‘, %5"71, %6‘73, and 1%72 gener-
ate the spinor representation of SO(5). Find the matrix R = R~ such that
T, = —RT; R for this representation.

21.B. Identify any convenient SO(2n — 1) subalgebra of SO(2n + 1)
and determine how the spinor representation of SO(2n + 1) transforms under
the subalgebra.
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SO(2n + 2) Spinors

We can use the results for SO(2n + 1) to work out the spinor representations
for SO(2n+2). We will use the same notation as in the previous discussions.

22.1 Fundamental weights of SO(2n + 2)

The Dynkin diagram for SO(2n + 2) is

O—O--- . (22.1)
an-l—l

ad=el —eft forj=1ton, ol =¢"+ e (22.2)

where

All the roots have the form
+el+eb, j#£k (22.3)
We are interested in the two special representations corresponding to the
last two fundamental weights,
1
n_ (1, .4 n__ ntl
U= 2 (e + +e e )

un+1=%(el+_”+en+en+l)

Call the corresponding representations D™ and D™*!. The weights of D™ are
of the form

(22.4)

= e (22.5)

265 DOI: 10.1201/9780429499210-23


https://doi.org/10.1201/9780429499210-23

266 CHAPTER 22. SO(2N + 2) SPINORS

where
n+1

nj = %1 and II n=-1 (22.6)
j=1

This is because the roots always change the sign of two of the ns. The weights
of D™*! have the same form but with

n+1
I n=1 (22.7)
j=1

Now that we know the weights, we can determine the reality properties
of the representations. If n is odd, so that the algebra has the form SO(4m)
for integer m, then there are an even number of ns. Thus —u™ is a weight
in D", because it still satisfies [[7] 7; = —1. Evidently, it is the lowest
weight in D™. Similarly, —u™*! is the lowest weight in D™*1. Thus, for n
odd, the spinor representations of SO(2n + 2) are real (or pseudo-real).

But for even n, —u" is the lowest weight in D™*1, because it satisfies

;‘j_ll n; = 1. Likewise, —u™*1 is the lowest weight of D™. Thus for even

n, the spinor representations are complex. D" is D"+ and D™ is D™.
To construct these representations in detail, consider the SO(2n + 1)
subgroup of SO(2n + 2) generated by

My for jk<2n+1 (22.8)
This eliminates the Cartan generator
Hpt1 = Mopy1,2n+2 (22.9)
The 4n generators with weights
+el £ el for j<n (22.10)
which are linear combinations of
M;ony1 and  Mjonie for 7 <2n (22.11)
collapse to the 2n generators M 2,11 With weights
+el for j<n (22.12)

Under this SO(2n+1) subgroup both D™ and D™*! transform like the spinor
representation we just analyzed. Because H,yi is not a generator of this
subgroup, we can take over the previous analysis without change if we just
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ignore the n + 1 component of all the weight vectors. When we do this, the
weight vectors are the same for both D™ and D™+

n
% g njel for mn; ==l (22.13)
In the tensor product notation, n; = ag and the generators are given by
1 1
Myj 12041 = =03 - 0} o]
12 L (22.14)
Majont1 =503 03" 0y

Now going back to the full SO(2n + 2) algebra, in the representation
D™, we know that

n
Tt =— || 7 = —03 -0} (22.15)
Therefore .
Hyv1 = Mont1on42 = —3 o3---a¥ (22.16)
Now all the generators can by found using the commutation relations.
In D*H1
n
M= [ nj=03---0% (22.17)
and )
Hyp1 = Mony1on42 = 5(1’% 0% (22.18)

Now that we have explicit forms for the representations, we can examine
the reality properties we discussed earlier in more detail. As in SO(2n + 1),
we define the matrix

R=R'= H H of (22.19)

odd even

and then look at the complex conjugate representations
—RT R7! (22.20)
for D™ and D™+!. We already know that
~RM}, R~ = My (22.21)
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for the SO(2n + 1) subgroup, j,k < 2n + 1. It is then enough to see what
happen to My, +1,2n+2 under complex conjugation. If n is odd,

—RM3 1 onsa R = Moni1onso (22.22)

and then the equivalence can be established for all the generators using the
commutation relations. Thus, as we already knew, the representation is real.
But now we know R, so we can determine whether it is real-positive or
pseudo-real. For n = 4k + 1, R is antisymmetric, so D™ and D"*! are
pseudo-real. For n = 4k + 3, R is symmetric, so D™ and D™ are real.

For even n,

—R My 10042 B = =Many1,2n42 (22.23)

so the representations D™ and D™*! get interchanged and thus they are com-
plex.

The full story of the reality properties of the SO(N) spinors is then as
follows:

Algebra Spinors
SO(8k +3 pseudo-real
SO(8k +4 pseudo-real
S0O8k +5 pseudo-real
SO(8k + 6) complex (22.24)
SO(8k +7) real
SO(8k) real
SO(8k + 1) real
SO(8k + 2) complex

Problems

22.A. Show that SO(2n) has a regular maximal subalgebra, SO(2m) x
SO(2n—2m). How do the spinor representations of SO(2n) transform under
the subgroup?

22.B. Show that SO(2n+1) has a regular maximal subalgebra, SO(2m) x
SO(2n — 2m + 1). How do the spinor representations of SO(2n + 1) trans-
form under the subgroup?

22.C. Show that SO(4) has the same algebra as SU(2) x SU(2). Thus,
it is not simple. Nevertheless, the arguments in the chapter apply. Explain
how.
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22.D. Show that the SO(6) algebra and the SU(4) algebra are equiva-
lent, with the 4 of SU(4) corresponding to a spinor representation of SO(6).
In SU(4), 4®4 = 6 @ 10. The 6 is the vector representation of SO(6). What
is the 10, in the SO(6) language?
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SU(n) C SO(2n)

In order to discuss the embedding of SU(n) in SO(2n) efficiently, we will
introduce another language for talking about the spinor representations —
Clifford algebras.

23.1 Clifford algebras

A Clifford algebra is a set of operators satisfying the following anticommu-
tation relations:

T;,Tx} =26, forjk=1toN (23.1)
J J

If you are given such a set of operators, you can immediately construct a
representation of SO(N) as follows:

1
M, = X I¥RN (23.2)
It is easy to check, using the Jacobi identity, that the M have the commuta-
tion relations of SO(N), and furthermore that the I's are a set of tensor oper-
ators transforming according to the N dimensional representation of SO(N),
satisfying

[Mjg,Tel =4 (5je Ty — Oke Fj) =I'nm [Mﬁl]me (23.3)

where 1
[Mﬁc ]f’m = —t (6jl Okm — 6jm 61:8) (23.4)

generate the vector representation, D!, with highest weight p!.
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For SO(2n + 1) it is straightforward to find a Clifford algebra that gives
the spinor representation we constructed. It is

Iy =olo5---0% Iy =—olo}- - 0%
I3 =020} Iy=—0?--0%
(23.5)
Pop-1= O';L Fop = —0oT
Fopt1 = 0%032) sy
Notice that the product
T4y - Topyy = 8" (23.6)

is proportional to the identity element.

There is a connection of this with SO(2n+2), even though we don’t have
enough elements in the Clifford algebra to generate it. These elements of the
Clifford algebra are actually proportional to M 2,42 in the spinor represen-
tation that we constructed. These generators transform like the components
of a vector under the SO(2n + 1) subgroup of SO(2n + 2).

While we cannot construct a representation of the SO(2n + 2) algebra
from this Clifford algebra (at least, we cannot use (23.2) to construct the gen-
erators because we do not have enough I's), we can construct the SO(2n) al-
gebra just by leaving out I'g, ;. But the resulting representation is reducible,
because there is a nontrivial matrix that commutes with all of the generators
—- namely 9,4 itself —

n
Tons1 = ()" 1T+ Ton = [] o3 (23.7)
i=1

We can use this to construct projection operators onto the two invariant sub-
spaces that transform according to the irreducible representations, D™~! and
D™

1 . n—1
5 (1 - I‘gn_|_1) projects onto D
1 (23.8)
5 (1 + I‘gn+1) projects onto D"

because []}-; og is —1 on the first subspace and +1 on the second.
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23.2 TI',, and R as invariant tensors

The main reason that the Clifford algebra construction is useful is that I's are
a set of invariant tensors (see (23.3). For that reason, we can use it to help
with the process of Clebsch-Gordan decomposition of products of spinors.
Let us return to SO(2n + 1) and write out the commutation relation (23.3) in
terms of components — it looks like

[Mjk]wz [Fl]zy - [Mj*k]yz [Fﬂ]zz (23.9)
, .

+[M_£c ]Zm [Fm]zy =0
Thus [I'¢]4y is an invariant tensor in which the z index transforms like the
spinor representation, D™, the y index like the conjugate representation, D",
and the £ like the vector representation, D'. Of course, we know that in
SO(2n + 1) the representation D" is equivalent to D™ by a similarity trans-
formation involving the matrix R, but in this form for the I's, we have not
done the similarity transformation, it is the D" matrices that appear explic-
itly. We could put in the transformation explicitly. Suppose we do that using

M]k — ]k_R M]kR (23.10)

It is useful to write this in terms of upper and lower indices. If the matrix
elements of the generators of D™ (say) are written as

(M) (23.11)

where z refers to the row (the first index of the matrix) and y to the column
(the second index), then R behaves as an invariant tensor with two upper
indices. We showed this in chapter 21, but let’s do it again. If we multiply on
the left by R and put the indices in, (23.10) becomes

—R** [Mj]¥ = [Mji]; R (23.12)
or in prettier form
[M¢]; R* + [Mj]Y R** =0 (23.13)
which is the statement that R is an invariant tensor
The elements of the Clifford algebra have one upper and one lower index,
like the Mjys
(L5175 (23.14)
These do not have a definite symmetry property (or more precisely, I'; has
different symmetry for different values of j and these properties depend on
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the basis) because the upper and lower indices are different kinds of objects
so it doesn’t make any sense to interchange them. But by multiplying by R,
we raise the lower index

[[; R]*Y = [[;]% R (23.15)

This object can and does have definite symmetry.
Now let us rewrite the commutation relation of Mj; with I'; with upper
and lower indices

[Mjel7 [Tl + [R™" Mjx R [Tl

(23.16)
HMR lom [Cm]f = 0
which we can rewrite by multiplying by R¥" and summing over y
[Mji]Z [Ce RI* + [RT R™! Mji BRI [T]™
HME Jom [ R
= [M3eJ2 [T R + [RT R My]¥ [0 BT o517)

+[ME |em [T RI™
= [Mji]; [Te RIY + [Mji]; [Te RI™
+[MJ-1,21],3m [T RI*™ =0

In the last step we have used the fact that R is either symmetric or antisym-
metric, so I can replace the two RT's by two Rs. Thus it is the product 'y R
that is an invariant tensor in the space D™ ® D™ ® D'. These products must
be either symmetric or antisymmetric in exchange of the identical D" labels,
unlike the I's themselves. This will seem familiar to those of you who have
studied the Dirac equation, where something similar happens with the Dirac
-~ matrices.

To see whether I'; R is symmetric or antisymmetric, we can check any
I’j. The easiest is I'sp 1 which is just a product of o3s in all the spaces.
When we multiply by R, the result is a kind of mirror image of R, where, up
to factors of ¢, the o5 and o5 are simply interchanged. If we define

RT=pgR  and  (T;R)” =nrrIR (23.18)

then
nr-1Mrr = ()" (23.19)
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because in each two dimensional subspace, there isa o in either Ror 'y, 1 R
and a o4 in the other. Since we know that

nr = (—1)n(+D/2 (23.20)

we find that
nrg = (—1)rn=1/2 (23.21)

23.3 Products of I's

The reason that it is sometimes better to stick to the I's rather than using the
symmetric I Rs, is that matrix products of the I's also yield invariant tensors.
These products have one upper and one lower index, so like I'; they live in
the space D" ® D", and we can use them to complete the process of Clebsch-
Gordan decomposition. For example, consider the commutator, [I';,I'x]. We
already know that this is proportional to Mj,, which is an antisymmetric
tensor operator. But we could also conclude this using the Jacobi identity:

[Mjk7 [Fg, Fm]] = [[Mjka Ff] 7Fm] + [Ffa [Mjka Fm]]

A e (23.22)
- [Fm’v m] [Mjk ]m’ﬁ =+ [ £y m] [ jk ]m'm

which means that [I';, '] transforms like the antisymmetric tensor product
of two vectors.

More generally the interesting combinations are the products that are an-
tisymmetric in the vector indices, defined as a sum over permutations of the
indices. For m < n, define

1
m!
P ( kpkm )
J1im
with the — sign for the odd permutations. The other combinations are not
interesting because the anticommutator of two I's can be eliminated using
the Clifford algebra. The Jacobi identity can be used in exactly the same
way to show that this transforms like an antisymmetric tensor with m vector
indices. Of course, we don’t really have to do this complicated sum because
the Clifford algebra guarantees that the I'; anticommute for different values
of j, so really all the sum is doing is ensuring that no two indices are the
same.
We do not get any new matrices for m > n, because of the fact that the
product of all 2n+1 I's is proportional to the identity, so the antisymmetric
product of n+k I's is related to the antisymmetric product of n—x+1 I's.

F[j Fj2 s ij] = — Z :i:FkIF]W v ka (23.23)
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The product I'(;, T'j, - - - I'; y tells us explicitly how the antisymmetric p

index tensor appears in the tensor product D" ® D". The tensor product of
two spinors in SO(2n + 1) can be decomposed into antisymmetric tensors of
rank O (the trivial representation), 1 (the vector), 2 (the adjoint for n > 1),
and so on up to rank n. You can see that the dimensions work out because of
the binomial theorem:

2n+1
92n+l — (1 4 1)+ = S: <2n + 1)
k
k=0 (23.24)

n 1
=>2”x2"=2<2n]:_ )

k=0

where the second line follows because

2n+1 2n+1
= 23.2
(2n+1—k> ( k ) ( >)

so that the sum from £ = 0 to n is the same as the sum from n+1 to 2n+1.

Somewhat more bizarre is the breakup into symmetric versus antisym-
metric products. All the products have one upper and one lower index, so
again, to get something that is either symmetric or antisymmetric, we must
multiply by R. The result of multiplying by R the product of % distinct I';
matrices (which is the antisymmetric product, because the different indices
anticommute) can be written as

FjIFjZ Tt ijR

_1 1 (23.26)
= (Fle)R (szR)R T (ijR)

The transpose is

;R R (T, R)TR (T, R)T
= 'nkp(T;, AR - (T, RV R~ (T;,R) (23.27)
= 1% kgL, - TiTj R

where we have used the fact that R~! (which has two lower indices) has the

same symmetry properties as R itself. To get the I'; factors back into the
original order we have to make

(k=1 + (k-2 + - +1=kk—1)/2 (23.28)
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transpositions, each of which gives a — sign because of the Clifford algebra.
Thus we have finally

F T
= (- 1)( )/ LTS S TR UARERS VR Y

We can write the factor in front somewhat more elegantly as follows

_1)kk=1)/2,, k—1n113R

k
TIR(TIR"?I‘R)
1 k(k—-1) /2( )n(n+1)/2(_1)
/

—_—~

1)k(k=1)/2

(23.30)

n—k)(n—k+1)/2

=(-1)

( ) nk
( l)k(k 1) /2( )n(n+1) 2(_1)—nk
(-1)¢

Thus in SO(2n + 1), the symmetry properties of the &k index antisymmetric
tensor in the tensor product of D™ ® D™ repeat with period 4, and look like

this:
noq 2 | 3 4
k
0 - | =1+ 1|+
23.31

1 + | - -1+ ( )
2 + |+ - -
3 -+ |+ | -

Thus for SO(3) the 1 is antisymmetric and D! is symmetric. For SO(5)
the 1 and D! are antisymmetric while D? is symmetric. For SO(7) the D!
and D? are antisymmetric while 1 and D? are symmetric. For SO(9) the D?
and D3 are antisymmetric while 1, D! and D* are symmetric. And so on!

For SO(2n), the analysis is more complicated because the 2" dimen-
sional space on which the Clifford algebra acts is not irreducible. We will use
the projection operators onto the irreducible subspaces

Py = %(1 + r2n+1) (23.32)

P, projects onto D™ while P_ projects onto D"~1. Now a general 2" x 2"
transforms under commutation with the generators like the tensor product

(D” & D"-l) (‘D‘" & ‘D‘"‘l) (23.33)
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Then we can project out all four possible transformation laws with the pro-
jection operators. If K is an arbitrary 2" x 2™ matrix, then:

Pt K PT transforms like D" ® D"
P~ K P~ transforms like D" '@ D" "
—n-—1

Pt K P~ transforms like D" ® D
P~ K Pt transforms like D" '@ D"

(23.34)

As before, we can construct the K matrices out of antisymmetric products
of the T's. We need not include I's,, 11 because we are interested only in
SO(2n) (and the projection operators make it =1 anyway). Furthermore,
once we leave out 'y, 1, the projection operators pick out either the even or
odd products, because the other I's anticommute with I’y 1, and therefore

T;P,=P.T; forj=1to2n (23.35)

Thus only an odd number of I's can appear between P, and P_ (in either
order) and only an even number of I's can appear between two P, or two
P_. As before, we can ignore tensors with rank m > n.

23.4 Self-duality

There is an additional subtlety that occurs for tensors of rank n. Not all the

components of the rank n antisymmetric tensor in D" @ D" or D"~ @ D!
are independent. For example in D™ @ D"

PyT Ty Ty Py =Py Ty Ty Ty Tonyy P
(—i)" PyTy - TpTy - Ty Py

(=)™ (=)™ D2 P Ty Ty -Ton Py
n? 4
= (-—-’L) m 612---nj1---jn P+ Fj1 te an P+

(23.36)

Evidently, the rank n tensors satisfy a self-duality condition, the nature
of which depends on n. If n is even, the relation is real, and the tensor is
either self-dual (for D™ @ D™), satisfying

1

Ajl"'j'n. = E €51 in k1kn Ak1---kn (23.37)
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or anti-self-dual (for D"~! ® D" "), satisfying

1
Ajl"'jn = —E €j1-In k1-kn Ak1~~~kn (23.38)

If n is odd, on the other hand, the relation is complex:

o1
Ajl"'jn = +1 -75 €j1-dnki-kn Ak1---kn (23.39)

and thus the representations are complex. It is through this complex self-
duality condition that the complexity of the SO(4n + 2) spinor representa-
tions is manifested in the ordinary tensor representations.

We summarize all of this below, incorporating the fact that for SO(2n)

with even n, D" = D" and D" ! = D", while for odd n, D" = D"

and D"
tion by (m

where (2m

= D™. We indicate the rank m antisymmetric tensor representa-

)-

n

SO@2n+1): D"@D™ =" (k)

k=0
m—1
SO(4m): D™ @ D*™ 1= $" (2k +1)
k=0
m—1
D*™ @ D*™ = " (2k) + (2m) 4
k=20
m~1
D™=l g prm-l = 2k) + (2m) _
kz::() (2k) + (2m) (23.40)
m
SO(4m +2) : D™ @ D¥™ =" (2k)
k=0
m—1
D™l @ DI = N (2k +1) + (2m + 1),
k=0
m—1
D¥m g DM — z (2k +1) + (2m + 1),
k=0

)* are self-dual and anti-self-dual respectively, and (2m+1); and

(2m+1)9 satisfy complex self-duality conditions.
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23.5 Example: SO(10)

For example, consider the 16 dimensional D® representation of SO(10). We
see that
1616 =(1)®(3)& (51 (23.41)

The (1) is the 10 dimensional vector. The (3) is the 10-9-8 /6 = 120 dimen-
sional three index antisymmetric tensor. The (5) is the 5 index antisymmetric
tensor with a complex self-duality condition, with dimension

110-9-8-7-6
2 5-4-3-2

The symmetry of these under exchange of the identical 16’s can be found by
Jooking at the discussion of the symmetry of the I'; Rs for SU(2n + 1) —in
this case we want n = 5 to focus on the 2° dimensional space of the Clifford
algebra. The symmetry factor for (k) is (—1)(n=R)n—k=1)/2 g5 the (1) and
(5) are symmetric and the (3) is antisymmetric.

Likewise

=126 (23.42)

16I6=0a2)e(4) =19453 210 (23.43)

23.6 The SU(n) subalgebra

Now we can identify an SU(n) subgroup of SO(2n). From the Clifford
algebra, we can construct the objects

1
A= —(Tgj1 — 219,
b2 (T2 ) (23.44)
A;( = -2—(F2j—1 + iF2j)
Because of the Clifford algebra, these satisfy
{4j, Ar} = {A}’AITC} =0 (23.45)

{45, AL} = op

This is, therefore, a set of creation and annihilation operators, from which we
already know how to construct an SU (n) algebra. Using the matrix elements,
[T,k of the defining representation of SU (n), we define

T, = Al[Tulj Ak (23.46)
.k
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We know that the T}, generate SU(n) on the 2™ dimensional space of the
Clifford algebra, but we must also show that it is a subalgebra of SO(2n). To
see this we can write

1 1 1
Ata, ==-1al 4 —tal — 2§
e 3 {4548} + 5 145 4] = 50 (23.47)
; )
+§M2j—1,2k—1 + §M2j—1,2k - §M2j,2k—1 + §M2j,2k

The 4, term does not contribute to T, because [T,y is traceless. The other
terms are SO(2n) generators. So, the Tp are linear combinations of the
SO(2n) generators, thus they generate a subalgebra.

Denote by |0) the state that is annihilated by all the A;. In our representa-
tion of the Clifford algebra, all the A;s are proportional to lowermg operators,

ol s0 |0} is the state for which all the 0’] = —1. It is in the representation

D" for n even and D! for n odd.

As always, the creation operators, A;r-, are tensor operators:

[To, 4] = 3 AL [Tk (23.48)
k

They transform according to the n dimensional defining representation of
SU(n).

When we act on |0) with some number of A's (say m), we therefore get
a set of states transforming like the antisymmetric tensor product of m ns
because the Afs anticommute. This is the fundamental representation [m].
Otherwise, this construction is similar to what we did with the 3-dimensional
harmonic oscillator.

Note also that if m is even, the states formed by acting on |0) with m ATs
are in the same irreducible representation of SO(2n) as the |0) state, because
9,41 anticommutes with each At, so it commutes with the product of an
even number of them. But for odd m, the states are in the other irreducible
SO(2n) representation.

Putting this together, we can summarize the embedding of SU(n) in
SO(2n) as follows. For SO(4n + 2),

n n
D! =3"[2j+1] D™= (2] (23.49)
j=0 , j=0

This is consistent with the fact that D2r = D?"+1 because [5] = [2n+1—j].
For SO(4n),

D™ =3%"[25] D™ Z[zg +1] (23.50)
7=0
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There is an SO(2n) generator which commutes with all of the generators
of the SU (n) subgroup we have constructed. It is

n n
n
S=3 My1p;=3 Al4;- 5 (23.51)
j=1 7=1
S generates a U(1) subalgebra. In the space of the Clifford Algebra

S=:3%d} (23.52)
j=1

Thus S|0) = —% |0). Then, since [S, AH = A}, the creation operators raise
S. Thus the representation [m] in the spinor representations of SO(2n) has
S=m-n/2.

Problems
23.A. Check that the dimensions work out in (23.49) and (23.50) by

using the binomial theorem.

23.B. Use (23.9) and (23.44) to determine how the vector representation,
D1, of SO(2n) transforms under SU (n). Explain why this result is obvious.

23.C. Let u/*¢ be a completely antisymmetric tensor in SO(6). A self-
duality condition has the form

ujkl — )\ejkfabc uabc .
What are the possible values of A?

23.D. How do the spinor representations of SO(14) transform under the
following subgroups:



Chapter 24

SO(10)

SU(5) is the only choice for a unifying algebra that makes use only of the
matter particles that we actually see. However, it is not obvious that this is a
necessary property. We know that the unifying symmetry, whatever it is (and
assuming that it exists at all!) must be spontaneously broken to account for
the differences in the interactions that we see. It could be that the process of
spontaneous breaking gives a large mass to some of the matter particles of a
representation, thus effectively removing them. The next simplest unification,
based on the algebra SO(10), adds just one such matter particle - a right-
handed neutrino.

24.1 SO(10) and SU(4) x SU(2) x SU(2)

Let us begin the discussion of SO(10) unification by considering (23.49) for
n = 2. This shows that the SU(5) content of the spinor representations of
S0(10) is as follows:

D°=[]+[38]+[5]=5+10+1,

_ (24.1)
Di=[0]+[2]+[4=1+10+5.

Thus D° has the right SU(5) content to describe the right-handed creation
operator of a family of quarks and leptons, with the addition of one SU(5)
singlet. Likewise, D* behaves like the left-handed creation operators plus a
singlet.

Thus SO(10) has the interesting feature that it incorporates all the cre-
ation operators of a single family into a single irreducible representation. Of
course, it also incorporates an extra singlet which does not correspond to any
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of the particles that we have observed in the world. But we can hope that this
extra particle will get a large mass in the spontaneous symmetry breaking
process.

The extra singlet is also related to the particles that we actually observe
in an interesting way. When we include it, we can restore the parity symme-
try that is lost in SU(5). To see what is happening, let us examine another
subgroup of SO(10).

The SU(5) subalgebra of SO(10) is regular, but not maximal. It is ob-
tained by removing one of the circles from the Dynkin diagram. To find the
regular maximal subalgebras, consider the extended Dynkin diagram:

(24.2)

If we remove the circle labeled with the x, the diagram falls apart into SU(2) x
SU(2) x SU(4). The SU(2) x SU(2) is the same algebra as SO(4), and the
SU(4) is the same as SO(6). Thus this is the subalgebra of the 10 dimen-
sional rotation generators which are block diagonal on 4 and 6 dimensional
subspaces.

We can use the Dynkin diagrams rather directly to see how the spinor
representations transform under the subgroup. The weights of D> are

5 5
> met/2, where [[m=1 (24.3)
i=1

=1

from (22.5)-(22.7). We know from the form of the extended Dynkin diagram
that the SU(4) (or SO(6)) subgroup has roots o', o?, and a° (the lowest
root). Explicitly

al=61—62, a?=e?— ¢, a¥ = —el - €. (24.4)

Thus the roots of the SU(4) subalgebra are entirely in the three dimensional
subspace of the weight space formed by the first three components. The
weights, (24.3), decompose into two copies of each of the two spinor rep-
resentations of SO(6), one for 7;79m3 = 1, the other for nymon3 = —1.

The SU(2) x SU(2) (or SO(4)) subgroup corresponds to the roots

at=et-¢€° , a®=et+éd (24.5)



284 CHAPTER 24. S0O(10)

in the two dimensional subspace formed by the last two components of the
weight space. a* generates an SU (2) under which the weights

£(e* - €% (24.6)
form a doublet. a® generates an SU(2) under which the weights
+(et + &%) (24.7)

form a doublet. Thus, the weights

3

S (me) /2x(f+ef)/2 for [Im=1 @48

i=1

are associated with a representation of the SO(6) x SO(4) subalgebra which
transforms like a spinor under the SO(6) (or equivalently, the 4 of SU(4)),
like a singlet under the SU(2) associated with o and like a doublet under
the SU(2) associated with @’ (we will call this SU (2)' to distinguish it from
the first SU(2)). Thus, under the SU(4) x SU(2) x SU(2)’ subgroup, (24.8)
isa(4,1,2).

The weights

3

> (me) /2 (et =€)/ for [Im=-1 (24.9)

=1

transform like the complex conjugate spinor under the SO(6) (or equiva-
lently, the Z of SU(4)), like a doublet under the SU(2) associated with o*
and like a singlet under the SU(2) associated with a®. Thus, under the
SU(4) x SU(2) x SU(2)" subgroup, (24.9) is a (4,2,1).
Thus
D55 (4,1,2) ® (4,2,1) (24.10)

under SU(4) x SU(2) x SU(2)'. It then follows that the complex conjugate
representation, D4, is

D= (4,1,2) ® (4,2,1) (24.11)

The SU (4) in SU(4) x SU(2) x SU(2) contains color SU(3). Each 4
isa 3 @ 1 under SU(3). Each 4 is a 3 ® 1. Comparing (24.10) with (18.13),
you can see in more detail how the SO(10) unification works. The weak
interaction SU(2) in (18.13) must be identified with the SU(2) subgroup of
SO(10). Under it, the creation operators for the right-handed antiquarks and
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the right-handed positron and antineutrino transform as doublets. Under the
SU(2)" of SO(10), the creation operators for the right-handed quarks are a
doublet, and there is another doublet comprising the creation operators for the
right-handed electron and a neutral particle. This SU(2)' is a mirror image of
the weak interaction SU(2). If we look at the creation operators for the left-
handed fields, in the representation D*, the antiquarks will be a doublet under
SU(2)', just as the right-handed antiquarks are a doublet under SU(2) in D°.
Thus we should identify the neutral partner of the right-handed electron in
the SU(2)' doublet as a right-handed neutrino, the looking-glass version of
the left-handed neutrino.

The SO(10) unification thus restores the mirror symmetry of the theory
that was lost completely in SU(5). Of course, physics is not mirror sym-
metric. Parity is violated. The right-handed neutrino has never been seen. If
SO(10) unification is to describe the world, there must be some symmetry
breaking that makes the right-handed neutrino and the particles associated
with the SU(2)’ generators (and indeed, all the other SO(10) generators ex-
cept those of the SU(3) x SU(2) x U(1) subgroup) very heavy.

24.2 * Spontaneous breaking of SO(10)

The spontaneous breaking of SO(10) down to SU(3) x SU(2) x U(1) can
be considered in several steps. First one can ask, how can we break SO(10)
down to SU(5)? Then we can ask, what SO(10) representation contains
the 24 of SU(5) that we use to break the SU(5) subgroup down further to
SU(3) x SU(2) x U(1)? Finally, we can ask what SO(10) representation
contains the 5 and 45 of SU(5) that we use to break the SU(3) x SU(2) x
U (1) down to the U (1) of electric charge?

24.3 * Breaking SO(10) — SU(5)

The simplest representation that can break SO(10) to SU(5) is the 16 (or 16)
This is evident from (24.1). Because the 16 has a component that transforms
as a singlet under the SU(5) subgroup, if that component has a vacuum value,
the SO(10) symmetry will be spontaneously broken down to SU(5). In the
first discussion of SO(10), this representation was used. However, there is
something slightly unattractive about it. It cannot be used (at least at the clas-
sical level) to give a large mass to the right- handed neutrino. It is important
to have some mechanism for getting rid of the right-handed neutrino. It has
not been seen, and if it were present, it would cause problems for both particle
physics and for cosmology. The original discussion of SO(10) assumed the
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existence of an SO(10) singlet neutrino, in addition to the 16. Then the 16
Higgs representation could be used to put the right-handed neutrino together
with this extra singlet into a massive particle, thus eliminating the unseen
right-handed neutrino from the low-energy particle spectrum.

What is unattractive about this is that the addition of the extra singlet
may be a step backwards. The SU(5) model already unified the right-handed
particles in two irreducible representations. The SO(10) model without the
extra singlet, with all the particles of the lightest family in a single irreducible
representation, is perhaps more “unified,” but with the extra singlet, it seems
like an unnecessary complication of the original SU(5) model. Is it possible
to eliminate the right-handed neutrino without adding a singlet? The answer
is yes, with a slightly peculiar twist. One can treat the right-handed neutrino
as its own antiparticle, and find a Higgs in the tensor product of two 16’s that
is responsible for its mass. The vacuum value of the Higgs representation
must be an SU(5) singlet, as before, so that it can give mass to the SU(5)
singlet right-handed neutrino.

The tensor product of two 16s is

10 @ 120 @ 126 (24.12)

where the 10 is the SO(10) vector, the 120 is an antisymmetric three index
tensor, and the 126 is a complex self-dual five index tensor. The 10 and 126
appear symmetrically in the tensor product of the two 16s (because the two
16s are the same representation, their tensor product can be classified accord-
ing to representations of S), while the 120 appear antisymmetrically. Then
we can easily figure out the SU(5) content of each of these representations
by doing the tensor product of D® in (24.1) with itself. The antisymmetric
part.s

(5+10+1)®(5+10+1)4as
=(505)as®(10010)as®(5010) B (5®

sGaleMel) (@413
=1004505045a5a1

Note that this is a real representation. The symmetric part is

5+10+1)®(B+10+1)s
=65®5)saMe0)so(1el)sa(6RI0)®(5x1)®(10®1)

=150505001050d5a501
(24.14)
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Since the 10 is 5 + 5, the 126 is
1565001045056 10 (24.15)

This representation is complex, and it contains the SU(5) singlet component
that we want to give the right-handed neutrino a mass. This is particularly
useful, because an SU(5) singlet vacuum value cannot give mass to any of
the other particles, because their masses require a vacaum value that breaks
SU(2) x U(1). Thus if the vacuum value of the SU(5) singlet component
of the 126 is very large, it will give a large mass to the right-handed neu-
trino, but all the other matter particles will remain massless until we turn on
vacuum value for the Higgs that breaks SU(2) x U(1). This vacuum value
can be much smaller (and indeed, as in SU(5) is has to be if the couplings
are to come out correctly), which explains why we don’t see the right-handed
neutrino — it is much heavier than all the other fermions.

Either with the 126 or the 16 and an extra singlet, we get rid of the right-
handed neutrino and break the SO(10) symmetry down to SU(5), we can
then discuss the further breaking of SU (5) by asking what SO(10) represen-
tations contain the SU (5) representations that we discussed for the breaking
of SU(5).

24.4 * Breaking SO(10) — SU(3) x SU(2) x U(1)

As in SU(5), the obvious representation to consider is the adjoint represen-
tation, the 45 dimensional representation, D2, which is a real two-index an-
tisymmetric tensor. Let us ask how this SO(10) representation transforms
under SU(5). We can find this by noting that the antisymmetric tensor prod-
uct of two 10s is a 45. Since the 10 is 5 @ 5, the 45 is

45 —+24+10+10+1 (24.16)

This is encouraging. Because (24.16) contains an SU (5) 24, we might expect
to find a possible vacuum value that breaks SO(10) to SU(3) x SU(2) x
U(1).

It is not quite that simple, however. The most general possible vacuum
value for the antisymmetric tensor can be brought, by an SO(10) transforma-
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tion into the following canonical form:

0 a 0 0 0O 0 0 0 0 0
—a; 0 0 0O 0O 0 0 0 0 0

0 0 0 a 0 0 0 0 0 0

0 0 —a2 0 0 0 0 0 0 0

O 0 0 0 0 a5 0 0 0 0

0 0 0 0 —a 0 0 0 0 0 (24.17)

0 0 0 0 0 0 0 a 0 0

0 0 0 0 0 0 —a 0 0 0

0 0 0 0 0 0 0 0 0 as

0 0 0 0 0 0 0 0 —a 0

The only way this can commute with SU(3) x SU(2) x U(1) is if two of
the as, say a; and a, are equal, and the other three as are equal, so that the
vacuum value has the form

a1 Iriog 0
( 0 a3 I3ios ) (24.18)

where the first block is 4 X 4, written as a tensor product of two two- dimen-
sional spaces, and the second is 6 x 6, written similarly as tensor product of
two- and three-dimensional spaces. This commutes with matrices of the form

Ay + 025, 0
( 0 As + 0y Sg) (24.19)

where the As are antisymmetric and the Ss are symmetric matrices in the
appropriate spaces. The Az + o9 S, generate an SU(2) x U(1), while the
A3 + 09 S3 generate an SU(3) x U(1). There is an extra U(1) here that we
do not want, but it is broken by the vacuum value of the 16 or 126. Thus
together with the 16 or 126, the 45 can do the required symmetry breaking
down to SU(3) x SU(2) x U(1).

There are other options for the SO(10) breaking. We will just mention
one. The symmetry can be broken by the vacuum value of a 54, a real trace-
less, symmetric tensor. This is also simple to analyze, because like the 45, it
can be brought into a simple canonical form by an SO(10) transformation.
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In fact, this is even simpler — the 54 can be diagonalized

aq 0 0 0 0 0 0 0 0 O
00 aa 0 0 0 0 0 0 0 O
0 0 a3 0 0 0 0 0 0 O
0 0 0 aga 0 0 0 0 0 O
0 0 0 0 as 0 0 0 0 O
0 0 0 0 0 a 0O 0 0 O (24.20)
0 0 0 0 0 0 a 0 0 O
0 0 0 0 0 0 0 a 0O O
00 0 0 0 0 0 0 a O
00 0 0 0 0 0 0 0 ap
where
10
Y a;=0 (24.21)

The only way this can commute with SU(3) x SU(2) x U(1) is if four
of the as are equal, so that there is an unbroken SO(4) that contains the

SU(2) x U(1), and the other six as are equal, so that there is an unbroken

SO(6) that contains SU(3). Thus a vacuum value for the 54 that preserves

SU(3) x SU(2) x U(1) automatically preserves a larger symmetry, SO(6) x
S0(4), which is in fact just the SU(2) x SU(2) x SU(4) subgroup that we
discussed at the beginning of this section. But in fact, this is really all we need
from the 54. The 16 or 126 vacuum value breaks the SU (2) x SU(2) x SU (4)
the rest of the way down to SU(3) x SU(2) x U(1).

24.5 * Breaking SO(10) — SU(3) x U(1)

Finally, we can think about what SO(10) representations can be responsible
for breaking SU(2) x U(1) and giving mass to the quarks and leptons. We
have seen that these must contain a 5 or 45 of SU(5) and they should be
contained in the tensor product of two 16s, (24.12). You can see that all three
of the representations in 16 x 16 can do the job. Each gives a somewhat
different pattern of mass relations among the particles of different charges
and colors.

24.6 * Lepton number as a fourth color

There is one more thing that is worth mentioning about the SU (2) x SU(2)" x
SU (4) subgroup of SO(10). This algebra is interesting because it is the
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smallest that contains the SU(3) x SU(2) x U(1) symmetry in a semi-
simple algebra. This is physically interesting, because it leads automatically
to the quantization of electric charge. A simple algebra is not necessary for
charge quantization, because it is only U (1) factors that are not constrained
by commutation relations. As we mentioned above, the SU(2)’ factor is a
right-handed version of the electroweak SU(2), so that in this model, the
left-handed nature of the electroweak interactions is picked out not by the al-
gebra, but by the vacuum — by whatever spontaneously breaks SU (2)' much
more strongly than SU(2). But the SU(4) is also quite interesting. One can
think of it as treating lepton number as a fourth color. The neutrino is part
of an SU(4) 4 with the three colors of u quarks, and the electron is part of
an SU(4) 4 with the three colors of d quarks. It is only the spontaneous
symmetry breaking, which leaves the color SU(3) subgroup unbroken, that
distinguishes leptons from quarks.

Problems

24.A. Show that the matrices
1, 1., 1, 1, 1, 1. 16? 1., 1_,&
o a a -0 a7 Y o [P y AT Y o »
207 27—7 2777 2 P11, 2 P2 277,03 2 P3 ) 1 277 P2

where &, 7, 177 and g are independent sets of Pauli matrices, generate a spinor
representation of SO(10). Find an SU(2) x SU(2) x SU(4) subgroup in
which one of the SU(2) factors is generated by the subset 7 (1 + p3)/4.

24.B. What is the dimension of the SO(10) representation with highest
weight 2,.°. How do you know? Hint: consider D° ® D°®.

"This idea, along with the SU(4) x SU(2) x SU(2) model, was an important precursor
to unification, discussed in J. Pati and A. Salam, Phys. Rev. D 10 (1974) 275.



Chapter 25

Automorphisms

An automorphism A of a group G is a mapping of the group onto itself
which preserves the group multiplication rule:

A(9192) = Alg1) Algz2) (25.1)

For a Lie group, an automorphism of the group induces a mapping of the
Lie algebra onto itself which preserves the commutation relations. Under an
automorphism, the generators are mapped into linear combinations of gener-
ators

Ty — ATy (25.2)
such that
[Ta, Tb] =14 fabe Tt (25.3)
implies
[Aaa Tar, Abty Tor] = 1 fabe Acer Ter (25.4)

25.1 OQOuter automorphisms

Some automorphisms are trivial in the sense that the mapping they induce on
the generators is an equivalence:

ATy =RT, R} (25.5)
where R = e"<Ta is a group element. This is called an inner automorphism.
But some of the Lie algebras have non-trivial or outer automorphisms.

For example, consider complex conjugation. If T, are the generators of
some representation, the mapping

T, —» =T (25.6)
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is an automorphism in which generators corresponding to imaginary antisym-
metric matrices are unchanged, while generators corresponding to real sym-
metric matrices change sign (note that we can always choose the generators
to be either antisymmetric or symmetric in the highest weight construction).
Thus, an algebra can have complex representations only if it has some non-
trivial automorphism.

We can identify the nontrivial automorphisms by looking at the sym-
metries of the Dynkin diagram. For example, consider SU (4) with Dynkin

diagram
O-0-0 @s)

ol o o

Since a! and o® appear symmetrically, the diagram with o! and o inter-
changed has all the same lengths and angles and thus generates the same
algebra. So there is an automorphism of SU(4) in which the corresponding
generators are interchanged,

Ep ¢, Eg (25.8)

along with all the other changes this induces in the explicit construction of
the algebra from the diagram. This automorphism is nontrivial, since it inter-
changes the fundamental representations D! and D?, which are inequivalent.
In fact, since these representations are complex conjugates of one another,
this is just the automorphism induced by complex conjugation, up to some
trivial equivalence. All of the complex conjugation automorphisms are ob-
tained in this way, associated with reflection symmetries of the Dynkin dia-
gram.

But not all reflection symmetries correspond to complex conjugation. For
example, the SO(4n) groups have only real representations. Thus the reflec-
tion symmetries of their Dynkin diagrams correspond to nontrivial automor-
phisms that are not complex conjugations. The most interesting (and bizarre)
example of this is the group SO(8), with Dynkin diagram

1 (25.9)

Here there is a separate automorphism for each permutation for !, o and

at.
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25.2 Fun with SO(8)

The roots of the SO(8) Dynkin diagram are
o =el —elt! forj=1t03, at=ed+¢el (25.10)

The fundamental representations D!, D3, and D%, with highest weights p!,
u3, and p*, are each 8 dimensional. D! is the defining representation, an
8-vector. D and D* are the two real spinor representations. The automor-
phisms map these three representations into one another in all possible ways.
First consider the mapping between D3 and D*. This corresponds to the
symmetry of the Dynkin diagram that interchanges o® and o* with o! and
a? held fixed. This is implemented by changing the sign of e*. That means

H4 — —H4 or M73 — —M73 (25.11)

and
Er/ej+e4 “ Enej_e4 or Mz — —Mjg (25.12)

This, of course, is what we found when we explicitly constructed these rep-
resentations. M for j,k = 1 to 7 were the same for both representations,
while
1
~>030505 for D3
Hy=Mp=3 {2 (25.13)
Z ool ol for D4
5939393

The rest follow from commutation. Of course in this case, we got the re-
sult just from the symmetry of the Dynkin diagram, without constructing the
representation explicitly.

Now consider the automorphism that interchanges o' and o with o?
and o* held fixed. This is rather weird, because it interchanges the vector
representation D!, generated by the antisymmetric matrices with only two
non-zero elements with the spinor representation D3, generated by products
of Pauli matrices, whose square is proportional to the identity. The relevant
mapping in terms of the weights is

1

1

e —62H63—64

SR S S (25.14)

63+64—)63+64
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Solving this for the e’s we find

(25.15)

1
4 2 1., .2, .3 4
e —)2( e +te" +e +e)
so the Cartan generators get mapped in the same way

H, —)%(H1+H2+H3—H4)

1
Hz-*a H1+H2—H3+H4)

1( (25.16)
H3 — —(Hl '—H2+H3+H4)
(

2

1
H4—)-2— —H1+H2+H3+H4)

or

1
My — 5 Mg + M3yq + Mg —M78)

1
M3y — —(M12 + M3q — Mse + M?&)
% (25.17)
Mse — §(M12 — M34 + Ms6 + M?&)

1
Mg — 3 (—M12 + M34 + Mse + M78)

Note how cleverly the theory has solved the mapping problem. The anti-
symmetric generators, Ma;_1 2; of the vector representation get mapped into
matrices of the form

o, O 0 0
1 0 oo O 0
= 0 0 40, 0 (25.18)
0 0 0 =o

whose square is 1/4.

The way the rest of the mappings go is this. The other generators break
up into 6 sets of 4, each of which mix up among themselves like the four
Mo, M34, Msg and M7g that we jUSt dealt with.
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SO(8) has a very interesting subgroup — SU(2) x SU(2) x SU(2) x
SU(2). 1t is easy to see that this is a maximal subalgebra. It is just SO(4) x
SO(4). But the way the automorphism works on the different SU(2) factors
is instructive. Let us look at the extended Dynkin diagram. It is

(25.19)

a® ot

where the lowest root, a® is —e! —e?. Evidently, we get the SU(2) x SU(2) x
SU(2) x SU(2) subalgebra by removing o. The four SU(2)s are associated
with the four mutually orthogonal roots,
a® = —el —¢? al =e! —¢?
(25.20)
a®=ed—¢t ot =ed+et

Now consider the action of this subalgebra on the spinor representation D3,
with weights ‘
nied/2  for [ n=-1 (25.21)
J

These break up into two sets transforming irreducibly under the subalgebra.
The set

%(el +e?+e - 64) ) %(161 +e?—ed+ 64) , 25.22)
5(—61—62+63—64), 5(—el~e2—e3+e4)

is orthogonal to o! and o, and thus transform trivially, like singlets under
the two SU(2) associated with ! and o. But each weight is a component
of doublet under the SU(2) associated with a® and 3. Similarly, the set

1 1
?(el —ef +ed + 64) ) 5(161 —e? -3~ 64) , (25.23)
5(—el+62+e3+e4), 5(—61-}-62—63—64)

is orthogonal to o and o?, and thus transform trivially, under these two
SU(2), and are components of doublet under the SU(2) associated with a!
and o*. Thus we say that under the

SU(2)° x SU(2)! x SU(2)® x SU(2)* (25.24)
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subgroup, the spinor representation D3 transforms as
(2,1,2,1) & (1,2,1,2) (25.25)

There are two other similar possibilities for the tranformation property of
an 8:

(27 27 1’ 1) 6(17 1’27 2)
and (25.26)
2,1,1,2)®(1,2,2,1)

These correspond to D! and D* respectively. How do we know which is
which?

Problems

25.A. Carry through the argument discussed at the end of the chapter
and determine which representation in the last equation in the chapter is D?
and which is D*.

25.B. Does SO(8) have an SO(5) subgroup under which one spinor
(D*, say) transforms like two SO(5) spinors while the other spinor (D?)
transforms like an SO(5) vector and three singlets? Explain.



Chapter 26

Sp(2n)

One reason that I want to discuss Sp(2n) in more detail is that it is a good
excuse to introduce another notation for SU(n) which is often easier to work
with.

26.1 Weights of SU(n)

The weights of the defining representation of SU(n), v* for i = 1 to n, have
the following properties

) 1 1 noo
uﬂ-ukzijk—%—, S vi=0 (26.1)
j=1

The condition on the sum follows from the tracelessness of the generators.
The n 17 span an n—1 dimensional space, but we can make things much
more obvious by embedding the 17’s in an n dimensional space, as follows:

. 1 /.
J— — (o —
v =— (e 5 /n) (26.2)
where the e/ are an orthonormal basis and the vector ¥ is
n
DESYN (26.3)
k=1
In this notation, the simple roots of SU(n) take the form
of = — it = L(ej—ejﬂ), forj=1ton—-1 (26.4)
V2
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These are also the first n—1 simple roots of Sp(2n). The last simple root is

o = 2" + \/g yl (26.5)

where v™*! is a unit vector orthogonal to €/ for j = 1 to n. Now the point
is that we can take

1
n+l _
v = ——\/7_1 by (26.6)
Then
a® =v2e" (26.7)

We could have guessed this from the Dynkin diagram by comparing with
our form for the roots of SO(2n + 1). The only difference here is overall
normalization of the roots and that the last root is longer than the others,
rather than shorter. But you should now see the connection with the previous,
somewhat cumbersome notation.

So the roots are

ik .
E%/_:;—eforjgék and +v2¢ (26.8)

or equivalently
+el + ef

V2

The weights of the 2n dimensional representation are

forall 5,k (26.9)

+el /V2 (26.10)

so D! has highest weight
pl=e'/v2 (26.11)

It is easy to see that the other fundamental representations have highest
weight

j
=3 e/V2 (26.12)
k=1

which is related to the antisymmetric tensor product of j D's.
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26.2 Tensors for Sp(2n)

If we invent a tensor language in which the states of D! have a lower index
(as in SU(n)), the tensor coefficients have upper indices and transform in the

usual way
(T u)® = [T,)5 u” (26.13)

where a and 8 run from 1 to 2n. It is most convenient to write these in
the tensor product notation we introduced in which a = (j, z) where j runs
from 1 to n and z from 1 to 2. Then 7, are the generators of the defining
representation, with the form

& [Tali2 = (S 5% + 4] 6%) (26.14)

An arbitrary linear combination of Sp(2n) generators has this form where
the S are three independent real symmetric n X n matrices and A is an an-
tisymmetric n X n matrix. For example we could denote the generators as
follows:

1
(T,5516% = —=6;k0j¢ [0p)ey forp=1t03

=7
[Toisiy = % (dixdse + 0jx1e) [oulay
foru=1t03,i#
[Toislir = % (5ik5je - 5jk5ie) dzy

The complex conjugate representation, with a lower index transforms as

(26.15)

(Taw)a = ~[Tulf ug = —[T}|3 ug (26.16)
But this representation is pseudoreal, because
—[R]* (1715 [R™ g5 = [Tulf (26.17)

where ‘
RITRY = §,1 [02)y (26.18)

R is antisymmetric, so the representation is pseudoreal. As we saw with
the orthogonal groups, R is an invariant tensor with two upper indices and
R~ is an invariant tensor with two lower indices (they happen to have equal
matrix elements in this case). Thus we need never consider tensors with lower
indices, because we can always raise the lower indices and obtain tensors with
the same information.
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Now we can use this tensor notation to analyze the irreducible represen-
tations as tensor products of the defining representation. The point is that
tensor analysis looks very much like that in SU(2n), except that the exis-
tence of the invariant tensors R and R~! allows us to get rid of lower indices
and to reduce antisymmetric combinations. For example, consider the tensor
product D! ® D', which explicitly looks like

u® P (26.19)

The symmetric combination
S§9B8 = 4@ B 4 P (26.20)
is irreducible because we cannot use R to decompose it further. This has

highest weight 2v/1, so this is that adjoint representation. Note that the number
of components is right:

2n(2n + 1) :3Xn(n+l) +n(n—1) (26.21)
2 2 2
But the antisymmetric combination
u®v? — P (26.22)
can be reduced, because the combination
O = [R7gq u® P (26.23)
is a non-zero singlet. The combination
A% = % 0f — Py — S [R]* [RYpo u® o* (26.24)
n
satisfies
[R™Ypa A =0 (26.25)
because
[R™Ype B = Tx(R7'R) = 2n (26.26)

Therefore A% is the irreducible representation D? and we can write the prod-
uct in terms of irreducible combination as

1

ueof = % 58 1 % 4%+ R0 (26.27)
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It is sometimes useful to see all this explicitly in the tensor product no-
tation. Here the discussion should remind you of our treatment of symmetry
and antisymmetry in the spinor representations of the orthogonal groups. The
point is that the matrix generators of D! provide an invariant tensor that de-
scribes how the adjoint representation appears in D! ® D!. However, this
tensor has one upper and one lower index. To find the invariant tensor in
D! ® D!, we must raise the lower index with R. That is, if we multiply the
generators on the right by R which in the tensor product notation is just o,
we should get symmetric matrices with two upper indices. And this is right,

because .
($-3+4)0 (26.28)

is symmetric because in each term the factors in the two spaces have the
same symmetry. In the same notation, one sees that o itself is the singlet in
D' ® D1, and that D? has the form

(A” G+ S’) o2 (26.29)

where S’ is constrained to be traceless.
Problems

26.A. Find a set of Cartan generators for & - S + A that makes it obvious
that this defining representation is the fundamental representation p'.

26.B. Find D'® D? in Sp(6) using tensor methods. Find the dimensions
of each of the irreducible representations that appear in the tensor product.
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Odds and Ends

27.1 Exceptional algebras and octonians

The search for interesting unified theories, like the SU(5) and SO(10) the-
ories, leads naturally to an interesting theory based on the algebra, Eg, one
of the exceptional Lie algebras. The exceptional algebras are associated with
the octonians, a peculiar set of objects of the form

a + baia @27.1)

where a and the b, for & = 1 to 7 are real numbers. The i, are a set of seven
“imaginary units” which are generalizations of ¢ and of the quaternions, j.
The i, have the following multiplication law:

ol = =008 + Gapy iy (27.2)
where g, is completely antisymmetric. In some basis, g is
9123 = 9247 = Ga51 = g562 = 634 = g375 = gr16 = 1 (27.3)

with all other components either zero or obtainable from (27.3) by antisym-
metrization. This multiplication law can be obtained from the following pic-
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ture:
1 ~
/ iy
/ ~ o
7 C 2
/ _-
/ _-
/ //
/ //
) (27.4)
/-7
3 4
6 5

The seven sets {jk£} for which g is not zero are obtained by rotating the
doted triangle, with the cyclic order of the indices maintained.

The algebra (27.2) shares with the real numbers, the complex numbers
and the quaternions a nice property that was discussed in chapter 19. It is a di-
vision algebra with an absolute value that obeys a product rule. The absolute
value,

la + baia| = (a2 + bf,) 72 (27.5)
is preserved under multiplication. If A and B are octonians, then
|AB| = |A||B|. (27.6)
However, the octonian multiplication law is not associative! For example,
(f1i2)ir =dgizr =5,  i1{iaty) = i1(—iq) = —i5. (27.7)

Because of the lack of associativity, octonionic matrices do not generally
form groups (whose multiplication laws must be associative). However, the
octonians are connected with the exceptional algebras in less direct ways. For
example, G is the subgroup of SO(7) that leaves the object g, appearing
in (27.2) invariant.
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27.2 FEjg unification

Now back to Fg. Note first that to go from Eg — E7; — FEjg, you remove one
circle from the left branch of the Dynkin diagram, as shown below.

Es = SO(10) O—g—O—O
Ey = SU(5) g—O—O

Continuing the same series, you see that Es = SO(10) and E4 = SU(5).
Because F; and Es5 both give sensible unified theories, g is worth looking
at. Of course, this argument is only suggestive, because it turns out that E;
and FEjy are not useful for unification. But Fg does turn out to be interesting.

Let us begin by considering the root system and some of the fundamental
representations. Label the roots as shown below:

@
OO D—@ o

The Cartan matrix is then

(27.10)
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From this we can construct the weights of the representation D! using the
Dynkin coefficients. The result (without all the lines — there were too many
to draw) looks like this:

(27.11)
There are 27 weights here. This looks a little complicated, but one thing
is clear. This is a complex representation— it is not symmetrical about the
origin in weight space. To understand the structure of this object in terms of
things we are more familiar with, let us see how this representation transforms
under the two maximal regular subalgebras of Fg; SU(3) x SU(3) x SU(3)
and SU(6) x SU(2). We can do this by considering the extended Dynkin
diagram and finding the Dynkin coefficients of the 27 under the subalgebras.

The extended Dynkin diagram is given by




306 CHAPTER 27. ODDS AND ENDS

It follows from (20.15)-(a) that
®+at +2a2+3a% +2a* +a® +2a° =0 (27.13)

Thus we can compute the Dynkin coefficient of the weight 1 for the root a°,

0'2 (27.14)
as linear combinations of the 6 coefficients:
O =gt —20% 303 — 204 — 5 — 245 (27.15)

The result is shown below where the last column is £°.

[wrien) [ooori]
(27.16)

If we now remove one of the roots to get a regular maximal subalgebra,
we can simply remove the Dynkin coefficients corresponding to the removed
weight from (27.16), and what remains will be the Dynkin coefficients of
the subalgebra. Below, we show the result of removing the root o to get
SU(3) x SU(3) x SU(3). We also write the remaining coefficients in the
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order 120654. We do this so that in each of the three SU(3) factors, the
two roots appear together and the root on the outside of the extended Dynkin
diagram appears first.

(27.17)

These can be organized into three sets of nine weights:

-

| {10,-11,0-1}{01,1-1,-10}00 |, | {01,1-1,-10}00{10,-11,0-1}
and |00{10-11,0-1}{01,1-1,-10}

(27.18)

In the set {10, —11,0 — 1}, we recognize the Dynkin coefficients of the 3 of
SU(3). The set {01,1-1,-10} is the 3. Thus the 27 transforms as

27~ (3,3,1) @ (1,3,3) @ (3,1,3) (27.19)

An analogous argument, removing the root of, shows that the 27 trans-
forms under the SU(6) x SU(2) subgroup as

27 ~ (6,2) @ (15,1) (27.20)
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where the T5 is the fundamental representation D*, antisymmetric in 4 upper
(or two lower) indices.

Note that SO(10) and SU(5) are regular but not maximal subalgebras of
Es. You can probably guess how the 27 transforms under SO(10) and SU(5)
from what we have already seen. But it is easy to check by removing the first
Dynkin coefficient from (27.11) that the transformation law under SO(10) is

2T~1601001 (27.21)
where the 16 is D5 and the transformation law under SU(5) is
21~501001050501 (27.22)

From equations (27.21) and (27.22), you can see that Eg unification can
be related to SO(10) much as SO(10) is related to SU(5). In addition to the
complex SO(10) representation, 16, the 27 of Eg contains real representa-
tions which can be given a large mass by the symmetry breaking.

27.3 Breaking Ejg

One of the features of Fj unification is that the 27, in which the matter parti-
cles live, also contains SU (2) doublets, living in the 10 of SO(10), that could
be responsible for the breaking of SU(2) x U(1) at low energy. One might
ask the following group theory question. Can one break the Eg symmetry
down to the low energy SU(3) x SU(2) x U(1) entirely with Higgs trans-
forming like 27s. The answer is no. You can see this from (27.22). If there
are 27s with vacuum values in the two SU(5) singlet directions, that breaks
the symmetry down to SU (5). But there are no other SU(3) x SU(2) x U (1)
singlet components in the 27, because there are none in the SU(5) 10, 5 or 5.
Thus anything in the 27 that preserves SU(3) x SU(2) x U(1) also preserves
SU(5). Something else is needed. Here we will simply state without proof
that the additional breaking can be provided by a Higgs transforming like the
78 dimensional adjoint representation.

27.4 SU(3) x SU(3) x SU(3) unification

In passing, it is worth noting that the SU(3) x SU(2) x U(1) symmetry is
actually completely contained in the SU(3) x SU(3) x SU(3) subgroup of
Eg. Observe further that the transformation properties of the 27 of Eg, from
(27.19), are invariant under cyclic permutations of the three SU(3) factors.
This cyclic symmetry is an inner automorphism of the Ejg algebra, and thus a
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discrete subgroup of Fg. It is related to the symmetry of the extended Dynkin
diagram of Eg, (27.12). But it is an inner, rather than an outer automorphism,
because it is not a symmetry of the Dynkin diagram.

While SU(3) x SU(3) x SU(3) is not simple, if it is supplemented by
the cyclic discrete symmetry, it shares many of the properties of a unified
theory. The 27 is irreducible under the combination of the continuous and
discrete symmetry. In this model, one can do the symmetry breaking entirely
with Higgs transforming like the 27.

27.5 Anomalies

There is a peculiar constraint on unified theories that follows from the struc-
ture of quantum field theory, the mathematical language in which all these
theories are formulated. The constraint is that if the creation operators for
all the right-handed spin 1/2 particles transform according to a representation
generated by matrices Tf', then Tf must satisfy

T ({TF, T} TF) = 0. (27.23)

You can show that this symmetric trace of three generators vanishes for
all simple Lie algebras except SU(N) for N > 3 (and SO(6) which is equiv-
alent to SU(4)). In SU(N), suppose that TP generate the representation D
of SU(N). Then define the invariant tensor d%%° as follows:

T ({72, 1"} ) = de (27.24)

for the defining representation D!. Then, for any representation, you can
show that
({2, TP} TP) = A(D)d*, (27.25)

where A(D) is an integer, which is called the anomaly of the representation
D. Thus (27.23) is the statement that the creation operators for the right-
handed particles transform according to an anomaly free representation of
the unifying group.
You can easily derive the following properties of A(D) (see problem
27.C):
A(D) = -A(D) (27.26)

A(D; & Dy) = A(D1) + A(D-) (27.27)
A(D; ® D9) = dim(D;) A(D3) + dim(D5) A(D,) (27.28)
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For SU(5), or SU(2) x U(1), the anomaly of the 10 is the same as the
anomaly of the 5 (see problem 27.B), thus 5@ 10 is anomaly free. This in turn
implies that the representation (18.12) of a family of right-handed particles
under SU (2) xU (1) is anomaly free, because the generators of SU(2) x U (1)
in this representation are just a subset of the generators of SU(5) in the 56 10.

Problems

27.A.  Find A(D) for the 6, and 10 of SU(3).

27.B. You can find the anomaly of the fundamental representations of
SU (n) by calculating the anomaly of the SU(3) subalgebra of SU (n) under
which the n transforms like a single 3 and n — 3 singlets. Use this to show
that the anomaly of the 10 is the same as the anomaly of the 5 in SU(5).

27.C. Prove (27.27) and (27.28).



Epilogue

Lie algebras, physics and mathematics

I hope that the reader has come to the end of this book with an enhanced ap-
preciation for the mathematics of Lie algebras and its application to particle
physics. This mathematics is a jewel — a crystalline treasure to appreciate
for all time. The physics to which it is applied, however, is not such an unal-
loyed and eternal beauty. In physics, unlike mathematics, we are constantly
pulled in opposite directions. At one pole, there is unification, simplicity and
elegance — the Platonic ideal of Nature that is created by and creates mathe-
matics. At the other, there is the marvelous chaos of this particular world —
messy, contingent, and constantly evolving with our experimental ability to
probe its richness. Good physics must embrace these antipodes. That is what
makes it so much fun!
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